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LOCALIZATION OF SOLUTION OF THE PROBLEM
OF THREE-DIMENSIONAL THEORY OF ELASTICITY
WITH THE USE OF B-SPLINE DISCRETE-CONTINUAL

FINITE ELEMENT METHOD
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Abstract: Localization of solution of the problem of three-dimensional theory of elasticity with the use of B-
spline discrete-continual finite element method (specific version of wavelet-based discrete-continual finite ele-
ment method) is under consideration in the distinctive paper. The original operational continual and discrete-
continual formulations of the problem are given, some actual aspects of construction of normalized basis func-
tions of a B-spline are considered, the corresponding local constructions for an arbitrary discrete-continual finite
element are described, some information about the numerical implementation and an example of analysis are
presented.
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JOKAJIM3ALIUSA PEHIEHUSI TPEXMEPHOM 3AJAYN
TEOPUM YIIPYTOCTU HA OCHOBE BEHUBJIET-PEAJIN3AIINN
JTUCKPETHO-KOHTUHYAJIBHOT O METO/IA
KOHEYHBIX SJIEMEHTOB
C UCITOJIb30OBAHUEM B-CILIAMHOB

M.JI. Mo3zaneea, II.A. Akumos

HauunonanbHelil uccaenoBaTenbckuii MOCKOBCKUN TOCYIapCTBEHHBINA CTPOUTENbHBIN YHUBEPCUTET,
r. Mocksa, POCCH

AHHOTanusi: B HacTosMIIeH cTaThe paccMaTpUBACTCS JIOKAIU3AIMS PEIICHUS] TPEXMEPHON 331a4l TEOPUH yTIPY-
TOCTH Ha OCHOBE BEHBJIET-pEeIN3alNN JUCKPETHO-KOHTHHYAJILHOTO METO/Ia KOHEYHBIX 3JIEMEHTOB C HCIIOJIb30-
BaHMeM B-crutaitHoB. IIpuBeneHbl NCXOIHBIE ONEPATOPHbIE KOHTHHYAIbHAs M JAUCKPETHO-KOHTHHYAaJIbHas MO-
CTaHOBKHM 3aJja4yM, PAaCCMOTPEHbI HEKOTOPBIE aKTyallbHbIE BOMPOCH MOCTPOEHHS HOPMAIM30BAHHBIX Oa3MCHBIX
¢ynkimii B-crimaiiHa, ommcaHbl COOTBETCTBYIOIIUE JIOKAIBHBIE ITOCTPOEHUS JUIS MPOWU3BOJIBHOTO JHCKPETHO-
KOHTHHYaJIbHOTO KOHEUHOTO 3JIEMEHTA, MTPECTaBICHbI HEKOTOPhIE CBEACHUS O YUCICHHON peaau3aluu U Mpu-
Mep pacyera.

KaroueBbie ciioBa: JIOKaJIn3anus, BeﬁBneT-peanmauI/m METOJa KOHCYHBIX 3JICMCHTOB,
,HI/ICerTHO-KOHTI/IHyaJ'ILHHﬁ METOA KOHCYHBIX 3JICMCHTOB, MCTO/JI KOHCYHBIX 3JICMCHTOB,
B—CHJ’IaﬁHH, YHCJIICHHOC PCUICHUEC, TPCXMEPHA 3a/iada TCOpHUU YPYyroCcTtu, pacucThbl KOHCprKHI/Iﬁ

INTRODUCTION B-spline version of so-called discrete-continual

finite element method (DCFEM) [1-4] has been
Numerical solution of the problem of three- already considered in [1]. Systematic literature
dimensional theory of elasticity with the use of review has been presented in [1] as well. In this
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regard, let us immediately move on to the main
material of the distinctive paper.

