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Abstract: The combined foundation plates, having circular form and consisting of several parts which have dif-
ferent laws of thickness variation, are under study. The constructions under examination are subjected to an ac-
tion of antisymmetric load distributed along circumferences according to the laws cos8 or sin@ . Similar prob-
lems occur in the cases of seismic and wind loads. The interaction with elastic foundation is taking into account.
The conditions of the construction’s different parts conjugation are fulfilled. In this work for solution of such
problems the analytical approach is used for the first time. The method of compensating loads (MCL) is applied.
The solutions are obtained in closed form in terms of Bessel functions. As an example the foundation plate, con-
sisting of two parts, is considered in detail. The inner part of the slab under study has the variable thickness, the
outer one has the constant thickness.
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AHAJIMTUYECKHUM PACYET KOMBUHUPOBAHHbIX
OYHIAMEHTHBIX IIVIMT ITPU JEMCTBUU HA HUX
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AnHotanusi: PaccmatpuBarorcsi KOMOMHHMPOBaHHBIE (YHIIAMEHTHBIC IUIMTBI, NPEACTABISIONINE COOOW KOH-
CTPYKLIMH, UMEIOLINE B TIaHE KPYTOBYIO ()OPMY U COCTOSIIIME U3 HECKOJIBKUX YYacTKOB C PAa3JIMYHBIMU 3aKOHA-
MH HM3MEHEHUS TOJIIMHBI. V3yuaercsi jedicTBUe Ha MOAOOHBIE KOHCTPYKIMHM aHTHCHMMETPHYHBIX HArpy3ok,
pacrpe/eNneHHbIX TI0 OKPYKHOCTAM 110 3akoHam €0SO mmm $in0 . Tlomo6Hble 3a1a4M BO3HUKAIOT TIPH pacyueTax
Ha JIeficTBHE BETPOBBIX U CEHCMMUYECKUX HArpy30K. YUUTHIBACTCSA B3aUMOJCHCTBUE IUIUTHI C YIPYTMM OCHOBA-
HHUEM. BBINOIHSAIOTCS yCIOBUSI CONMPSDKEHUS OT/ACNBHBIX yYacTKOB. BriepBele aiist pemieHns mogo0HbIX 3a1ad ue-
MOJIB3YETCsl aHAITMTHYECKast MeTouKa. Vcrnoabp3yeTcst MeTol KOMIIEHCHPYIOIUX Harpy3ok. [lomyuens! penienns
B 3aMKHYTOM BHJIE, BeIpakeHHbIe B (pyHKImsax beccems. B kadecTBe mprmepa m3ydaeTcsi KOMOMHHpPOBaHHAS
IUIATA, COCTOAIIAs M3 ABYX Y4YacCTKOB. BHyTpeHHss 4acTb 3TOM KOHCTPYKLUUHM UMEET MEPEMEHHYIO TOJILHHY,
BHEIIIHSS 9aCTh — MIOCTOSTHHYIO TONIIHUHY.

KaroueBble ci10Ba: KOMOMHNPOBAHHBIE TUIUTHI, aHTUCHMMETPHYHbIE HArpy3KH, GyHKIMK beccenst

INTRODUCTION

The constructions with piecewise thickness
occur among modern structures and buildings.
Among them foundation slabs of circular form
and bottoms of cylindrical reservoirs are to be
mentioned. The combined foundation plates
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subjected to an action of symmetric loads
were studied in the works [1] and [2]. The in-
ner parts of these plates had the variable
thickness, the outer ones — the constant thick-
ness. The influence of upper parts of struc-
tures and interaction with the elastic subgrade
were examined. For the first time for analysis
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of similar constructions in [1] and [2] analyti-
cal method was applied. The solutions were
obtained in closed forms in terms of Bessel
functions.

Analytical methods for plates and shells analy-
sis, in particular, connected with the use of spe-
cial functions, occur in literature. The monogra-
phies [3] and [4] can be named. The book [5] is
devoted to calculation problems of orthotropic
and isotropic plates of variable thickness of dif-
ferent forms; the plates under study are subject-
ed to an action of complicated loads.

In the present time the modern software allows
to investigate various structures and building in
detail. The numerical methods, in particular, the
finite elements method, are widely utilized.

The buckling problems of orthotropic plates
with various boundary conditions were consid-
ered in [6]. In the work [7] 3D free vibration
problems of cross-ply laminated plates were un-
der study. Vibrations of rectangular orthotropic
and isotropic plates of linear thickness were in-
vestigated in [8].

