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Abstract: The article deals with the problem of rational design of a nonlinearly deformable heterogeneous com-
posite Timoshenko rod under force impact. The rod has a structure that is symmetrical relative to the force plane,
formed by the connection of quasi-homogeneous parts (phases, layers) with different physical properties, taking
any geometric shape in space. The structural materials that form the rod have nonlinear elastic properties. To de-
scribe the main component of the stress tensor — the normal stress in the longitudinal direction — in each phase,
the same type of approximation by entire rational polynomials is taken depending on the deformation. On their
basis, compact nonlinear equations were obtained that connect integral forces with generalized deformations of
the axial line of the rod. In this system, the rigidity characteristics of higher exponent are figured as coefficients.
Nonlinear equilibrium conditions written for the case of large displacements and rotation angles in combination
with linear kinematic relations are resolved in the form of the initial parameter method.

Based on the strength condition written in the form of a quasi-uniaxial criterion, the designing criterion is formu-
lated for the heterogeneous rod. This criterion is continuous along the longitudinal coordinates and it is discrete
along the transverse coordinates. A two-stage algorithm is developed to solve the design problem of the rational
design of a nonlinearly deformable layered rod. It makes it possible to identify the geometric functions of the
longitudinal profiling of the rod layers presented in a discrete form. Resolution relations were obtained to find
the functions of the width and height of the profiled layers.

Numerical results are presented to solve the design problem of calculating a compressed-bent I-section rod, in
which the flanges and I-beam webs were made of various materials. The presence of geometric restrictions on
variable values from below ensured non-degeneracy of the flanges at the pre-support areas. The three character-
istic areas were detected in the rod with the implementation of the calculated continuous criterion in the form of
two-, one- and zero-point conditions along the transverse coordinate. It is shown that the consideration of the
shear stresses in the rod of this flexibility is not relevant.

Keywords: layered rod, physical nonlinearity, geometric nonlinearity, continuous criterion of strength,
rational design

PAIITUOHAJIbHOE IIPOEKTUPOBAHHUE
HEJIMHEWHO-AE®@OPMUPYEMbBIX CTPYKTYPHO-
HEOJHOPOJAHBIX DJIEMEHTOB KOHCTPYKLIUU

A.B. Muwenxo', M.C. Bewxun’, B.JI. Mouopyc?, JI.IO. Cmynuwun?

! HoBocrOUpCKHii rocy1apCTBEHHBIN apXUTEKTYPHO-CTPORTEIBHEI yHuBepenteT (Cuderpun), r. HoBocubupek, POCCUS
2 HaumoHaIbHBIA MCCIET0BATENLCKIMH MOCKOBCKUH TOCYIapCTBEHHBII CTPOUTENLHBIN YHUBEPCHUTET, T. MOCKBa,
POCCHUA

Annotanusi: PaccmarpuBaercs 3aj1aua palioHaabHOTO NPOSKTUPOBAHHS HEJIIMHEHHO 1e(OpPMUPYEMOro HEo/-
HOPOJHOTO COCTaBHOTO CTep:KHA THMOIIEHKO MPU CHUIOBOM BO3aecTBUH. CTepKeHb UMEET CTPYKTYpY, CHUM-
METPUYHYIO OTHOCHTEJIFHO CHIJIOBOH IUIOCKOCTH, OOpa30BaHHYIO COCAMHEHHUEM DA3IMYHBIX MO (U3MYECKUM
CBOWCTBaM KBa3MOAHOPOAHBIX YacTeil ((pasz, cioes), MPUHUMAIONINX B IPOCTPAHCTBE NMPOU3BOJIBHYIO F€OMETPH-
yeckyro (opmy. KoHCTpyKimoHHBIE MaTepHaibl, 00pasyolye CTepeHb, 00JagaloT HEIMHEHHO-YIpPyTUMHU
cBoiicTBamu. JIst onMcaHnsl OCHOBHON KOMIOHEHTHI TEH30pa HANPSHKEHWH — HOPMAIBHOTO HANpPSHKEHUS TPO-

Volume 20, Issue 3, 2024 97



Andrey V. Mishchenko, Maxim S. Veshkin, Vladimir L. Mondrus, Leonid Yu. Stupishin

JIOJTBHOTO HAITPaBJICHUsS, B KAXIO0H (pase MPUHATH OJHOTHUITHBIC ANNPOKCHMAINH HEIBIMI PallHOHAIBHBIM I0-
JMHOMAaMH B 3aBHCHUMOCTH OT Jaedopmanni. Ha nx oCHOBE MOSydYEeHBI KOMITAKTHBIC HEIWHEWHBIC ypaBHEHHS,
CBSI3BIBAIOIINE MHTETPAIBHBIC YCHINS ¢ 0000ImeHHbIMH neopManusiMi OCeBOW JIMHUM CTEpXHS. B kadecTse
K03 GUIMEHTOB B JaHHOU cucTeMe (QUTYPUPYIOT XKECTKOCTHBIE XapaKTEePUCTUKH BBICILIMX HOPSIKOB.
Henunelinble ycnoBusi paBHOBECHS], 3alIMCAHHBIE JUISl CTy4ast OOJBIINX MEPEMEIEHUN U YTIITIOB TIOBOPOTA B COYETA-
HHU C JIMHEWHBIMYA KMHEMaTHYECKUMH COOTHOIICHUSIMU pa3pelieHbl B (JOpME METO/1a HaYaIbHbIX TapaMETPOB.

Ha ocHoBe ycloBHs NPOYHOCTH, 3aMHCAHHOTO B (DOpME KBA3HOIHOOCHOI'O KPHUTEPHs, IJIsI HEOJHOPOIHOIO
CTEpIKHsI COPMYJIMPOBAH TPOSKTHBIM KPUTEPUH — HEMPEPBIBHBIN 10 MMPOIOJIBHON U AMCKPETHBIN 110 Iolepey-
HOU KoopanHaTaM. Pa3paboTaH ABYXSTaNHBIA aJrOPUTM pEIISHHUs MPOSKTHON 3a/1a4M pallMOHAIbHOTO MPOECKTH-
pOBaHMS HETMHEHHO Ae(OpMHPYEMOTro CIOUCTOro cTepkHs. OH MO3BOJISET BBISIBISTH MPEJCTABICHHbBIC B JIUC-
KpeTHOH popme reomerpudeckne (QYHKIMH MPOAOJIFHOrO Npo(UIMpoBanus ciioeB crepxkus. [lomyuenst paspe-
IAIOINE COOTHOMICHUS [Tl HAXOKICHUS (DyHKIMI MIMPHUHBI U BHICOTHI TPOPUINPYEMBIX CIIOEB.

IIpuBeaeHb! YHCAEHHBIE PE3YILTATHI PEIICHHs IPOEKTHON 3aa4l pacdeTa CKaTO-U30THYTOrO CTEPIKHS JABYTaB-
POBOTO CEUeHMsI, B KOTOPOM TIOJIKM M CTEHKA JIByTaBpa OBIIM BBINOJHEHB! U3 PA3IMYHBIX MaTrepuanos. Hamaue
TeOMETPUYECKIX OIPAaHNYEHUN Ha BApbUPyEMbIe BEIMUMHBI CHU3Y 00ECTIeUHBaIO HEBBIPOXKICHHUE MIOJIOK B IIPHU-
OTIOPHBIX 00JacTsAX. B cTepkHE OBITIO BBIBIEHO TPH XaPAKTEPHBIX yUaCTKa C BHINOJHEHHEM PAacueTHOTO Herpe-
PBIBHOTO KpHUTEpPHUs B GOPME BYX-, OJHO- ¥ HyJIBTOYETHOIO YCJIOBHS TI0 MomepeyHoil koopauHare. [TokasaHo,
YTO B CTEPXKHE JAHHOW I'MOKOCTH Y4eT KacaTelIbHbIX HANPSUKEHUH He SIBIISETCS aKTyaIbHbBIM.