1. FORMULATIONS OF THE PROBLEM

Let the constancy of the parameters of the prob-
lem be in the direction corresponding to x,

(main direction). The operational formulation of
the problem with the use of so-called method of
extended domain [5], taking into account the
selection of the main direction, is determined by
the equation [6]:

LJ—F
0

I/\

<0,,0<x,<0,,0<x, <0, (1.1)

where we have

L=-L,0:+L,0,+L,,; (1.2)
2u+i 0 0 0 A 0
{ u08+8u0082+

0 0 0
0 u O Y7 0 0
8{/1 0 006,+05]0 2u+i 010,
0 0 0 0 0 u
(1.3)
Luv:

0 0 A 0 0 0
=0,/0 0 0|+0,]0 0 A|- (1.4)

u 0 0 0 u 0

0 0 u 0 0 0
-0 0 o}al—{o 0 u|d,;
A0 0 0 4 0
n 0 0
L,={0 p 0 | (1.5)
0 0 2u+n
F=0F+5,7; (1.6)
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L, (x,x,,x)eQ

0(x,,x,,x;) = (1
0, ('xl’xz’x})gQa

0, (x,,x,,x,)=00/0n; (1.8)

¢,,0,,0, are corresponding dimensions of ex-
tended domain (linear dimensions of consider-
ing structure); x=(x,, X,, X;); X, X,, X; are
Cartesian coordinates; ¢ and A are Lame pa-

rameters; Q is the domain, occupied by struc-
ture;

Q={(x,x): 0<x </l

; (1.9)

O<x,<l,; O<x;</t,};

O(x,, x,, x;) 1s characteristic function of domain
Q; 0, =0,(x,x,,x;) is the delta function of
boundary I'=0Q; n=[n, n, n, | is bounda-
ry normal vector; F is the load vector in do-
main Q; f is the corresponding boundary load

vector; u is the vector of displacements (un-
known vector function),

(1.10)

0,=0/ox,, s=1,2;0,=-0/0x,, s=1,2.

Let us introduce the following notations

vl
Vv=0,u=|v,|; (1.11)
V3
u'=0u; V=0, (1.12)
Thus we can rewrite (1.1):
L i+l v-Lov=F. (113

Finally we obtain system of differential equa-
tions with operational coefficients:
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=
{V’ = L)L, g+ L)L, 7~ LF 419
or
7 =1z+F, (1.15)
where

v uy

L{LIL L'L } F_{—L;iﬁ}’ (1.16)

(1.17)

The system of equations (1.15) is supplemented
by boundary conditions, which are set in sec-

tions with coordinates x; =0 and x; =/,.

2. SOME GENERAL ASPECTS OF FINITE
ELEMENT APPROXIMATION

The discrete component of the numerical solu-
tion is represented by directions along the axes
x, and x,. The fulfilment within the element

(rectangular element) is the same for all compo-
nents of the vector function U (see (1.4)) Let's
divide the interval (0, /,) into N, parts and
interval (0, ¢,) into N,, parts (sides of ele-
ments); h,, =/,/N,, is the length of the side of
the element in the direction x;; h,,=¢,/N,_, is

the length of the side of the element in the direc-
tion x,. Let us number the elements with a mul-

ti-index i, =(i,,, i,,), where i,, =1, ., N, is
the first

i,, =1, .., N, is the number in the second di-

the number in direction (X,);
rection ( x, ).

We will also divide each side of the element
i, =(ie,1, ie’z) into and parts Nh,e’l(ie’l) and

N,.,(i,), respectively. It should be noted that
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th’l(ie,]) and Nh,e,z(ie,z) are of greater im-

portance on the localization (of solution) ele-
ments than on the other elements. Let us denote
the number of nodes on the element in the first
and the second directions as

Np,l (,))=N, .G )+1;
Np,z (ie,2) = Nh,e,z (ie,Z) +1.

Thus, the total number of nodes on the element
with this discretization is equal to

Np (le) = Np,] (ie,l )Np,2 (ie,Z) .

