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Abstract: During construction, a liquid solution of a grout or waterproof filler is pumped into porous rock to
improve its properties. The filtration of a suspension moving at a variable speed in a porous medium is
simulated. A one-dimensional problem of filtration in a homogeneous porous medium with a curvilinear
concentration front of suspended and retained particles is considered. For the numerical solution of the problem
by the method of finite differences, the method of characteristics is used. The transition to characteristic
variables allows one to straighten the front and construct a discrete grid with a constant step. When calculating
the solution using an explicit difference scheme, additional points are used that do not coincide with the grid
nodes. A detailed description of the algorithm for calculating a solution at the grid nodes and an example of a
numerical solution of the problem are given.
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XAPAKTEPUCTHUYECKUU METO/I JIJIS1 PEILEHUS 3AJIAYA
OUNJIbTPALIIUH

JLH. Kysbmuna ', IO.B. Ocunog *, A.P. Ilecmepes *

! HaumonanbHbIH MCCIEN0BATENLCKUM YHUBEPCUTET «BhICIIas mKoia S5KOHOMUKNY, T. Mocksa, POCCUSI
2 HanmoHaJIbHBIH KCCIeN0BaTENLCKUH MOCKOBCKHUI TOCY 1apCTBEHHBIN CTPOUTENBHBIA YHUBEPCUTET, T. MOCKBa,
POCCHUA

AnHoTauusi: [Ipu cTpouTenbcTBe ISl YIydIIEHUS CBOMCTB MOPUCTONM MOPOJIBI B HEE 3aKAUMBACTCS KUIAKUN
pPaCTBOp YKpEMHUTENss WM BOJOHCIPOHHUIIACMOIO HAMONHUTENsA. Monenupyercs (GuibTpamnus CycreH3uH,
JBIDKYIICHCS ¢ IEPEMEHHOM CKOPOCTHIO B MOPHUCTOH cpejie. PaccMarpuBaeTcst oqHOMEpHas 3a/1a4a (GHIbTPALUH
B OJTHOPOJIHOHM MOPUCTON cpelle ¢ KPUBOJIMHCHHBIM (PPOHTOM KOHIICHTPAIMI B3BCIICHHBIX M OCAKICHHBIX
gactur. [lI1 YHCIEHHOTO peIIeHUs 3aJadd  METOJOM KOHEYHBIX pAa3HOCTEH HCIOJB3yeTCs METO.
xapakTepucTrk. [lepexoq K XapaKTepUCTUYECCKUM IIEPEMEHHBIM MO3BOJISICT BBHINIPSAMHUTE (PPOHT U TOCTPOUTH
TUCKPETHYIO CETKY C TIOCTOSHHBIM ImaroM. [IpW BBIYMCICHWM pEIICHUS [0 SBHOW pPa3HOCTHOH cxeme
HCIOJIB3YIOTCS AOTIOTHUTENbHBIE TOUYKH, HE COBMANAloMue ¢ y3namu ceTku. [IpuBeneHo moapoOHOe ommcaHne
ANrOpPUTMAa IIOCTPOCHUS PEIICHHS B y3JIaX CETKH U IPUMEp YNCIEHHOTO PEIIeHHUS 3a/1aUH.

KiioueBble ciioBa: FJ'Iy6I/IHHaH (bl/IHI)TpaHI/IH, nopucTras cpcia, B3BCHICHHbIC U OCAXKJACHHBIC YaCTUIIbI,
METOA KOHCUYHBIX paBHOCTeﬁ, MCTOA XapAKTECPUCTUK, YUCICHHOC PCHICHUC

1. INTRODUCTION

Filtration of suspensions in porous media occurs
in many construction technologies. To
strengthen the foundation, liquid concrete is
injected into loose soil, which, when solidified,
strengthens the rock. During the construction of

Volume 19, Issue 3, 2023

underground storage facilities for hazardous
liquid waste, watertight partitions are
constructed. To do this, a solution of a polymer
or bentonite is pumped into the cavity, which,
when wetted, expand and fill empty pores.
During the reconstruction of roads, a grout is
pumped into the eroded cavities under the
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roadbed, which is filtered in sand and fine
gravel [1-6].