Numerical analysis on experimental research
on buckling of closed shallow conical shells
under external pressure was given in [9]. The
work [10] concerns free vibration analysis of a
blade of variable thickness with arbitrary
boundary conditions. The optimization prob-
lems of rectangular plates subjected to ther-
mo-mechanical loads we examined in [11].
Comparative assessment of finite element
modelling techniques for wind turbine rotors
blades was given in [12]. Nonlinear primary
resonance analysis of nanoshells was stated in
[13]. Vibration problems of layered plates
were considered in [14].

Statics, vibration and stability problems of rec-
tangular plates with various boundary condi-
tions were studied in the work [15]; the approx-
imate analytical equation decomposition method
was used.

The publications [16], [17], [18], [19] concerns
the computation problems of combined plates
with piecewise variable thickness, the exact ana-
lytical solutions in terms of special functions
were obtained.
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The present work considers the combined circu-
lar foundation plate, consisting of two parts. The
plate’s inner part has the variable thickness, the
outer one has the constant thickness. The plate
is subjected to an action of wind and seismic
loads, which are considered as antisymmetric
ones which vary according to the laws cos 0 or
sin® . The action of the construction’s upper
part on the foundation slab is analyzed. The
properties of the elastic subgrade are described
by Winkler’s model.

2. THE ANALISYS OF THE INNER PART
OF THE COMBINED PLATE

The inner part of the combined plate subjected
to an action of antisymmetric loads is under
study. The flexural rigidity of this part when

X, < x < X; 1s varying according to the law
D=Dyx". (1)

The corresponding law of thickness variation is:
h=hy 3. )

The antisymmetric distortion of the construction
under study is caused by contour or lateral
loads, varying according to the laws:

0(0) = 0, cos b,
M(0)= M, cosb, (3)

q(r,0) = q(r) cos 6,

where Q(0) and M (0) are accordingly intensi-

ties of a contour transverse force and a contour
bending moment.

It is assumed that the properties of the elastic
subgrade are described by Winkler’s model.

The differential equation, describing the anti-
symmetric bending of the circular plate of vari-
able thickness, resting on an elastic Winkler’s
basis, is:
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where D is the cylindrical rigidity, ¢ - modulus

r
of subgrade, X =—, 1, is the constant.

"o
In our case the cylindrical rigidity varies accord-
ing to the law (1). Then the equation (4) comes
to the following form:

d*w 10d°w (17+4c)d*w
st 57 2 2
dx” X dx X dx )
33-40)dw 33-4c) B*  gqr)
——3—+—4W+—4W=—,
x dx x x D,
4
where B4=ﬂ.
D,

Homogeneous differential equation, correspond-
ing to (5), is the equation of the Euler class [20].
By means of substitutions z=e¢” and w=ue -
the equation (5) can be reduced to the equation
with constant coefficients.

As a result we get the following expression for
the deflections of the plate:

w=x" [Allxo‘1 + Ay x* + Ayx ™ + Ayx™ ]cos@ , (6)

where o, ;3 4 =i\/2(2—(5)i\/262 -B*.

It should be marked that o, =

In the case when the value of [34 is sufficiently
large, the roots of the characteristic equation are
mutually complex conjugate.

First the interaction of the inner part of the
foundation slab and the upper part of the con-
struction under study will be considered. For
this aim the fundamental functions w;(x,) for

Volume 19, Issue 4, 2023

the solutions (6) are to be determined. Their
properties are described in [5].

For determination of the fundamental functions
the Cauchy functions Z,(x,;x)(i=1,2,3,4) are
at first to be obtained.

For calculation the properties of Wandermond’s
determinant are used. As a result we get:

Z,(xg5%) = 7—5{ [oc1+1) JUxi Ty

2
+ (o Dyt |- [(oc3+1) s sl y

As it was mentioned above for the case of suffi-
ciently large [34 the roots @.;,3,4 are mutually

complex conjugate. Then introducing the nota-
tions
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we write the general solution of the homogene-
ous differential equation, corresponding to (5),
in the following form:

w(x) = x°[B, sin(8In x) + B,cos(8 In x) ]|+

8
+x °[B; sin(8Inx) + B,cos(8In x)] ®)

Introducing the notation
sin(d/n x) = a(x), cos(dlnx)=7y(x).

We cite below one of Cauchy functions as an
example:

X4 5 s
Z4(xy5%) =m{xo x°x
x{=[(x0)8 + £ () +[y(xp)e -Sau(x) ] (9)
xau(x)} - xpx 7 {[- (3 )8 + gt ) Jy(x) -
-[ey(xp) +80(x) Jou(x) .