3. LOCAL CONSTRUCTIONS
FOR ARBITRARY FINITE ELEMENT

Let us represent fulfilment on the element
i,=(i,y, i,,) for the p-th component of the

vector function (p =1, 2, 3)

up(xl’ xz) = W(tl, tz) =
N[),Z (ic,z) Np,l (ie,l )

my (i, 5) my (i, ;) o2
— z Z ¢jzz 2 (t2)¢j11 1 (tl),al(]/z /1)’
Jr=1 A=l
.1)
where

x () <x <x(,,)+h,;
X, (1,5) <X, <x,(6,,) +h, 55
t=0x-x0,))/h,, 0<t <I;
t,=(x,—x,(i, )/ h,,, 0=t <I;

@7 (¢) is the j-th basis function of the B-spline

of degree m (see, for example, [7, 8]).
In this case, we have the following relations:

o 1 0

1 .
al = 6— = - .
X he,l ox, he,Z at,

dx, = h&1 -dt; dx, = he’2 -dt,;

2.,
o,
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Let us define the parameters ¢ in terms of oy =T"ur. (2.5)
the nodal wunknowns on the element
i,=(i,,,0,): Let us introduce the following notations:
u>V(x , x )=wt,, t.,)= i
) il> i2 il Yi2 ) .
Ml V) 3 . ut=|
_ m; (i my (I (Jasd1) . )
= z Z @ (G () e, T
J2=1
X =X (,,)+ ﬁ( =-1); are the nodal values of the vector function on
Ny the element i, ;
h 2
X, =X, (0,,)+ ———(,—-1);
Np,2 (le,Z) - 1 ull
t=(x—x,(0,))/ h,, = u' = u;
. he 1 . . l/li
=% (Ze,l) + . G-D- xl(le,l) / he,l = 3
N, G, )1
i -1 is the value of the vector function at the i-th
= 1 node on the element i, ;
P, l(le 1)
i,—1
t,=—2——. »
Np,2 (19,2) - 1 _ .p
uy=|
We obtain a system of linear algebraic equations g e)
P
Ta, =u,, (2.4)

are the nodal values of the p-th component of

the vector function on the element i,
where we have

(p=1, 2, 3).
_ . Let P tati tri h that
T={t }i . s et P be a permutation matrix such tha
my (i) my iy 1) .
=0 )0l ) -
Pu' =|u" |. 2.6
does not depend on p; . u2 (2.6)
L_l;e
a,={a)y={a"}; w:={u)}={u"}; Since for a permutation matrix P~ =P", the
i—i (i )@, —1) inverse transformation has the form
1 1\%e,1 2 4
L=1.,N,,@G,), =1 .,N,G,); e
1
J =] +Np,1 (le,l)'(JZ _1) H gl}, — PT L—lzle ) (27)
S=l N, G, =1 N, (@,). -
3

Then we have
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To construct local stiffness matrices correspond-
ing to the operators L , L , L , we consider

bilinear forms, taking into account representa-
tion (2.1) and relations (2.2)-(2.3) on the form

functions:

u(x, x,)=wt, t,)=
Nyolicn) Ny Gey)

=2 2

k=l k=l

y(x, x,)=q(, t,)=
Npalip ) Ny G )

=2 X

k=l k=1

my (i, ) m (i) —k,
@, (e () -a

my (i, 5) my (i, ;) nk.
(/)kz2 ’ (tz)(pkll Y@)-B

(2.8)
X (ie,l) Sx Sx (ie,l) +h,,;

el

X, (ie,2) <X, <X, (ie,Z) + he,2 5
0<t,t <1,

of B
a'=lay | B=|B
oy B

k=k+N,,G.,) (k,~1);
ky=1,..,N ,(,,); k=1..,N,(i,):;
va(ﬁay) = (wa_l’y) =

Xyl 2 )+he p Xy (g ) +he H 0 0
= j j (0 u 0 |i,y)dudx, =
X3 (i) x (i) 0 0 2#‘1’1
400
= he,2he,1J.J‘( 0 u 0 u,y)dtdt, =
010 0 2u+2

Npoliga) Nyl y) Npo(ig ) Ny (i y)

=D 2 X 2 VX

ih=1 i=l =l =l
u 0 0

(0 w0 &, p),
0 0 2u+4

where we have
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1

Vij= he’IJ-(Djr:n(ze,])(tl) X goi:nl(le'])(l‘l)dl‘l %
01 (2.9)

xh, [0 (1) " (2, )t

0

Let us denote

.....

