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Abstract: The article deals with the problem of rational design of a nonlinearly deformable heterogeneous com-
posite Timoshenko rod under force impact. The rod has a structure that is symmetrical relative to the force plane, 
formed by the connection of quasi-homogeneous parts (phases, layers) with different physical properties, taking 
any geometric shape in space. The structural materials that form the rod have nonlinear elastic properties. To de-
scribe the main component of the stress tensor – the normal stress in the longitudinal direction – in each phase, 
the same type of approximation by entire rational polynomials is taken depending on the deformation. On their 
basis, compact nonlinear equations were obtained that connect integral forces with generalized deformations of 
the axial line of the rod. In this system, the rigidity characteristics of higher exponent are figured as coefficients. 
Nonlinear equilibrium conditions written for the case of large displacements and rotation angles in combination 
with linear kinematic relations are resolved in the form of the initial parameter method. 
Based on the strength condition written in the form of a quasi-uniaxial criterion, the designing criterion is formu-
lated for the heterogeneous rod. This criterion is continuous along the longitudinal coordinates and it is discrete 
along the transverse coordinates. A two-stage algorithm is developed to solve the design problem of the rational 
design of a nonlinearly deformable layered rod. It makes it possible to identify the geometric functions of the 
longitudinal profiling of the rod layers presented in a discrete form. Resolution relations were obtained to find 
the functions of the width and height of the profiled layers. 
Numerical results are presented to solve the design problem of calculating a compressed-bent I-section rod, in 
which the flanges and I-beam webs were made of various materials. The presence of geometric restrictions on 
variable values from below ensured non-degeneracy of the flanges at the pre-support areas. The three character-
istic areas were detected in the rod with the implementation of the calculated continuous criterion in the form of 
two-, one- and zero-point conditions along the transverse coordinate. It is shown that the consideration of the 
shear stresses in the rod of this flexibility is not relevant. 
 

Keywords: layered rod, physical nonlinearity, geometric nonlinearity, continuous criterion of strength,  
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INTRODUCTION 
 
Bearing structures used in construction, as a 
rule, experience complex thermal power and 
kinematic effects. The effective consideration of 
the operational requirements for structures cur-
rently dictates the use of new approaches and 
principles of mathematical modeling. Among 
them, we highlight the more significant ones, 
which allow radically increasing the perfor-
mance of the structures. They are: 1). The prin-
ciple of structural heterogeneity of the designed 
system, according to which the system is 
formed of parts (elements, blocks, layers, phas-
es, etc.) made of various materials combined 
into a single structure. 2). The principle of ra-
tional geometric profiling of the system ele-
ments, as a result of which it acquires a calcu-
lated configuration (geometric, physical, struc-
tural). The combined use of these two principles 
allows us to create structural systems with a 
stress-strain state adapted to external impacts, 
and, as a result, to ensure regulatory require-
ments in the best possible way. 
A large number of works known in the literature 
are devoted to the calculation of various hetero-
geneous structural systems, considering their 
physical structure (discrete- and dispersive-
heterogeneous, reinforced, layered), structural 

purpose, physical features of the materials de-
formation, the nature of external impacts [1, 2], 
the differences in calculation approaches, hy-
potheses, and research methods. In most works, 
when solving the direct problems of stress-strain 
state calculation, the universal finite element 
method is used [3, 4, 5, 6, 7, 8, 9]. At the same 
time, analysis methods without the use of dis-
cretization procedures are also used to perform 
research tasks. 
For example, [10] discusses the construction of 
an improved analysis of layered composites us-
ing a variation approach, considering piecewise 
linear displacements and shear effects. In the 
work [8], a layer-by-layer trigonometric approx-
imation of shear deformations was performed 
with the satisfaction of the defining physical 
relations. The proposals to refine the Tymo-
shenko shear model are proposed in [6, 11]. The 
methods to homogenize the heterogeneous 
structures are also widely used [3, 4]. The mod-
el of the parametric method of cells, based on 
the theory of zigzag distributions of displace-
ments by the thickness coordinate, was used in 
[12] in combination with spline approximations. 
Modern materials from which composite sys-
tems are made often have nonlinear deformation 
properties. In order to take into account such 
effects, the work [13] proposes a universal 
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method for their description and the formation 
of physical correlations in heterogeneous rods. 
The methods of inverse problems - optimal and 
rational design - are of a particular interest in 
the structure design. They are rather complex in 
combination with the above-mentioned princi-
ples of mathematical modeling for heterogene-
ous designs. They are covered extremely insuf-
ficiently in the literature. In this direction, there 
is a number of works devoted to the search for 
rational geometry of elements in wooden [14] 
and concrete [15, 16] structures based on the 
strength criterion. In the works [17, 18, 19] an 
energy approach was used to assess the efficien-
cy of the configuration and the internal structure 
of the construction. The possibilities to signifi-
cantly increase the strength and rigidity of het-
erogeneous structures are presented in sources 
[7, 20, 21], and in work [22] an effective meth-
od based on a gradient reinforcement scheme is 
proposed for a hybrid heterogeneous rod. 
It should be noted that the studies devoted to the 
comprehensive consideration of the above men-
tioned principles of modeling profiled heteroge-
neous rod elements of the structures are not pre-
sented in the literature.  
 
 
MATERIALS AND METHODS OF THE 
RESEARCH  
  
1. Mathematical model of a heterogeneous 
rod 
The heterogeneous rod has a structure formed 
by the connection of quasi-uniform parts (phas-
es) of finite sizes, different in physical proper-
ties, which takes a variety of geometric shapes 
in space (Fig. 1). With the use of certain techno-
logical methods, the phases are combined into a 
single heterogeneous structure. The rod can be a 
part of the rod system or be an independent 
structural element. 
In the local coordinate system xyz, the longitu-
dinal axis of the s-phase rod is aligned with the 
x axis, and the structure has symmetry proper-
ties relative to the xy plane, in which the rod ex-
periences a straight longitudinal-transverse 

bend. A straight line having a arbitrary refer-
ence to the physical structure specified in a spe-
cific calculation is taken as the geometric axis 
of the rod [13]. 
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Figure 1. Heterogeneous rod scheme. 

a – front projection of the rod in the plane xy,  
b, c – variants of the rod cross section 

We assume that the following restrictions are 
met with respect to the physical and geometric 
parameters of the rod:  
1). Rod is thin ( / 1 /10)h l  and submits to the 
hypotheses of S.P. Timoshenko. The validity of 
it is confirmed by numerical analysis [23]. 
2). Structural materials that form the phases of 
the rod have nonlinear elastic properties de-
scribed under single-axis stress state in the 
framework of the deformation theory of plastici-
ty by finite dependences of the form 

( )k k , ( [1, ]k s ), which bind the defor-
mation x  and conditional stress ,k x k  
in the material of the k -phase under single-axis 
stress state. The physical parameters of these 
dependencies for different materials have values 
of the same order. 3). When forming the calcu-
lated dependencies, the deformations are con-
sidered small, and the displacements are consid-
ered large values, keeping to the relations 
 1x ,  v l ,  sin  ,  cos 1 .  
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The dependences for values of longitudinal x  
and transverse y  deformations, shear strain 

yx , longitudinal u and transverse v displace-
ments of the reference axis points, the angles of 
rotation of cross sections  we present in the 
form 

 
 0( , )u x y u y ,   0( )v x v ,  
  0

0
0

( , ) , ( , ) 0,

( , ) ( ),

x y

xy

x y y x y
dvx y x
dx

 (1) 

 0
0 ( ) dux

dx
,    ( ) dx

dx
,  

 
where 0 ( )u x , 0 ( )v x  – displacement of the 
points of the geometric axis in the direction of 
the axes x, y;  0 ( )x , ( )x  – deformation and 
curvature of the axis of the rod; 0 ( )x  – shear 
strain averaged along the y coordinate.  
 