KarwueBble c10Ba: CIOUCTBIN CTEPIKEHB, (pU3MUYeCKasi HETUHEHHOCTD, TeOMETPUYECKast HEIMHEHHOCTb,
HETpepbIBHBIA KPUTEPUI MPOUYHOCTH, PALIMOHAIEHOE IPOSKTUPOBAHHE

INTRODUCTION

Bearing structures used in construction, as a
rule, experience complex thermal power and
kinematic effects. The effective consideration of
the operational requirements for structures cur-
rently dictates the use of new approaches and
principles of mathematical modeling. Among
them, we highlight the more significant ones,
which allow radically increasing the perfor-
mance of the structures. They are: 1). The prin-
ciple of structural heterogeneity of the designed
system, according to which the system is
formed of parts (elements, blocks, layers, phas-
es, etc.) made of various materials combined
into a single structure. 2). The principle of ra-
tional geometric profiling of the system ele-
ments, as a result of which it acquires a calcu-
lated configuration (geometric, physical, struc-
tural). The combined use of these two principles
allows us to create structural systems with a
stress-strain state adapted to external impacts,
and, as a result, to ensure regulatory require-
ments in the best possible way.

A large number of works known in the literature
are devoted to the calculation of various hetero-
geneous structural systems, considering their
physical structure (discrete- and dispersive-
heterogeneous, reinforced, layered), structural

purpose, physical features of the materials de-
formation, the nature of external impacts [1, 2],
the differences in calculation approaches, hy-
potheses, and research methods. In most works,
when solving the direct problems of stress-strain
state calculation, the universal finite element
method is used [3, 4, 5, 6, 7, 8, 9]. At the same
time, analysis methods without the use of dis-
cretization procedures are also used to perform
research tasks.

For example, [10] discusses the construction of
an improved analysis of layered composites us-
ing a variation approach, considering piecewise
linear displacements and shear effects. In the
work [8], a layer-by-layer trigonometric approx-
imation of shear deformations was performed
with the satisfaction of the defining physical
relations. The proposals to refine the Tymo-
shenko shear model are proposed in [6, 11]. The
methods to homogenize the heterogeneous
structures are also widely used [3, 4]. The mod-
el of the parametric method of cells, based on
the theory of zigzag distributions of displace-
ments by the thickness coordinate, was used in
[12] in combination with spline approximations.
Modern materials from which composite sys-
tems are made often have nonlinear deformation
properties. In order to take into account such
effects, the work [13] proposes a universal
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method for their description and the formation
of physical correlations in heterogeneous rods.
The methods of inverse problems - optimal and
rational design - are of a particular interest in
the structure design. They are rather complex in
combination with the above-mentioned princi-
ples of mathematical modeling for heterogene-
ous designs. They are covered extremely insuf-
ficiently in the literature. In this direction, there
is a number of works devoted to the search for
rational geometry of elements in wooden [14]
and concrete [15, 16] structures based on the
strength criterion. In the works [17, 18, 19] an
energy approach was used to assess the efficien-
cy of the configuration and the internal structure
of the construction. The possibilities to signifi-
cantly increase the strength and rigidity of het-
erogeneous structures are presented in sources
[7, 20, 21], and in work [22] an effective meth-
od based on a gradient reinforcement scheme is
proposed for a hybrid heterogeneous rod.

It should be noted that the studies devoted to the
comprehensive consideration of the above men-
tioned principles of modeling profiled heteroge-
neous rod elements of the structures are not pre-
sented in the literature.

MATERIALS AND METHODS OF THE
RESEARCH

1. Mathematical model of a heterogeneous
rod

The heterogeneous rod has a structure formed
by the connection of quasi-uniform parts (phas-
es) of finite sizes, different in physical proper-
ties, which takes a variety of geometric shapes
in space (Fig. 1). With the use of certain techno-
logical methods, the phases are combined into a
single heterogeneous structure. The rod can be a
part of the rod system or be an independent
structural element.

In the local coordinate system xyz, the longitu-
dinal axis of the s-phase rod is aligned with the
x axis, and the structure has symmetry proper-
ties relative to the xy plane, in which the rod ex-
periences a straight longitudinal-transverse
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bend. A straight line having a arbitrary refer-
ence to the physical structure specified in a spe-
cific calculation is taken as the geometric axis
of the rod [13].

a)
A
y
k=s
——
k=1
b) ©)
y y
omo k=s
4
elle) k=1 hy
z 1
N y -
bi(x,y)

Figure 1. Heterogeneous rod scheme.
a — front projection of the rod in the plane xy,
b, ¢ — variants of the rod cross section

We assume that the following restrictions are
met with respect to the physical and geometric
parameters of the rod:

1). Rod is thin (2//<1/10) and submits to the

hypotheses of S.P. Timoshenko. The validity of
it is confirmed by numerical analysis [23].
2). Structural materials that form the phases of
the rod have nonlinear elastic properties de-
scribed under single-axis stress state in the
framework of the deformation theory of plastici-
ty by finite dependences of the form
o, =0,(¢), (k<[l,s]), which bind the defor-

mation €=¢_ and conditional stress o, =c_,

in the material of the k -phase under single-axis
stress state. The physical parameters of these
dependencies for different materials have values
of the same order. 3). When forming the calcu-
lated dependencies, the deformations are con-
sidered small, and the displacements are consid-
ered large values, keeping to the relations

e U1, v/, sin01 6, cosOI1.
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The dependences for values of longitudinal &
and transverse €, deformations, shear strain
¥,.» longitudinal » and transverse v displace-

ments of the reference axis points, the angles of
rotation of cross sections 0 we present in the
form

u(x,y)=u, =0y, v(x)=v,

e (x,y)=¢g,-ky, &,(x,y)=0, (1)
av
ny(an):d—;_e=Yo(x),

_ du, _do
gy(x) = ok K(x)_dx’
where u,(x), v,(x) — displacement of the

points of the geometric axis in the direction of
the axes x, y; ¢€,(x), k(x) — deformation and

curvature of the axis of the rod; y,(x) — shear
strain averaged along the y coordinate.

2. Physical dependencies

The expressions for integral force factors and
differential equations of equilibrium of the rod
are written in the form

[V, M,0](0 = X [0, -0y, a4, @)

k=1 A,
dN do dM
_— , —/— = , —— = —+ L
dc g T T Q+m

— are the distributed forces

Here g¢q_, q,, m,
acting in the direction of the x, y and the mo-
ment in the xy plane; 4, — the square of the k-
phase in the normal section.

The main component of the stress tensor for the
k- phase under force action is represented in the

form of decomposition

,
k + + + 2 + i
o\ (e) = Prot Pri® +p1:r,28 ... = zpk,igl ,(3)
i=0

100

with the specified parameters p.,, p,, for the

tensile and compression areas.

The advantage of taking power functions in (3)
is that the first three of them with numbers
i=0,1,2,... are traditionally used in various

theories and have a definite physical meaning.
The following allow you to refine the approxi-
mations of phase material diagrams. As special
cases, the calculation model (3) describes: rigid
plastic, linearly elastic, including - multi-
module deformation.

When holding in (3) linear and quadratic terms,
the power dependence of F.I. Gerstner,
o = Ee+ pe’, used in [14] for the calculation of

wooden frames with shifted centers of cross sec-
tions, as well as in the calculations of concrete
elements and structures, is obtained, generalized
to the case of difference resistance of materials
[15, 16].

If the material deformation law can be approxi-
mated by an odd function, in (3) it is advisable
to hold only terms with odd indices, thereby
eliminating the need for special detection of the
position of the neutral axis. Acceptance in (3)
members with numbers gives the dependencies
of A.R. Rzhanitsyn, P.A. Lukash.

Using stress approximations "' (g) the Ilyush-
in function ®, used in nonlinear calculations

can be found, which is entered based on the ex-
pression

c¥(e)=Ee(l-w,).

4

Given that p;, = E; we receive

o (e)=1-) p,;,» e,

i=1 Pr1

Substituting stresses (3) into the first two equa-
tions (2) when considering kinematic hypotheses
(1), gives a system of nonlinear equations that
connects the longitudinal force and the bending
moment with generalized deformations g, «
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ii(_l)j ¢;D;e, 'k’ =N,

i=0 j=0

—ii(—l)’ cyDU+lsf]’-’Kj =M.

i=0 j=0

)

Coefficients in (5) are integral stiffness charac-
teristics of a cross section of nonlinear elastic
materials of i-physical and j-geometric order.

D=2 p[[yda=2.DP.  ©

Numerical coefficients ¢,; (j=0,...,i) —are the

Newton binomiall coefficients (a + b)’ .

Calculating rigidity of the k -phase D, in (6) it
1s necessary to perform an additional height
breakdown A4, =h +h, at the intersection of

the layer with the neutral axis on the areas with
the same deformation sign

D =p;. I b, (x, y)y'dy + py.; I b (x,y)y'dy.

e e

The system of physical equations (5) is a gener-
alization of known classical cases. Thus, when
r =0, the equations contain rigidity

Dy, = Z(ici,sAk) , Dy = Z(igi,sSk)
k=1 k=1

and describe the limit states of the layered sec-
tion made of rigid plastic materials.