Filtration models describe the transport of
suspended particles by a carrier fluid through
pores. Under the influence of various forces
(electrostatic,  gravitational, hydrodynamic,
mechanical and others), some particles are
deposited on the framework of a porous medium
and form an immobile deposit. Depending on
the physical and chemical properties of the
particles, of the liquid, of the porous medium
frame and on the geometry of the pores, one or
another mechanism of particle capture
predominates. If the sizes of particles and pores
are close, then the size-exclusion mechanism is
the main one: suspended particles freely pass
through large pores and get stuck in the neck of
narrow pores [7—11].

Mathematical models of filtration include quasi-
linear partial differential equations with various
conditions which determine the unique solution.
Analytical solutions of such problems are
available only in the simplest cases. As a rule,
numerical methods are used to obtain the
solution [12-16].

The model of pure water displacement by a
suspension in a porous medium is given by
inconsistent initial and boundary conditions.
The solution — the concentration of suspended
particles — is discontinuous at the concentration
front. It is zero before the front and positive
behind the concentration front [17].

For the numerical solution of filtration
problems, the finite difference method with a
constant step is mainly used [18-20]. This
method works well on a rectangular grid. It can
be used also on a wedge obtained by cutting off
from the rectangle the area before the rectilinear
concentration front, where the solution is zero.
The ratio between the time and coordinate steps
is selected so that the grid nodes lie on the
concentration front.

If the suspension velocity changes, then the
concentration front becomes curvilinear [21]. In
this case, to get the nodes to the concentration
front, a variable grid spacing is usually chosen.
It is also possible to keep the grid step constant
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and check each node whether it lies behind the
front [22].

The proposed algorithm uses the characteristic
variables of the hyperbolic system [23-25]. In
these variables, the front becomes rectilinear,
which makes it possible to apply the finite
difference method with a constant step. The
solution in Cartesian variables is obtained by
reverse substitution. The algorithm is used to
solve the filtration problem with deposit rise.
For a variable suspension velocity, this problem
has no analytical solution [26, 27].

2. FILTRATION MODEL WITH DEPOSIT
EROSION

In the domain Q= {(x,7): x>0, >0}, a one-
dimensional filtration model of a monodisperse
suspension moving in a porous medium with a
variable speed v(¢) >0 is considered

oC oc oS
5+v(t)a+§=0, (1)
2 _F$)1C-p(5) )
with boundary and initial conditions
x=0:C=1, t=0:C=0,5=0. (3)

Consider (1) as an equation with respect to the
unknown C(x,7) for a given solution S(x,7).

Let us introduce a characteristic variable 7. The
characteristics of equation (1) are given by a
system of ordinary differential equations [28]

ﬂzl, ﬁ:v(t).
dr dr

4
The initial conditions for characteristics (4)
depend on their location. For characteristics
coming out of the OX axis

t(0)=0, x(0)=x,, x,>0, (5)
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for characteristics coming out of the OT axis
t(0)=t,, x(0)=0, #,>0. (6)

Integrating equations (4) with conditions (5) and
(6), we obtain two families of characteristics:

OX:t=r, x:Iv(t)dr+x0;
0

, (7
OT: t=1+t,, xzjv(t)dr.
0

Since the initial and boundary conditions (3) are
not consistent at the origin, the solution C has a
discontinuity. The discontinuity line I' — the
concentrations front of the suspended and
deposited particles is a characteristic emerging
from the origin of coordinates. It is given by
system 4) with the conditions
t(0)=0, x(0)=0.

In this case # =7 and the concentration front is
determined by the formula

t

X (1) = [v(g)ds ®)

0

Using the method of characteristics, it can be
shown that problem (1)-(3) has a zero solution

in the domain Q°={(x,f): x>x.(¢), >0}
(before the front), behind the front in the
Q" ={(x,t): x<x.(¢), t>0} the
solution is positive.