2. Physical dependencies 
The expressions for integral force factors and 
differential equations of equilibrium of the rod 
are written in the form  
 

 ( ) ( ) ( )

1
, , ( ) , ,

k

s
k k k

x x yx
k A

N M Q x y dA , (2) 

 x
dN q
dx

,  y
dQ q
dx

,  z
dM Q m
dx

.  

 
Here xq , yq , zm  – are the distributed forces 
acting in the direction of the x, y and the mo-
ment in the  xy plane; kA  – the square of the k- 
phase in the normal section. 
The main component of the stress tensor for the 
k- phase under force action is represented in the 
form of decomposition  
 

( ) 2
,0 ,1 ,2 ,

0
( )

r
k i

x k k k k i
i

p p p p , (3) 

with the specified parameters ,k ip , ,k ip  for the 
tensile and compression areas.  
The advantage of taking power functions in (3) 
is that the first three of them with numbers 

0,1, 2, ...i  are traditionally used in various 
theories and have a definite physical meaning. 
The following allow you to refine the approxi-
mations of phase material diagrams. As special 
cases, the calculation model (3) describes: rigid 
plastic, linearly elastic, including - multi-
module deformation. 
When holding in (3) linear and quadratic terms, 
the power dependence of F.I. Gerstner, 

2E p , used in [14] for the calculation of 
wooden frames with shifted centers of cross sec-
tions, as well as in the calculations of concrete 
elements and structures, is obtained, generalized 
to the case of difference resistance of materials 
[15, 16]. 
If the material deformation law can be approxi-
mated by an odd function, in (3) it is advisable 
to hold only terms with odd indices, thereby 
eliminating the need for special detection of the 
position of the neutral axis. Acceptance in (3) 
members with numbers gives the dependencies 
of A.R. Rzhanitsyn, P.A. Lukash. 
Using stress approximations ( ) ( )k

x  the Ilyush-
in function k  used in nonlinear calculations 
can be found, which is entered based on the ex-
pression  
 
 ( ) ( ) (1 )k

x k kE . (4) 
 
Given that ,1k kp E  we receive 
 

 , 1

1 ,1
( ) 1

r
k i i

k
i k

p
p

.  

 
Substituting stresses (3) into the first two equa-
tions (2) when considering kinematic hypotheses 
(1), gives a system of nonlinear equations that 
connects the longitudinal force and the bending 
moment with generalized deformations 0 ,   
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Coefficients in (5) are integral stiffness charac-
teristics of a cross section of nonlinear elastic 
materials of i -physical and j-geometric order. 
 

 ( )
,

1 1
( )

k

s s
j k

ij k i ij
k kA

D x p y dA D . (6) 

 
Numerical coefficients i jc  ( 0,...,j i ) – are the 

Newton binomiall coefficients ( ) ja b .  
Calculating rigidity of the k -phase ( )k

ijD  in (6) it 
is necessary to perform an additional height 
breakdown k k kh h h  at the intersection of 
the layer with the neutral axis on the areas with 
the same deformation sign  
 
 ( )

, ,( , ) ( , )
k k

k j j
ij k i k k i k

h h

D p b x y y dy p b x y y dy . 

 
The system of physical equations (5) is a gener-
alization of known classical cases. Thus, when 

0r , the equations contain rigidity  
 

 00 ,
1
( )

s

k s k
k

D A ,   01 ,
1
( )

s

k s k
k

D S   

 
and describe the limit states of the layered sec-
tion made of rigid plastic materials.  
When holding in (3) linear members, the system 
(5) becomes quasi-linear with rigidity character-
istics of the heterogeneous section from linearly 
elastic different-module materials  
 

 10
1

s

k k
k

D E A ,   11
1

s

k k
k

D E S , 

 12
1

s

k k
k

D E I .  

If you additionally perform reduction to the cen-
tral axes (which gives DS = 0, but it is not advis-
able when you solve inverse problems of the 
design type), we get the solution of 
S.P. Timoshenko. 
Depending on the properties of phase materials, 
different (not necessarily sequential) sets of 
homogeneous blocks can be used in (5). 
When organizing numerical procedures in itera-
tive algorithms, physical dependencies (3) are 
presented in quasi-linear form 
 
 ( ) ( ) ( )k

x kE  (7) 
 
with variable secant elastic module depending 
on the deformation 
 

 1
,

0
( )

r
i

k k i
i

E p .  (8) 

 
Applying expression (7) for forces (2) gives the 
system of quasi-linear equations 
 

 0

0

,
,

A S

S I

D D N
D D M

 (9) 

 
with functional secant stiffness characteristics D  
 

1
1

1, 1 2 0
1 0

, , ( , )

( 1) , ,

A S I

r i
j i j j

i j i j i j i j
i j

D D D x

c D D D
, (10) 

 
depending on generalized deformations 0 , . 
In expressions (10) higher-exponent characteris-
tics are used (6). 
For odd cubic approximation 

( ) 3
,1 ,3

k
x k kp p  stiffness expressions (10) 

take the form  
 

 

2 2
10 0 30 0 31 32

2 2
11 0 31 0 32 33

2 2
12 0 32 0 33 34

2 ,
2 ,
2 .

