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Abstract: The design of optimal seismic protection systems on bearings with hysteresis behavior leads to a con-
ditional multidimensional global optimization problem with a nonlinear and non-differentiable objective func-
tion. In this paper, bearings with bilinear characteristic with hysteresis are considered, i.e. for each nonlinear
bearing there are four parameters to optimize: ultimate elastic displacement and stiffness for the elastic mode and
ultimate displacement and stiff-ness for the inelastic mode.

We study the seismic response of an elastic beam on four nonlinear bearings under vertical seismic ground mo-
tion. The perturbation functional as an integral of the quadratic form of the state vector with a weight matrix
formed from the stiffness and inertia matrices of the system on equivalent elastic supports is considered as the
objective function. Minimization of the functional means the minimum of the total energy of the system on
equivalent elastic bearings. Genetic algorithm is used to solve the optimization problem.

Keywords: seismic protection, bilinear characteristic, global multidimensional optimization,
optimality criterion, seismic action, genetic algorithm

OINITUMAJIBHASI CEUCMO3AIIUTA KOHCTPYKIIUA
HA OIIOPAX C BWIMHEMHOMW T'’MCTEPE3UCHOM
XAPAKTEPUCTUKOM

E.B. Ilo3usak, B.II. Paoun, O.B. Hosukxosa, A.B. Kucenes, I0.IO. Heanosa
®OI'bOY BO «HanmonansHbli nccnenoBaTenbekuii yauBepeuteT « MOy (HY «M3WN»), 1. Mocksa, POCCHUA

AnHoTanus: [IpoekTupoBaHMe ONTUMAIBHBIX CUCTEM CEHCMO3AIUTHI HA ONOPax ¢ FMCTEPE3UCHBIM MOBEIECHU-
€M NPHUBOJUT K YCIOBHOW MHOTOMEPHOH TII00AILHOM 3a/1aue ONTHMH3ALUK ¢ HEIMHEHHOH 1 HenuddepeHnupy-
emMoil meneBoi (yHKIHMEH. B 3TO# craThe paccMaTpHBAIOTCS OMOPHI C OWIMHEHHON XapaKTepUCTHUKOW C TH-
CTEPE3NCOM, T.C. JJISI KO OMOphl HEOOXOJMMO ONTHMH3NPOBATH YETHIPE MapameTpa: IpeesibHOe yIpyroe
TIepeMelIeHNE U JKECTKOCTh ISl YIIPYTroro PeXMMa U MPEAeIbHOE CMEIICHNE M )KECTKOCTh JUIsl HEYIPYyTroro pe-
KHUMa.

UccrnemyeTcst ceicMIYECKUI OTKIIMK YIIPYToil OaiKy Ha Y9eThIpeX HETMHEHHBIX OMopax MpH BEPTHKAIFHOM Ceii-
CMHYECKOM JBIDKCHUH IpyHTa. B KauecTBe meneBoi GyHKINM paccMaTpruBaeTcsl GyHKIMOHAT BO3MYIIECHHS KaK
HMHTErpaj KBaApaTHYHON (POPMbI BEKTOPA COCTOSHHS C BECOBOM MaTpHIie, CHOPMUPOBAHHON M3 MATPHIL JKECT-
KOCTH U MHEPLUH CHCTEMbI Ha SKBUBAJICHTHBIX YIPYIUX onopax. MuHuMu3anus GpyHKIMoHana 03Ha4aeT MUHHU-
MyM 0OILeil SHEpTuKM CUCTEMBl Ha SKBUBAJICHTHBIX YNPYIrux omopax. s pemieHus 3ajadd ONTHMHU3ALUKM HC-
MIOJIb3y€ETCSl TEHETUYECKUI allTOPUTM.