Substitute equation (2) into (1). In characteristic
variables, equation (1) takes the form

domain

dC
d—T——(F(S)C—(ﬂ(S))- )

t+dt

t

j (F(S)C—p(S))dt = %(F(S(x(t +dt,1,),t+dt)) C(x(t +dt,1,),t + dt) —

For the uniqueness of a positive solution, the
conditions are set on the boundaries of the

region Q" :
(10)

The limit value of the retained concentration at
t — oo is determined from the ratio

F(S)-¢(S)=0.

3. ALGORITHM FOR NUMERICAL
SOLUTION

To effectively use the finite difference method
in the domain QF, let's pass to variables
ity (t>1)):

T=t—1,, x(t,to)zjv(g)dg. (11)

lo
From formulae (11) it follows

dc_dc
dr dt

We integrate equation (9) with respect to the

variable ¢ from ¢ to t +dt:

C(x(t+dt,1,),t+dt) - C(x(t,1,),1) =

t+dt 12
=— j (F(S)C—p(S))dt (12)

Approximate calculation of the integral on the
right side of equation (12) is performed using
the trapezoid method:

(13)

—@(S(x(t+dt,t,),t +dt))+ F (S(x(t,1,),0)) C(x(t,1,),1) - go(S(x(t,to),t))).
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Substitute the integral (13) into equation (12):

C(x(t+dt,t,),t+dt)=
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(2= F(S(x(t.1,),0)dt) C(x(t,1,),0) + dt (@(S(x(t +dt,1,),t +db)) + p(S(x(t,1,),0))) (1)
- 2+ F (S(x(t+dt,t,),t +dt))dt '
To find the value S(x(z+dt,t,),t +dt) , integrate equation (2) over time for a fixed x =x(t,7,):
t+dt
S(x(t,t,),t +dt)—S(x(¢,t,),t) = I (F(S)C—o(S))dt. (15)
Calculate the integral on the right side of (15) using the left rectangle method:
SCx(t, 1), +dt) = S(x(t, 1), 1) +(F (S(x(1,2,),0)) C(x(t,,),1) = 9 (S(x(t,1,), 1)) )t (16)

Formulae (14), (16) make it possible to
sequentially calculate the discrete values of the
solution.

First, consider an example of how the algorithm
works on the first few iterations. Denote by dt
a constant grid step in variables ¢, ¢, and let

C,,» S, be the the node

(t,t,)=(jdt,idt), 0< j<N, 0<i<j. We
calculate solutions at the grid nodes by time
layers starting from ¢ =0.

The layer =0 contains one grid node (0,0), in
which the solution values are known from
condition (3): C;, =1, §,,=0.

The layer ¢=dt contains two mesh nodes:
(dt,0) and (dt,dt). For t,=0 the point
(x,t)el'and according to (10) §,,=0. The

value of C, is obtained from formula (14):

solution at

(2= F(0)dt) 1+ 29(0)dt
M 2+ F(0)dt '

At the point (dt,dt), the coordinate x =0 and
according to (3) C,, =1. The value S,, = §(0,dr)
is determined by the formula (16):

81 =800 +(F(Sye) 1= (S,))dt

The layer ¢=2dt includes three mesh nodes:
(2dt,0), (2dt,dt), (2dt,2dt). For t,=0 the

point (x,£)el’ and §,,=0. The value C, is

determined by formula (14). At the node
(2dt,2dt), the coordinate x=0 and C,, =1.

The value S§,,=S5(0,2dr) is calculated by
formula (16):

Sp2 =8+ (F(S1,1) 1= (/)(Sl,l))dt .

Let's define the value S, in the node (2dt,dr).
First, we find S(x(dz,0),2dt) by formula (16):

S (x(d1,0),2dt) = S, ) +(F(S,,)C,p—0(S,,) ) dt .
Note that the point (#,#,) corresponding to the

Cartesian coordinates x = x(dt,0), t =2dt lies
on the layer ¢=2dt, but generally speaking,
does not coincide with the grid nodes. It follows
from formula (11) that the point (¢,7,) cannot
coincide with the node (2dt,0).