When holding in (3) linear members, the system
(5) becomes quasi-linear with rigidity character-
istics of the heterogeneous section from linearly
elastic different-module materials

D10 :ZEkiAk > D11 = ZEkiSk >
k=1 k=1

D,=YEI.

k=1
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If you additionally perform reduction to the cen-
tral axes (which gives Ds = 0, but it is not advis-
able when you solve inverse problems of the
design type), we get the solution of
S.P. Timoshenko.
Depending on the properties of phase materials,
different (not necessarily sequential) sets of
homogeneous blocks can be used in (5).
When organizing numerical procedures in itera-
tive algorithms, physical dependencies (3) are
presented in quasi-linear form
K (ey— 7

o, (e)=E(e)-¢ (7
with variable secant elastic module depending
on the deformation

E(e)=2 pie ™. (8)
i=0

Applying expression (7) for forces (2) gives the
system of quasi-linear equations

Deg,—Dxk=N,
{ A%0 S (9)

-Dee,—D,x =M,

with functional secant stiffness characteristics D

[EA,ES,EJ(x,s)z

roi-1

=33 (e, [Dl.j,Dl.jH, sz} £

i=1 j=0

depending on generalized deformations ¢, «.

In expressions (10) higher-exponent characteris-
tics are used (6).
For odd approximation

o = D€ + pis€ stiffness expressions (10)
take the form

cubic

D, =Dy, +¢,Dy, —2g,kD;, + KD,
Dy =Dy, +€,D,, —2g,kDy, +k°Dy;, (11)
, =D, +&,Dy, —2e,kD;; + K’ D,,.
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3. Shear stress

Obtaining shear stresses under equilibrium con-
ditions, with non-linear dependencies (3), is a
laborious procedure that is not advisable for
secondary stress components of energy signifi-
cance. More efficient and consistent with the
initial assumptions is an alternative approach
based on the equilibrium condition of the upper
displaced part of ye[y,y ] the rod element

with a length of dx
(k)(x y) —

Yy (%) (12)
S i{ J ca(x,y)b(x,y)dyj

bk(xay) ax y

We approximate the linear shear force (deriva-
tive of the integral in (12)) in the form

aNSEC (x, y)

)LL)

(13)

using a dimensionless function of the transverse
distribution of shear forces f.(y), that satisfies

the boundary conditions f. (y,)= f.(»,,,)=0.
The parametert,(x) characterizes the longitu-
dinal distribution of shear forces, and b, is a

geometric parameter. Combining (12), (13), ex-
cluding the parameter 1, using condition (2) we

obtain the formula of the shear stress

T (x,3) =

o) fi») . _7f
h(ry) F F= [ fdv.(14)

T Y

In heterogeneous structures which have frag-
ments of Z-layering (Fig. 2), for which lines
y(z) =const cross different phases, the formula

(14) should be improved by introducing the
shear stiffness coefficient at the y level

G, (»,2)
ZG (3,2)0,(»)

k.(y,z)
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Here, the summation is performed on the phases
crossed by the line y(z)=const. Assuming, in

accordance with the accepted hypotheses, the
constancy of shears (1), we obtain shear stresses
in Z-layered structures

0(x) /. (») G, (y,2) _
Fo 2G,(n.2)b(x.y)

(k)(x ysz) -

Z-ﬁ-l \\ _,/
| _/

R )

Figure 2. Cross-layered structure with Z-
layered fragment

When the shear stiffness of the section is found,
we assume the equivalence of the Ilyushin func-
tions in the dependencies (4) and in the law for
shear stresses, by

T =G (-,

The increment of the elastic deformation energy
in the heterogeneous section during the shear is
presented in two forms: through the integral

force O and stress 1

ONy, = ZH Ay dA.

klAk

(15)

Here Ay, :AQ/EQ(y) is the deformation in-

crement of the average shear in the Timoshenko

rod, 5Q is section shear stiffness,

Ay, (x,») =AY /G, /(1-®,) — shear strain
increment at a heterogeneous section point.

Substituting stress (14) into (15), we obtain var-
iable secant shear stiffness
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D, = : :

9 s Vesl fz
—r
;;[ b,G,(1-o,) g

(16)

with which the third physical relation is recorded

EQV() =0, (17)
complements the system of equations (5), and
binds shear strain y, with transverse force Q.

4. Relations for internal forces and displace-
ments

The differential equations of equilibrium of the
rod in the deformed state are

N'+(00) =—q,, 5
O-ONY =g, (V==

X
M =Q+m_,

Their integration considering small values of the
first order when the following conditions are
satisfied

N(O):No_Qoe()a Q(O):Qo"'Noeo’
M(0) = M,

gives the expressions of internal force factors in
the form of the initial parameters method. Ap-
plying the method of iterative refinement, we
write them for the 7-step in the form

N[f](x) — N([)f] _ ([]t]e[f—l] _F;c _e[f—l]Fy _

—]C. q.dx—0!'™" I q,dx,

Xgx Xy

0" = NI+ 01~ 0 F, + F, -

—_gi1 ]ﬁ g.dx+ j‘- q,dx, (18)

q- qy

Volume 20, Issue 3, 2024

X
M (x)= MY+ NW + Oy + M+ I m_dx +

"m

+F,(x=x; )= F [V (x) vt ()]

~[ . @D () - I@)dE+ [ g, (E)x-E)dE,

In case there are several similar loads on the
rod, in (18) several terms of the corresponding
type should be used. The differentiation of the
influence areas of loads is completed with the
use of the Heaviside step function (to reduce the
entry not specified in (18)).

The determination of displacements is per-
formed using quasi-linear equations (9). Ex-
pressing from (9), (17) generalized defor-
mations through secant section pliability

5 _ 1 =~ Dy
“ D,-D!/D,” * D,D,~D;’
- 1 1
8 == — — ,8 e r— 19
" D,-D;/D,” ° D, (19

and substituting them into kinematic dependen-
cies (1), we obtain the angle of rotation and dis-
placements at 7-step

01(x) =01 + j SNy + j U1 MUy |
0 0
u () =)+ [ 8 N + [ 85 MM, (20)
0 0
W) =vi"+ 0l x + JIS[S’_I]N[’_I]dxdx +
00
+ [ [ M e + [ 815 1O ek,
00 0

Substituting here the internal forces (18) gives
the final expressions of displacements (they are
not given here), which depend on the initial pa-

rameters N\, O, MM, i, 07, v, loads,
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secant pliability (19) and displacements in the
previous step.

Initial parameters are from six boundary condi-
tions

N[t](x*) + 9[171]()(,'* )Q[Z](-x*) = iEc* s
0 (x )N ()~ Q" (x.) = FF,..,

MY (x,)=+m.., (21)
when recording which the upper signs are used
on the left end, and the lower signs on the right.

5. Rational design of layered rod based on
continuous strength criterion
In a cross-layered rod at a given force effect, it
is required to determine a particular set of geo-
metric functions from the full set

r(x), relbh], (k=1,..,s), (22)
internal force factors (18) and displacements
(20), satistying boundary conditions (21). In
addition, geometric functions must satisfy the
constraints

n2r., relbh]. (23)

The strength condition of the material of the .-
layer with the calculated resistance R, is pre-

sented in the form

1+¢, > 1=,
qucx +Bk’tyx +T

Presenting stresses 6 and R, with the use of

<R;.

o

X

(7) through secant moduli of elasticity

(k)
= c = R
E(e)=——, E,((g)= (kk) ’
€ 8adm

(24)

we obtain the strength condition recorded
through the deformation

(0 ) gh)®

sgn(gx)sx(x’y)<ut Ms adm ’(kzl""’

s). (25)

104

(k)x

adm

Here ¢ is allowable deformation levels of the

material of the k-layer under tensile and com-
pression;

i) =

L (1+¢k\/ (I)kBk[ Ri’y)j d)k_l (26)

u (e, p) e (017~

the coefficient considering the decrease of the
allowable material deformation &4)* at shear

stresses; and

(k)x
k(gadm )

Ek(g)

(k)(

V)= €1 - @7

the coefficient reflecting non-linearity of stress
function o (¢), recorded through secant moduli

of elasticity at finite (limit) and current points
(24).

