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In

application of new materials interest in non-
classical theories of asymmetric elasticity has
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Abstract. For a number of materials used in modern practice, calculations according to the classical theory of
elasticity give incorrect results. To ensure the reliable operation of structures, there is a need for new theories. At
present, of particular interest for practical applications is the asymmetric moment theory of elasticity. In the
work, by the method of hypotheses, the three-dimensional equations of the moment asymmetric theory of
elasticity are reduced to the equations of the theory of plates. The hypotheses of the theory of plates in the
moment theory of elasticity are formulated on the basis of previously obtained our results of the reduction of
three-dimensional equations to two-dimensional theories by a mathematical method. Just as in the classical
theory of elasticity, the complete problem of the moment theory of plates is divided into two problems - a plane
problem and a problem of plate bending. The equations of the plane problem have been obtained in many papers.
The situation is different with the construction of the theory of plate bending in the moment theory of elasticity.
In this work, for the first time, substantiated hypotheses are formulated and a consistent theory of plate bending
is presented. A numerical calculation of the bending of a rectangular hinged plate is carried out according to the
obtained applied theory. The calculation results are presented in the form of graphs.
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3AJIAYA U3TUBA IIJIACTUHBI B MOMEHTHON
ACUMMETPUYHOM TEOPUU YIIPYTOCTHU

H.H. Pozaueesa, 10.I'. 7Keznoesa

HauuonaneHblil uccienoBaTenbckuii MOCKOBCKUIM TOCYAapCTBEHHBIM CTPOUTENbHBIN YHUBEPCUTET, T'. MOCKBa,
POCCHUA

AnHoranus. {14 psna MaTepuanoB, HCIOIb3YyEMbIX B COBPEMEHHOM MPAKTHKE, PACUEThI MO KIACCUUECKOH TEOpHU
YIIPYTOCTH JAlOT HEBEpHbIC pe3yibTaThl. [l obecrieyeHns HaAeKHON pabOTHl KOHCTPYKIMI HEOOXOANMBI HOBBIC
Teopun. B Hacrosiiee Bpemsi 0COObIH MHTEpec Ui NPaKTHYECKUX HPHIOKEHUH MPEACTaBiIsIeT aCUMMETPUYHAs
MOMEHTHasI TeOpHsl yIpyrocTu. B paboTe METO0M THIIOTE3 TPEeXMEpHBIC YPaBHEHUSI MOMEHTHOH HECHMMETPHIHOM
TEOPHH YIPYTOCTH CBEICHBI K YPaBHEHUSM TEOPUH IUIACTHH. [ WMIOTE3bI TEOpHM IUTACTUH MOMEHTHOH TeopHn
YIIpYyrocTH chopMyIMpOBaHbI HA OCHOBE paHee MOTyYEeHHBIX HAMH PE3yJIbTaTOB CBEICHHS MAaTEMaTHYECKHM METOJIOM
TPEXMEPHBIX YpaBHEHUI K IByMEPHBIM TeoprsiM. Kak M B KIaCCHYECKOI TEOPUH YIIPYTOCTH, MOJIHAS 3a/1a4a TEOPHU
MOMEHTOB IUIACTUH JIEJIUTCS HA JIBE 3a[a4d — IUIOCKYIO 33/1ady U 3a7ady 00 M3ru0e IUIacTUH. YPaBHEHHUS! IIOCKOH
3a/1a41 TIOTy4YeHbl BO MHOTUX pabotax . MHaue 0OCTOMT JIeNo ¢ TIOCTPOSHUEM TEOPUH M3rHOa IUIACTHH B MOMEHTHOM
TeOpuH ympyroctd. B naHHOHM paborte BHepBble cHOPMYITMPOBAHBI OOOCHOBAaHHBIC THIIOTE3bI M TIPE/ICTABIICHA
HETPOTUBOpEUMBas Teopust M3ruda rmiacTuH. 1o mosrydeHHOl MPUKIaIHON TEOPHH MPOBE/ICH YMCIICHHBIA pacyeT Ha
W3THO TPSIMOYTOIBHON OTKHTHOW IIACTHHBL. Pe3ysbTaThl pacyera npecTaBIeHbI B BUIE IPAHKOB.

Kirouesble ciioBa: u3rud IJ1IaCTUH, MOMCHTHAas aCCUMETPpUIHAA TCOPHUA YIIPYTOCTH

INTRODUCTION recently grown [1-13]. Experiments confirm that
for a number of materials, for example,
connection with the appearance and polymers, porous materials, the moment

asymmetric theory of elasticity should be used
[6, 8] . Many papers focus on plates and shells
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is often constructed by means of hypotheses [1,
2, 3. 10, 12, 13]. As a rule, the well known
Kirchhoff’s hypotheses are used for the sought-
for quantities of symmetric elasticity and new
hypotheses are adopted for quantities which do
not exist in the symmetric theory of elasticity,
such as the components of moment stress tensor
and an independent rotation vector. The use of a
false hypotheses leads to considerable errors.
The methods to reduce 3D equations to 2D type
will be further called reduction methods.
Another reduction method is the asymptotic
method. This method allows to qualitatively
investigate the behavior stress-strain state, passing
from 3D to 2D problem without applying any
hypotheses, next to estimate the errors of the
resulting theories. The asymptotic reduction
method was tested for many problems [14, 15].
We reduced the 3D problem of asymmetric
elasticity to the plate theory by the asymptotic
method in [9]. Two iterative processes are used in
order to pass from a 3D problem to a 2D problem.
The first iterative process allows to construct the

internal  stress-strain  state  which can be
approximately described by the plate theory in
asymmetric elasticity. The second iterative

process is used to create a quickly decreasing
stress-strain state; 1.e. the boundary layer localized
near the edge. The boundary layer and the internal
stress-strain state interact at the edge provided 3D
boundary  conditions are satisfied. The
investigation of this interaction gives the boundary
conditions for the plate theory and boundary layer.
Note that the linear problem of asymmetric
elasticity has the only solution and the unique
asymptotics. It is very important to choose a
correct asymptotics. Incorrect asymptotics leads
to a wrong theory.