A

S

I

D D D D D

D D D D D

D D D D D
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3. Shear stress  
Obtaining shear stresses under equilibrium con-
ditions, with non-linear dependencies (3), is a 
laborious procedure that is not advisable for 
secondary stress components of energy signifi-
cance. More efficient and consistent with the 
initial assumptions is an alternative approach 
based on the equilibrium condition of the upper 
displaced part of 1[ , ]sy y y  the rod element 
with a length of dx  
 

 1

( )

( )

( , )

1 ( , ) ( , )
( , )

s

k
yx

y x

x
k y

x y

x y b x y dy
b x y x

.(12) 

 
We approximate the linear shear force (deriva-
tive of the integral in (12)) in the form 
 

 
sec

0 0
( , ) ( ) ( )N x y b x f y
x

 (13) 

 
using a dimensionless function of the transverse 
distribution of shear forces ( )f y , that satisfies 
the boundary conditions 1 1( ) ( ) 0sf y f y . 
The parameter 0( )x  characterizes the longitu-
dinal distribution of shear forces, and 0b  is a 
geometric parameter. Combining (12), (13), ex-
cluding the parameter 0  using condition (2) we 
obtain the formula of the shear stress 
 

 ( ) ( )( )( , )
( , )

k
yx

k

f yQ xx y
b x y F

,  
1

1

sy

y

F f dy .(14) 

 
In heterogeneous structures which have frag-
ments of Z-layering (Fig. 2), for which lines 

( ) consty z  cross different phases, the formula 
(14) should be improved by introducing the 
shear stiffness coefficient at the y level  
 

 ( , )( , )
( , ) ( )
k

k j
j

G y zk y z
G y z b y

.  

Here, the summation is performed on the phases 
crossed by the line ( ) consty z . Assuming, in 
accordance with the accepted hypotheses, the 
constancy of shears (1), we obtain shear stresses 
in Z-layered structures  
 

 ( ) ( ) ( ) ( , )( , , )
( , ) ( , )

k k
yx

j j
j

Q x f y G y zx y z
F G y z b x y

.  
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Figure 2. Cross-layered structure with Z-

layered fragment 
 

When the shear stiffness of the section is found, 
we assume the equivalence of the Ilyushin func-
tions in the dependencies (4) and in the law for 
shear stresses, by 
 
 ( ) (1 )k

yx k k yxG .   
 

The increment of the elastic deformation energy 
in the heterogeneous section during the shear is 
presented in two forms: through the integral 
force Q and stress ( )k

yx   
 

  ( )
0

1
k

s
k

yx yx
k A

Q dA .  (15) 

 
Here 0 / ( )QQ D  is the deformation in-
crement of the average shear in the Timoshenko 
rod, QD  is section shear stiffness, 

( )( , ) / / (1 )k
yx yx k kx y G  – shear strain 

increment at a heterogeneous section point. 
Substituting stress (14) into (15), we obtain var-
iable secant shear stiffness 
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1

2

2

1 (1 )

k

k

Q ys

k k k ky

FD
f dy

b G

, (16) 

 
with which the third physical relation is recorded 
 
  0QD Q , (17) 
 
complements the system of equations (5), and 
binds shear strain 0  with transverse force Q.  
 
4. Relations for internal forces and displace-
ments 
The differential equations of equilibrium of the 
rod in the deformed state are 
 

 
( ) ,
( ) ,

,

x

y

z

N Q q
Q N q
M Q m

   ( )
x

.  

 
Their integration considering small values of the 
first order when the following conditions are 
satisfied  
 
 0 0 0(0)N N Q ,  0 0 0(0)Q Q N , 
 0(0)M M   
 
gives the expressions of internal force factors in 
the form of the initial parameters method. Ap-
plying the method of iterative refinement, we 
write them for the t-step in the form  
 

 

[ ] [ ] [ ] [ 1] [ 1]
0 0

[ 1]

( )

,
qx qy

t t t t t
x y

x x
t

x y
x x

N x N Q F F

q dx q dx
 

 

[ ] [t] [ 1] [t] [ 1]
0 0

[ 1]

( )

,
qx qy

t t t
x y

x x
t

x y
x x

Q x N Q F F

q dx q dx
 (18) 

 

[ ] [t] [t] [ 1] [t]
0 0 0

[ 1] [ 1]

[ 1] [ 1]

( )

( ) [ ( ) ( )]

( )[ ( ) ( )] ( )( ) .

m

y x

qx qy

x
t t

z z
x

t t
y F x F

x x
t t

x y
x x

M x M N v Q x M m dx

F x x F v x v x

q v x v d q x d

  

 
In case there are several similar loads on the 
rod, in (18) several terms of the corresponding 
type should be used. The differentiation of the 
influence areas of loads is completed with the 
use of the Heaviside step function (to reduce the 
entry not specified in (18)). 
The determination of displacements is per-
formed using quasi-linear equations (9). Ex-
pressing from (9), (17) generalized defor-
mations through secant section pliability  
 

 2
1

/A
A S ID D D

, 2
S

S
I A S

D
D D D

,  

 2
1

/I
I S AD D D

, 1
Q

QD
 (19) 

 
and substituting them into kinematic dependen-
cies (1), we obtain the angle of rotation and dis-
placements at t-step  
 

 [ ] [ ] [ 1] [ 1] [ 1] [ 1]
0

0 0

( )
x x

t t t t t t
S Ix N dx M dx ,  

[ ] [ ] [ 1] [ ] [ 1] [ ]
0

0 0

( )
x x

t t t t t t
A Su x u N dx M dx , (20) 

 

[ ] [ ] [ ] [ 1] [ 1]
0 0

0 0

[ 1] [ 1] [ 1] [ 1]

0 0 0

( )

.

x x
t t t t t

S

x x x
t t t t

I Q

v x v x N dxdx

M dxdx Q dx
.  

 
Substituting here the internal forces (18) gives 
the final expressions of displacements (they are 
not given here), which depend on the initial pa-
rameters  [ ]

0
tN , [ ]

0
tQ , [ ]

0
tM , [ ]

0
tu , [ ]

0
t , [ ]

0
tv , loads, 
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secant pliability (19) and displacements in the 
previous step.  
Initial parameters are from six boundary condi-
tions 
 
 [ ] [ 1] [ ]

* * * *( ) ( ) ( )t t t
xN x x Q x F ,  

 [ 1] [ ] [ ]
* * * *( ) ( ) ( )t t t

yx N x Q x F , 
 [ ]

* *( )t
zM x m , (21) 

 
when recording which the upper signs are used 
on the left end, and the lower signs on the right. 

 
5. Rational design of layered rod based on 
continuous strength criterion 
In a cross-layered rod at a given force effect, it 
is required to determine a particular set of geo-
metric functions from the full set  
 
 ( )kr x ,  [ , ]r b h ,  ( 1,...,k s ), (22) 
 
internal force factors (18) and displacements 
(20), satisfying boundary conditions (21). In 
addition, geometric functions must satisfy the 
constraints  
 
 minkr r ,   [ , ]r b h . (23) 

 
The strength condition of the material of the k-
layer with the calculated resistance kR  is pre-
sented in the form 
 

 2 21 1
2 2

k k
x k yx x kR .  

