International Journal for Computational Civil and Structural Engineering, 19(3) 58-68 (2023)
DOI:10.22337/2587-9618-2023-19-3-58-68

RECIPROCITY LAWS FOR OSCILLATIONS
OF DISSIPATIVE SYSTEMS

Alexander N. Potapov
South Ural State University, Chelyabinsk, RUSSIA

Annotation: A general method for proving reciprocity relations in an arbitrary elastic discrete dissipative system
(DDS) is presented. The method is based on the use of the algebraic theorem of P.L. Pasternak and on the new
properties of the Duhamel integral, which are obtained for a dissipative system with internal friction of the mate-
rial, which is taken into account on the basis of the non-proportional damping model. For displacements, veloci-
ties and accelerations, the dynamic reaction equations are written in the form of systems of linear equations and
their symmetrical structure is shown. The functional dependence of the force parameters of the calculation model
and the corresponding kinematic parameters of the reaction is determined by an arbitrary scalar function of time.
An extended interpretation of the reciprocity theorems is given and sufficient conditions for their fulfillment are
formulated, which consist in the requirement that the matrix differential operator of the equation of motion be
symmetrical. New laws of reciprocity in dissipative systems are formulated and proved. The reciprocity of the
product between the velocities / accelerations of masses and nodal forces is established. In contrast to the well-
known theorem on the reciprocity of possible work, these laws are theorems on the 1st / 2nd derivative of possi-
ble work with respect to time and therefore go beyond the Betti principle. For particular cases of these theorems,
the reciprocity of velocities and reciprocity of accelerations is shown. Expressions of general and particular theo-
rems have a fairly simple mathematical form that does not require recourse to integral transformations, and are
presented in an analytical form.
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COOTHOLIEHHUA B3BAUMHOCTH
B IMHAMUKE JUCCUITATUBHBIX CUCTEM

A.H. ITomanoeg
OI'AOY BO «tOsxHO-Ypanbcknii rocymapeTBenHbli yHuBepeuret» (HNY), r. Yensbunck, POCCHUS

Annoranus: [TpuBeneH oOmmii METON JOKA3aTEIbCTBA COOTHOIICHUHA B3aMMHOCTH B TPOU3BOIBHON YIPYTOH
JuckpeTHol muccumnatuBHO# cucteme (/1C), ocHOBaHHBIN Ha MCIIONB30BAaHUMN anredpamdeckoit Teopemsl [1.J1.
ITacrepHaka ¥ HOBBIX CBOKCTBax MHTerpaina Jlroamesns, KOTOpbIE IMOJyY€Hbl JJIsl AMCCHUIIATUBHON CHCTEMBI C
BHYTPEHHNUM TPEHHEM MaTepHala, yUYUTHIBAEMbIM Ha OCHOBE MOJEIH HEMPONOPIIMOHAIBHOTO JeMII(HPOBAHNS.
Jlyis mepeMerieHuii, CkopocTeld U YCKOPSHUH ypaBHEHUS TUHAMUYECKOH peakIiy 3alHcaHbl B (OpPME CHCTEM
JUHEHHBIX ypaBHEHUH M IOKa3aHa UX CHUMMETPHUYHAsA CTPYKTypa. OyHKIMOHAIbHAS 3aBUCUMOCTh CHJIOBBIX Ma-
paMeTpoB pacueTHON MOJENN M COOTBETCTBYIOIUX KHHEMAaTHUECKUX MapaMeTPOB PEaKIMU OIMpeaessieTcs mpo-
M3BOJIBHOW CKaJISIPHOM (QyHKIMeH BpemeHH. JaHa pacumimpeHHast TPaKTOBKa TEOPEM B3aUMHOCTH U copMyIn-
POBaHBI JTOCTATOYHBIE YCIIOBHS UX BBIITOJIHEHHS, 3aKITI0YAIONINECS B TPEOOBAHUN CUMMETPHN MaTPUYHOTO JH (-
(epeHIIMaIBHOTO onepaTopa ypaBHeHHs ABkeHus. CHOopMyIMpOBaHbI U T0Ka3aHbl HOBBIE 3aKOHBI B3aUMHOCTH
B JIMCCHUITATHBHBIX CHCTEMax. YCTaHOBJICHA B3aMMHOCTb HMPOW3BEACHHS MEXIY CKOPOCTSIMHU / yCKOPEHHSMH
Macc M y3JIOBBIMH CWJIAMH. B OTIIHUME OT M3BECTHOM TEOPEMBI O B3aMMHOCTH BO3MOJKHBIX Pa0OT JaHHBIE 3aKO-
HBI TIPEJICTABIIET COOOH TeOpeMbl O 1-if / 2-if MpOU3BOAHOIN BO3MOXKHOM paOOTHI IO BPEMEHH H TIO3TOMY BEIXO-
JIIT 3a paMKH npuHOuna bertu. 7t yacTHBIX CiTydaeB 3THX TEOPEM ITOKa3aHa B3aMMHOCTb CKOPOCTEH U B3aUM-
HOCTb YCKOpeHHH. BbIpakeHus 0OMNX 1 4aCTHBIX TEOPEM UMEIOT I0CTATOYHO MPOCTYIO MaTeMaTHUYECKyI0 (op-
My 3alucH, He TpeOyollyo o0palieHuss K MHTerpajibHbIM [TPe00pa3oBaHMsIM, U MPEACTABISIOTCS B aHATUTHYC-
CKOM BHJIE.

