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Abstract: Energy methods for calculating structures, which have become popular for a century, are based on the
Lagrange principle and have the meaning of equality of work of external forces and internal forces. Having
proved their effectiveness in the overwhelming majority of problems of structural mechanics, they became the
dominant approach in formulating the problems of studying solid deformable systems and gave rise to the main
methodology for solving problems. As a result, a situation has arisen that the internal potential energy of a de-
formed body remains insufficiently studied.

The paper develops an approach to the study of the symmetric structure at critical levels of strain energy. The
criterion of critical levels of strain energy, based on the concepts of "self-stress" ("self-balance") of a deformable
body. Limiting values of the structure strain energy may get by varying the reactions and deflections in the nodal
points. The extreme values of forces and displacements of the rods are calculated in matrix form from the values
of nodal reactions (displacements).

Methodology for studying the energy properties of a system is shown on the examples of the study of symmet-
ric rod systems without involving the concept of external forces. The technique is based on matrix methods of
structural mechanics and the mathematical apparatus of eigenvalue problems. The comparison of structural de-
sign and structural analysis solution of structural mechanics tasks by traditional methods and with the proposed
methodology is carried out.

Keywords: structural analysis, structural design, matrix methods, strain energy, critical strain energy levels,
self-stress, reaction of structures, limit state design

SHEPITETUYECKUE CBOMCTBA CUMMETPUYHBIX
JAE®OPMUPYEMbBIX CUCTEM

JL.IO. Cmynuwun, B.JI. Monopyc

HarmmonansHbIi vccienoBaTebckuii MOCKOBCKHI TOCYIapCTBEHHBIN CTPOUTENbHBIN YHUBEpCUTeET, T. MockBa, POCCHUS

AHHOTAIUSA. DHEPreTUYECKUEe METO/Ibl pacyeTa KOHCTPYKINH, [TOyYUBIINE PACIPOCTPAHEHHE B TEUEHUE CTO-
JIeTUsI, OCHOBAHBI Ha TpHHIMIE Jlarpanka 1 NMEIOT CMBICT PaBEHCTBAa pabOT BHEIIHUX M BHYTpeHHHX cuil. [lo-
Ka3aB CBOIO 3(P(heKTHBHOCTH B MOJABIIAIOIIEM OOJBIIMHCTBE 3a/1a4 CTPOUTEIHLHON MEXaHUKH, OHH CTalll JOMH-
HHUPYIOUIUM TIOX0I0M HPH TOCTAHOBKE 3aay MCCIIEAO0BAHUS TBEPABIX Ae(OPMUPYEMBIX CHCTEM U TIOJIOKHIIH
HAyYaJI0 OCHOBHOM METOOJIOTHH pEIIeHus 3aaad. B pe3ynbraTe BO3HUKIIA CHTYaIlHs, KOTAa BHYTPEHHSS TIOTEH-
LanbHas SHeprus 1e(opMupyemMoro Tena ocTaeTcs HeIoCTaTOYHO H3yYEHHOH.

B cratbe pa3zBuBaeTCs MOAXO0J K UCCIEIOBAHUIO CUMMETPUYHON CTPYKTYpPbI IPH KPUTHYECKUX YPOBHAX YHEPrHU
nedopmaru. Kputepuil KpuTHYecKux ypoBHeW sHepruu aedopMaliiy, OCHOBaHHBIA Ha TOHATHSX "caMOHArIpsi-
xeHus" ("camopaBHoBecHs") nedopmupyemoro tena. IlpenenbHble 3HaUSHUS SHEPrUU AeOpMaIi KOHCTPYKIUH
MOYKHO TIOJIYYUTb, U3MCHSISI PEaKMK U IIPOrHObI B Y3JIOBBIX TOYKaX. DKCTpEeMaJIbHbIC 3HAUCHHUS YCUIIMH M Hepe-
MEIIEHUH CTepPXKHEH BBIYUCIIOTCS B MAaTPHYHON (popMe 13 3HAUCHHUH Y3II0BBIX peakLui (IIepeMerieHH ).
MerToauKa H3ydeHNsI SHEPIrEeTHUECKIX CBOMCTB CHCTEMBI ITOKA3aHa HA MPUMEPAX MCCIIEAOBAHUS CHMMETPUYHBIX
CTEP’KHEBBIX CHCTEM 0€3 NMPHBJICUYCHUS MOHATHS BHEIIHUX CHI. MeToquKa OCHOBaHA HA MATPUYHBIX METO/AAX
CTPOUTETHHON MEXAaHUKH W MaTeMaTHYECKOM almapaTe 3a/1ad Ha cOOCTBeHHBIE 3HadeHUs. IIpoBeneHo cpaBHe-
HHUE pEIIeHUH MPOSKTHBIX M MOBEPOYHBIX 33734 CTPOUTEIHHON MEXaHWKH TPAJUIMOHHBIMH METOAAMH U TIO0
[IpeaJaraéMoi METOQUKE.