Further, using (7) and taking into account the
properties of fundamental functions, we get the
following expressions:

c

wy (Xg5X) =Zl(x0;x)+x—223(x0;x)—
0

_(o+2)

3
X0

Z4(xy5%);

c
w, (xg;x)=Z, (xo;x)—x—Z3(x0;x)+
0

(@ —22) Z4(x93%);

o (10)

1 RS
D(xo){zz(xo,x) [x0+

1 dD(x,) NG
D(x,) dx }24(%795)},

+

Wy (xg;X) =—

Wy (xg5X) == Z4(x5%).

1
D(x,)
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It is assumed that the influence of the construc-
tion’s upper part is transmitted on the founda-

tion slab inner part as moments M ,cos0 and
forces Q, cos 0, distributed along circumference
with the radius x,, where x,<x,<x;. As a

result we can write the following expression for
the deflection:

Winner = [WOWI (%05 %)+ 8grywy (xg; X) —

2 X 3 .
— M yryws (x5 x) = Oyt wy (g5 X) +

-|-MAr02w3(xA;x)+QAVSW4(xA;x)]cos9 =
:[Wl(xo;x)-l_MArOZW}(xA;x)-l' ()
+ QAV03 w4(xA;x)]cos9 = [wl(xo;x)+

+ wH(xA;x)]cos 0,

where w,, 8,, M,, O, are accordingly the
deflection, the angle, the moment, the force
when x =x,.

When for computation we assume that the influ-

ence of the upper part is transmitted on the
foundation inner part as the load ¢(x)cos0,

distributed over surface of the ring x, S x<xp.
The result can be obtained by integrating in (11)
the term containing Q ;.

3. THE COMPUTATION OF THE OUTER
PART OF THE PLATE. THE BASIC
SOLUTION

We go to the consideration of the outer part of
the ring plate, subjected to an action of anti-
symmetric load. The thickness of the foundation
slab part under study is constant. The general
solution of the differential equation describing
the antisymmetric bending of a circular plate
resting on an elastic Winkler’s subgrade is:

w =t (¥) + Ay (x) + 43 £ (x) +

+ 4,8, (x))cos 6, (12
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where u,, v;, f;, g are Bessel functions [4],

[21]; A4, 4,, A4;, A, - coefficients; x=§,

=2
c

Method of compensating loads (MCL) [1], [2],
[4] 1s used for the receiving of the solution. The
basic and the compensating solutions are to be
determined.

First the basic solution will be obtained.

When the circular plate is loaded by a concen-
trated force applied at the centre, the solution
has the following form:

PI?

W= Jo) (13)

The solution (13) mentioned above is the fun-
damental influence function when P=1. Inte-
grating this solution, we can obtain the basic
solutions for consideration of several problems.
Let us assume that this part of the plate is sub-
jected to the action of the load ¢cos0, distrib-
uted along the circumference with the reduced
radius 0.

Further, the principle of addition of the effects
will be used.

For the determination of the deflection of the
point with the coordinates x and ¢ the follow-

ing expression will be used:

B gol?

w= X

4D

(14)

2n
X Ifo (\/(x2 +x% —2axcos(0— ) )cos 0d0.
0

For this integral calculation the formula of the
cylindrical functions addition is used:

Zo(\/oc2 +x* —20Lxcos(6—(p)):

= 221:'Jn (a)Z,,(x)cosn(0—).

n=0

(15)
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Here the symbol ' denotes that when n=0 the

coefficient E should be introduced. The expres-

sion (15) is valid when a<x. When o> X in
the right part of the expression (15) the terms
and x must be replaced.

Assuming

Z,= H(()l) (ﬁ\/az +x? —Zaxcos(ﬁ—(p))

we get the following expressions fulfilling the
integration and separating the real and the imag-
inary parts:

when x < a

w=wl? =220 (3)f (o) u (e @) (16)

x cos 0,

when x> o

3
wnt? =20 (@) () (g, () (17)
X COS .

Using the Wronskian of the Bessel equation it
can be shown that the received solutions satisfy
to the conjugation conditions when X =0..

The problem of infinite plate subjected to an
action of the load y(x)cos0, where y(x) is the
given function, is considered for the obtaining
of the basic solution.