KaroueBbie ci1oBa: unrerpan Jlroamernsi, TUCCUMATHBHAS CUCTEMA, PEAKIIUSI, IEPEMEIIICHHE, CKOPOCTh, YCKOPEHHE
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Reciprocity Laws for Oscillations of Dissipative Systems

INTRODUCTION

The main provisions on the issues of reciprocity
in elastic systems were formulated in the works
of Maxwell, Betty, Rayleigh and other scien-
tists. These problems are most fully elucidated
in the works of Rayleigh, who for the first time
extended the results of his research to dissipa-
tive systems, introducing the scattering function
for this purpose [1].

In deriving reciprocity relations, Rayleigh con-
sidered systems with a finite number of degrees
of freedom, referred to below as discrete sys-
tems. As sources of perturbation of a discrete
dissipative system (DDS), he took periodic
forces of a harmonic type and given mass dis-
placements, which also obey the harmonic law.
In his proofs, Rayleigh relied on the analysis of
the potential and kinetic energies of the DDS,
which are homogeneous quadratic functions of
generalized coordinates and velocities. As a
result, a general law of reciprocity was obtained
(the theorem of reciprocity of work in the form
of a product of forces and displacements), re-
gardless of the Italian scientist Betty, who for-
mulated this law a year earlier (1872). Rayleigh
also proved all particular reciprocity theorems:
displacements, reactions, reactions and dis-
placements. In addition, for a conservative
system that has only kinetic energy, a work
reciprocity theorem was obtained in the form of
a product of impulses of forces and mass veloci-
ties and a particular theorem on the reciprocity
of impulses.

In [2], a purely algebraic interpretation of the
principle of reciprocity was given, according to
which reciprocity was considered as a property
characteristic of any system of n linear equa-
tions with a symmetric structure of coefficients.
Reciprocity theorems are used in various fields
of science and technology: acoustics, electrical
engineering, geophysics, etc. In the field of
practical applications of elastodynamics [3],
reciprocity theorems are used in microelectro-
mechanical devices, which are typical structural
elements of building mechanics. In miniature,
they are thin bodies such as beams, plates, shells
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and membranes. In the field of nanotechnolo-
gies (nano- and metamaterials) [4], an approach
is used that makes it possible to apply the Betti—
Rayleigh reciprocity theorem to calculate scat-
tered fields in the form of plane waves at the
interface between a homogeneous medium and
a metamaterial.

The principle of reciprocity assumes the invari-
ance of the characteristics of the frequency
functions between any two material points
during the replacement between the source and
the receiver. This fact laid the foundation for
many practical studies on ground vibrations
caused by traffic [5], in seismic exploration [6],
and problems of soil dynamics [7-10].

In [5], a problem related to soil dynamics was
solved by checking a numerical model of vibra-
tion caused by road roughness during the
movement of a vehicle such as a car. Rayleigh
surface waves, generated by vertical vibrations
from dynamic loads on the axle and propagating
in the soil, are studied. Soil response in the free
field was calculated using the dynamic Betty-
Rayleigh reciprocity theorem using the transfer
function between road and receiver. In the field
of geophysics, in particular, seismic exploration
[6], a method has been developed for detecting
underground cavities using special dynamic test
procedures designed to determine the character-
istics of underground anomalies. The studies
were carried out using active or passive sources
and receivers placed on the earth's surface or
inside wells for Rayleigh surface waves scat-
tered from inhomogeneities in layered half-
spaces. Discrete analytic expressions for the
Green's functions are obtained on cavities using
the thin layer method based on the Betti—
Rayleigh reciprocity theorem.