KaroueBble ciioBa: IMPOCKTHLIC U MOBEPOYHLIC 3ala4n CTpOHTeJ’ILHOﬁ MCXaHHKMU,

MAaTpHUYIHBIC METOAbl MCXaHUKHU z[e(i)opMI/IpyeMoro TCJia, KPUTUICCKUEC YPOBHU SHCPIUU, CAMOHAIIPS)KECHUE,
peaknus pryl"Oﬁ CHUCTEMBI, MIPCACIIBHOC COCTOSAHNE
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1. INTRODUCTION

The energetic methods of structural mechanics
have proven their effectiveness in the minimum
total strain energy form (problem in Lagrange
form).Closely connected with the mathematical
apparatus of the calculus of variations, they be-
came the basis for obtaining approximate solu-
tions in complex problems of stability and dy-
namics of structures, as well as solving nonline-
ar problems of deformation of spatial systems
[1-5]. It is difficult to find such an area of struc-
tural mechanics where it would be possible to
do without variational approaches and varia-
tional principles [6-10]. A special place is occu-
pied by numerical methods for studying com-
plex systems operating in the nonlinear stage of
deformation [11-16], based on variational for-
mulations of structural mechanics problems [17-
241, which served as the basis for the creation of
software systems using FEM, MGE and others
methods of structural mechanics.

It should be noted that the overwhelming major-
ity of the formulations of the problems men-
tioned above are based on the Lamrange ap-
proach, when the minimum of the total energy
of the system leads to the equations of state of
the system, which depend on the acting external
loads. In this case, one might get the impression
that the behavior of the system is completely
determined by the magnitude, type and law of
changes in the external load.

In a number of works [25,26] it is noted that
such an approach does not always make it pos-
sible to calculate systems subject to the guiding
loads, temperature and similar impacts. The ne-
cessity of formulating problems in the form of
homogeneous systems of equations is noted, on
the basis of which one can then restore the form
of a possible external load.

Thus, there is an insufficient study of the prop-
erties of the internal potential energy of deform-
able systems. The hypothesis that any deforma-
ble body has levels of critical energy values at
which the system can change the form of the
law of equilibrium states or a model of the
structure, made it possible to obtain a criterion
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for critical levels of potential energy, which was
tested on a number of well-known simple prob-
lems of stability and bending of rod systems
[27].

This work is devoted to the study of the strain
energy of symmetric rod systems.

2. EQUATIONS OF CRITICAL ENERGY
OF SYMMETRIC STATICALLY INDE-
TERMINATE SYSTEMS

In [28], the equations of state of a system with
lumped parameters at critical energy levels were
obtained, written in the matrix form

(o) -[15 Jjoof |

Here we have introduced the notation for the
flexibility matrix [L] systems and eigenvalue

(1)

matrices [kﬂ variations of effort. The eigen-

values K(L)i are the main values of the flexibility

of the system, and the eigenvectors {5(1)%(“} are

the amplitude values of the distribution of self-
stress forces. For variations of nodal displace-
ments (system reactions), the relation for the
eigenvalues of the flexibility and stiffness ma-
trices is valid

AG1=10601 " )

Here A are the eigenvalues of the stiffness

matrix of the system.

The physical meaning of the derived equations
(1), (2) is the state of self-stress in a statically
indeterminate system at critical energy levels.
The solution of the eigenvalue problem gives
the main nodal displacements system and the
corresponding vectors of the amplitude values
of the nodal reaction forces. To understand the
processes of changing the internal potential en-
ergy of an elastic rod structure, consider the
three-rod system shown in Figure 1.
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Figure 1. Three-rod system: (a) design model,
(b) node 1

The internal potential energy of deformation of
the system in matrix form can be represented as

2{U} = (&} [K]{E} = {@}H, [L]{®D};, - 3)
It is easy to see that the levels of the internal
potential energy of deformation are determined
by the values of the stiffness (flexibility) matri-
ces of the system. Strain energy at any level we
may get multiplying the initial self-stress energy
state at constant value. Let structure has elastic
initial self-stress energy.