KuawueBble cjioBa: CeﬁCMO?;aHIPITa, OnnnHelHas XapaKTepucCTuKa, riobanpHas MHOT'OMEpHas ONTUuMu3anms,
KpI/ITCpI/Iﬁ OIITUMAJIBHOCTH, ceficMHUYecKoe BO3,I[CI>'ICTBPIC, TeHeTUYCCKUI AJITOPUTM

1. INTRODUCTION whose natural frequencies are very close to the

resonant frequencies of the original structure on
In this work, the objective function corresponds nonlinear bearings. Scientific publications de-
to the total energy of some elastic structure scribe extensive experience in optimal design of
(called an equivalent system below in the text) structures based on elements with bilinear hys-
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teretic characteristic, such as lead rubber bear-
ings, elastomeric isolators and other devices [1-
16]; many researchers apply stochastic optimi-
zation methods [11-16], solving the problem of
compromise between displacements and stresses
in structures. In many works take the sum of
dimensionless relative dynamic response pa-
rameters (relative displacements, velocities, ac-
celerations, forces, etc.) with weight coefficients
as the objective function [4-7]. By adjusting the
weighting coefficients, researchers emphasize
the most significant parameters. For example, in
[4], the ratio of peak roof acceleration to peak
ground acceleration is minimized. The optimali-
ty criterion given in [7] minimizes both top
floor acceleration and bearing displacement.

For optimal seismic protection, we take an ob-
jective function as quadratic perturbation func-
tional of the state vector with a weight matrix,
which is formed from the stiffness and/or inertia
matrices of the equivalent system. Then the
minimum of the objective function will be close
to the minimum of the potential and/or kinetic
energy of the structure on the nonlinear bear-
ings. The complication of the problem is multi-
dimensionality with possible multi-extremality,
nonlinearity and non-differentiability of the ob-
jective function, parametrical limitations of the
structure and vibration protection. Not all opti-
mization methods are suitable for solving this
problem. The most effective methods are based
on the direct calculation of the objective func-
tion, for example, random search methods in-
cluding population methods (genetic and other
evolutionary algorithms). Intelligence algo-
rithms of optimization of nonlinear vibration
isolators are applied in many works, for exam-
ple, in [13-16].

Bilinear force-displacement hysteretic curve of
the bearing is shown in Fig. 1. Such system has
special properties, for example, as shown for a
one-dimensional oscillator in [3], resonant fre-
quencies depend on the amplitude of cyclic
load. At small cyclic load amplitudes, the oscil-
lator works in elastic regime A4'OA with stiff-
ness ¢, (Fig.1). At large amplitudes, the support

goes to the 4B line with stiffness ¢, and works
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in inelastic regime with hysteresis on the loop

ABCDE . ®, =+/¢,/M and
®, =+J¢,/M correspond to these two regimes

accordingly, here M is the mass of the oscilla-
tor. Depending on the regime, the resonant fre-
quency of the oscillator will be close to one of
the frequencies.

Frequencies

E/'/Le |
Ol | u

A!

D
Figure 1. Bilinear curve of cyclic deformation

To design of elastomeric isolators it is common
to consider elements with bilinear characteristic
as linear—elastic bearings with effective stiffness
¢y = P [u,, where P, is the ultimate force (Fig.

1) and ¢ >c, >c, [12]. However, it is very

problematic to accurately calculate the resonant
frequencies of multidimensional systems be-
cause they depend on the amplitude of cyclic
loads.

Note that the work of the bearing in plastic re-
gime with large deformations is undesirable be-
cause it leads to off-center compression of bear-
ings, residual displacements and the need to re-
store it after an earthquake. In addition, as fol-
lows from [12], the damping of the nonlinear
bearing is significantly reduced at large plastic
strains. Consequently, the ultimate displace-
ments should ensure that nonlinear elements op-
erate predominantly in the elastic regime with
greater damping and more predictable resonant
frequencies.

In the study, we assume that each bearing works
mainly in elastic regime, therefore the resonant
frequencies are close to the natural frequencies

89



Elena V. Poznyak, Vladimir P. Radin, Olga V. Novikova, Alexey V. Kiselev, Yulia Y. Ivanova

of the system on elastic bearings with stiffness
c,. This system is almost equivalent to the sys-

tem on nonlinear histeretic bearings in terms of
resonant frequencies. Despite on the nonlinear
“damping - shear deformations” function and
new damping models [8], we take a simple
model of damping from @ [12] as

C_2(E_d)
* n\F, d,

Before designing of earthquake-resistant struc-
tures, it is necessary to find out whether the
nonlinear bearings can reduce the seismic re-
sponse of the structure? Bearings with bilinear
characteristics reduce resonant frequencies,
therefore it is necessary to determine natural
frequencies of the original structure (on abso-
lutely rigid bearings) and the prevailing fre-
quencies of seismic action. If natural frequen-
cies of the original structure are already far from
the prevailing frequencies of seismic action, the
bearings are not only unnecessary, but can also
seriously harm, enhancing structural dynamic
response. The nonlinear bearings are effective
when the lowest resonant frequencies of a sys-
tem with them are lower than the prevailing fre-
quencies of seismic action.