On a layer ¢ =2dt he value S, is obtained by
linear interpolation in x using two known values
S(x(dt,0),2dt) and S, ,:
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_ S(x(dt,0),2dt)(x(2dt,dt) - x(2d1,0)) + S, , (x(dt,0) — x(2dt,dr))

21 = x(dt,0)—x(2dt,0)

The value C,, is determined by formula (14).

Consider the algorithm in the general case. Let the
solution in all j+1 nodes of the layer ¢ = jdt is
known. Let us find the solution at the nodes of the
next layer t+dt=(j+1)dt. The node (j+1,0)

lies on the front I' and §,,,=0, C.,, is

J+1,0 J

calculated by the formula (14). The node

(j+Lj+1) liess on the axis OfT,
Ciajn=1 S, is obtained from the formula
(14). Let the solutions at the nodes

(j+1,0), ..., (j+1,i—1) be computed. To obtain
the solution at the internal node (j+1,i), 1<i<j,
calculate S (x(t,t,),t+dt), t,=idt by formula
(16) and linearly interpolate §,,,, over two values

S(x(t, to),t+dt) and S The value C. ,; is

J+li-1* i
determined by formula (14).

Since the computational formulae of the
algorithm use one time layer, an array of
solutions of only one time layer is stored in the
computer's RAM.

Note that when passing to Cartesian coordinates
x,t, the grid becomes non-uniform, the time

step df is constant, but in the layer ¢, = jdr the

nodes are distributed non-uniformly due to
variable speed v(¢):

s x =025

/ = = Suspended concentration C
—— Retained concentration S

08

06

04

02

0.0
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jdt

x, = x(jdt,idt) = [ v(¢)ds.

idt

4. RESULTS OF NUMERICAL
SIMULATION

The calculation of the filtration problem with
sediment rise is performed for system (1), (2)
with the functions

w(6)=15(1+e7), F(S)=1-5, p(S)=5.

In variables ¢, ¢, the grid step df =0.01.

Since the step in x is not constant in Cartesian
coordinates x,?, the grid nodes, generally

speaking, do not lie at the intersection of the
time layers of the grid with the lines x = const .
To plot two-dimensional graphs of solutions at
constant x, it is required to interpolate solutions
using values at close nodes. The Python
software automatically performs interpolation
and presents graphs using built-in algorithms of
open-source library SciPy [29, 30].

Fig. 1 and 2 show solutions at constant time ¢
and constant coordinate x.

According to Fig. 1 and 2 the deposit
concentration is rapidly approaching the limit
value $*=0.5.

x = 0.75
CS1o0

\

~

= = Suspended concentration C
—— Retained concentration S

038

0.6

04

L
—
-~

o
N
—

0.0
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Figure 1. Solutions C and S at constant x.
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5. DISCUSSION

The change of variables in the system of
filtration equations makes it possible to
straighten the curvilinear concentration front
and construct a discrete grid with a constant step
in both new variables. This method is used to
derive the lattice Boltzmann equations for
solving hydrodynamic problems [31].

There are various options for choosing
variables, in which the solution area is limited
by straight lines. For example, characteristic
variables 7, ¢, can be used. We have chosen

variables ¢, f, to simplify both equations of
system (1), (2).

In the filtration problem without deposit lifting
(in equation (2) @(S)=0), the suspension
velocity is reduced to zero. This significantly
complicates the computational procedure.
However, the proposed method is easily
transferred to this case. This problem will be
considered separately.

6. CONCLUSIONS

To calculate the filtration problem with a
variable suspension speed
e the finite difference method is applied,
e the method of characteristics is used,
e the solution is obtained on a grid with a
constant step,
e to find the solution, auxiliary points are
used that do not coincide with the grid
nodes.