A symmetric redundant system has the same
angles ao=P=m/4 of inclined rods and stiff-
ness values n; =EA/E;A;ny=np =n3 =1.

Due to the symmetry of the structure, the flexi-
bility matrix is diagonal, which indicates that
the eigenvalues of the flexibility matrix are lo-
cated on the main diagonal.

1.414 0

0 0.5858 )

L

It is easy to write out the eigenvectors of the
external compliance matrix

o3 9 E
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that is, the initially selected axes are the princi-
pal axes of the system's ultimate energy. The
stiffness matrix of the system is also diagonal
and containing the eigenvalues

_EA|0.7072 0
KE=07 1707 ©)
with their corresponding eigenvectors
k1_|1 O
E }‘0 1" )

The ellipsoid of limiting displacements has a
maximum radius equal to the first eigenvalue of

the flexibility matrix &, =AL . =1.414//EA,

max

(see Figure 2).

Figure 2. Ellipses of external flexibility (points),
and external rigidity (dotted line) of the system
for the first state of self-stress

The minimum radius of flexibility is located
along the second vector of variations of external

2L =05858//EA. Only two
min

states of self-tension of the system correspond
to these values.
For the stiffness matrix, we have an ellipse of
the limiting stiffness of the structure with the
K
max
cated along the second direction of the reactive
forces of the system, and the minimum radius

forces &
22

maximum radius k2 —~1.707EA /1 lo-
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k =2K —07072EA /1

11 min
first direction (see Figure 2). As we can see, the
axes of ellipses are mutually perpendicular.
To demonstrate the physical meaning of the re-
sults obtained, we represent the system in the
form of an absolutely rigid disk, and we refer
the elastic properties of the system to the sup-
port rods (see Fig. 3).
The flexibility and stiffness vectors shown in
node 1 represent the maximum and minimum
values of flexibility (stiffness) of the structure.

located along the

2 2
R max Z min

Figure 3. The physical meaning of the eigen-
values of the stiffness and flexibility matrices

In the matrix expressions of the force method
and the displacement method, which are conse-
quences of the expressions for the stationarity of
the total energy of system (1), we have

[KJ{E} = { @} ex:[LH P}y = 1S (8)
For the symmetric structures that we are consid-
ering, the principal vectors coincide with the
originally selected axes and we can write that

O =R V=D )

min, ;
max

[ mm ]
max

M HOT =42 b =—(8)

min min

)

In this case, the vectors {R,;,} and {Z_ ..} are
mutually perpendicular, which makes it possible
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to assess the values of the limiting stiffness and
flexibility of the system, as well as to compare
with the acting load. If we assume that the loss
of the bearing capacity by the system occurs
from the loss of strength according to the first
hypothesis, then in the direction of minimum
stiffness (1 axis) the reaction of the system ac-
cording to (9)

mln {SK} {len} GIA (10)
Then the displacement of the system in the di-
rection of axis 2 will have the maximum possi-
ble value

Gll

Z SIS S —
Zinax} =197} 07071E

(11)

Substituting the resulting value in the expres-
sion for maximum flexibility

Gll
0.7071E’

Mfax 8"} = {Z o} = (12)

we get an expression for the minimum force in a
rod located along the first axis

GlA

R P S
(Rpin =87 = 0.7071x1.414

—qA. (13)

This confirms the correctness of our assumption
about the reciprocity of the values of the reac-
tions and displacements of the system in the
main directions, as well as the results known
from the theory of eigenvalue problems. Let us
show what types of stress states of the system
are realized for the obtained flexibility (stiff-
ness) matrix of the system. By varying the val-
ues of the reaction of the system in the direction
of the first axis indicated in Figure 3, we obtain
the internal forces in the rods of the structure for
the first state of self-stress. So, for the first di-
rection of the unit vector of the internal reaction

D! =1 according to

[s]=[B]'[A]" [L]{o®in} (14)
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we get forces

SI—Z = 0, Sl—() = —81_3 = 07071 (15)
That is, the first state of self-stress corresponds
to the case of compression of the right inclined
bar and the tension left one. There is no force in
the vertical middle bar. The values obtained
from single impacts have the dimension [unit
strength]. For the second state of self-stress, in
the case of variation of system nodal reaction in

the direction of the second eigenvector &D; =1,
we have the following distribution of efforts

Sl—Z = —05858, Sl—O :Sl—3 = 02929 N (16)
when two inclined rods are tensioned with the
same force, and the vertical one is compressed.
Note that the obtained results (15), (16) com-
pletely coincide with the values of the efforts
given in [29] for solving a similar problem.
Here it should be noted that the sign of the ef-
forts is important only for choosing the type of
limiting state: loss of strength during tension
(compression) or stability of the rod.