When the construction under study is subjected
to an action of the load ¢(¢) distributed along

the circumference with the reduced radius o,
we will present the load in the following form:

q=a,cosO+b,sind
and using the formulae (16) and (17) we get the

solutions:
when o < x
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w= nzalé X
o (o) £ (x) = vy (0)g (x)]sinp+  (18)
+by[uy (o) £, (x) = v (@) g, (x)]cos o,
when o > x
B o’ y
"=
xAay[uy (x) i (00) = v (x)g, (a)]sinp+  (19)

+ by [y (x) /1 () = vy (x)gy (@) cos @}

For the basic solution receiving for the load
q = F(x,0) the formulae (18) and (19) should

be used. The load can be represented in the
form:

q =x(a, cos®+b, sin0) (20)

or

g=x""(a,cos0+b, sinb). (21)
The integrating for these cases is highly simple.
The formulae for Bessel functions derivation
are:

% [Zn‘]n (Z)] = Zan—l (Z)a

(22)
AL g0 )= 20,2,
dz

Let us assume z=xvi. Fulfilling integration
and separating real and imaginary parts, we get
the following expression:

dp=
[ 2y (x)elx ﬁ[u1<x>+vl(x>], o

[y ()l = —%[ul (X))}

Elena B. Koreneva, Valery R. Grosman

[ xfy (x)dx = %[fl (X)+& ()]

X (24)
[xgo(x)dx = —ﬁ[f] (x)-g ()]

The solution for the case of the load varying ac-
cording to the law (20) and distributed over a
surface of the ring o, <x<a, is to be re-
ceived. For this aim the expressions (16) and
(17) are to be integrated. In the mentioned ex-
pressions the load ¢ must be replaced by the

elementary load g,odz = g,ado . It should be

4
marked that the multiplier IB, which is equal to

1 , appears.
C

Further we integrate the received solutions with-
in the limits o =, and =, .

When x < a, <a, the solution has the follow-
ing form:

. 2:35({a§[f2(0‘2)+82(a2)]_

—Otlz[fz(ocl)+g2(a1)]}z41(x)+
+{0‘§[f2(0(2)_gz(0t2)]—a12 X
x [fz (o)—g, (ocl)]}vz (x))cos ¢;

(25)

when x> o, > q

w=zf—"ﬁ({a§[uz<a2>+vz<az>]—
— a[uy (o) + vy (0]} () +

+ {0‘3 [, (01,) = v, (0)] -0

*[uy (o)) = v, (a)) [} g1 (x)) cos ¢;

(26)

when o, <x<a,
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WZZR—\/%C{(xg[fz(az)"'gz(az)]x

Xul(x)+0c§[f2(a2)—g2(a2)]><
XVl(x)_0‘12[”2(0(1)+V2((11)]f1(x)_

2

= fus (o) = v, (a)Jgy (x)- 232 = feos .

27

These formulae give the expressions for the de-
flections of the foundation plate.

4. THE OUTER PART OF THE PLATE.
THE COMPENSATING SOLUTION

The compensating solution should be deter-
mined for the plate’s outer part investigation.
This solution satisfies to boundary conditions
and with the basic solutions satisfies to the re-
solving differential equation of the problem. For
the foundation slab under study, which is sub-
jected to an action of antisymmetric loads, the
case of free edges is more actual. Below, how-
ever, another cases of boundary conditions will
be considered.

The sought solution can be represented as the
result of an action of two compensating loads
q, and ¢, , which are applied along the concen-
tric circumferences with the reduced radius o,
and o,. Let us note the reduced radius of the
outer contour as f3.

a) First it is assumed that the outer boundary of
the plate, subjected to an action of antisymmet-
ric load, is clamped. For example it is possible
for the plate when x = connected with the

upper part of the construction which is repre-
sented by the shell of the rotation and subjected
to an action of seismic or wind loads.

Let us present the deflection w, and the angle

a@ﬂ from the basic solution in the following
X

form:

Wy = A, sin@+ B, cos o, (28)
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ow,

—=C,sin@+ D, cos®. (29)
ox

The compensating loads ¢, and ¢, , which with

the sum of the basic solution are satisfying to
the case of the clamped boundary, are to be de-
termined.

As a result we get the following system of equa-
tions:

2n
o ,[‘]1(9)f0(\/0°12 +p? _20‘1BCOS(9_(P)}19+
0

2n
) j%(@fo(\/ag +p? —20L2ﬁc0s(8—(p)}16+ (30)
0

4D
+Z_2W0 = 0,
2n 0
o Jql(e)afo(\/af +p’ —2a15005(9—@))49+

0

2n
Ta, J.‘b(e)%fo(\/u% +p’ _2%[—)’0”(9_@))49"‘ (D)
0
4D ow, 0

I ox

The given above integral equations (30) and
(31) express the conditions of equality of the
values of deflections and angles to zero at the
contour.