2. OPTIMIZATION PROBLEM

We consider a structure with »n degrees of free-
dom on N bearings. Each bilinear hysteretic
bearing has four parameters, which should be

@ 0 0 0

optimized: h, =[u1 u, ¢’ ¢ }, where ¢,

and u, — stiffness of elastic mode and maximal
elastic displacement, ¢, and wu, — stiffness of

inelastic mode and maximal displacement of the
bearings, i=1,..., N. A simple example of the
structure shown in Fig. 2. Vertical seismic
ground motion is given by accelerogram a(r)

with duration 7. At each the moment of time
the state of the structure is described by a

2n— dimensional vector X(7)=|q q]T, q and

q are nodal displacements and velocities.

P 11 ]2
1 2 3 ]a(r)

Figure 2. Beam on bilinear hysteretic bearings

N-1

N

We take the objective function as a quadratic
functional:

f(H) :%jXTQth,

where H=[h1 h, hN]— vector of opti-

mized parameters, QP”*"!—  weight matrix,

X'QX > 0. We choose the matrix Q to give to
the objective function an energy meaning. Let
the matrix Q consists four zero blocks of the
same size (two rows of two blocks). If we put
stiffness matrix of the equivalent system in the
first (upper left) block, the objective function
will be equal to the average value of the poten-
tial energy of elastic deformation U on the in-
terval [0,7]. This weight matrix is denoted by

Q.
f (H) using the weight matrix Q, leads to a

Minimization of the objective function

decrease of internal forces and stresses. Similar-
ly, if weight matrix Q. has only inertia matrix
in the fourth (lower right) block, then objective
function f (H) is equal to average value of the

kinetic energy T on the interval [0,7]. In this

case, the kinematic parameters of the structure
will be reduced.

The objective functions corresponding to poten-
tial, kinetic and total energy are denoted as fol-
lows:

JU:f(H|QU)’ JT:f(H|QT)’
I f(H|QE)’ Q;=Q,+Q;.
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Consider the optimization problem:

min /(H)=/(H.)= /., (1)

HeD

where H., — optimal solution, f, — value of the

optimized objective function, D— acceptable
values of the vector H:

D={H| H, <H<H, , A H<b | (2

low up >

Depending on the weight matrix Q,, Q;
or Q,, problem (1) is the optimality criterion in

terms of potential, kinetic or total energy.
Conditions H, <H<H,, are acceptable pa-

rameters of a bilinear diagram (stiffnesses and
ultimate displacements):

H,, = I:hl_low h, hN_law} >
hunw = |:ul(i)low ugi)low C(i)low cgijzow] >
H,= [h h hN_up] )

hiiup = |:u1(i)up ugl;)up Cl(i)up cgi}up:| >

2_up

where
Cl(i)low < cl(i) < cl(i)up > cﬁ?/ow < Cgi) < Cgl;)up H
u(")h,w < ul(i) < ul(i)up, u{),ow < ugi) < ugi)up, i=1,..,N.

The conditions A H<b,_ , correspond to the
bilinear hysteresis algorithm and are a matrix

form of the following inequalities:

ugi) - ul(i) >0, cl(i) - cgi) 0.

Both conditions (2) are set before the optimiza-
tion process. Displacement of i—th bearing

must not exceed predetermined value ul):

‘u(i)‘ <ull. (3)
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Constraint (3) cannot be satisfied before the op-
timization procedure starts. Consequently, the
optimization algorithm must include a penalty:
if at some time the condition (3) is not satisfied,
the calculation stops and some large value (pen-
alty) is assigned to the objective function.

We will not introduce additional constraints re-
lated to reliability of the structure, such as
strength and stiffness conditions, assuming that
the minimization of dynamic response of the
structure is provided by the criterion of small-
ness of perturbations (1). Additional constraints
will complicate the optimization procedure. If it
found out that the global minimum of the objec-
tive function does not satisfy the strength or
stiffness conditions, this means that hysteretic
bearings is ineffective for this design.