The limiting value of internal efforts

S¢, =0,7071P* obtained at the first stage (until
the moment the link is turned off from work) is
selected in accordance with the formulation of
the limiting state. If this is the limiting state in
the elastic stage of the work of a brittle material,
then P* = Ao, , where the limiting value of the
load is the product of the cross-sectional area of
the bar A and the equivalent stress according to
the first hypothesis of strength &,. Then the

condition for the onset of the limiting state will
have the form

Ccr

SiZo
—0.70710;. 17
A ‘1 a7

ol =
If elastic - plastic work of the material is al-

lowed, then the limiting stress G, , and the value

of the limiting load P = Ac, . Similarly, we do
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for the cases of bar stability, crack theory and
other types of stress state. If we now compare
the value of a single external load applied in the
main direction of the maximum flexibility of the
system (minimum stiffness), then the condition
for the equality of its minimum reactive stiff-
ness of the structure gives

(F 1= AlNS max } (18)
Then, taking into account (9), we obtain
(Fi=—toorj=—pi o). (19

Since the vector {3} coincides in direction

Cr
with the vector of the unit load {F }, the dif-

ference between the maximum response of the
system and the external load that can be applied
in the node in the direction of maximum flexi-
bility of the structure, is equal to the first eigen-
value (6) of the flexibility matrix.

Since the forces in the rods from a unit external
load, and the forces corresponding to the vector
of maximum flexibility of the system, are ap-
plied towards each other, then the internal forc-
es in the rods of the system will differ by the
value of their eigenvalues for the specified load-
ing options. Obviously, the result obtained will
be valid when symmetric systems are loaded
with a load of any size. Therefore, the ellipses
of the critical values of flexibility and stiffness
can serve as limit curves that limit the permissi-
ble values of external loads in the nodes of the
structure. The condition of the permissible ex-
ternal load follows from the geometric relation-
ships of the ellipse (see Fig. 2)

R R min

max

P <
Aot 2 2 52 2
\/Rmax (Sln (P) + Rmin (COS (P)

(20)

Similarly, you can determine the value of the
limiting displacement of node 2. In the consid-
ered example, the value of the largest force in
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the structure bar from the external limiting nod-
al unit load is determined by (19). The maxi-
mum value of the reaction in direction 1 reaches

kllzkﬁin:0.7072EA/l. It is easy to check
that for, {6®in}=1

[s]=[c] [A]' [LJMKJ{S&X,} 1)

min

we get the same values of efforts presented in
(15), (16). That is, with the magnitude of the
external load, which coincides with the magni-
tude of the reaction of the system, the structure
does not have a ultimate factor of safety. Note
that A.R. Rzhanitsyn gave an example of a sys-
tem that did not have a safety factor, and it was
symmetric [29].

3. EXAMPLES OF SOLUTION OF CON-
STRUCTION MECHANICS PROBLEMS
FOR SYMMETRIC SYSTEMS

Example 3.1. Structural analysis problem.

For the system shown in Figure 1, with geomet-
ric parameters oo =3 =m/4, /=2m, identical
areas of the circular cross-section of rods
(A=0.785* 10~4m? ), diameter d=10mm,
modulus of elasticity E=2,1*105 MPa, and
yield strength o =240 MPa, check the load-
carrying capacity of the system, loaded by
P; =10xN, P, =20kN.

Solution 3.1.1 Comparison of external load and
system response to variations in external influ-
ences.

We find the resultant external forces and the
angle of its inclination to the horizontal axis, as
well as the normalized value of the load.

P=+207 +10% =22.36kN,
tgp=20/10=2,0=63.43", P=P/22.36=1.0.

We calculate the maximum and minimum ra-
dii of gyration of the ellipse of the system's
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reaction according to the method described
above.

