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PROBLEM OF PLATE BENDING IN THE MOMENT 
ASYMMETRIC THEORY OF ELASTICITY 
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Abstract. For a number of materials used in modern practice, calculations according to the classical theory of 
elasticity give incorrect results. To ensure the reliable operation of structures, there is a need for new theories. At 
present, of particular interest for practical applications is the asymmetric moment theory of elasticity. In the 
work, by the method of hypotheses, the three-dimensional equations of the moment asymmetric theory of 
elasticity are reduced to the equations of the theory of plates. The hypotheses of the theory of plates in the 
moment theory of elasticity are formulated on the basis of previously obtained our results of the reduction of 
three-dimensional equations to two-dimensional theories by a mathematical method. Just as in the classical 
theory of elasticity, the complete problem of the moment theory of plates is divided into two problems - a plane 
problem and a problem of plate bending. The equations of the plane problem have been obtained in many papers. 
The situation is different with the construction of the theory of plate bending in the moment theory of elasticity. 
In this work, for the first time, substantiated hypotheses are formulated and a consistent theory of plate bending 
is presented. A numerical calculation of the bending of a rectangular hinged plate is carried out according to the 
obtained applied theory. The calculation results are presented in the form of graphs. 
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1. INTRODUCTION

In connection with the appearance and 
application of new materials interest in non-
classical theories of asymmetric elasticity has 

recently grown [1-13]. Experiments confirm that 
for a number of materials, for example, 
polymers, porous materials, the moment 
asymmetric theory of elasticity should be used 
[6, 8] . Many papers focus on plates and shells 
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is often constructed by means of hypotheses [1, 
2, 3. 10, 12, 13]. As a rule, the well known 
Kirchhoff’s hypotheses are used for the sought-
for quantities of symmetric elasticity and new 
hypotheses are adopted for quantities which do 
not exist in the symmetric theory of elasticity, 
such as the components of moment stress tensor 
and an independent rotation vector. The use of a 
false hypotheses leads to considerable errors.  
The methods to reduce 3D equations to 2D type 
will be further called reduction methods. 
Another reduction method is the asymptotic 
method. This method allows to qualitatively 
investigate the behavior stress-strain state, passing 
from 3D to 2D problem without applying any 
hypotheses, next to estimate the errors of the 
resulting theories. The asymptotic reduction 
method was tested for many problems [14, 15]. 
We reduced the 3D problem of asymmetric 
elasticity to the plate theory by the asymptotic 
method in [9]. Two iterative processes are used in 
order to pass from a 3D problem to a 2D problem. 
The first iterative process allows to construct the 
internal stress-strain state which can be 
approximately described by the plate theory in 
asymmetric elasticity. The second iterative 
process is used to create a quickly decreasing 
stress-strain state; i.e. the boundary layer localized 
near the edge. The boundary layer and the internal 
stress-strain state interact at the edge provided 3D 
boundary conditions are satisfied. The 
investigation of this interaction gives the boundary 
conditions for the plate theory and boundary layer. 
Note that the linear problem of asymmetric 
elasticity has the only solution and the unique 
asymptotics. It is very important to choose a 
correct asymptotics. Incorrect asymptotics leads 
to a wrong theory. 
 
 
2. BASIC EQUATIONS 
 
We write a complete system of equations for 
asymmetric theory of elasticity in a tensor form [1].  
The equilibrium equations: 
 

 ,0, �nnm.
 

0, �1
 nkmnknnm .2 ;        (1) 

The constitutive relations: 
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The geometrical relations: 
 

kknmnmnm ue 01�� , , nmnm ,05 � .  (3) 

 
Here nm. ,  nm2  are the components of the 

force and moment stress tensors,  nme  are the 

components of the asymmetric strain tensor, nm5  

 are the components of the asymmetric 
bending-torsion tensor, 43��2� ,,,,,  are the 
constants of the material of asymmetric elasticity, 

nu  are the components of the displacement 

vector, n0  are the components of the rotation vector 

at the point of the body, nmk1  is the Levi-Civita 

symbol. The subscripts n, m after a comma denote 
differentiation with respect to the coordinates  nx  

and  mx  respectively. Here and henceforth, the 

subscripts n, m, k take the values 1, 2, 3 and the 
subscripts i, j ( )( ji 6 take the values 1, 2. 
A thin plate is located in Cartesian coordinates.  
The plane 1x 2x coincides with the middle plane 

of the plate and the 3x  axis is orthogonal 

to the middle plane. 
The boundary conditions on the plate faces 

hx 7�3  are written as 

 
    7� ii q3. , 7� 333 q. ,  7� ii m32 , 7� 333 m2 , (4) 

 
where 7

nq , 7
nm  are the components of the given 

external forces and moments. 
On the edge of the plate  constxi �  six 

boundary conditions are given. For example, 
they can be written at the free edge as follows: 
 

3

3

0, 0, 0,

0, 0, 0,

ii ji i

ii ji i

. . .