Then, taking into account dependences (2.5) and
(2.6), the following chain of equalities is valid

B, (@,y)=< L,y >= u(Ca,B)+
+p(Cay, fy)+Qu+ AT ar, f) =
= u((T' TT ", 5) +
+u(TY TT Yk, zi )+
+Qu+ (T TT w2z ) =
uG 0 0 w | |z
=l 0 uG 0
0 0

i |,z | |=
Qu+A)G ||zt | |z
uG 0 0
=|PT| 0 uG 0

0 0 Qu+A)G
= (K, 2%).

Pt 7" | =

Thus, the local stiffness matrix K correspond-
ing to the operator L has the form

uG 0 0
K:=P"| 0 uG 0 |P. (211
0 0 Qu+i)G

Similarly, one can obtain local stiffness matrices
corresponding to the operators L, and L . We

present here the final formulas.
The operator L, corresponds to
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Kllm Kblml +K:m2 +K:ru3 +Kzlm4’ (212)
where we have
Qu+1)G, 0 0
K =P 0 uG, 0 |P;
0 0 UG,
Gl = (Til)TrlTil > F = {7/11';},']’—1 ,Np(l},);
m (ip1) my (i, 1)
I Al dq)l 1 Al
=—{ () ———(t,)dt,
e, 0 dt,
(2.13)
% he’zjq);:z(ie,z)(tz) . (Dirz”z(ie,z)(t2 )dtz,
0
0 AG, 0
K;Z,z =Pl uG, 0 0|P;
0 0 0
G, = (Til)TrzTil; I, = {7/2 i j}ij—l...,Np(z;,);
1 d¢ml(z 1)
Vary = |00 (1) (t,)dt, %
0 1
L mG) (2.14)
x| —2—(1,)- @™ (1,)dt,;
_([ dr, (1), (¢,)dt,
0 uG, 0
KW 3 =P’ AG, 0 0|P;
0 0 0
G=(TY T, Ty={rs, b o)
l ml(l 1) )
7/3,1‘,] = J' (tl) . ¢i:”l(le.l)(tl)dtl %
1° i (2.15)
x [ (1) = (t,)d;;
0 dt,
uG, 0 0
K:,=P'| 0 Qu+AG, 0 |P;
0 0 uG,

G,=T"'T,r'; r,= {7/4,1%1'}i,_i:L---»Np(ie);
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my (i, 1) my (i)
n”=—{¢ (6)- " (8t

hel 0 (2 16)
A j-d(pj’jz(’ 2) (t ) d(ﬂ:z(ie,z) (t )dt :
xn,, 2)° 2 )4ty
0 dt2 t2
The operator L, corresponds to
Kl Kzltvl+KLlw2_Kllw3_KLl¢v4’ (217)
where we have
0 0 4D,
Ke =Pl 0 0 0 |P;
uD, 0 0
Dlz(Til)TAlTil; {11]}111 ,,,,, N(z)’
1 my (i)
llj J.wzll(l ]) (tl)dtl X
" : (2.18)
> he,zj(D;Zz (e2) (tz) . (01’2”2 (e 2) (tz )dtz;
0
0 0 0
KlM:P 0 0 AD,|P;
0 wuD, O

Dz = (T_I)TAzT_l;

1
my (i, ;) my (i, 1)
52,[,_;‘ = he,lJ-¢jll : (tl)'goill ] (tl)dtl x

1 mz(l » (2.19)
X[ @20 (1) (1, )d1;
0 dt,
0 0 wuD
K;M Pl 0 0 0 |P;
AD, 0 0
D3=(T_1)TA3T_1' =1 311}',,1 ,,,,, N, (Q,)>
1 ml(l 1) A
M,j (6)- " (1, )dlt,
0 1 di (2.20)
% he,zj¢;:2 (i) (tz) . (0;”2 (ie.z)(tz )dtz,
0
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0 O 0
K:iev,4=PT 0 0 uD,|P;
0 AD, O

.....