Estimates of the levels of vibrations of the
surface of the soil medium from a point source
located inside the half-space were carried out in
[7] based on the theorem on the reciprocity of
displacements. The same theorem was used in
studies on assessing the risk of damage to build-
ings due to sedimentation of the soil surface
during shield penetration [8], when moving
high-speed vehicles (trains, cars) [9]. The article
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[10] considers the case of the impact of a seis-
mic wave on a rigid foundation located in diffi-
cult soil conditions. The assessment of seismic
load on a rigid foundation was carried out in the
frequency range using the reciprocity theorem.
The papers [11, 12] provide proofs of reciproci-
ty theorems for an arbitrary dynamic load with-
out taking into account [11] and taking into
account internal friction [12]. In the latter case,
the damping matrix was adopted on the basis of
the proportional damping model, which made it
possible to write the differential equations of
motion in a separated form.

For dynamic problems of the theory of elastici-
ty, an approach [13] to the derivation of the
reciprocity theorem based on the variational
principle was proposed, in contrast to the gener-
ally accepted method of deriving reciprocity
relations, which used the integral Laplace trans-
form. When writing the equation of motion, the
internal friction of the material is not taken into
account. In [14], reciprocity relations were
obtained in differential form for differential
operators of elasticity theory and, for a particu-
lar discrete case, transitions to classical reci-
procity relations between the coefficients of the
force method, displacement method, and the
mixed method were shown.

A number of works on reciprocity relations
were carried out in the field of nonlinear prob-
lems of building mechanics, in particular, for
nonlinear elastic systems it was shown [15] that
reciprocity relations follow from the conditions
of conservative properties of the system. The
article [16] developed a technique applicable to
discrete or continuous systems with smooth or
non-smooth nonlinearities using the Betti-
Maxwell reciprocity theorem.

A large cycle of works relates to the elastody-
namics of Rayleigh surface waves in solids,
where an effect associated with the violation of
reciprocity in an elastic medium was discov-
ered. In works [17, 18], devoted to the study of
the propagation of Rayleigh waves with masses
arranged in the form of a hexagonal and triangu-
lar lattice, this effect is explained by the lack of
symmetry in the modes of natural oscillations,
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which manifested itself in the asymmetry of
responses in the form of displacement fields in
the direction of the medium. Also, the effect of
the lack of symmetry in the modes of natural
oscillations was noted in [19]. In [20], the viola-
tion of reciprocity in the elastodynamics of
linear time-invariant acoustic waveguides was
studied, which, according to the authors, is
possible only due to violation of the time rever-
sal symmetry at the microlevel.

1. Research method

A more general and at the same time simpler
method for proving reciprocity theorems, which
does not require the use of integral transfor-
mations, is described in the articles [21, 22].
The approach is based on new properties of the
Duhamel integral, obtained by analyzing the
equation of motion of the DDS and its charac-
teristic equation. The interpretation of well-
known theorems is extended, proofs of new
reciprocity theorems are obtained, and condi-
tions are formulated that ensure reciprocity
properties in DDS.

The differential equation of motion of the DDS
and its characteristic equation corresponding to
the homogeneous equation have the form:

(1
2

MY () +CY(t)+KY(t) = P(t)
MS*+CS+K=0,

where M = diag (mu,..., mn), C, K — are real and
symmetric matrices of masses, damping and
stiftness; Y(¢) = [yi(0)], P(O) = [pi(O)] G =1, ... , n)
— displacement and external load vectors; S €
My(C) — the required matrix of dynamic charac-
teristics of DDS; n is the number of degrees of
freedom. The transition from equation (1) to (2)
is performed using the fundamental matrix ®(¢)
— oSt

When analyzing the characteristic equation (2),
an arbitrary type of damping is considered,
which is determined by the matrix C. Here, the
only mandatory condition is the requirement for
the symmetry of the matrix C = C". In the pres-
ence of symmetry of the matrix C, the type of
damping can be adopted based on any model
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(proportional or non-proportional) damping, and
then the solution of equation (2) is written as:

S=M"(=C+V+U)2 € Mi(C), &)

where: V' =—VT, U= U'. With a small dissipa-
tion characteristic of conventional building
structures, additional properties are valid: V, iU
€ Mn(R) (i — imaginary unit).