 
Presenting stresses x  and kR  with the use of 
(7) through secant moduli of elasticity  
 

 
( )

( )
k

x
kE ,    ( )

adm ( )
adm

( )k k
k k

RE , (24) 

 
we obtain the strength condition recorded 
through the deformation 
 

( ) ( ) ( )
admsgn( ) ( , ) k k k

x x x y , ( 1,...,k s ). (25) 

Here ( )
adm
k  is allowable deformation levels of the 

material of the  k-layer under tensile and com-
pression;  
 

( )

2

( )

( , )

( , )1 (1 ) 1 1
2

( , ) (0,1]

k

yx
k k k k

k k

k

x y

x y
R

x y

 (26) 

 
the coefficient considering the decrease of the 
allowable material deformation ( )

adm
k  at shear 

stresses; and  
 

 
( )

( ) adm( )( , ) (0,1]
( )

k
k k

k

Ex y
E

 – (27) 

 
the coefficient reflecting non-linearity of stress 
function ( )x , recorded through secant moduli 
of elasticity at finite (limit) and current points 
(24).  
Based on the strength condition for the biaxial 
stress state (25), determine the continuous mul-
tipoint design criterion (CDC) of the heteroge-
neous non-linearly deformed the s-phase rod.  
Definition. The generalized limit state in the 
area of heterogeneous nonlinear elastic rod that 
occupies the space X, Y, is realized if condition 
(25) is performed in the form of the strict 
equality  
 
 ( ) ( ) ( )

0 admsgn( )[ ( ) ( ) ] k k k
x x x y ,  

 x X ,    1 *,...,
yny Y Y   

 
continuously along the longitudinal coordinate 
x X , in discrete number of levels yn  along 
transverse coordinate 1 *,...,

yny Y Y . For 
all other points x X , *y Y  condition (25) is 
real in the form of inequality. 
The multiplicity *Y  in the cross-layered struc-
tures is typically formed from the layer interfac-
es 1 1,..., sy y . The multiplicity of the criterion 
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secant pliability (19) and displacements in the 
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 [ ]
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zM x m , (21) 

 
when recording which the upper signs are used 
on the left end, and the lower signs on the right. 

 
5. Rational design of layered rod based on 
continuous strength criterion 
In a cross-layered rod at a given force effect, it 
is required to determine a particular set of geo-
metric functions from the full set  
 
 ( )kr x ,  [ , ]r b h ,  ( 1,...,k s ), (22) 
 
internal force factors (18) and displacements 
(20), satisfying boundary conditions (21). In 
addition, geometric functions must satisfy the 
constraints  
 
 minkr r ,   [ , ]r b h . (23) 

 
The strength condition of the material of the k-
layer with the calculated resistance kR  is pre-
sented in the form 
 

 2 21 1
2 2

k k
x k yx x kR .  

 
Presenting stresses x  and kR  with the use of 
(7) through secant moduli of elasticity  
 

 
( )

( )
k

x
kE ,    ( )

adm ( )
adm

( )k k
k k

RE , (24) 

 
we obtain the strength condition recorded 
through the deformation 
 

( ) ( ) ( )
admsgn( ) ( , ) k k k

x x x y , ( 1,...,k s ). (25) 

Here ( )
adm
k  is allowable deformation levels of the 

material of the  k-layer under tensile and com-
pression;  
 

( )

2

( )

( , )

( , )1 (1 ) 1 1
2

( , ) (0,1]

k

yx
k k k k

k k

k

x y

x y
R

x y

 (26) 

 
the coefficient considering the decrease of the 
allowable material deformation ( )

adm
k  at shear 

stresses; and  
 

 
( )

( ) adm( )( , ) (0,1]
( )

k
k k

k

Ex y
E

 – (27) 

 
the coefficient reflecting non-linearity of stress 
function ( )x , recorded through secant moduli 
of elasticity at finite (limit) and current points 
(24).  
Based on the strength condition for the biaxial 
stress state (25), determine the continuous mul-
tipoint design criterion (CDC) of the heteroge-
neous non-linearly deformed the s-phase rod.  
Definition. The generalized limit state in the 
area of heterogeneous nonlinear elastic rod that 
occupies the space X, Y, is realized if condition 
(25) is performed in the form of the strict 
equality  
 
 ( ) ( ) ( )

0 admsgn( )[ ( ) ( ) ] k k k
x x x y ,  

 x X ,    1 *,...,
yny Y Y   

 
continuously along the longitudinal coordinate 
x X , in discrete number of levels yn  along 
transverse coordinate 1 *,...,

yny Y Y . For 
all other points x X , *y Y  condition (25) is 
real in the form of inequality. 
The multiplicity *Y  in the cross-layered struc-
tures is typically formed from the layer interfac-
es 1 1,..., sy y . The multiplicity of the criterion 

yn  depending on the conditions of the problem, 
takes values from 1 to 1s , while the criterion 
is referred to as yn - point CDC. In general, to 
satisfy these equalities, except for the varying 
geometric functions, requires a change in the 
physical structure of the rod. For fixed-structure 
rods, the maximum multiplicity yn  is two. 
Application s+1- and s - point criterion. As 

1s  variable parameters (22) we take the width 
of external layers 1b , sb  and the height kh  of all, 
except one, layers ( 0 01,.., 1, 1,..k k k s ). The 
height 

0kh  and width of the inner layers are set. 
According to CDC we compose a system 

1yn s  of equations (23), for certainty, con-
sidering the case of different-valued defor-
mations in the section with a change of sign 
within the layer 0k   
 

 
0 0 0

0

0 0 0
0

(1) (1) (1)
0 1 adm

( ) ( ) ( )
0 adm

( ) ( ) ( )
0 1 adm

( ) ( ) ( )
0 1 adm

( ) ( ) ,
. . . . . . .

( ) ( ) ,
( ) ( ) ,

. . . . . . .
( ) ( ) .

k k k
k

k k k
k

s s s
s

x x y

x x y

x x y

x x y

 (28) 

 
Here, with positive (negative) curvature, the up-
per (lower) signs are taken. The relationships 
for other types of strain distribution are also 
written analogically. With unambiguous distri-
butions 0k  and 0 1k  both equations are re-
placed by one, and the criterion becomes the s-
point. At the same time, the height of one of the 
layers is excluded from the variable parameter. 
The solution of the problem will be performed 
with phased accounting of the values of the co-
efficients ( ) ( , )k x y , ( ) ( , )k x y  at the computa-
tional points. At the first stage, their values are 
taken equal to one. 
 Using 0k  and 0 1k  the equations of the sys-

tem (28), we determine the curvature and de-
formation  

0 0 0 0 0 0

0

0 0 0 0 0 0
0 0

0

( ) ( ) ( ) ( ) ( ) ( )
adm adm

*

( ) ( ) ( ) ( ) ( ) ( )
adm 1 adm

0*

( ) ,
k k k k k k

k

k k k k k k
k k

k

x
h

y y
h

 (29) 

 
Then, using the remaining equations, we find 
(s – 1) of the desired heights  
 

 
0 0 0 0( ) ( ) ( ) ( )( 1) ( )

adm adm
1

*

k k k kk k

kh , 

 0 ,.., 1k k s ,  (30) 

 
0 0 0 0( ) ( ) ( ) ( )( 1) ( )

adm adm
1

*

k k k kk k

kh , 

 0 ,..,2k k .  
 