REFERENCES

1. Zhou Z., Zang H., Wang S., Du X., Ma
D., Zhang J. Filtration Behavior of
Cement-Based Grout in Porous Media //
Transport in Porous Media, 2018, vol. 125,
pp- 435-463.

2. Tsuji M., Kobayashi S., Mikake S., Sato
T., Matsui H. Post-Grouting Experiences

Volume 19, Issue 3, 2023

. Santos

for Reducing Groundwater Inflow at 500 m
Depth of the Mizunami Underground
Research Laboratory, Japan // Procedia
Engineering, 2017, vol. 191, pp. 543-550.
Zhu G., Zhang Q., Liu R., Bai J., Li W.,
Feng X. Experimental and Numerical
Study on the Permeation Grouting
Diffusion Mechanism considering Filtration
Effects // Geofluids, 2021, 6613990.

Wang X., Cheng H., Yao Z., Rong C,,
Huang X., Liu X. Theoretical Research on
Sand Penetration Grouting Based on
Cylindrical Diffusion Model of Tortuous
Tubes // Water, 2022, vol. 14, 1028, pp. 1—
15.

Salnyi 1., Stepanov M., Karaulov A.
Experience in strengthening foundations
and foundations on technogenic soils // E3S
Web of Conferences, 2022, vol. 363(5),
02004.

Christodoulou D., Lokkas P., Droudakis
A., Spiliotis X., Kasiteropoulou D.,
Alamanis N. The development of practice
in permeation grouting by using fine-
grained cement suspensions // Asian
Journal of Engineering and Technology,
2021, vol. 9(6), pp. 92—-101.
Ramachandran V., Fogler H.S. Plugging
by hydrodynamic bridging during flow of
stable colloidal particles within cylindrical
pores // Journal of Fluid Mechanics, 1999,
vol. 385, pp. 129-156.

Rabinovich A., Bedrikovetsky P.,
Tartakovsky D. Analytical model for
gravity  segregation  of  horizontal
multiphase flow in porous media // Physics
of Fluids, 2020, vol. 32(4), pp. 1-15.
Tartakovsky D.M., Dentz M. Diffusion in
Porous Media: Phenomena and
Mechanisms // Transport in Porous Media,
2019, vol. 130, pp. 105-127.

A., Bedrikovetsky P. Size
exclusion during particle suspension
transport in porous media: stochastic and
averaged equations // Computational and
Applied Mathematics, 2004, vol. 23(2-3),
pp. 259-284.

45



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

46

Kuzmina L.I, Osipov Yu.V., Zheglova
Yu. G. Analytical model for deep bed
filtration with multiple mechanisms of
particle capture // International Journal of
Non-Linear Mechanics, 2018, vol. 105, pp.
242-248.

Osipov Yu., Safina G., Galaguz Yu.
Calculation of the filtration problem by
finite differences methods / MATEC Web
Conference, 2018, vol. 251(3), 04021.
Safina G.L. Filtration problem with

nonlinear filtration and concentration
functions // International Journal for
Computational  Civil and  Structural

Engineering, 2022, vol. 18(1), pp. 129-140.
Galaguz Y.P. Realization of the TVD-
scheme for a numerical solution of the
filtration problem // International Journal
for Computational Civil and Structural
Engineering, 2017, vol. 13(2), pp. 93—-102.
Safina G.L. Numerical solution of filtration
in porous rock // E3S Web of Conferences,
2019, vol. 97, 05016.

Khuzhayorov B.K., Ibragimov G.,
Saydullaev U., Pansera B.A. An Axi -
Symmetric  Problem of Suspensions
Filtering with the Formation of a Cake
Layer // Symmetry, 2023, vol. 15(6), 1209.
Vyazmina E.A., Bedrikovetskii P.G.,
Polyanin A.D. New classes of exact
solutions to nonlinear sets of equations in
the theory of filtration and convective mass
transfer // Theoretical Foundations of
Chemical Engineering, 2007, vol. 41(5), pp.
556-564.