The vector P(¢) is represented as a product of an
arbitrary scalar function of time &(f), which
specifies the shape of the dynamic load, and the
amplitude vector Po=[poj] j =1, ..., n):

P(t) = &(n)Po. “)

In this case, the reaction equations of the system -
displacement vectors (Duhamel integral), velocities
and accelerations, take the form:

Y(£) = 2Re {I(1)} P,
Y(¢)=2Re{SI(f)} P,

F(6)= 2Re 8201 Po + M), | O
where
1) = (U [ (—0)"e(x) da). ©)

It follows from the analysis of equation (2) in
[23] that solution (3) satisfies the equalities:

STU=US, @(1)'U=Ud(1), (7)

which establish the fact of symmetry of matrices
US, UD(¢). This fact regarding the second equa-
tion in (7) is based on the property of the exponen-
tial matrix ®(¢) = €% to be expanded into an infi-
nite series in powers of the matrix argument S:

0 S k
o= >0

k=0

Indeed, the equality US = STU implies a whole
class of equalities related to any integer power
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of the matrix S: US* = (SH'U (k = 0, =1, £2,
... ). From here one can obtain any linear com-
bination of such equalities, and hence a combi-
nation containing the coefficients of the expan-
sion series of the fundamental matrix ®(¢). This
leads to an important symmetry property of the
auxiliary matrix functions SKU'®(+—1)" (k = 0,
+1, £2, ...), from which it is sufficient to choose
only the dependencies for k=0, 1, 2:

U'd(t-1)T, SU D),
SPU ' d(t-1)".

These matrices are contained in the structure of
equations (5). They coincide up to a scalar factor
with the corresponding expressions, which are
under the integral sign in (5). Note that for elastic
vibrations of the system, the matrices U™, SU' u
S2U™ do not depend on the integration variable
and, therefore, can be introduced under the inte-
gral sign (6) in equations (5).

Generalizing these results, we represent the
vector form of equations (5) in the form:

} )

)

Y(t) = D(OP(1), Y(t) = V(OP(),
Y(t) = A(t)P(0),

where

D(#) = D(1)" = 2Re {I()}&() ",
V(t)= V()" =2Re {SI0)}E(@0),
A(f) = A()T = 2Re {SPI(0)}E(t) ™ + M,

2. Results and discussion

In view of the symmetry (9), these relations
express special cases of reciprocity in a dissipa-
tive system, representing the displacement
reciprocity theorem (Maxwell's theorem, first
equation): D(¢f) = D(¢)", the velocity reciprocity
theorem (second equation): ¥(f) = V()" and the
acceleration reciprocity theorem (third equa-
tion): A(f) = A(%)".

Velocity reciprocity theorem in DDS:

The speed Vi(t), imparted to the mass mi from
the action of a unit force given by the law Px(¢)
= 1-&(¢) and applied to the mass mx, is equal to

61



the same speed Vii(f) = Vi(t), that occurs when
moving mass my, as a result of the action of a
unit force Pi(t) = 1-&(¢), applied to the mass m.
The theorem of reciprocity of accelerations in
DDS:

The acceleration Ai(¢), arising from the move-
ment of the mass m; from the action of a unit
force given by the law Px(f) = 1-&(¢) and applied
to the mass mix, is equal to the same acceleration
Aki(f) = Au(t), arising during the movement of
the mass mi, caused by the action of a unit force
Pi(t) = 1-&(1), applied in the mass m;.

The presence of reciprocity of accelerations is
recognized by many experts as a fact [11],
although there is no proof of the existence of
this theorem in the scientific literature.
According to the physical meaning, the ele-
ments of matrices (9) are, respectively, the
dynamic displacements, velocities and accelera-
tions of the DDS nodes. The dynamic nature of
these quantities and reciprocity relations is
indicated by the scalar function &(#) of the load
form, which is included in all expressions of
matrices (9). These matrices have a fairly sim-
ple mathematical form of notation, represented
by analytical expressions and do not require
recourse to integral transformations.