2 2 2

� � �

� � �
            (5) 
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and at the rigidly fixed edge they can be written 
at the free edge as follows: 
 

 
3

3

0, 0, 0,

0, 0, 0.

i j

i j

u u u
0 0 0

� � �

� � �
 (6) 

 
 
3. CONSTRUCTING THE EQUATIONS OF 
THE PLATE THEORY 
 
Here we will use the hypotheses method since 
the asymptotical method  is complex and 
requires special knowledge. The hypotheses 
way is very simple and clear. 
The plate theory in asymmetric elasticity was 
constructed  by asymptotical method in [9].  
Using the results of the mathematical reduction 
3D asymmetric elasticity theory to 2D plate 
theory we can formulate the correct hypotheses. 
In the considered asymmetric elasticity, the 
equations of state include six physical constants 

4�3 ,, , ��2 ,, . We assume that the quantities  
222 ,, RRR ��2 , 4�3 ,,  are of the same order, 

where value R is the characteristic size of the 
plate. 
Just as in the classical theory of elasticity, in the 
moment asymmetric theory of elasticity, the 
complete system of plate equations is divided  
into two independent systems for a plane 
problem and plate bending. 
We divide all the required values of the theory 
of plates into two groups (7) and (8) 
 

3 3 3 33 3 3, , , , , , , , , ,i ij ii i i ij ii i iu e e0 5 5 . . . 2 2 (7) 

3 3 3 3 3 33, , , , , , , , , , .i i i ij ii i i ii iju e e0 5 5 . . 2 2 2    (8) 

 
In the plane problem, the required quantities (7) 
are even functions of the 3x  coordinate, and the 

quantities (8) are odd functions of the 
coordinate 3x . In the bending problem, the 

opposite is true: quantities (7) are odd functions 
of the 3x coordinate, and quantities (8) are even 

functions of the coordinate 3x . 

Let us formulate hypotheses for constructing the 
equations of the plane problem for the 
asymmetric theory of elasticity 
The first hypothesis.  
The tangential displacement iu  does not depend 

on the 3x -coordinate (it is    constant along the 

thickness) 
 

ixi vu �
�03

 

 
The second hypothesis. 
The angle of rotation 30  does not depend on 3x  

 

303
3

80 �
�x  

 
The third hypothesis. 
The components of moment stresses 3i2 do not 

depend on 3x . 

From the equilibrium equation (1) it can be seen 
that if generalized displacements iu , 30 , do not 

depend on , then from formulas (3) it is 

obvious that deformations iie , ije , 3i5  , also do 

not depend on . 

Let us apply these hypotheses to the 3D 
equation of asymmetric elasticity, just as it is 
done when constructing the theory of Kirchhoff 
plate. Then we will move on to the forces and 
moments accepted in the theory of plate 
according to the following formulas: 
 

        
3 3

3 3 3
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As a result of simple transformations, we obtain 
the following equations of a plane problem in 
the asymmetric theory of elasticity 
The equilibrium equations 
 

3x

3x
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The constitutive relations 
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The geometrical relations 
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where 
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Equations (10)-(12) have been obtained in many 
papers [1, 2, 3. 10, 12, 13]. This is explained by 
the fact that in this case the hypotheses very 
similar to those of Kirchhoff are used for the 
construction classical plane plate theory. There 
is a difference only in relations for the forces  

iiT  and the moments 3iM . In these relations we 

have small additional terms taking into account 
the external load components )( 33

�
 � qq  and 

)( �
 � ii mm . 

Let us formulate hypotheses for constructing 
equations for the problem of plate bending. 
The first hypotheses. 
The components of generalized displacements 

3u , i0  do not depend on the coordinate 3x , i.e. 

they are constant across the plate thickness 
 

              wu
x

�
�03

3
,  ixi 80 �

�03
  (13) 

 
The second hypothesis. 
The components of the stress tensor 3i. are 

much larger than the stress  i3. . 

By virtue of hypothesis 2, in the second relation 
(14), the quantity i3.  can be neglected 
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Resolving after discarding i3.  equation (14) 

with respect to the deformation components 3ie , 

ie3  we obtain the following formulas: 
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ii ee
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�     (15) 

 
By virtue of the first hypothesis, the quantities  

3u  and i0  do not depend on the variable 3x , so 

it follows from relations (15), that ie3 , 3ie and 

3i.  do not depend on the variable 3x . 

Let us introduce the notation adopted in the 
theory of plates 
 

3 3

3 3 3 3 3 3

3 3 3 3
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Continuing such simplifications in the equations 
of the 3D asymmetric theory of elasticity, we 
obtain the following 2D equations of the 
bending problem in the notation of the theory of 
plates: 
The equilibrium equations 
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where Z , i9 , iY  are the surface load 
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The constitutive relations 
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The geometrical relations 
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For this system of differential equations of the 
sixth order, it is necessary to specify three 
boundary conditions at each edge. For example, 
the conditions at the free edge and the rigidly 
fixed edge constxi �  have the form 

respectively components 
 
 

03 �iN ,   0�jiM ,  0�iiM , 

0�w ,   0)1( ��

	
	

j
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ix
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3. NUMERICAL EXAMPLE 
 
Let us perform the calculation of the stress-
strain state of the bend of a rectangular hinge-
operated plate along all edges of the plate. 
Ç�«L® �
�Q�L ¯�	�
«L® Q	�L®  il  

)( iii lxl ��� . 