Further using the formulae of Bessel functions
addition the integration is fulfilled [21]. The
functions ¢, and ¢, are to be expanded into

trigonometrical series. As a result we get a sys-
tem of algebraic equations with respect to the
coefficients of these series. Here this system is
not cited.

The compensating solution can be written in the
following form when x < a.:

wy, =(a, sin@+ b, cos ©)u; (x) +
. (32)
+(c, sing+d, cos @)v(x).

The coefficients of the expression (32) can be
determined from the following equations, using
(30) and (31):
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ayuy (P)+cv(B)+ 4, =0, } (33)
apy'(B)+epy' B)+GI=0;
by, (B)+dv, (B)+ B, =0, } (34)
buy'(B)+dyv,"(B)+ Dyl =0.
Solving these systems, we obtain:
a =— Civ(B)—4v"(B) , (35)
Vi)' (B) =, (B)i" (B
=— Div(B)—Bv"(B) ’ (36)
vi(Buy" (B) =, (B (B)
= Ciluy,(B) — Ay (B) ’ (37)
vi(Buy" (B) =, (BIv" (B)
Dyluy(B) = Buy" (B) (38)

T @ B)—mBWB)

We receive introducing (35)-(38) into expres-
sion (32):

1
W@’ ®) -1, B, B)
x ({[Cll‘ﬁ B)— 4w’ (B)]sin o+
+ [Dll‘ﬁ B)-Bw' (B)]cos @ (x)—  (39)
- {[Cllul B)— Ay, '(B)]Sl‘” o+
+ [D1l”1 B)- By, "(B)]cos Qv (x)).

Wk:

b) The case when the outer boundary is simply
supported is under study. The deflections are
represented in the form (28). The radial bending
moments on the contour are represented in the
form:

M, =M sino+L, coso. (40)

The following notations are introduced:

ul(M)(B)=—u1(B)—1_TG{v1'(B)—%v1(B)}, 41

vfM)(B)=w(ﬁ)—%{ul'(ﬁ)—%ul<ﬁ)}, (42)

Elena B. Koreneva, Valery R. Grosman

A @) =-£(B) —I‘T“{glm) —%gl (B)} , (43)

¢MP)=g (B)—“T"{fl'(s) —%fl(ﬁ)} e

The following compensating solution is ob-
tained:

1 X
u (Bu™ B) - B (B)

({[M L B+ 4™ ®))sing +

Wk:_

+[L1ﬁvl(s)+B1ufM>(B>]cos<p}ul<x>— (43)
{[Ml u (B)+ 4y, () (B)]Sin o+

+[L, m(ﬁ)+Blv1M><B>]coscp}vl<x))

c) The case of free contour of the fundament
plate is under consideration. It is known that the
bending moment and the reduced transverse
force are equal to zero at the contour.

The boundary bending moment is defined by the
expression (40). The boundary reduced trans-
verse force will be written in the form:

0- dH

s = N,sino+0,cos¢.

(46)

The following notation, taking into account
(40), and (46) are introduced:

i (B) =" (B)-(1- c)B%[vl 'B) —@} 47)
v%Q](B)=v{(B)—(l—o)B%{ul'(B)—@}, @)
HO = B-0-0); {gl (3)- gﬂ “9)
g{%)=gl'<B)—(1—c>Bi2{ﬁ'(ﬁ)—fléﬁ)}. (50)
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As a result we get the compensating load:

L 1 y
Dyl @By - ul™ BV (B)
AN (B) - Ml B)]sing +

+ (10 (B) - LD B)lcos ol (x) - (1)
— ([N 1 (B) — MO (B)]sinp +

+ 10 (B) ~ L (B)]cos oy (x)}

Wy =

The solution for the outer part, according to the
MCL, is represented by the sum of the basic and
the compensating solutions [22], [23]:

w=w, +Ww. (52)

The solution of the problem under study can be
presented as the sum of the expressions (11) and
(52) for the study of bend of the whole com-
bined plate.

5. THE CONCLUSIONS

The work receives the exact solution of the anti-
symmetric deformation of the combined plate
which inner part has variable thickness and the
outer one — the constant thickness. The solution is
obtained in closed form in terms of Bessel func-
tions. Method of compensating loads (MCL) is
used. An influence of the construction’s upper part
is taken into account. The received results can be
used for the analysis of the combined plates sub-
jected to an action of seismic and wind loads.
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