If received 0kh  we need to change the physi-
cal structure of the package or reduce the multi-
plicity of the criterion. 
 The internal force factors at the t-step in the 

design area are written in the form (18), and the 
functions of displacements and rotation angles, 
assuming 0 0* , * , in the form 
 

 [ ] [ ] [ ]
0 0*

0

( )
x

t t tu x u dx ,   [ ] [ ] [ ]
0 *

0

( )
x

t t tx dx ,  

 
[ ] [ ] [ ] [ ] [ ] [ 1]

0 0 * 0
0 0 0

( )
x x x

t t t t t t
Qv x v x dx dx Q dx

  

 [ 1] [ 1]

Fy q qy y

x x x
t t

y Q Q y
x x x

F dx q dxdx .  

 
 Physical relations (5), when substituting limit 

generalized deformations (29), give a system of 
equations to determine the two remaining varia-
ble parameters 
 

 0* * 1 1

0* * 1 1

( , , , , , ,..., , ) 0,
( , , , , , ,..., , ) 0.

N s s

M s s

N b b h h x
M b b h h x

 (31) 
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 Calculation of stiffness characteristics AD , SD , 

ID  (10), QD , shear (14) and normal stresses  
 

 ( )
, 0

0
( , ) [ ( ) ( ) ]

r
k i

x k i
i

x y p x x y .  

  
 Verification of constraint (23) and criteria 

to achieve the required accuracy of calculations.  
Application of two-point criterion. As varia-
ble parameters, any two geometric functions 
from set (22) are accepted. In this case, a two-
point CDC and a system (23) are used in the 
form of two equations recorded for the two 

1 2 *, Y  most dangerous levels 
 
 ( ) ( ) ( )

0* * adm
k k k

iy ,  (32) 
 1 2,i ,   *x X ,    *iy Y . 
 
The difference between two-point setting is the 
ability to perform the solution for any given 
physical structure of the layered package. 
After determination of limit deformation and 
curvature from (32), further steps bypassing 
(30), are performed similarly to the procedure 
for multipoint criterion.  
The obtained solution is realized if the obtained 
geometric functions continuously along the x 
coordinate satisfy the problem constraints (23). 
Otherwise, we need to decrease the multiplicity 
and switch to the single-point criterion ( 1yn ). 
Then, for the corresponding function (for exam-
ple, the first one), the equality is assumed 
 
 

1, min( )i kr x r   (33) 
 
with simultaneous setting of deformation  
 
 

2 2

( ) ( ) ( )
, adm,( ) k k k

i x . (34) 
 
Substituting (33), (34) into (31) gives a mixed 
system of resolving equations for the geometric 
function 

2
( )kr x  and deformation 

1, ( )i x : 

 1 2

1 2

, ,

, ,

( , , , ) 0,
( , , , ) 0.

N i i i k

M i i i k

N r x

M r x
  

 
If the two constraints cannot be satisfied (23), a 
zero-point ( 0yn ) inequality criterion (25) is 
applied at the area. Taking in this case for the 
desired geometric equality functions 
 
 

1, min( )i kr x r ,   
2, min( )i kr x r ,  

 
we have a direct formulation of the problem. 
Scheme to solve the problem of rational de-
sign. Using preliminary information about the 
stress-strain state of the rod, we will select sec-
tions in it (with indefinite boundaries) with the 
implementation of CDC of various degrees of 
multiplicity. Then we add to them the areas with 
the same laws of effort. The total number of ar-
eas is denoted by un . For each of them, based 
on (18), (20), we compose expressions of efforts 
and displacements containing constants ,0iN , 

,0iQ , ,0iM , ,0iu , ,0i , ,0iv  ( 1,..., ui n ). Secant 
pliability (19) and displacements in the right 
parts should be considered known according to 
the calculation results at the previous step. 
To determine 6 un  the constant, y un n  of variable 
functions and 1un  boundaries of the areas, we 
will form groups of conditions. The first group 
of conditions, a total number 7 1un , is invari-
ant to the type of the design criterion and con-
sists of six boundary conditions for the rod as a 
whole (21) and 6( 1)un  conditions for the con-
jugation of power and kinematic functions at the 
boundaries of the areas. This group of condi-
tions is supplemented, formed on the basis of 
constraints (23), 1un  equation to define ix  – 
boundaries of the area,  
 
 min( )i ir x r ,   1,..., 1ui n ,    [ , ]r b h .  
 
The second group of y un n  conditions depending 
on the accepted design criterion, is represented 
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 Calculation of stiffness characteristics AD , SD , 

ID  (10), QD , shear (14) and normal stresses  
 

 ( )
, 0

0
( , ) [ ( ) ( ) ]

r
k i

x k i
i

x y p x x y .  

  
 Verification of constraint (23) and criteria 

to achieve the required accuracy of calculations.  
Application of two-point criterion. As varia-
ble parameters, any two geometric functions 
from set (22) are accepted. In this case, a two-
point CDC and a system (23) are used in the 
form of two equations recorded for the two 

1 2 *, Y  most dangerous levels 
 
 ( ) ( ) ( )

0* * adm
k k k

iy ,  (32) 
 1 2,i ,   *x X ,    *iy Y . 
 
The difference between two-point setting is the 
ability to perform the solution for any given 
physical structure of the layered package. 
After determination of limit deformation and 
curvature from (32), further steps bypassing 
(30), are performed similarly to the procedure 
for multipoint criterion.  
The obtained solution is realized if the obtained 
geometric functions continuously along the x 
coordinate satisfy the problem constraints (23). 
Otherwise, we need to decrease the multiplicity 
and switch to the single-point criterion ( 1yn ). 
Then, for the corresponding function (for exam-
ple, the first one), the equality is assumed 
 
 

1, min( )i kr x r   (33) 
 
with simultaneous setting of deformation  
 
 

2 2

( ) ( ) ( )
, adm,( ) k k k

i x . (34) 
 
Substituting (33), (34) into (31) gives a mixed 
system of resolving equations for the geometric 
function 

2
( )kr x  and deformation 

1, ( )i x : 

 1 2

1 2

, ,

, ,

( , , , ) 0,
( , , , ) 0.