We introduce dimensionless coordinates 
 

iii lx <�                               (20) 

 
Let us write down all the required quantities in 
the dimensionless form 
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We write out a complete system of equations 
with respect to dimensionless desired quantities. 
The equilibrium equations 
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The constitutive relations 
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In formulas (23), the following designations are 
introduced: 
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The solution of the problem that satisfies the 
boundary conditions will be sought in the 
following form 
 

1* 1 1 2

2* 2 1 2

3* 3 1 2

4* 4 1 2

cos cos ,

cos sin ,

sin cos ,

sin sin ,

nm n m

nm n m

nm n m

nm n m

f f k k
f f k k
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           (25) 

 

where )12(
2 1

�� n
l

kn
=

, )12(
2 2

�� m
l

km
=

. 

In formulas (25), *1f  means the quantities *w , 

*ij: , *ii; , *iiG , *ijM , *Z ; *2f  means the 

quantities  *18 , *234 , *23N  , *32N , *2Y , *19 ;  *3f
means the quantities  *28 , *134 , *13N  , *31N , *1Y , 

*29 ; *4f  means the quantities *i: , *iiM , *ijG .  

The solution of the problem for the required 
quantities was reduced to solving the system of 
linear algebraic equations. Below are the results 
of the calculation in the form of graphs of the 
desired values as functions of the dimensionless 
coordinates 1< , 2<  the middle plane of the plate. 
During the numerical example, we took 

61,6 10� � + N/m2, 62 102 � +  N/m2, 63 10� � +  N/m2, 
1,2� �  kN,  33 4� �  kN. 
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	���11* , (n=1, m=2) 

 
                     b) �12*, (n=1, m=2) 

Figure 1. The moments �11* fig. 1(a) and �12* fig. 1(b) is a function of the coordinates x1, x2. 
 

	� N13*, (n=1, m=2) 
 

                      b)  N31*, (n=1, m=2) 

 
Figure 2. Graphs of N13* fig. 2(a) and N31* fig. 2(b) is a function of the coordinates x1, x2. 
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	� G11*, (n=1, m=2) 

 
                       b) G12*, (n=1, m=2) 

 
Figure 3. Graphs of G11* fig. 3(a) and G12* fig. 3(b) is a function of the coordinates x1, x2. 

 
  

 
               a) , (n=1, m=2) 

 
                b) , (n=1, m=2) 

 
             c) w*, (n=1, m=2) 

 
Figure 4. The dependence generalized displacement *18 , *28 , w*   on the variables x1, x2. 

 
 

The obtained dependences of the dimensionless 
desired quantities on the coordinates of the 
middle plane of the plate make it possible to 
understand the behavior of the stress-strain 
state. We especially note that for forces and 
moments, the symmetry conditions known in 
the classical theory of elasticity are not satisfied, 
the transverse forces *3iN  are significantly 

greater than the forces *3iN .  

4. CONCLUSIONS 
 
It is known that the classical theory of elasticity 
is unsuitable for describing the behavior of 
structures made of a number of materials widely 
used in practice. As the results of experiments 
show (for example, [ 6, 8]), in these cases one 
should use the moment asymmetric theory of 
elasticity. Thin-walled structures according to 
the three-dimensional asymmetric theory of 
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elasticity are almost impossible to calculate in 
view of the complexity of the problem. 
For the construction of applied theories of 
plates, as in the classical theory of elasticity, a 
three-dimensional problem is reduced to a two-
dimensional problem. As a rule, the reduction is 
performed by the method of hypotheses, using 
some simplifying assumptions. Hypotheses are 
accepted by analogy with Kirchhoff's 
hypotheses. The choice of hypotheses for a 
complex problem based on known hypotheses 
for a simple problem often leads to incorrect 
hypotheses for the desired quantities that are 
present in a complex problem and are absent in 
a simple problem. For example, when 
constructing the theory of thin-walled 
electroelastic elements by the hypothesis 
method for entire classes of problems, incorrect 
hypotheses were adopted for the desired 
electrical quantities. The reason is that there are 
no electrical quantities in the theory of elasticity 
and there are no analogues for the 
corresponding hypotheses. Mathematically 
grounded theories of electroelastic thin-walled 
elements were first constructed without using 
hypotheses by the asymptotic method of 
reducing 3D problems of the theory of 
electroelasticity to 2D problems [15]. The same 
situation has developed in the moment 
asymmetric theory of elasticity: the correct 
equations of the plane problem of the moment 
theory of elasticity were obtained by the method 
of hypotheses by many authors in view of the 
simplicity of the problem. In the problem of 
plate bending, the correct theory was obtained 
only by mathematical method [9]. Here, this 
theory of plate bending in the asymmetric 
theory of elasticity is presented by the method 
of hypotheses for simplicity. 
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