Kuzmina L.I., Osipov Yu.V., Vetoshkin
N.V. Calculation of long-term filtration in a
porous medium // International Journal for
Computational  Civil and  Structural
Engineering, 2018, vol. 14(1), pp. 92-101.
Galaguz Y.P., Safina G.L Modeling of
fine migration in a porous medium //
MATEC Web of Conferences, 2016, vol.
86, 03003.

Safina G.L. Calculation of retention
profiles in porous medium // Lecture Notes

Liudmila I. Kuzmina, Yuri V. Osipov, Artem R. Pesterev

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

in Civil Engineering, 2021, vol. 170, pp.
21-28.

Kuzmina L.I., Osipov Y.V. Exact solution
to non-linear filtration in heterogeneous
porous media // International Journal of
Non-Linear Mechanics, 2023, vol. 150,
104363.

Galaguz Yu.P., Kuzmina L.I., Osipov
Yu.V. Problem of Deep Bed Filtration in a
Porous Medium with the Initial Deposit //
Fluid Dynamics, 2019, vol. 54(1), pp. 85—
97.

Sun N.Z. Mathematical
Groundwater  Pollution,
York, NY, 2014.
Chaudhry M.H. Applied Hydraulic
Transients, Springer New York, NY, 2013.
Koo B. Comparison of finite-volume
method and method of characteristics for
simulating transient flow in natural-gas
pipeline // Journal of Natural Gas Science
and Engineering, 2022, vol. 98, 104374.
Kuzmina L., Osipov Y. Filtration in
porous medium with particle release //
Advances in Transdisciplinary Engineering,
2022, vol. 31, pp. 40-48.

Kuzmina L., Osipov Y. Particles transport
with deposit release in porous media //
Lecture Notes in Civil Engineering, 2022,
vol. 170, pp. 539-547.

Courant R., Hilbert D. Partial Differential
Equations, Reprint of the 1962 Original,
Edited, Wiley-InterScience, New York,
1989.

Alfeld P. A trivariate Clough-Tocher
scheme for tetrahedral data // Computer
Aided Geometric Design, 1984, vol. 1(2),
pp. 169-181.

Farin G. Triangular Bernstein-Bezier
patches // Computer Aided Geometric
Design, 1986, vol. 3(2), pp. 83—-127.
Kruger T., Kusumaatmaja H., Kuzmin
A., Shardt O., Silva G., Viggen E.M. The
Lattice Boltzmann Method, Springer
International Publishing, Switzerland, 2017.

Modeling of
Springer New

International Journal for Computational Civil and Structural Engineering



Characteristic Method for Solving Filtration Problem

CIIMCOK JIMTEPATYPbI

1.

Zhou Z., Zang H., Wang S., Du X., Ma D.,
Zhang J. Filtration Behavior of Cement-
Based Grout in Porous Media // Transport in
Porous Media, 2018, vol. 125, pp. 435-463
Tsuji M., Kobayashi S., Mikake S., Sato
T., Matsui H. Post-Grouting Experiences
for Reducing Groundwater Inflow at 500 m
Depth of the Mizunami Underground
Research Laboratory, Japan // Procedia
Engineering, 2017, vol. 191, pp. 543-550.
Zhu G., Zhang Q., Liu R, Bai J., Li W,
Feng X. Experimental and Numerical Study
on the Permeation Grouting Diffusion
Mechanism considering Filtration Effects //
Geofluids, 2021, 6613990.

Wang X., Cheng H., Yao Z., Rong C.,
Huang X., Liu X. Theoretical Research on
Sand Penetration Grouting Based on
Cylindrical Diffusion Model of Tortuous
Tubes // Water, 2022, vol. 14, 1028, pp. 1-
15.

Salnyi 1., Stepanov M., Karaulov A.
Experience in strengthening foundations and
foundations on technogenic soils // E3S Web
of Conferences, 2022, vol. 363(5), 02004.
Christodoulou D., Lokkas P., Droudakis
A., Spiliotis X., Kasiteropoulou D.,
Alamanis N. The development of practice
in permeation grouting by using fine-grained
cement suspensions // Asian Journal of
Engineering and Technology, 2021, vol.
9(6), pp. 92—-101.