It should be noted that Rayleigh in his studies
initially considered periodic effects of both
force and kinematic types, taking as a scalar
harmonic function of time §(¢) = sin (8¢ + @),
where the angular frequency 9 and the initial
phase ¢ of the periodic effect were considered
constant values for all nodes of the discrete
system. In this case, Rayleigh considered only
steady-state oscillations. Indicative, in this
regard, is his statement, which has the character
of insight: “If the force is not a harmonic func-
tion of time, then the types of oscillations in
different parts of the system generally differ
from each other and from the type of force
oscillation” [1]. That is, Rayleigh well under-
stood that with an arbitrary law of acting forces,
the oscillatory process in the system becomes
too complicated to study the emerging "types of
oscillations" and requires more advanced meth-
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ods of analysis, which at that time were not
available.
Systems of equations (8) at any fixed moment
of time are considered as systems of algebraic
equations with a symmetric structure of coeffi-
cients, for which the property of reciprocity can
be shown based on the theorem of prof. P.L.
Pasternak [2]. We present a scheme for proving
the law of reciprocity using the first equation in
(8) as an example.
Let some other group of new forces pi(f)' (j =1,
... , n) represented by the vector P(f)' act on the
same n-mass dissipative system, then from for-
mula (4) we have P(¢)' = §(f)Po', where Po' = [po/']
(=1, ..., n). This action will cause the response
of the elastic system in the form of a new dis-
placement vector Y(¢)' = [yi(¢)'] (=1, ..., n). This
set of forces and displacements will correspond
to the equation Y(#)' = D(¢)P(¢)', which is convert-
ed to the form P(¢)' = D(t)"' Y(¢)'. After the opera-
tion of transposing the first equation in (8) Y(£)"
= P(f)'D(t) and term by term multiplication of
the left and right parts of the obtained equalities
as a row by a column, we obtain an equation.
This equation expresses the equality of possible
works (the Betti principle) performed in an elas-
tic dissipative system by the force vectors P(z)
and P(¢)' on displacements represented by the
corresponding vectors Y(¢)', ¥(¢):
Y(H)'P(1)' = Y(£)TP(¢). (10)
Similarly, for two other linear systems in (8)
with symmetric matrices V(¢) and A(¢), reciproc-
ity relations are constructed according to the
above scheme:

Y(0)"P(t) = Y (1) "P(),
Y()TP(t) = Y () "P(2). (11)

Relations (11) represent new laws of reciprocity
in the dynamics of dissipative systems. These
laws are outside the scope of the Betty principle
(10), since their expressions do not represent
possible work. The first relation in (11) has the
dimension "kN-m/s" and it can be considered as
a theorem on the reciprocity of the 1st deriva-
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tive of the possible work with respect to time,
the second relation (with the dimension
"kN-m/s*") - as the reciprocity theorem 2nd
derivative of possible work with respect to time.
Laws (11) establish the reciprocity of the prod-
uct of velocities / accelerations of masses in one
state of the system and the nodal forces in its
other state. In this case, the proof of particular
cases of reciprocity relations (9) follows from
the property of the Duhamel integral based on
the symmetric structure of the integrands (6). To
construct general reciprocity laws (10), (11),
Pasternak's theorem is used, which is based on
systems of equations (8), which have a proven
symmetric structure of coefficients.

Thus, the prerequisite for the existence of reci-
procity relations in a dissipative system is due to
the presence of symmetry of the differential
operator of the equation of motion (1), which is
a sufficient condition for the fulfillment of the
reciprocity laws shown above. Less obvious is
the necessity of a condition for the fulfillment of
these laws.

Indeed, symmetry breaking in the structure of a
differential operator, for example, when using a
damping model with a non-symmetric matrix C
# CT, will affect the properties of the character-
istic equation (2) and auxiliary equalities (7).
This will affect the structure of the expression
for the dynamic response of the system (5), (6).
With this formulation of the problem, the laws
of reciprocity will be formulated in a more
complex, generalized form. This indicates that
in the field of dissipative systems there are still
many problematic issues that need to be re-
solved.

An illustration of the reciprocity theorems is
given on the example of vibrations of a rigidly
clamped steel I-beam (Ne 50, J: = 39727 cm?)
for its various states (Fig. 1, 2, 3). The beam
length is / = 1500 cm, point masses m: = 0.5282
kNs*/cm atn=17.

The damping matrix is adopted in accordance
with the non-proportional damping model used

in the author's works [23]: C = %(KT + TK),

S [m;

where T = diag (11, ..., 17); ti= ﬁ’, mj, 1jj —
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diagonal elements of matrices M, K (6 = 0.07 —
logarithmic oscillation decrement).

Parameters of natural oscillations of a steel
beam: the frequency of the fundamental tone of
oscillations was @min = 52.78 rad/s, the period of
oscillations was 7= 0.12 s.