Based on the strength condition for the biaxial
stress state (25), determine the continuous mul-
tipoint design criterion (CDC) of the heteroge-
neous non-linearly deformed the s-phase rod.
Definition. The generalized limit state in the
area of heterogeneous nonlinear elastic rod that
occupies the space X, 7Y, is realized if condition
(25) is performed in the form of the strict

equality

sgn(e, e, (x) —wk(x)y]=puel

xeX, y=§,..,§, =Ye¥

continuously along the longitudinal coordinate
x € X, in discrete number of levels n, along

transverse coordinate y =¢,...,§, =Y. €Y. For

all other points x € X', y ¢ Y. condition (25) is
real in the form of inequality.

The multiplicity Y. in the cross-layered struc-
tures is typically formed from the layer interfac-
es V,...,V,, - The multiplicity of the criterion
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n, depending on the conditions of the problem,

takes values from 1 to s+1, while the criterion
is referred to as n, - point CDC. In general, to
satisfy these equalities, except for the varying
geometric functions, requires a change in the
physical structure of the rod. For fixed-structure
rods, the maximum multiplicity 7, is two.

Application s+1- and s - point criterion. As
s+1 variable parameters (22) we take the width
of external layers b, b, and the height /, of all,

—Lk,+1,..s). The
height 4, and width of the inner layers are set.

except one, layers (k =1,..,k,

According to CDC we compose a system
n,=s+1 of equations (23), for certainty, con-

sidering the case of different-valued defor-
mations in the section with a change of sign
within the layer £,

(1) ) (l)Jr
r Ha adm >

gy(x) —x(x)y, =

k). (ko) (ko )+
gy(x)— K(X)J’k _+H(O)H£O) idiﬁ 5

(ko) (ko) (ko )F

(28)
SO(X) K(x)yk +1 _+u l’ls adm H

go(x) —Kk(x)y,,, =F ui”ui” G

Here, with positive (negative) curvature, the up-
per (lower) signs are taken. The relationships
for other types of strain distribution are also
written analogically. With unambiguous distri-
butions k, and k,+1 both equations are re-

placed by one, and the criterion becomes the s-
point. At the same time, the height of one of the
layers is excluded from the variable parameter.

The solution of the problem will be performed
with phased accounting of the values of the co-
efficients p’(x,y), u*(x,y) at the computa-

tional points. At the first stage, their values are
taken equal to one.
» Using k, and k,+1 the equations of the sys-

tem (28), we determine the curvature and de-
formation
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(ko) (ko) (ko)+ (ko) (ko) (ko)+

K. (X) _ +M “s a mh l’t “s adm ,
§ (29)
(ko) (ko) (k)f (ko) (k) (ko)F
l"l ! He ! ad(;n yk0+1 He ’ He ! ad(;n yko
Epr = 7

ko

Then, using the remaining equations, we find
(s — 1) of the desired heights

(ko) (ko) (k+1)+ (ko) (ko) (k)+
]’l uougo adm uouen adm
K+l 4
K
k=ky,...,5-1,

(ko) (ko) (K 1)+ (ko) , (ko) (k)+
]’l Mousogdm “Ouso adm
k—1 s

_ .

k=ky,.2.

(30)

If received A, <0 we need to change the physi-

cal structure of the package or reduce the multi-

plicity of the criterion.

» The internal force factors at the #-step in the
design area are written in the form (18), and the
functions of displacements and rotation angles,
assuming g, = £y, K = K,, in the form

J.so*dx 0'(x)=0," +_[K[’

ul(x) = u,"
X X X

W) =v T +0,x+ J.de. klldx - Q, _[8 el —
0 0 0

—F, i S[Q’_l]dx— jﬁ S[é_” jﬁ g dxdx .

Xry Xq,, q

= Physical relations (5), when substituting limit
generalized deformations (29), give a system of
equations to determine the two remaining varia-
ble parameters

1> 5o

VY, (M, &y, %, b,b,,h,.

1> 5o

wh,x)=0, G1)

Y (N, K, 0,0, hy,.
h,x)=0.
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= Calculation of stiffness characteristics D > Dy,
D, (10), D, , shear (14) and normal stresses

o (6,3 = X pi 20 (0) - k(T

= Verification of constraint (23) and criteria
to achieve the required accuracy of calculations.
Application of two-point criterion. As varia-
ble parameters, any two geometric functions
from set (22) are accepted. In this case, a two-
point CDC and a system (23) are used in the
form of two equations recorded for the two
§,,&, = Y. most dangerous levels

- (k) (k) o (K)x
Eor K = iur He €agm > (32)
l':&l’ gZ’ XEX*, yiEY;.

The difference between two-point setting is the
ability to perform the solution for any given
physical structure of the layered package.

After determination of limit deformation and
curvature from (32), further steps bypassing
(30), are performed similarly to the procedure
for multipoint criterion.

The obtained solution is realized if the obtained
geometric functions continuously along the x
coordinate satisfy the problem constraints (23).
Otherwise, we need to decrease the multiplicity
and switch to the single-point criterion (n, =1).

Then, for the corresponding function (for exam-
ple, the first one), the equality is assumed

’;kl(x):rmin (33)
with simultaneous setting of deformation
k k) (k)*
g, (1) =20 Velg (34)

Substituting (33), (34) into (31) gives a mixed
system of resolving equations for the geometric
function 7 (x) and deformation ¢, , (x):
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Wy(N,g . o, ,X) =0,
\PM(Miasj,gl >r,',k2 7x) =0.

If the two constraints cannot be satisfied (23), a
zero-point (n, =0) inequality criterion (25) is
applied at the area. Taking in this case for the
desired geometric equality functions

}/;,kl (x) = rmin s }/;,kz (x) = rmin s

we have a direct formulation of the problem.

Scheme to solve the problem of rational de-
sign. Using preliminary information about the
stress-strain state of the rod, we will select sec-
tions in it (with indefinite boundaries) with the
implementation of CDC of various degrees of
multiplicity. Then we add to them the areas with
the same laws of effort. The total number of ar-
eas is denoted by n,. For each of them, based

on (18), (20), we compose expressions of efforts
and displacements containing constants N,

Qo> My, uy, 0,4, vy (i=1,..,n,). Secant
pliability (19) and displacements in the right
parts should be considered known according to
the calculation results at the previous step.

To determine 6n, the constant, n n, of variable

functions and n, —1 boundaries of the areas, we

will form groups of conditions. The first group
of conditions, a total number 7n, -1, is invari-

ant to the type of the design criterion and con-
sists of six boundary conditions for the rod as a
whole (21) and 6(n, —1) conditions for the con-

jugation of power and kinematic functions at the
boundaries of the areas. This group of condi-
tions is supplemented, formed on the basis of
constraints (23), n, —1 equation to define x;, —

boundaries of the area,

r(x,)=r i=L..,n,—-1, relbh].

min °

The second group of n n, conditions depending

on the accepted design criterion, is represented
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by n, equations (23), (31) for each of n, design

arcas.

6. Forms of resolving equations

Varying the width of the layers. The desired
functions of the width of two layers with num-
bers k,, k, we set in the form

b (x, )= bl (x) B (y), (k=k.ky)

with the desired layer width function 5 (x) and

the defined dimensionless transverse profiling
function b ().