N i i i k

M i i i k

N r x

M r x
  

 
If the two constraints cannot be satisfied (23), a 
zero-point ( 0yn ) inequality criterion (25) is 
applied at the area. Taking in this case for the 
desired geometric equality functions 
 
 

1, min( )i kr x r ,   
2, min( )i kr x r ,  

 
we have a direct formulation of the problem. 
Scheme to solve the problem of rational de-
sign. Using preliminary information about the 
stress-strain state of the rod, we will select sec-
tions in it (with indefinite boundaries) with the 
implementation of CDC of various degrees of 
multiplicity. Then we add to them the areas with 
the same laws of effort. The total number of ar-
eas is denoted by un . For each of them, based 
on (18), (20), we compose expressions of efforts 
and displacements containing constants ,0iN , 

,0iQ , ,0iM , ,0iu , ,0i , ,0iv  ( 1,..., ui n ). Secant 
pliability (19) and displacements in the right 
parts should be considered known according to 
the calculation results at the previous step. 
To determine 6 un  the constant, y un n  of variable 
functions and 1un  boundaries of the areas, we 
will form groups of conditions. The first group 
of conditions, a total number 7 1un , is invari-
ant to the type of the design criterion and con-
sists of six boundary conditions for the rod as a 
whole (21) and 6( 1)un  conditions for the con-
jugation of power and kinematic functions at the 
boundaries of the areas. This group of condi-
tions is supplemented, formed on the basis of 
constraints (23), 1un  equation to define ix  – 
boundaries of the area,  
 
 min( )i ir x r ,   1,..., 1ui n ,    [ , ]r b h .  
 
The second group of y un n  conditions depending 
on the accepted design criterion, is represented 

by yn  equations (23), (31) for each of un  design 
areas.  
 
6. Forms of resolving equations 
Varying the width of the layers. The desired 
functions of the width of two layers with num-
bers 1k , 2k  we set in the form  
 
 ( , ) ( ) ( )x y

k k kb x y b x b y ,   ( 1 2,k k k )   
 
with the desired layer width function ( )x

kb x  and 
the defined dimensionless transverse profiling 
function ( )y

kb y . 
The resolution system (31), derived from the 
physical equalities (9), takes the form 
 

 1 2

1 2

11 12 1

21 22 2

( ) ,
( ) ,

x x
k k
x x
k k

b b x

b b x
  (35) 

 1( )
11 , 0* * ,

1 0
( 1)

r i
kj i j j

i j i j
i j

c D , 

 2( )
12 , 0* * ,

1 0
( 1)

r i
kj i j j

i j i j
i j

c D ,  

 1( )
21 , 0* * , 1

1 0
( 1)

r i
kj i j j

i j i j
i j

c D , 

2( )
22 , 0* * , 1

1 0
( 1)

r i
kj i j j

i j i j
i j

c D ,  

 (0)
1 , 0* * ,

1 0
( 1)

r i
j i j j

i j i j
i j

N c D , 

 (0)
2 , 0* * , 1

1 0
( 1)

r i
j i j j

i j i j
i j

M c D ,  

 ( ) ( )
,

k

k y j
ij k i k

h

D p b y dy , 

 
1 2

(0)
,

,
( ) ( , )

k

x j
ij k i k

k k k h

D x p b x y y dy .  

 
Varying the height of the layers. When varying 
the heights 

1
( )kh x , 

2
( )kh x  of the numbered layers 

1k , 2k  we obtain a non-linear system of resolu-
tion equalities (31) of degree 1gn , where gn  – 

is the highest geometric order of the stiffness 
characteristic (6). Matrix of Jacobi, used in solv-
ing system (31) has components 
 

 

0* *
0 0

11
0* *

0 0

1 2

( 1) ,

( 1) ,

,

i
ijj i j jN

ij
i jl l

i
ijj i j jM

ij
i jl l

D
c

h h
D

c
h h

l k k

. (36) 

 1
, 1 1

1
( , ) ( , )

s
ij j jk k

k i k k k k k k
kl l l

D y yp b x y y b x y y
h h h

.  

 
Depending on the number of the variable layer 
and the position of the reference surface, we 
have derivatives / 1,0,1k ly h . For example, 
for a three-layer section that has the dimensions of 
rectangular sections of layers: ( )kb x , ( )kh x  
( 1,2,3k  ), of which all functions are defined, 
and 1( )h x  and 3( )h x  are to be determined, taking 
on the basis of (3) the quadratic law, binding the 
reference surface to the middle of the inner layer, 
we obtain 
 

 1 2 3 4

1 2 2 2 2 3

[ , , , ]
[ 0,5 ; 0,5 ;0,5 ;0,5 ]

y y y y
h h h h h h

  

 1 2 3 4
1
[ , , , ] [ 1; 0; 0; 0]y y y y

h
, 

 2
10 11 12 11 1 1 1

1
[ , , ]( ) [1, , ]D D D x p b y y

h
,  

 1 2 3 4
3
[ , , , ] [0; 0; 0;1]y y y y

h
, 

 2
10 11 12 31 3 4 4

3
[ , , ]( ) [1, , ]D D D x p b y y

h
,  

 2 3
20 21 22 23 12 1 1 1 1

1
[ , , , ]( ) [1, , , ]D D D D x p b y y y

h
,  

 2
20 21 22 32 3 4 4

3
[ , , ]( ) [1, , ]D D D x p b y y

h
.  

 
Thus we obtain the components of Matrix of Ja-
cobi (36) 
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 2
11 1 0* * 1 12 1 0* * 1

1
( ) ( )N p b y p b y

h
,  

 2
31 3 0* * 4 32 3 0* * 4

3
( ) ( )N p b y p b y

h
,  

2
11 1 1 0* * 1 12 1 1 0* * 1

1
( ) ( )M p b y y p b y y

h
, 

2
31 3 4 0* * 4 32 3 4 0* * 4

3
( ) ( )M p b y y p b y y

h
. 

 
 

RESULTS AND DISCUSSION 
 
Fig. 3 shows the design scheme of the com-
pressed-bent rod. We assume that initially the 
rod was homogeneous, it had a prismatic shape 
with a rectangular cross section. Then, in order 
to increase the bearing capacity, it was strength-
ened by adding two outer plates made of anoth-
er (stronger) material. As a result, the rod took 
the form of a heterogeneous I-beam. 

  
It is required, at given loads, structure and mate-
rials, to perform rational profiling of the width 

1( )b x , 3( )b x  of the outer layers using two-point 
strength criterion (32) and the satisfaction of 
limitations (23): 1 min( )b x b , 3 min( )b x b . Min-
imum values of the width are defined min 2b b .  
The rod with the length l = 6 m is loaded with 
axial force F = 60 kN and transverse load of 
variable intensity 18sin( / )q x l  kN/m. The y 
axis is compatible with the force plane, and the 
x axis is compatible with the center axis of the 
inner (k = 2) layer. The diagrams of material 
deformation of I-beam elements are represented 
by identical symmetric cubic dependencies 

( ) 3
,1 ,3

k
x k kp p  (3) with two parameters. 

Table shows the physical and geometric param-
eters of the three layers, fig. 4 shows the ap-
proximations of the function ( )  with the limit 
points marked. 
The stress-strain state functions of the rod are rep-
resented in discrete form at m = 21 design points 
 
 0[ , , , , , , , ]N Q M v b .  