Ramachandran V., Fogler H.S. Plugging
by hydrodynamic bridging during flow of
stable colloidal particles within cylindrical
pores // Journal of Fluid Mechanics, 1999,
vol. 385, pp. 129-156.

Rabinovich A., Bedrikovetsky P.,
Tartakovsky D. Analytical model for
gravity segregation of horizontal multiphase
flow in porous media // Physics of Fluids,
2020, vol. 32(4), pp. 1-15.

Tartakovsky D.M., Dentz M. Diffusion in
Porous Media: Phenomena and Mechanisms

Volume 19, Issue 3, 2023

10.

11.

12.

13.

14.

15.

16.

17.

18.

// Transport in Porous Media, 2019, vol.
130, pp. 105-127.

Santos A., Bedrikovetsky P. Size exclusion
during particle suspension transport in
porous media: stochastic and averaged
equations // Computational and Applied
Mathematics, 2004, vol. 23(2-3), pp. 259-
284.

Kuzmina L.I, Osipov Yu.V., Zheglova
Yu. G. Analytical model for deep bed
filtration with multiple mechanisms of
particle capture // International Journal of
Non-Linear Mechanics, 2018, vol. 105, pp.
242-248.

Osipov Yu., Safina G., Galaguz Yu.
Calculation of the filtration problem by
finite differences methods / MATEC Web
Conference, 2018, vol. 251(3), 04021.
Safina G.L. Filtration problem with
nonlinear filtration and concentration
functions // International Journal for
Computational  Civil and  Structural
Engineering, 2022, vol. 18(1), pp. 129-140.
Galaguz Y.P. Realization of the TVD-
scheme for a numerical solution of the
filtration problem // International Journal for
Computational ~ Civil and  Structural
Engineering, 2017, vol. 13(2), pp. 93—-102.
Safina G.L. Numerical solution of filtration
in porous rock // E3S Web of Conferences,
2019, vol. 97, 05016.

Khuzhayorov B.K., Ibragimov G,
Saydullaev U., Pansera B.A. An Axi -
Symmetric Problem of Suspensions Filtering
with the Formation of a Cake Layer //
Symmetry, 2023, vol. 15(6), 1209.
Vyazmina E.A., Bedrikovetskii P.G.,
Polyanin A.D. New classes of exact
solutions to nonlinear sets of equations in
the theory of filtration and convective mass
transfer // Theoretical Foundations of
Chemical Engineering, 2007, vol. 41(5), pp.
556-564.

Kuzmina L.I., Osipov Yu.V., Vetoshkin
N.V. Calculation of long-term filtration in a
porous medium // International Journal for

47



Computational ~ Civil and  Structural
Engineering, 2018, vol. 14(1), pp. 92—-101.
Galaguz Y.P., Safina G.L. Modeling of
fine migration in a porous medium //
MATEC Web of Conferences, 2016, vol. 86,
03003.

Safina G.L. Calculation of retention profiles
in porous medium // Lecture Notes in Civil
Engineering, 2021, vol. 170, pp. 21-28.
Kuzmina L.I., Osipov Y.V. Exact solution
to non-linear filtration in heterogeneous
porous media // International Journal of

19.

20.

21.

Non-Linear Mechanics, 2023, vol. 150,
104363.
22. Galaguz Yu.P., Kuzmina L.I, Osipov

Yu.V. Problem of Deep Bed Filtration in a
Porous Medium with the Initial Deposit //
Fluid Dynamics, 2019, vol. 54(1), pp. 85-97.
Sun N.Z. Mathematical Modeling of
Groundwater Pollution, Springer New York,
NY, 2014.

Chaudhry M.H. Applied Hydraulic
Transients, Springer New York, NY, 2013.
Koo B. Comparison of finite-volume
method and method of characteristics for
simulating transient flow in natural-gas

23.

24.

25.