The resolution system (31), derived from the
physical equalities (9), takes the form

Puib +9ib;, = ¢(x), 35)
(lebx 'szsz =@,(x),
ZZ( I)JCUSO* /Dl(/j) ,

i=1 j=0

ZZ( 1),01180*JK/D;(/;2)7

i=l j=0

_ (k)
- _ZZ( 1)/01180*JKJD1 j+l 2

1110

k.
= _ZZ( 1)IchSO*JKJD1(JZ+)] s

i=l j=0
=N- ZZ( e, &0'x!DY,
i=l j=0
(0)
M+ZZ( e, &.'xiDY),,
i=l j=0

DY(x)= Y, pk,be(x y)y'dy.

ketk, k, h,

Varying the height of the layers. When varying
the heights 7, (x), A, (x) of the numbered layers

k,, k, we obtain a non-linear system of resolu-

tion equalities (31) of degree n, +1, where n, —
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is the highest geometric order of the stiffness
characteristic (6). Matrix of Jacobi, used in solv-
ing system (31) has components

L3Sy S

i=0 j=0
ZZ( )/+l ¢ a}z;ﬂ SO*JK*, (36)
[ i=0 j=0
(I=k,k,)

oD, W O -
a—h;=zp 6/]; b, (6, Ve ) Vi _a_h];bk(x>yk)yli :

Depending on the number of the variable layer
and the position of the reference surface, we
have derivatives 0y, / 0h, =—1,0,1. For example,

for a three-layer section that has the dimensions of
rectangular sections of layers: b,(x), #h(x)

( £=1,2,3), of which all functions are defined,

and A4, (x) and h,(x) are to be determined, taking

on the basis of (3) the quadratic law, binding the
reference surface to the middle of the inner layer,
we obtain

[ Vs V25 V3o Val =
=[-h, —0,5h,;-0,5h,;0,5h,;0,5h, + h, ]

0
a—hl[yl,yz,yg,m =[-1;0;0;0],

0
[DIO’DII’DIZ](X) = pllbl[l’ylﬁylz]a

0
a—hs[yl,yz,yg,yd =[0;0;0;1],

0
7[D10’D11’D12](x) = p31b3[1,y4,yf],

3

0
87[D20’D21’D22’D23](x) = p12b1[1>J’1aJ’12aJ’13] )
|

0
J[Dzo’DzlaDzz](x) = p32b3[1,y4,)’§] .
3

Thus we obtain the components of Matrix of Ja-
cobi (36)
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oY

8—N = pb (e — Ky + poby (0. — K*Yl)z s
hy

oY

—X = Dyibs(8gx — 1. Y,) + Py (g — KLY, )2 )
Oh,

RESULTS AND DISCUSSION

Fig. 3 shows the design scheme of the com-
pressed-bent rod. We assume that initially the
rod was homogeneous, it had a prismatic shape

oV, by (Eor —K03) = Dby (600 — K3 ) with a rectangular cross section. Then, in order
oh, = PO e TR T PO B TN increase the bearing capacity, it was strength-
oy ened by adding two outer plates made of anoth-
M = p by, (8g —K.V,) — Pubsy, (€ —K.y,)*.  er (stronger) material. As a result, the rod took
Ohy the form of a heterogeneous I-beam.
a) b)
b
y q 1o
F i ;%
< 0.5h> z
7@% 7 0.5h; I~ 2
X / h; m\ 1
) b,
Figure 3. Design scheme of the compressed-bent rod (a),; cross section (b)
Table. Data on the geometric and physical parameters of the layered rod
Type of the Pi1 Pi3 * b hi
k material hPa hPa Eadm mm mm
1 1 22 -162000 0,0053 bi(x) 10
2 11 -105000 0,0045 50 300
3 1 22 -162000 0,0053 bi(x) 10

It is required, at given loads, structure and mate-
rials, to perform rational profiling of the width
b(x), by(x) of the outer layers using two-point

strength criterion (32) and the satisfaction of
limitations (23): b(x)>b,,. , by(x)=b,,, . Min-
imum values of the width are defined b, =b,.

The rod with the length /=6 m is loaded with
axial force F=60KkN and transverse load of

variable intensity ¢ =18sin(mx//) kN/m. The y

axis is compatible with the force plane, and the
x axis is compatible with the center axis of the
inner (k=2) layer. The diagrams of material
deformation of I-beam elements are represented
by identical symmetric cubic dependencies

o = Pi€ + pkﬁs3 (3) with two parameters.

X
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Table shows the physical and geometric param-
eters of the three layers, fig. 4 shows the ap-
proximations of the function o(g) with the limit

points marked.
The stress-strain state functions of the rod are rep-
resented in discrete form at m = 21 design points

®e[N,0,M,0,v,¢,,x,b].

The solution of the design problem is possible
to comply on the basis of a two-stage algorithm.
The first stage is to solve the direct problem on
the basis of physical and geometric nonlinearity
with fixed design parameters — discrete functions
b1, b3. At this stage, secant stiffness characteristics
(11), which depend on generalized deformations
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and internal forces, are specified iteratively. The
latter depends on movements and rotation angles.

g, Mlla
120 I

—_k=1

’
’
Fd ———
_ ”
e ¢ = 2 ,/(J,
80 - v
’4
"
-

-

0 €
0 0.002 0.004 0.006 0.008

Figure 4. Graphs c (g) for the material
of the I-beam flange (k = 1) and the wall (k = 2)

Considering boundary conditions

Ny=—F, 0,=%L -0,
T

using expressions (18) for #1-step we obtain the
calculated expressions of internal forces

NU(x)=-F —q—ole["_” cos%,
T

0"(x) =q7()lcos%—F9[’1” , (37)

_ I> . mx
MU (x) = —Fyli +—q°2 sin—
T

At the second stage (design stage) solution of the
system of equations (35) the discrete design func-
tions are obtained b1, b3 considering the calculated
(32) on the limit values of generalized defor-
mations €, K.. At this stage, the internal forces

are taken from the previous stage. Further, the
constraints (23) are checked and, if they are vio-
lated for one or (and) another parameter in the in-
terval x € X, the equality is accepted b, ; =b,

(k=1,3; jeX,). The final check of the calcula-

tion is the control of accuracy achievement of iter-
ative calculation of the required parameters values
of the width of the layers b1, b3,.
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Initially, the calculation was performed without
considering the influence of shear stresses of
(32) W =u® =1. According to the specified
(k)

adm
limit deformations is formed (fig. 5). It shows
the limit line of deformations &.(y)=¢y —K.y,

it has internal contacts with the polygon at two
points y. =y,, y. =, located in the second

limit deformations ¢’ (Table) the polygon of

layer. The coordinates of the layer boundaries
are indicated by y; (j = 1,...,4). In this problem,
the limit state regulates the inner layer. External
layers (k= 1, k = 3) are in the pre-limit state.

Under the accuracy equal to 0.01, the computa-
tional procedure required # =4-+7 refinement

iterations at the first stage and ¢z, =5 at the sec-

ond stage.

The influence of geometric nonlinearity due to the
presence of interchange in the force formulas (37),
led to an increase in the bending moment by
11.3% in the middle of the span and a shear force
by 12.0% in the support sections. Physical nonlin-
earity caused a decrease in secant stiffness charac-

teristics D,, Dy, D, (11) in relation to the stiff-
ness of linear theory D, , Dy, D, by values 9.1;
16.0; 14.1% respectively in section x = //2.

¥, M

02 -
S— |

01Hlx=0

1,58<x< 4,42 ] .

Lo, 7
0,006 -p,00a -0,002 0,002 0,00 0,006
0,1
-
e*

02 1
Figure 5. Polygon of limit deformations of the
three-layer section with deformation curves g(y)

The calculated width profiles of the outer layers
b,(x), by(x) are shown in Fig. 6. In the middle

part of the rod (1.58 < x <4.42) under the action
of large bending moments, both limits (23):
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b, 20.05 m, b, 20.05 m, were performed and the

criterion (32) was implemented in the form of two-
point (ny = 2).

The decrease of the bending moments observed at
the approach to the support led to the decrease of
the calculated width of the layers. And, on two
symmetric areas 0.93 <x <1.58, 442 <x<5.07

were obtained 5, <0.05 M, that demanded the

acceptance of 5, =0.05 m. Further, this situation

was in addition shown also for width of the upper
layer on two pre-support areas 0<x<0.93,
507<x<6. At these areas, it was accepted
b, = b, =0.05 m. m. These areas with the indica-

tion of the multiplicity degree of the strength crite-
rion is shown in Fig. 6.
Figure 5 shows deformation lines €(y) in sections

x=0;0.6;1.2 and on the area 1.58<x<4.42.
The entire middle area 1.58 < x <4.42 is charac-
terized by invariant deformation distribution with
fulfillment of the two-point strength criterion. The
line for section x=1.2 reflects one-point, and for
sections x = 0; 0.6 reflects zero-point criteria.

Fig. 7 shows the curves of normal stresses
6 (x,y), calculated in the cross sections of the

rod with coordinates x=0;0.6;1.2 and in the

design area 1.58<x<4.42. The curves have a
nonlinear character, as the stresses increase, the
degree of nonlinearity increases. This is clearly
visible in the area of the second layer
—0.15< y £0.15. Nonlinearity is also manifested

in the outer layers, but due to their low height, it is
less noticeable. To illustrate the nonlinearity of
stress laws in the outer layers, the sections of the
curves are formally continued beyond these layers
and are shown in dotted lines.

b, m

At the boundaries of the layers, when the physical
parameters of the materials are changed p,,, p;;

(Table), according to the formula (3), breaks are
observed at the curves o (). At all points of the

heterogeneous rod volume, the strength limit is per-

sa0(5,) 05, ) SRR

which the design stress are found according to the
laws specified for stresses (Fig. 4) and the values of
limit deformations (Table): R*="* =+92.5 mPa,

RY¥=2* = +40.0 mPa. In accordance with the two-

point criterion of strength at the design area
1.58<x<4.42 in two levels according to the y
coordinate, the continuous equality of stresses is
realized

formed in

6P (x;-0.15) =40 mPa,
¥ (x;+0.15) = -40 mPa.