 
The solution of the design problem is possible 
to comply on the basis of a two-stage algorithm. 
The first stage is to solve the direct problem on 
the basis of physical and geometric nonlinearity 
with fixed design parameters – discrete functions 
b1, b3. At this stage, secant stiffness characteristics 
(11), which depend on generalized deformations 

 a)                                                                              b) 
 
 
 
 

y 
h3

z 0.5h2

b3 

2 
1 

3 

x l 

q 
F 

y 

0.5h2

h1

b1 

 
Figure 3. Design scheme of the compressed-bent rod (a); cross section (b) 

Table. Data on the geometric and physical parameters of the layered rod 

k 
Type of the 

material 
pk,1 
hPa 

pk,3 
hPa 

( )
adm
k  

bk 
mm 

hk 
mm 

1 1 22 -162000 0,0053 b1(x) 10 
2 2 11 -105000 0,0045 50 300 
3 1 22 -162000 0,0053 b1(x) 10 
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strength criterion (32) and the satisfaction of 
limitations (23): 1 min( )b x b , 3 min( )b x b . Min-
imum values of the width are defined min 2b b .  
The rod with the length l = 6 m is loaded with 
axial force F = 60 kN and transverse load of 
variable intensity 18sin( / )q x l  kN/m. The y 
axis is compatible with the force plane, and the 
x axis is compatible with the center axis of the 
inner (k = 2) layer. The diagrams of material 
deformation of I-beam elements are represented 
by identical symmetric cubic dependencies 

( ) 3
,1 ,3

k
x k kp p  (3) with two parameters. 

Table shows the physical and geometric param-
eters of the three layers, fig. 4 shows the ap-
proximations of the function ( )  with the limit 
points marked. 
The stress-strain state functions of the rod are rep-
resented in discrete form at m = 21 design points 
 
 0[ , , , , , , , ]N Q M v b .  

 
The solution of the design problem is possible 
to comply on the basis of a two-stage algorithm. 
The first stage is to solve the direct problem on 
the basis of physical and geometric nonlinearity 
with fixed design parameters – discrete functions 
b1, b3. At this stage, secant stiffness characteristics 
(11), which depend on generalized deformations 

 a)                                                                              b) 
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Figure 3. Design scheme of the compressed-bent rod (a); cross section (b) 

Table. Data on the geometric and physical parameters of the layered rod 

k 
Type of the 

material 
pk,1 
hPa 

pk,3 
hPa 

( )
adm
k  

bk 
mm 

hk 
mm 

1 1 22 -162000 0,0053 b1(x) 10 
2 2 11 -105000 0,0045 50 300 
3 1 22 -162000 0,0053 b1(x) 10 

and internal forces, are specified iteratively. The 
latter depends on movements and rotation angles. 
 

 
Figure 4. Graphs ( )x  for the material  

of the I-beam flange (k = 1) and the wall (k = 2) 
 

Considering boundary conditions 
 

 0N F ,   0
0

q lQ ,   0 0M ,  

 
using expressions (18) for t1-step we obtain the 
calculated expressions of internal forces 
 

 1 1[ ] [ 1]0( ) cost tq l xN x F
l

,   

   1 1[ ] [ 1]0( ) cost tq l xQ x F
l

, (37) 

 1 1

2
[ ] [ 1] 0

2( ) sint t q l xM x Fv
l

. 

 
At the second stage (design stage) solution of the 
system of equations (35) the discrete design func-
tions are obtained b1, b3 considering the calculated 
(32) on the limit values of generalized defor-
mations 0* , * . At this stage, the internal forces 
are taken from the previous stage. Further, the 
constraints (23) are checked and, if they are vio-
lated for one or (and) another parameter in the in-
terval rx X , the equality is accepted , mink jb b  
(k = 1, 3; rj X ). The final check of the calcula-
tion is the control of accuracy achievement of iter-
ative calculation of the required parameters values 
of the width of the layers b1,j, b3,j. 

Initially, the calculation was performed without 
considering the influence of shear stresses of 
(32) ( ) ( ) 1k k . According to the specified 
limit deformations ( )

adm
k  (Table) the polygon of 

limit deformations is formed (fig. 5). It shows 
the limit line of deformations  * 0* *( )y y , 
it has internal contacts with the polygon at two 
points 

1 2y y , 
2 3y y , located in the second 

layer. The coordinates of the layer boundaries 
are indicated by yj (j = 1,…,4). In this problem, 
the limit state regulates the inner layer. External 
layers (k = 1, k = 3) are in the pre-limit state. 
Under the accuracy equal to 0.01, the computa-
tional procedure required 1 4 7t  refinement 
iterations at the first stage and 2 5t  at the sec-
ond stage. 
The influence of geometric nonlinearity due to the 
presence of interchange in the force formulas (37), 
led to an increase in the bending moment by 
11.3% in the middle of the span and a shear force 
by 12.0% in the support sections. Physical nonlin-
earity caused a decrease in secant stiffness charac-
teristics AD , SD , ID  (11) in relation to the stiff-
ness of linear theory AD  , SD , ID  by values 9.1; 
16.0; 14.1% respectively in section x = l/2. 

 
Figure 5. Polygon of limit deformations of the 

three-layer section with deformation curves (y) 
 
The calculated width profiles of the outer layers 

1( )b x , 3( )b x  are shown in Fig. 6. In the middle 
part of the rod (1.58 4.42x ) under the action 
of large bending moments, both limits (23): 
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1 0.05b  m, 3 0.05b  m, were performed and the 
criterion (32) was implemented in the form of two-
point (ny = 2). 
The decrease of the bending moments observed at 
the approach to the support led to the decrease of 
the calculated width of the layers. And, on two 
symmetric areas 0.93 1.58x , 4.42 5.07x  
were obtained 1 0.05b  , that demanded the 
acceptance of 1 0.05b  m. Further, this situation 
was in addition shown also for width of the upper 
layer on two pre-support areas 0 0.93x  , 
5.07 6x . At these areas, it was accepted 

1 3 0.05b b  m. . These areas with the indica-
tion of the multiplicity degree of the strength crite-
rion is shown in Fig. 6. 
Figure 5 shows deformation lines ( )y  in sections 
x = 0; 0.6; 1.2 and on the area 1.58 4.42x . 
The entire middle area 1.58 4.42x  is charac-
terized by invariant deformation distribution with 
fulfillment of the two-point strength criterion. The 
line for section x = 1.2 reflects one-point, and for 
sections x = 0; 0.6 reflects zero-point criteria.  
Fig. 7 shows the curves of normal stresses 

( , )x x y , calculated in the cross sections of the 
rod with coordinates 0; 0.6;1.2x  and in the 
design area 1.58 4.42x . The curves have a 
nonlinear character, as the stresses increase, the 
degree of nonlinearity increases. This is clearly 
visible in the area of the second layer 

0.15 0.15y . Nonlinearity is also manifested 
in the outer layers, but due to their low height, it is 
less noticeable. To illustrate the nonlinearity of 
stress laws in the outer layers, the sections of the 
curves are formally continued beyond these layers 
and are shown in dotted lines.  