1
54,1‘,/ = he,1'|‘(0zll(ie’1)(t1) ) (Pl‘l]nl(ig'])(tl)dtl X
fd s | 2.21)
Xhe,z'[:;—t(tz)'(0:2(1@‘2)02)‘”2;
0 2
W’xa
Xy X

3. EXAMPLE OF ANALYSIS

3.1. Formulation of the problem.

As a model example, let us consider the deter-
mination of the displacements of a three-
dimensional beam, fixed along the side faces in

v

D LTt ST e

/
’
’
4

Figure 3.1. Example of analysis.

three directions, under the influence of a load
concentrated in the center (Figure 3.1).

Let us consider the following geometric pa-
rameters:

L =L,=3.6m; L, =8m.

Let us consider the following design parameters
of material of the beam: coefficient of elasticity
E =26500-10" kKN/m?; Poisson's ratio v =0.15.
Let external load parameter be equal to
P =100 kN.

3.2. Structural analysis with allowance for
localization.
Let us determine the localization of the solution

in the zone of application of the load. Let us set

Ne,l :Ne,Z :4

Volume 19, Issue 3, 2023

is the number of elements in each discrete direc-
tion. The lengths of the element are equal to

h,=0,/N, =3.6/4=09; #h

e,

,=h

e,

=09,

Let us set the fulfilment by directions (Figure 3.2):

Np,l (1) = Np,1(4) =2

is the fulfilment in the first direction by a spline
of the first order: m (1) =m,(4) =1;

N, (2)=N,,3)=4

is the fulfilment in the first direction by a spline
of the third order: m (2) =m,(3)=3;
N,,(D=N,,(2)=4

lel
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is the fulfilment in the second direction by a The total number of unknown nodal displace-

spline of the third order: m,(1) =m,(2) =3; ments is equal to N, =3-81=243.
Total number of nodal unknowns is equal to
N,,3)=N,,(9=2 N, =2-243=486.

Figures 3.3 and 3.4 graphically represent select-
is the fulfilment in the second direction by a ed examples of the obtained solution results. Let

spline of the first order: m,(3)=m,(4)=1. us use the following notations:
Thus, the localization area includes elements

with numbers (2, 1), (3, 1), (2, 2), (3, 2). h,=h,,/3=09/3=0.3
The total number of nodes of the mesh is equal

to N,=9-9=81.

-

X

Figure 3.2. Mesh discretization with allowance for localization.

CONTOURF: function U2(:,:,x3=L3/2+h3)

U2=U2(x1,2h2,x3=L3/2+h3)

0.5 1 1.5 2 2.5 3 3.5 4

b)
Figure 3.3. Nodal displacements u, :

a) in section x, =0,/ 2+h,; b) in section and at the level x, =2h,
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is the step of discretization of the finite element in
the localization area in the second direction (x, );

hy=10,/20=8/20=0.4

— step of printing the result along the continual
direction ( x; ).

o 10" U2=U2(L1/2,2h2,x3) o 10° U2=U2(L1/2,2h2,x3)
0.5 0.5
1 1
1.5 1.5
2 2
2.5 2.5
3 \ o/ : \\ //
3.5 \ / 3.5
4 \ 4 \ ]
4.5 \ / 4.5 \ /
5 5
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
a) b)
Figure 3.4. Displacements along continual direction for x, =/ /2 and x, =2h,:
a) component u,, b) component u, .
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