The analysis of the stress state showed that for the
heterogeneous rod at a) a specified ratio of geo-
metric parameters [/ (h +h, +h,)=18.75 and
b) specified loads, the consideration of shear
stresses and shear deformations is not relevant. In
support of this, Fig. 7 shows the curve of shear
stress (14), that acts in the support section of the
rod with the greatest shear force, as well as the
analysis of the coefficient p_(x,y;) (26) is per-
formed in the criterion (32). When calculating it,
according to Mises’ theory, it was admitted ¢, =1,

B, = 3. For the calculated level y = y3 the function

is obtained u”(x;0.15) (Fig. 8). Its accounting

makes amendments to the results of the calcula-
tion less than 0.03 %, which indicates the validity

of the assumption u*’ =1.

0 1 2

1 0

Figure 6. Design profiling of the external layers width bi, b3 by two-point strength criterion
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0,2 0.2 0,2
/ N 01 T, MIla
o, MIla
0
-100 100 50 N\, S0 100 2 | 4
cT1,58<x<4,42
31 \:‘ 3 0,1
x=1,2 | NN
-0,2 -0,2 -0,2

Figure 7. Curves of normal stresses G (x,y) in the cross sections of the rod with coordinates
x=0;0.6;1.2 (m) and in the design area 1.58 < x <4.42 (m).
Curve t,.(0,y) in the support section of the rod at Q =Q, ..

Ht
1.001
1.000
0.999 X, M
0 1 2 3 4 5 6
I‘—T‘—JI‘—T‘_] Il ' I| I‘—\'_J |.. : J|
0] 1 2 1 0]

Figure 8. Graph of a correction factor change | (x,y,) to consider the shear stresses in the

strength criterion

In other cases, the consideration of shear stresses
and shear deformations can be completed accord-
ing to the algorithm described above. Such cases
are characterized by: a) the specifics of loading,
if there are areas with a dangerous combination
of several conditions, including shear forces, in
the design areas; b) the consideration of rods of
relatively shorter length, which will lead to an
increase in the relative contribution of shear
stresses in the strength criterion; c) the structure
of the rod sections that has local thin-walled are-
as with significant shear stresses.

CONCLUSION

The developed method allows solving design
nonlinear problems for heterogeneous rods

Volume 20, Issue 3, 2024

with finding a rational profile (geometric con-
figuration) of the rod layers. A computationally
convenient formulation of physical dependen-
cies in combination with an iterative method to
clarify the functions of internal forces and dis-
placements makes it possible to reduce the
complexity in the problem solution of rational
design of a nonlinearly deformable heteroge-
neous rod, i.e. a structural element of engineer-
ing structure.

The developed design can be used to solve
problems of strengthening structures by adding
external layers-plates to the elements of the ini-
tial system, which has the configuration and lo-
cation determined by the solution of the oppo-
site problem based on specified requirements
for strength, rigidity and others.

111



Andrey V. Mishchenko, Maxim S. Veshkin, Vladimir L. Mondrus, Leonid Yu. Stupishin

REFERENCES

1.

112

J. Sulda, V. Adamek, R. Kroft Transient
response of non-prismatic heterogeneous vis-
coelastic rods and identification of their ma-
terial properties // European Journal of Me-
chanics - A/Solids, Vol. 105, 2024, 105241,
ISSN  0997-7538, https://doi.org/10.1016/
j.euromechsol.2024.105241.

J.M. Whitney, C.T. Sun. A higher order theo-
ry for extensional motion of laminated compo-
sites // Journal of Sound and Vibration. —
Vol. 30. — Issue 1, 1973. — P.85-97, ISSN
0022-460X,  https://doi.org/10.1016/S0022-
460X(73)80052-5.

Rong Chiu, Wenbin Yu Heterogeneous
Beam Element for Multiscale Modeling of
Non-prismatic Composite Beam-like Struc-
tures // International Journal of Solids and
Structures. — Vol. 285, 2023, 112490, ISSN
0020-7683, https://doi.org/10.1016/j.ijsolstr.
2023.112490.

Mouad Fergoug, Augustin Parret-Fréaud,
Nicolas Feld, Basile Marchand, Samuel
Forest Hierarchical modeling of heterogene-
ous structures driven by a modeling error es-
timator // Computer Methods in Applied Me-
chanics and Engineering. — Vol. 418, Part B,
2024, 116529, ISSN 0045-7825,
https://doi.org/10.1016/j.cma.2023.116529.

V. Adamek, A. Berezovski, M. Mracko, R.
Kolman A two-layer elastic strip under
transverse impact loading: Analytical solu-
tion, finite element, and finite volume simu-
lations // Mathematics and Computers in
Simulation. — Vol. 189, 2021. — P. 126-140,
ISSN  0378-4754, https://doi.org/10.1016/
j.matcom.2020.10.007.

Xin Liu, Wenbin Yu A novel approach to
analyze beam-like composite structures using
mechanics of structure genome // Advances
in Engineering Software. — Vol. 100, 2016. —
P. 238-251, ISSN 0965-9978,
https://doi.org/10.1016/j.advengsoft.
2016.08.003.

P. Vidal, L. Gallimard, O. Polit, Composite
beam finite element based on the Proper Gener-

10.

11.

12.

13.

alized Decomposition / Computers & Struc-
tures. — Vol. 102-103, 2012. — P. 76-86, ISSN
0045-7949, https://doi.org/10.1016/j.compstruc.
2012.03.008.

R.P. Shimpi, A.V. Ainapure A beam finite
element based on layerwise trigonometric
shear deformation theory // Composite
Structures. — Vol. 53. — Issue 2, 2001. —
P. 153-162, ISSN 0263-8223,
https://doi.org/10.1016/S0263-
8223(00)00186-0.

E.A. Fancello, J.P. Ponthot, L. Stainier A
variational framework for nonlinear viscoe-
lastic models in finite deformation regime //

Journal of Computational and Applied
Mathematics, Vol. 215, Issue?2, 2008,
p. 400-408, ISSN 0377-0427,

https://doi.org/10.1016/j.cam.2006.04.064.
S. Srinivas A refined analysis of composite
laminates // Journal of Sound and Vibration. —
Vol. 30. — Issue 4, 1973. — P. 495-507, ISSN
0022-460X,  https://doi.org/10.1016/S0022-
460X(73)80170-1.

Wei Ding, Sansit Patnaik, Fabio Semper-
lotti Transversely heterogeneous nonlocal
Timoshenko beam theory: A reduced-order
modeling via distributed-order fractional op-
erators // Thin-Walled Structures. — Vol. 197,
2024, 111608, ISSN 0263-8231,
https://doi.org/10.1016/j.tws.2024.111608.
Aryan Kheyabani, Eyass Massarwa, Adnan
Kefal Multiscale structural analysis of thick
sandwich  structures  using  parametric
HFGMC micromechanics and isogeometric
plate formulation based on refined zigzag the-
ory // Composite Structures. — Vol. 297, 2022.
— 115988, ISSN 0263-8223,
https://doi.org/10.1016/j.compstruct.2022.115
988.

Mishchenko A.V. Sposob formirovaniya
nelinejnyh  fizicheskih  sootnoshenij v
pryamyh 1 obratnyh zadachah rascheta
mnogofaznyh sterzhnej // Vestnik Yuzhno-
Ural'skogo gosudarstvennogo universiteta.
Seriya: Stroitel'stvo 1 arhitektura. — 2014. —
Vol. 14. Ne 3. —p. 12-16.

International Journal for Computational Civil and Structural Engineering



Rational Design of Nonlinear-Deformable Structurally Heterogene-ous Elements of Structures

14.

15.

16.

17.

18.

19.

20.

21.

Mishchenko A.V., Nemirovskij Yu.V.
Raschet i proektirovanie derevyannyh ster-
zhnevyh sistem s uchetom fizicheskoj
nelinejnosti  //  Stroitel'naya mekhanika i
raschet sooruzhenij. — 2007. — Ne 6 (215). —
p. 46-52.