Liudmila I. Kuzmina, Yuri V. Osipov, Artem R. Pesterev

pipeline // Journal of Natural Gas Science
and Engineering, 2022, vol. 98, 104374.
Kuzmina L., Osipov Y. Filtration in porous
medium with particle release // Advances in
Transdisciplinary Engineering, 2022, vol.
31, pp. 40-48.

Kuzmina L., Osipov Y. Particles transport
with deposit release in porous media //
Lecture Notes in Civil Engineering, 2022,
vol. 170, pp. 539-547.

Courant R., Hilbert D. Partial Differential
Equations, Reprint of the 1962 Original,
Edited, Wiley-InterScience, New York,
1989.

Alfeld P. A trivariate Clough-Tocher
scheme for tetrahedral data // Computer
Aided Geometric Design, 1984, vol. 1(2),
pp. 169-181.

Farin G. Triangular Bernstein-Bezier
patches // Computer Aided Geometric
Design, 1986, vol. 3(2), pp. 83—127.

Kruger T., Kusumaatmaja H., Kuzmin
A., Shardt O., Silva G., Viggen E.M. The
Lattice Boltzmann Method, Springer
International Publishing, Switzerland, 2017.

26.

27.

28.

29.

30.

31.

Liudmila I Kuzmina, Candidate of Physical and
Mathematical Sciences, Associate Professor, Department
of Applied Mathematics, National Research University
Higher School of Economics, 101000, Russia, Moscow,
Myasnitskaya st., 20, tel. +7(495) 77295 90 * 15219, e-
mail: lkuzmina@hse.ru.

Yuri V. Osipov, Candidate of Physical and Mathematical
Sciences, Professor, Department of Computer Science and
Applied Mathematics, Moscow State University of Civil
Engineering, 129337, Russia, Moscow, Yaroslavskoe
Shosse, 26, tel. +7(499)1835994, e-mail: yuri-
osipov@mail.ru.

Artem R. Pesterev, 3rd year bachelor's degree student of
the direction of training 01.03.04 of the Institute IDTMC
of the National Research Moscow State University of
Civil  Engineering; 129337, Russia, = Moscow,
Yaroslavskoe shosse, 26; tel. +7(499)1834674; e-mail:
vip.pesterev_a@mail.ru.

48

Kysbmuna Jlhoomuna Heanosna, IOUEHT, KaHIUIAT
(hu3nKO-MaTEMaTHYECKUX HayK, JenaprameHt
TIPUKIIATHON MaTEeMaTHKH, HarmmonanbsHbIi
HCCIICIOBATEIbCKAN  YHUBEpCUTET «Bbicmas mikosia

skoHoMuKM»; 101000, r. Mocksa, yin. Mscuunxkas, 1. 20,
teit. +7(495) 77295 90 *15219; e-mail: lkuzmina@hse.ru.

Ocunoe [Opuii  Buxmoposuu tpodeccop, KaHAUAAT
(hu3MKO-MaTeMaTHUECKUX HayK, Kaderpa MHPOPMATHKU U
[IPUKJIaJHON MaTeMaTUKH HanmonansHoro
HCCIIEIOBATENECKOTO MOCKOBCKOTO TOCYTapCTBEHHOTO
cTpouTenpbHoro yHuBepcureta; 129337, Poccus, .
MockBa,  SlpocmaBckoe — miocce, A. 26;  Tem.
+7(499)1835994; e-mail: yuri-osipov@mail.ru.

Ilecmepee  Apmem  Pomanosuu, cTyneHT 3 Kypca
OakamaBpuata HampaBieHuss moxrotoBku  01.03.04
WHCTUTYTA HNITMC HaunonansHoro
HCCIICIOBATENECKOTO MOCKOBCKOTO TOCYTapCTBEHHOTO
cTpouTenbHoro yHuBepcuteta; 129337, Poccus, .
MockBa,  fpocmaBckoe — mocce, I. 26,  Te.
+7(499)1834674; e-mail: vip.pesterev_a@mail.ru.

International Journal for Computational Civil and Structural Engineering