Problem (1) with conditions (2-3) is a multidi-
mensional global conditional optimization prob-
lem with a nonlinear non-differentiable objec-
tive function. Optimization methods based on
the computation of the objective function with-
out computing derivatives, such as random
search algorithms, e.g., annealing simulation,
hypersphere algorithm, "greedy" adaptive algo-
rithms, genetic and other evolutionary algo-
rithms, are suitable for finding the optimal solu-
tion [11]. The following example illustrates the
results of solving the optimization problem (1)
with conditions (2-3) obtained using the genetic
algorithm (GA).

3. EXAMPLE OF OPTIMAL SOLUTION

We consider a steel hinged beam on four bear-
ings, the cross-section profile is [-beam No. 20
(height 200 mm), the lengths of the three spans
are 6, 8 and 12 m. The beam is under seismic
action determined by the accelerogram of the
vertical ground motion of the foundation; we
use accelerogram synthesized at the Institute of
Physics of the Earth, Moscow, Russia. The dy-
namic model of the beam was developed by us-
ing the finite element method; structural damp-
ing was neglected. The seismic response was
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determined by direct integration of equations of
motion in Simulink.

Figure 3 shows the estimates of the seismic
ground motion power spectral density: the raw
periodogram and its smoothed estimate found
using the Welch window transformation with

0.5

0.45

50% overlap. The first three natural frequencies
of the hinged supported beam are marked by red
vertical lines (5.76, 14.33 and 22.85 Hz). It can
be seen that the first frequency is dangerously
close to one of the prevailing frequencies of the
seismic action.
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Figure 3. Anapa earthquake Z3G2—A. Spectral density: raw periodogram (green), smoothed peri-
odogram (blue); natural frequencies of the hinged supported beam (red), in the box — accelerogram
Z3G2-A (acceleration - m/s?, time - s)

By analyzing Fig. 3, we conclude that the best
way to reduce the dynamic response of the
beam is to make the structure more rigid (e.g.,
add another supports) to shift its natural fre-
quencies to the right. But for the purpose of
this study, we place the beam on four bilinear
hysteretic bearings (Fig. 2, N =4) and try to
find an optimal solution of problem (1-3) by
applying a genetic algorithm. To solve this
problem, the beam model on the bilinear hys-
teretic bearings was developed in Simulink.
The model is a system with incomplete dissi-
pation, since damping is present only in the
bearings.

GA implemented in MATLAB Optimtool was
used to find the optimal solution. The optimality
criterion is the minimum of the total mechanical

energy: J, = f(H|Q,)—>min. The dimen-
sionality of the optimization problem is 16 (4
bearings, each with 4 optimized parameters).
For conditions (2-3) we assign:

h
h

:(0.02 m 0.03m 10° N/m 10° N/m),
(0.05 m 0.05m 10’ N/m 10° N/m),

i_low

i_up =

) =0.10m, i=1, 2, 3, 4.

GA parameters: initial population contains 20
agents found manually, selection and mutation
operators have uniform distribution, elite is 5
agents, two-point crossover, maximum number
of iterations is 100. As a result, the following
solution was obtained:
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H.=[h, h, h, h,],

h,=[0.03m 0.05m 10°N/m 10’ N/m],
h,=[003m 005m 1.5:10'N/m 2.5:10° N/m],
h,=[0.03m 0.05m 2:10' N/m 10’ N/m|,
h,=[0.03m 0.05m 10°N/m 5-10° N/m].

Seismic responses of the initial and optimized
system are shown in Fig. 3, 4. Optimization
resulted in a reduction of the maximum bend-
ing moment by more than a factor of two with
a small allowable increase in kinematic pa-
rameters. The bearings work mainly in the
elastic regime; there are no plastic displace-
ments in bearings 1, 2, 4, and they are mini-
mal in the third bearing. Table 1 summarizes

Table 1
Natural frequencies, Hz
N | Hinged supported Beam on equivalent
beam elastic bearings
1 5.76 1.80
2 14.33 3.50
3 22.85 6.20
4 26.64 9.17
5 52.04 13.80
6 70.13 21.30

Table 2 shows the values of the objective func-
tion J, before and after optimization, and val-

ues of the objective function with weight matri-
ces Q, and Q.