Nemirovskij Yu.V., Tihonov S.V. Opre-
delenie nesushchej sposobnosti mnogo-
etazhnyh zdanij iz fizicheski nelinejnyh bet-
onnyh sterzhnej // Vestnik Chu-vashskogo
gosudarstvennogo pedagogicheskogo univer-
siteta im. I.Ya. Yakovleva. Seriya: Mekhani-
ka predel'nogo sostoyaniya. — 2022. — No 2
(52). — p. 19-35.

Mishchenko A.V., Nemirovskij Yu.V.
Nelinejnoe deformirovanie betonnyh ele-
mentov pri prodol'no-poperechnom izgibe //
Izvestiya vuzov. Stroitel'stvo. —2013. — Ne 4.
—p- 3-12.

Mishchenko A.V. Energeticheskaya optimi-
zaciya  strukturno-neodnorodnoj dvuh-
sharnirnoj ramy // Stroitel'naya mekhanika 1
konstrukcii. — 2022. — Ne 3 (34). — p. 71-81.
DOI 10.36622/VSTU.2022.34.3.005.

L.Yu. Stupishin, V.L. Mondrus Energy
properties of symmetric deformable systems //
International Journal for Computational Civil
and Structural Engineering, 20(1), 2024, DOI:
https://doi.org/10.22337/2587-9618-2024-20-
1-35-45.

Yur'ev A.G., Panchenko L.A., Zin'ko-
va V.A. Strukturnyj sintez sterzhnevyh sis-
tem // Vestnik Belgorodskogo gosudarstven-
nogo tekhnologicheskogo univer-siteta im.
V.G. Shuhova. — 2022. — Ne 10. — p. 34-40.
DOI: 10.34031/2071-7318-2022-7-10-34-40.
S. Wang, H.B. Huang, F. Yin, X.S. Hou,
Z. Zhang, L.M. Luo, C. Chen Modifica-
tion of the mechanical properties of Ti/Ta
multilayer composites with heterogeneous
lamella structure, International // Journal of
Refractory Metals and Hard Materials. —
Vol. 110, 2023, 105996, ISSN 0263-4368,
https://doi.org/10.1016/j.;jrmhm.2022.105996.
Amal M.K. Esawi, Mahmoud M. Farag
Carbon nanotube reinforced composites: Po-
tential and current challenges // Materials &

Volume 20, Issue 3, 2024

22.

23.

Design. — Vol. 28. — Issue 9, 2007, P. 2394-
2401, ISSN 0261-3069, https://
doi.org/10.1016/j.matdes.2006.09.022.
Sidorov I.N., Andrianova K.A., Gaifutdinov
A.M., Usmonov R.S., Amirova L.M. Model-
ing and experimental investigations of mechan-
ical properties of hybrid composite rods with
gradient composition // Materials Today
Communications, Vol. 39, 2024, 108738, ISSN
2352-4928, https://doi.org/
10.1016/j.mtcomm.2024.108738.
Mishchenko A.V., Kalinkin S.A. Analiz
napryazhenno-deformirovannogo sosto-
yaniya racionalnyh  proektov  sloisto-
neodnorodnyh sterzhnej // Modelirova-nie i
mekhanika konstrukcij. 2017. Ne 5. URL:
http://mechanics.pguas.ru/ Plone/nomera-
zhurnala /no5 /stroitelnaya-
mehanika/5.3/at_download/file.

CIIMCOK JIMTEPATYPbI

L.

J. gulda, V. Adamek, R. Kroft Transient re-
sponse of non-prismatic heterogeneous viscoe-
lastic rods and identification of their material
properties // European Journal of Mechanics -
A/Solids, Vol. 105, 2024, 105241, ISSN 0997-
7538, https://doi.org/10.1016/
j-euromechsol.2024.105241.

J.M. Whitney, C.T. Sun. A higher order theo-
ry for extensional motion of laminated compo-
sites // Journal of Sound and Vibration. —
Vol. 30. — Issue 1, 1973. — P.85-97, ISSN
0022-460X, https://doi.org/10.1016/S0022-
460X(73)80052-5.

Rong Chiu, Wenbin Yu Heterogeneous
Beam Element for Multiscale Modeling of
Non-prismatic Composite Beam-like Struc-
tures // International Journal of Solids and
Structures. — Vol. 285, 2023, 112490, ISSN
0020-7683, https://doi.org/10.1016/].ijsolstr.
2023.112490.

Mouad Fergoug, Augustin Parret-Fréaud,
Nicolas Feld, Basile Marchand, Samuel
Forest Hierarchical modeling of heterogene-
ous structures driven by a modeling error es-

113



10.

11.

114

Andrey V. Mishchenko, Maxim S. Veshkin, Vladimir L. Mondrus, Leonid Yu. Stupishin

timator // Computer Methods in Applied Me-
chanics and Engineering. — Vol. 418, Part B,
2024, 116529, ISSN 0045-7825,
https://doi.org/10.1016/j.cma.2023.116529.

V. Adamek, A. Berezovski, M. Mracko, R.
Kolman A two-layer elastic strip under
transverse impact loading: Analytical solu-
tion, finite element, and finite volume simu-
lations // Mathematics and Computers in
Simulation. — Vol. 189, 2021. — P. 126-140,
ISSN  0378-4754, https://doi.org/10.1016/
j.matcom.2020.10.007.

Xin Liu, Wenbin Yu A novel approach to
analyze beam-like composite structures using
mechanics of structure genome // Advances
in Engineering Software. — Vol. 100, 2016. —
P. 238-251, ISSN 0965-9978,
https://doi.org/10.1016/j.advengsoft.
2016.08.003.

P. Vidal, L. Gallimard, O. Polit, Compo-
site beam finite element based on the Prop-
er Generalized Decomposition // Comput-
ers & Structures. — Vol. 102-103, 2012. —
P. 76-86, ISSN 0045-7949,
https://doi.org/10.1016/j.compstruc.
2012.03.008.

R.P. Shimpi, A.V. Ainapure A beam finite
element based on layerwise trigonometric
shear deformation theory // Composite
Structures. — Vol. 53. — Issue 2, 2001. —
P. 153-162, ISSN 0263-8223,
https://doi.org/10.1016/S0263-
8223(00)00186-0.

E.A. Fancello, J.P. Ponthot, L. Stainier A
variational framework for nonlinear viscoe-
lastic models in finite deformation regime //
Journal of Computational and Applied Math-
ematics, Vol. 215, Issue 2, 2008, p. 400-408,
ISSN 0377-0427,
https://doi.org/10.1016/j.cam.2006.04.064.

S. Srinivas A refined analysis of composite
laminates // Journal of Sound and Vibration. —
Vol. 30. — Issue 4, 1973. — P. 495-507, ISSN
0022-460X,  https://doi.org/10.1016/S0022-
460X(73)80170-1.

Wei Ding, Sansit Patnaik, Fabio Semper-
lotti Transversely heterogeneous nonlocal

13.

14.

15.

17.

18.

Timoshenko beam theory: A reduced-order
modeling via distributed-order fractional op-
erators // Thin-Walled Structures. — Vol. 197,
2024, 111608, ISSN 0263-8231,
https://doi.org/10.1016/j.tws.2024.111608.

. Aryan Kheyabani, Eyass Massarwa, Adnan

Kefal Multiscale structural analysis of thick
sandwich  structures using  parametric
HFGMC micromechanics and isogeometric
plate formulation based on refined zigzag the-
ory // Composite Structures. — Vol. 297, 2022.
— 115988, ISSN 0263-8223,
https://doi.org/10.1016/j.compstruct.2022.115
988.

Mumenko A.B. Crioco6 dopmupoBaHus He-
JUHEWHBIX (U3NYECKUX COOTHOILEHUH B
NpsIMBIX U OOpaTHBIX 3aJjayax pacuera MHO-
ropasueix crepxkHedd // BectHuk HOxHO-
VYpanbCckoro rocyaapcTBEHHOTO YHUBEPCH-
teta. Cepust: CTpOUTENBCTBO U apXUTEKTYpa.
—2014. — 1. 14. — Ne 3. —c. 12-16.

Mumenko A.B., Hemuposckmii 10.B.
Pacuer u mnpoexkTUpoBaHUE JEPEBSIHHBIX
CTEP>KHEBBIX CHCTEM C y4eTOM (PU3UUECKOM
HenuHerHOCTH // CTpouTenbHass MEXaHUKa U
pacuer coopyxenuil. — 2007. — Ne 6 (215). —
c. 46-52.