At the boundaries of the layers, when the physical 
parameters of the materials are changed ,1kp , ,3kp  
(Table), according to the formula (3), breaks are 
observed at the curves ( )x y . At all points of the 
heterogeneous rod volume, the strength limit is per-
formed ( ) ( ) ( ) ( )sgn( ) ( , )k k k k

x x x y R , in 
which the design stress are found according to the 
laws specified for stresses (Fig. 4) and the values of 
limit deformations (Table): ( 1) 92.5kR  mPa, 

( 2) 40.0kR  mPa. In accordance with the two-
point criterion of strength at the design area 
1.58 4.42x  in two levels according to the y 
coordinate, the continuous equality of stresses is 
realized  
 
 (2) ( ; 0.15)x x  = 40 mPa, 
 (2) ( ; 0.15)x x  = -40 mPa. 
 
The analysis of the stress state showed that for the 
heterogeneous rod at a) a specified ratio of geo-
metric parameters 1 2 3/ ( ) 18.75l h h h  and 
b) specified loads, the consideration of shear 
stresses and shear deformations is not relevant. In 
support of this, Fig. 7 shows the curve of shear 
stress (14), that acts in the support section of the 
rod with the greatest shear force, as well as the 
analysis of the coefficient 3( , )x y  (26) is per-
formed in the criterion (32). When calculating it, 
according to Mises’ theory, it was admitted k =1, 

k  = 3. For the calculated level y = y3 the function 

is obtained (2) ( ;0.15)x  (Fig. 8). Its accounting 
makes amendments to the results of the calcula-
tion less than 0.03 %, which indicates the validity 
of the assumption ( ) 1k . 

 
Figure 6. Design profiling of the external layers width b1, b3 by two-point strength criterion 
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1 0.05b  m, 3 0.05b  m, were performed and the 
criterion (32) was implemented in the form of two-
point (ny = 2). 
The decrease of the bending moments observed at 
the approach to the support led to the decrease of 
the calculated width of the layers. And, on two 
symmetric areas 0.93 1.58x , 4.42 5.07x  
were obtained 1 0.05b  , that demanded the 
acceptance of 1 0.05b  m. Further, this situation 
was in addition shown also for width of the upper 
layer on two pre-support areas 0 0.93x  , 
5.07 6x . At these areas, it was accepted 

1 3 0.05b b  m. . These areas with the indica-
tion of the multiplicity degree of the strength crite-
rion is shown in Fig. 6. 
Figure 5 shows deformation lines ( )y  in sections 
x = 0; 0.6; 1.2 and on the area 1.58 4.42x . 
The entire middle area 1.58 4.42x  is charac-
terized by invariant deformation distribution with 
fulfillment of the two-point strength criterion. The 
line for section x = 1.2 reflects one-point, and for 
sections x = 0; 0.6 reflects zero-point criteria.  
Fig. 7 shows the curves of normal stresses 

( , )x x y , calculated in the cross sections of the 
rod with coordinates 0; 0.6;1.2x  and in the 
design area 1.58 4.42x . The curves have a 
nonlinear character, as the stresses increase, the 
degree of nonlinearity increases. This is clearly 
visible in the area of the second layer 

0.15 0.15y . Nonlinearity is also manifested 
in the outer layers, but due to their low height, it is 
less noticeable. To illustrate the nonlinearity of 
stress laws in the outer layers, the sections of the 
curves are formally continued beyond these layers 
and are shown in dotted lines.  

At the boundaries of the layers, when the physical 
parameters of the materials are changed ,1kp , ,3kp  
(Table), according to the formula (3), breaks are 
observed at the curves ( )x y . At all points of the 
heterogeneous rod volume, the strength limit is per-
formed ( ) ( ) ( ) ( )sgn( ) ( , )k k k k

x x x y R , in 
which the design stress are found according to the 
laws specified for stresses (Fig. 4) and the values of 
limit deformations (Table): ( 1) 92.5kR  mPa, 

( 2) 40.0kR  mPa. In accordance with the two-
point criterion of strength at the design area 
1.58 4.42x  in two levels according to the y 
coordinate, the continuous equality of stresses is 
realized  
 
 (2) ( ; 0.15)x x  = 40 mPa, 
 (2) ( ; 0.15)x x  = -40 mPa. 
 
The analysis of the stress state showed that for the 
heterogeneous rod at a) a specified ratio of geo-
metric parameters 1 2 3/ ( ) 18.75l h h h  and 
b) specified loads, the consideration of shear 
stresses and shear deformations is not relevant. In 
support of this, Fig. 7 shows the curve of shear 
stress (14), that acts in the support section of the 
rod with the greatest shear force, as well as the 
analysis of the coefficient 3( , )x y  (26) is per-
formed in the criterion (32). When calculating it, 
according to Mises’ theory, it was admitted k =1, 

k  = 3. For the calculated level y = y3 the function 

is obtained (2) ( ;0.15)x  (Fig. 8). Its accounting 
makes amendments to the results of the calcula-
tion less than 0.03 %, which indicates the validity 
of the assumption ( ) 1k . 

 
Figure 6. Design profiling of the external layers width b1, b3 by two-point strength criterion 

   
Figure 7. Curves of normal stresses ( , )x x y  in the cross sections of the rod with coordinates 

0; 0.6;1.2x  (m) and in the design area 1.58 4.42x  (m).  
Curve (0, )yx y  in the support section of the rod at maxQ Q  

 

 
Figure 8. Graph of a correction factor change 3( , )x y  to consider the shear stresses in the 

strength criterion 
 

In other cases, the consideration of shear stresses 
and shear deformations can be completed accord-
ing to the algorithm described above. Such cases 
are characterized by: a) the specifics of loading, 
if there are areas with a dangerous combination 
of several conditions, including shear forces, in 
the design areas; b) the consideration of rods of 
relatively shorter length, which will lead to an 
increase in the relative contribution of shear 
stresses in the strength criterion; c) the structure 
of the rod sections that has local thin-walled are-
as with significant shear stresses. 
 
 
CONCLUSION 
 
The developed method allows solving design 
nonlinear problems for heterogeneous rods 

with finding a rational profile (geometric con-
figuration) of the rod layers. A computationally 
convenient formulation of physical dependen-
cies in combination with an iterative method to 
clarify the functions of internal forces and dis-
placements makes it possible to reduce the 
complexity in the problem solution of rational 
design of a nonlinearly deformable heteroge-
neous rod, i.e. a structural element of engineer-
ing structure. 
The developed design can be used to solve 
problems of strengthening structures by adding 
external layers-plates to the elements of the ini-
tial system, which has the configuration and lo-
cation determined by the solution of the oppo-
site problem based on specified requirements 
for strength, rigidity and others. 
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