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SOLUTION OF THE PROBLEM
OF TWO-DIMENSIONAL THEORY OF ELASTICITY
WITH THE USE OF DISCRETE-CONTINUAL FINITE ELEMENT
METHOD IN THE PRESENCE OF A CRACK
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Abstract: Solution of the problem of two-dimensional theory of elasticity with the use of discrete-continual finite el-
ement method in the presence of crack is under consideration in the distinctive paper. The original operational contin-
ual and discrete-continual formulations of the problem are given, an example of analysis are presented.
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PEIIEHUE IBYMEPHO! 3AJIAYUY TEOPUMU YIIPYTOCTH
C UCIIOJIB30BAHUEM JUCKPETHO-KOHTUHYAJIBHOI'O
METOJA KOHEYHbBIX JIEMEHTOB IIPU HAJIMYUH LIEJIN

M.JI. Mo3zaneea, I.A. Akumoe

HauunonanbHelil neecnenoBaTenbckuil MOCKOBCKHN ITOCY1apCTBEHHBINA CTPOUTENIbHBII YHUBEPCUTET,
r. Mocksa, POCCHUA

AHHOTaumsi: B HacTos1Iel cTaThe paccMaTpuBaeTCsl pEIICHUE IByMEPHOM 3a/1a4i TEOPUM YIIPYTOCTH € UCIIOJb30Ba-
HUEM JTUCKPETHO-KOHTUHYAJIbHOI'O METOJa KOHCUYHBIX 3JIEMCHTOB MPHU HAJTMYNH LICIIN. le/IBe)leHbl HCXOJHBIC Orcpa-
TOPHBIE KOHTHHYAIbHAs U TUCKPETHO-KOHTHUHYAIbHAs TOCTAaHOBKHU 3a/1a4H, IIPEICTABIICH IIPUMEp pacyuera.

KurodeBble cjioBa: TUCKPETHO-KOHTUHYAIBHBIA METO/ KOHEUHBIX 2JIEMEHTOB, YUCIECHHOE pelleHHeE,
JIByMepHas 3afjauya TEOPUH yIPYrOCTH, PaCYEThl KOHCTPYKLIUI

INTRODUCTION

Numerical solution of the problem of two-
dimensional theory of elasticity with the use of dis-
crete-continual finite element method (DCFEM) has
been already considered in [1, 2, 4-8, 12]. Systemat-
ic literature review has been presented in [1, 2, 4-8,
12] as well. In this regard, let us immediately move
on to the main material of the distinctive paper in
case of presence of a crack.

1. FORMULATIONS OF THE PROBLEM

Let the constancy of the parameters of the prob-
lem be in the direction corresponding to x,
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(main direction). The operational formulation of
the problem with the use of so-called method of
extended domain [5], taking into account the
selection of the main direction, is determined by
the equation [6]:

Lu=F, 0<x </,0<x,</(,, (1.1)
where we have

L=-L,0s+L 0,+L,; (1.2)

Luu = a:DITCYDlal 7 (13)

L, =0,D/CD,-D]CD/,; (1.4)

L, =D]CD,; (1.5)
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1 0 0 0
D =|0 0|; D,=|0 1]; (1.6)
0 1 1 0
2u+A A0
C=| A2 2u+i1 0}; (1.7)
0 0 Y7,

?¢,,0, are corresponding dimensions of extended

domain (linear dimensions of considering struc-
ture) [3]; x=(x,, x,); X, x, are Cartesian coor-

dinates; p# and A are Lame parameters; Q is
the domain, occupied by structure;

Q={(x,x): 0<x,<l; 0<x,</,};

(1.8)

O(x,, x,) 1s characteristic function of domain
Q; 0,=0,(x,x,) 1is the delta function of
boundary I'=0Q; n=[n n, |

normal vector; F is the load vector in domain
Q; f is the corresponding boundary load vec-

is boundary

tor; u is the vector of displacements (unknown
vector function),

(1.9)
0,=0/ox,, s=1,2;0,=-0/0ox,, s=1,2.

Let us introduce the following notations

— — "
V=0,u= ; (1.10)
VZ
u'=0u; V=0 (1.11)
Thus, we can rewrite (1.1)
L w+Lv—Ldv=F (1.12)

Finally we obtain system of differential equa-
tions with operational coefficients:
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i=v
{ —rnaenie-nF o O
or
7 =Lz+F, (1.14)
where
Z:[L;:OLW Lviw] IR

F=
{ } (1.16)

The system of equations (1.14) is supplemented
by boundary conditions, which are set in sec-

tions with coordinates x, =0 and x; =/, .

The discrete component of the numerical solu-
tion is represented by direction along the axe x,.

2. EXAMPLE OF ANALYSIS

2.1. Formulation of the problem.

As a model example, let us consider the deter-
mination of the displacements of a beam-wall,
fixed along the side faces in three directions,
under the influence of a load concentrated in the
center (Figure 2.1).

Let us consider the following geometric pa-
rameters:

(i =1m; /,=1m.

Let us consider the following design parameters
of material of the beam: coefficient of elasticity
E =2650-10* kN/m?; Poisson's ratio v =0.15 .
Let external load parameter be equal to
P =100 kN.
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Figure 2.1. Example of analysis
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Figure 2.2. Design model

Let us consider the initial problem in the form
of a combination of two boundary problems
(Figure 2.2).

The contact boundary runs vertically, including
the crack. In this case, the contact boundary
equations at nodes outside the crack represent
the conditions of ideal contact. The equations at
the nodes that fall within the crack zone repre-
sent the free edge conditions. The load is speci-
fied on both sides of the contact boundary at a

distance of 2-10” m. The discrete component
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includes n =21 nodes (finite elements): 20 up-
per and 7 lower nodes for ideal contact equa-
tions; internal 7 nodes for equations of free edg-
es on the left side and right side.

Figures 2.3-2.6 are graphical visualizations of
the numerical solution (displacements, stresses)
at the contact nodes, while “L” means the solu-
tion for the boundary value problem on the left
side, and “P” means the solution for the bounda-
ry value problem on the right side.
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Figure 2.3. Displacements UIL and UIP
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Figure 2.4. Displacements U2L and U2P
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Figure 2.5. Stresses ol1L and c11P
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Figure 2.6. Stresses c22L and c22P.
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The presented sample of analysis illustrates the
effectiveness of using the discrete-continuous
finite element method, since the length signifi-
cantly exceeds the width of the beam-wall, and
the traditional finite element method [9-11]
would lead to a significant increase in the nodes
of the mesh region.
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