Hemuposcknii  10.B., Tuxonos C.B.
Ompenenienne Hecyleld CIOCOOHOCTH MHO-
TOATAXKHBIX 3/aHUHM U3 (PU3MUYECKU HETHHEH-
HBIX OCTOHHBIX cTepkHeidl // Bectnuk Yy-
BAaIIICKOTO TOCYJAapCTBEHHOT'O IeJaroruye-
ckoro yHuBepcurera wum. M.A. SIkoBnesa.
Cepusi: MexaHuka NpeIeNbHOIO COCTOSHHUSL.
—2022. —Ne 2 (52). —c. 19-35.

Mumenko A.B., Hemuposckuii F0.B. He-
JTuHEelHoe neGopMUpOBaHHE OCTOHHBIX dJe-
MEHTOB IPH MPOJOIBHO-TIONEPEYHOM U3rude
/I N3Bectus By30B. CtpoutensctBo. — 2013.
—Ne 4. —c. 3-12.

Mumenko A.B. DHepreTuyeckas oNTUMHU3A-
Ul CTPYKTYpHO-HEOJHOPOTHOM JIByXILIap-
HUpHOU pambl // CTpouTenbHasi MEXaHUKA W
KOHCTpyKIMuU. — 2022. — Ne 3 (34). —c. 71-81.
DOI 10.36622/VSTU.2022.34.3.005

L.Yu. Stupishin, V.L.Mondrus Energy
properties of symmetric deformable systems

International Journal for Computational Civil and Structural Engineering



Rational Design of Nonlinear-Deformable Structurally Heterogene-ous Elements of Structures

//" International Journal for Computational
Civil and Structural Engineering, 20(1),
2024, DOI: https://doi.org/10.22337/2587-
9618-2024-20-1-35-45.

IOpbe A.I'., Ilanuenko JI.A., 3uHbKOBa
B.A. CTpyKTypHBII CUHTE3 CTEPKHEBBIX CH-
creM // Bectnuk benropoackoro rocypap-
CTBEHHOT'O TEXHOJIOTHYECKOTO YHUBEPCHUTETA
uMm. B.I'. lllyxosa. — 2022. — Ne 10. — C. 34-
40. DOI: 10.34031/2071-7318-2022-7-10-34-40.
S. Wang, H.B. Huang, F. Yin, X.S. Hou, Z.
Zhang, L.M. Luo, C. Chen Modification of
the mechanical properties of Ti/Ta multilayer
composites with heterogeneous lamella struc-
ture, International // Journal of Refractory
Metals and Hard Materials. — Vol. 110, 2023,
105996, ISSN 0263-4368,
https://doi.org/10.1016/j.ijrmhm.2022.105996.
Amal M.K. Esawi, Mahmoud M. Farag
Carbon nanotube reinforced composites: Po-

19.

20.

21.

tential and current challenges // Materials &
Design. — Vol. 28. — Issue 9, 2007, P. 2394-
2401, ISSN 0261-3069, https://
doi.org/10.1016/j.matdes.2006.09.022.

LN. Sidorov, K.A. Andrianova, A.M.
Gaifutdinov, R.S. Usmonov, L.M. Amirova.
Modeling and experimental investigations of
mechanical properties of hybrid composite
rods with gradient composition // Materials
Today Communications, Vol. 39, 2024,
108738, ISSN 2352-4928, https://doi.org/
10.1016/j.mtcomm.2024.108738.

Mumenko A.B., Kanunknn C.A. Anamms
HaINpsHKEHHO-Ie()OPMUPOBAHHOTO COCTOSHHUS
palMOHAIBHBIX MIPOCKTOB CJIONCTO-
HEOJJHOPOJAHBIX CcTepxkHed // MonenupoBa-
HHUE U MeXaHuKa KOHCTpyKuuu. 2017. Ne 5.
URL: http: //mechanics.pguas.ru/
Plone/nomera-zhurnala /no5 /stroitelnaya-
mehanika/5.3/at_ download/file.

22.

23.

Mishchenko Andrey Viktorovich — Doctor of Technical
Sciences, Associate Professor, Professor of the Department
of Structural Mechanics, Novosibirsk State University of
Architecture and Civil Engineering (Sibstrin) (NSUACE
(Sibstrin)). 253, 113, str. Leningradskaya, Novosibirsk,
630008 Russia. E-mail: a.michshenko@sibstrin.ru,
+7(383) 266-33-80

Veshkin Maxim Sergeevich — Candidate of Technical Sci-
ences, Associate Professor of the Department of Structural
Mechanics, Novosibirsk State University of Architecture
and Civil Engineering (Sibstrin) (NSUACE (Sibstrin)).
253, 113, str. Leningradskaya, Novosibirsk, 630008 Russia.
E-mail: m.veshkin@sibstrin.ru, +7(383) 266-33-80

Mondrus Viadimir Lvovich — Doctor of Technical Sciences,
Professor, Corresponding Member of RAASN, Head of the
Department of Structural and Theoretical Mechanics, Insti-
tute of Industrial and Civil Engineering, National Research
Moscow State Construction University (NIU MSCU). 405,
26, Yaroslavskoe Shosse, Moscow, 129337, Russia. E-mail:
m.mondrusvl@mgsu.m, +7 (495) 287-49-14 ext. 3074

Stupishin Leonid Yulianovich— Doctor of Technical Scienc-
es, Professor, Professor of the Department of Construction
and Theoretical Mechanics, Institute of Industrial and Civil
Engineering, National Research Moscow State Construction
University (NIU MSCU). 405, 26, Yaroslavskoe Shosse,
Moscow, 129337, Russia. E-mail: stupishinlyu@mgsu.ru, +7
(495) 287-49-14 ext. 3074

Volume 20, Issue 3, 2024

Muwenxo Amnopeit Buxmopoeuy — A.T.H., JOLEHT, MPO-
(eccop xadenpsl crpoutenbHON Mexanuku, HoBocnbOup-
CKMH TIOCYIapCTBEHHBIM apXUTEKTYpPHO-CTPOUTEIIbHBII
yuuepcurer (Cudcrpun) (HCACY (Cuberpun)). 253,
113, yn. Jlenunrpanckas, HoBocudupck, 630008 Poccusi.
E-mail: a.michshenko@sibstrin.ru, +7(383) 266-33-80

Bewxun Maxcum Cepeeesuu — K.T.H., TOUSHT KadeIpbl
CTPOWTENBHOW MexaHukd, HoBocuOupckuii rocymap-
CTBEHHBI apXUTEKTYPHO-CTPOUTENbHBI YHHBEPCUTET
(Cubcrpun) (HTACY (Cuberpun)). 253, 113, yn. Jlenun-
rpajackas, Hoocubupck, 630008 Poccus.
E-mail: m.veshkin@sibstrin.ru, +7(383) 266-33-80

Monopyc Braoumup Jlbéosuu — 1n.1.H., npodeccop, WieH
kopp. PAACH, 3aB. kad). CTpOUTEIBHON M TCOPETHYCCKOI
MEXaHUKH, MHCTUTYT [IpOMBINIIEHHOrO M TpakKIaHCKOTO
cTpoutenbcTBa,  HarmonanmpHbilt  MccnenoBarenbekuit
Mocxkosckuil I'ocynapctBenHbIll CTpoUTeNbHBIN YHUBEp-
curer (HUY MI'CY). 405, 26, SfpocmaBckoe mocce,
Mocksa, 129337, Poccns. E-mail: m.mondrusvl@mgsu.m,
+7 (495) 287—49-14 no6. 3074

Cmynuwun Jleonuo FOnuanoéuy — NI.T.H., Tpodeccop,
mpodeccop Kadempbl CTPOUTETBHOH W TEOPETUIECKOI
MCXaHUKH, UHCTUTYT HpOMBIHIJ'[eHHOFO N I'paXaIaHCKOI'O
crpoutenbeTBa, HanmonaneHbeli  MccnenoBarenbckui
MockoBckuii ['ocymapcTBeHHbIE CTpOUTENBHBIA Y HHU-
Bepcurer (HUIY MI'CY). 405, 26, Spocnasckoe mocce,
Mocksa, 129337, Poccus. E-mail: stupishinlyu@mgsu.ru,
+7(495) 287-49-14 no6. 3074

115