We get, R ax =1.707EASK /1,

R =0.7072EA3* /I. Recall that due to the

symmetry of the problem, we have
9% =06¢//0.7071E . Then the values of the re-

active components of  the
R, = 2.414($tA,Rmin = GtA .

min

system

We find the dimensionless value of the permis-
sible load according to (14), per unit of move-
ment of the system node, and having the same
direction as the given load

P 5 P
Pron. =2.205. P}IO]‘I. _ _Jlom.
GtA

Then the greatest value of the reactive nodal
force created by the system in the direction

of the acting external load will be
Pion. =0tA1 =38.622kN . The value of the

resulting specified external load P =22.36xN
, which is less than the permissible value ob-
tained by (20). The system will not lose its
bearing capacity from a given load. Accord-
ing to the set task, this means that no yield
stress will arise in any of the rods of the sys-
tem. The structure has a margin of safety for
the load (or residual resource of the bearing
capacity), and can be subjected to the optimi-
zation procedure according to the criteria:
equal strength of the rods, minimum weight
at a given load, etc.

Solution 3.1.2. Comparison of the forces in the
rods from a given normalized load and the forc-
es derived from self-tension of the system.

We normalize the external load by the resulting
value and obtain the vector of external influ-
ences in the form

{ﬁ} ={P}/22.36={0.4472,0.8945}T .

We determine the internal forces in the rods of
the system from the normalized vector of the
external load by the formula
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(22)

[Sp]=-[B]'[A]' [L]{P}-

We obtain the distribution of efforts from the
dimensionless components of the external load
vector in the form

PJ:

Find the vector of internal efforts from the nodal
reaction vector of the system

[Ssa, |=

0.5782
0.524

. 23
—0.05423 )

1.0
0.5858

: 24
—0.4141 24)

From the results obtained, it follows that the force
in the 0-1 rod from the external load is less than
the force from self-stress in the same rod

Se >§gﬂi“ . Therefore, the specified bar should

not lose strength from a given load. Compared
efforts can be presented in dimensional units. In-
ternal force from external load in the rod 0-1

Sy | =0.5782x P =12.93kN.

The magnitude of the force in the same rod from
the nodal reaction of the system

SOPin = 5 A =18.84kN..
The permissible maximum value of the force in
the rod from the value of the reaction of the sys-
tem is greater than the force from the given load
by 5.91kN.

Solution 3.1.3. Comparison of stresses in rods
from a given load and allowable stresses (design
resistances) according to the traditional method.
According to the algorithm of matrix structural
mechanics, according to the formula

[S]=-[CI[AT [L]{P}.

Here is [ C] - the matrix of internal flexibility;
[A] - static matrix; [L] - is the flexibility ma-

(25)
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trix of the system, {P}={10;20}(kN) - is the

load vector.
Determine internal forces in rods, structures (in kIN)

12.93

S1=[11.72 |- 26

5] ~-1.213 (26)
Sig

or =9 -164.7MPa, (27)

which is less than the yield stress of the rod ma-
terial. That is, the rod, and therefore the system,
will not lose the non-existing ability.

Example 3.2. Structural design problem
For the system shown in Figure 1, with geomet-

rical parameters, A =B =m/4, /=2m, modu-

lus of elasticity E=2.1*10°MPa, and yield
point & =240 MPa, select the area of a rod
of circular cross-section from a given load
P; =10kN, P, =20xN.

Solution 3.2.1. Traditional method of strength of
materials.

Based on the results obtained in Section Solu-
tion 3.3, we obtain from expression (23)

Ccr

S
A="10_05388%10"%m?.
Gt

(38)

We get the diameter of the rod d =8.3mm.
Solution 3.2.2. The use of forces in the rods
from the normalized values of the load.

For the obtained value of the forces in the rods
(23), we find the cross-sectional area

Cr

S
A=110_05388%10"4m?
Gt

(39)

4. THE CONCLUSIONS

The study of the strain energy of deformable
systems shows the possibilities of new formula-
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tions of problems in structural mechanics, based
on the concept of "self-stress" or "self-balance"
of a structure. Bringing the stiffness properties
of the system to characteristic nodes and then
varying the nodal reactions of the structure or
nodal displacements makes it possible to con-
struct ellipses of restrictions on possible dis-
placements (nodal reactions) acting on the struc-
ture. The study of the limiting values of the
strain energy of deformation leads to problems
on the eigenvalues for the stiffness (flexibility)
matrices of the structure, which makes it possi-
ble to assess the limiting possibilities of perceiv-
ing external influences before determining the
stresses in the elements of the system. The
solved examples of structural design and struc-
tural analysis tasks of structural mechanics
show coincidence of the results with the tasks
solved by the classical method.
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