Table 2. Objective function values before and
after optimization

the natural frequencies of the beam on bilinear Hinged supported Beam on equivalent
hysteretic bearings and beams on equivalent beam elastic bearings
elastic bearings. J; 3.133¢05 1.287¢05
J 1.570e05 3.029¢04
U
J; 1.563e05 9.845¢04
0.025 . . : .
Between bearings 2 and 3 ;
0.02 e Between bearings 3 and 4
0.015 - -
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Figure 4. Displacements of cross-sections of: a) the hinged supported beam: u_, =0.022
m, o =0.010 m; b) the optimized beam: u_, =0.028 m, o, =0.009 m.
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Figure 5. Bending moments: a) the hinged supported beam: M, — moment at the center of the

second span, M — moment at the center of the third span, M, =M,= 7.84 kNm, ¢, =

3.30 kNm; b) the optimized beam: M, — moment at the center of the second span, M, — mo-

ment over the third bearing, M, — moment at the center of the third span, M, =M, = 2.98
kNm, o, = 0.860 kNm.

4. EXPERIENCE OF USING A GENETIC
ALGORITHM

Using GA to optimize a multidimensional dy-
namic system, you should not expect a fast and
unambiguous solution. For multidimensional
optimization, GA requires multiple calculations
of the objective function, for example, for de-
fault parameters of the GA in the MATLAB
Optimtool, if the number of parameters to be
optimized is greater than 5, the initial popula-
tion is n =200 agents-solutions, maximal num-
ber of iterations is equal to 10n generations.
For the above problem, we need to compute the
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objective function for 200 variants of the vector
H at one iteration, and there can be 1600 such
iterations. To speed up the process, it is neces-
sary take more suitable solutions as the initial
population and using elitism. Since the genetic
algorithm is a stochastic method, by solving the
same problem several times, you can get differ-
ent solutions. The vector of optimal parameters
H. isn't a single best solution. Some solutions

were rejected for various reasons, because they
led, for example, to large plastic deformations.
It was necessary to correct the initial population
several times and adjust the parameters of ge-
netic operators.
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Fig. 6 shows the natural frequencies of the beam
on equivalent elastic bearings and the estimates
of the spectral density of the Anapa earthquake
7Z3G2 — A. Comparing the results in Fig. 3 and
6, we can draw a simple conclusion: the optimi-
zation resulted in a shift of the natural frequen-
cies of the equivalent system to the minima of
the seismic periodogram. To avoid such "adapt-
ability" of the system on the bilinear hysteretic
bearings to a single accelerogram, it is neces-
sary to solve the optimization problem on a se-
ries of accelerograms. The random nature of

0.5 rresressreeeneaeey T
Q.45 -mremrrmmeeeaa E......... .............E .....
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earthquakes and the uncertainty with the reso-
nant frequencies of the systems on nonlinear
bearings make accurate tuning of resonant fre-
quencies very unreliable. Hence, the nonlinear
bearings should be used for the design of earth-
quake-resistant structures only if the lowest nat-
ural frequencies of the system on equivalent
elastic bearings are lower than the prevailing
seismic frequencies. In this case, a reasonable
solution will be obtained without high computa-
tional costs.

H . '
................................................................

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

................................................................
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N U AU YU |

______________________________________________________
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Figure 6. Anapa earthquake Z3G2—-A. Spectral density: raw periodogram (green), smoothed peri-
odogram (blue), resonant frequencies of the optimized beam (red)

5. CONCLUSIONS

In the study, an energy approach was formulat-
ed to solve the optimization problem of the
structure on the bilinear hysteretic bearings. The
approach is illustrated on the example of opti-
mization of an earthquake-resistant structure.
Multidimensional conditional nonlinear optimi-
zation has a complicated mathematical formula-
tion and computationally "hard" solution. How-
ever, the optimal solution, as well as the answer
to the question about the feasibility of installing
a vibration protection system based on the bilin-
ear hysteretic bearings, can be obtained by pre-
liminary frequency analysis of the structure and
seismic effects.
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