The reciprocity of velocities and accelerations is
shown in fig. 1 for the case of action of single
rectangular pulses Pi(¢t) = 1-§(¢) with a length of
0.1 s (pulse shape &(¢) = 1). In the first state, the
reaction of the beam at the 3rd node from the
action of the impulse 1-&(¢) applied to the mass
me 1s shown. Oscillograms of velocities and
accelerations are red (Fig. 1). The scale of ac-
celerations (dashed line) is reduced by 50 times.
In the second state, the same reactions (blue
color) occur at the 6th node from the action of
the impulse 1-§(¢) applied to the mass ms.

0.15 0.2

0 0.05 0.1

Figure 1. Oscillograms of velocities (solid line)
and accelerations (dotted line) in a rigidly
clamped beam under the action of a rectangular
pulse equal to 1 in two states of the system: at the
6th node (response at the 3rd node - red) and at
the 3rd node (response at the 6th node - blue)

On Figure 2, the action of vibrational forces
with an angular frequency of 300 s™! is consid-
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ered: P(f) = &(t)Po, where £(f) = sin 300z. The
reciprocity of the Ist derivative of the possible
work with respect to time is shown. Flat curves
on the graphs are plotted only for the peak load
values shown on the right side of Figure 2. In
the first state, the amplitudes of the forces pos,
pos are multiplied by the speeds of the same
nodes, caused by the amplitudes of the forces of
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the second state: po2, po3, pos. The given
oscillogram of the 1st derivative of the possible
work (red color) coincides with a similar value
(blue color) obtained by multiplying the
amplitudes of the forces of the 2nd state at the
speed of nodes 2, 3, 5, caused by the amplitudes
of the forces of the 1st state.

1 ¥ 3 g 7 ¥3 % k

LA 4 p 14 4 L, 23 3 . 0 0

x10 x10 p/oj-sm 300¢ 0 50

1 . 1 T 0 80
¥ P, Y(t) TP, Py=| 100|kN P,= 0 |kN

--------- e . 0 60

0.5 0.5 ! 40 0

0 0

[

.............................

f,s

0 0.05 0.1 0.15 0.2 0 0.05

0.1 0.15 0.2

Figure 2. Reciprocity of the Ist derivative of the possible work under the action of vibrational forc-
es in a rigidly clamped beam

On Figure 3 shows a spatial plot of the surface
of the 2nd derivative of the possible work from
the action of a sinusoidal impulse load P(¢) =

SOk,

where &(f) = sin nt/ti, t1 = 0.1 s is the pulse
length. The pulse amplitudes have the same
values as under the action of the vibration load
in the previous example.

NN
o Q-

¥ ¥ %

Y(®)"P(¢)

0 h

pojsin Tt/t
=0.1s

@/ 2

YO TP(ty

Figure 3. Surfaces of the 2nd derivative of the possible work under the action of sinusoidal pulses

CONCLUSION

1. Thus, a general method for proving reciproci-
ty relations is given, based on the properties of
the Duhamel integral and the algebraic theorem
of Professor P.L. Pasternak.

2. In the formulation of the problem according
to the reciprocity theorems, the following is
allowed: the form of the external load is deter-

mined by an arbitrary scalar function of time;
fluctuations can be both steady and unsteady;
DDS damping type can also be arbitrary (pro-
portional, non-proportional).

3. Obtained and proved particular laws of reci-
procity of velocities and accelerations in dissi-
pative systems. The expressions of the symmet-
ric matrices of velocities and accelerations have
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an analytical form of notation that does not
require recourse to integral transformations.

4. The area of application of the laws of reci-
procity, which go beyond the framework of the
Betty principle, has been expanded. General
reciprocity theorems about the 1st and 2nd
derivatives of possible work with respect to time
are proved.

The proposed approach indicates that the Du-
hamel integral is not only a tool for analyzing
DDS, on the basis of which quantitative esti-
mates of reaction parameters are built, but also
an effective tool for studying such systems in
order to obtain qualitative estimates. The re-
vealed properties of symmetry in the structure
of the reaction equations open up new possibili-
ties for studying and understanding the theoreti-
cal foundations of the ongoing processes hidden
in the nature of the oscillations of dissipative
systems. In the field of fundamental research,
which includes problems of reciprocity rela-
tions, the solution of these problems is highly
topical and is of exceptional importance for
practical use.
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