2. BASIC EQUATIONS
We write a complete system of equations for

asymmetric theory of elasticity in a tensor form [1].
The equilibrium equations:

O-nm,n = 0’ lunm,n+ 3mnk O-nk = 0, (1)
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The constitutive relations:

O-nm = (ﬂ + a)enm + (lu - a)emn + /’Lekké‘nm’ (2)
/’lnm = (7/+ g)znm + (7_5)Zmn + ﬂZkkgnm' ’

The geometrical relations:

e :um,n_aknm a)k’

nm

an = a)m,n . (3)

Here o,,, u,, are the components of the

force and moment stress tensors, e are the

nm
components of the asymmetric strain tensor, %,

are the components of the asymmetric
bending-torsion tensor, A,u,a,pf,y,& are the
constants of the material of asymmetric elasticity,
u are the components of the displacement

n

vector, @, are the components of the rotation vector

at the point of the body, 3,,, is the Levi-Civita
symbol. The subscripts », m after a comma denote
differentiation with respect to the coordinates x,

and x

m

respectively. Here and henceforth, the

subscripts 7, m, k take the values 1, 2, 3 and the
subscripts 4, j ((i # j)take the values 1, 2.

A thin plate is located in Cartesian coordinates.
The plane x, x, coincides with the middle plane

of the plate and the x, axis is orthogonal

to the middle plane.
The boundary conditions on the plate faces

X, = *h are written as

s o ot —mE (4
O3 =q;, O3 =q5, My =m; , ly; =m;,(4)

whereq;, m; are the components of the given
external forces and moments.
On the edge of the plate

boundary conditions are given. For example,
they can be written at the free edge as follows:

X; =const six

0,=0,0,=0,0,;=0,

)
H; =0, M= 0, 443 =0,
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and at the rigidly fixed edge they can be written
at the free edge as follows:

u, =0, uj=0, u, =0,

(6)

0,=0,0,=0, v, =0.

3. CONSTRUCTING THE EQUATIONS OF
THE PLATE THEORY

Here we will use the hypotheses method since
the asymptotical method is complex and
requires special knowledge. The hypotheses
way is very simple and clear.

The plate theory in asymmetric elasticity was
constructed by asymptotical method in [9].
Using the results of the mathematical reduction
3D asymmetric elasticity theory to 2D plate
theory we can formulate the correct hypotheses.
In the considered asymmetric elasticity, the
equations of state include six physical constants
v,B,&, U, A, . We assume that the quantities

,uRz, AR?, aRZ,Q/,ﬂ,g are of the same order,

where value R is the characteristic size of the
plate.

Just as in the classical theory of elasticity, in the
moment asymmetric theory of elasticity, the
complete system of plate equations is divided
into two independent systems for a plane
problem and plate bending.

We divide all the required values of the theory
of plates into two groups (7) and (8)

Ui, Wy, €55 €5 Xizs X3i5 Ojs Ojis Oz Hiss w5, (7)

In the plane problem, the required quantities (7)
are even functions of the x; coordinate, and the

quantities (8) are odd functions of the
coordinate x;. In the bending problem, the

opposite is true: quantities (7) are odd functions
of the x;coordinate, and quantities (8) are even

functions of the coordinate x;.
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Let us formulate hypotheses for constructing the
equations of the plane problem for the
asymmetric theory of elasticity

The first hypothesis.

The tangential displacement #; does not depend

on the x;-coordinate (it is
thickness)

constant along the

ui ‘x3=0 - vi

The second hypothesis.
The angle of rotation @; does not depend on x;

(03 x3=0 = l//3

The third hypothesis.
The components of moment stresses £4,3 do not

depend on x,.

From the equilibrium equation (1) it can be seen
that if generalized displacements u;, @;, do not

depend on X;, then from formulas (3) it is

obvious that deformations ¢; ,

€, X3 »alsodo

not depend on X5 .

Let us apply these hypotheses to the 3D
equation of asymmetric elasticity, just as it is
done when constructing the theory of Kirchhoff
plate. Then we will move on to the forces and
moments accepted in the theory of plate
according to the following formulas:

+h +h
T, = Io-iidx39 7; = _[Gydxsﬂ

- N , 9)
M, = J.,ulgde, i#j=1,2.

—h

As a result of simple transformations, we obtain
the following equations of a plane problem in
the asymmetric theory of elasticity

The equilibrium equations
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0T,
%+ —L+ X, =0,
ox, Ox,

M M
Q+Q+T]2 -T,,+M =0,
ox, 0ox,

(10)

+ - + -
X,=q;, +q;,, M=m; +m;.

The constitutive relations

7;=4h,u(y+/1)8+ 2hyt &+ h
2u+A 2u+A T 2u+ A

T, =2h(u+a)e, +(u—a)e,],
_ 8hye +h(7/_8)(m,+—m,-_)-

i3 }/—l—[;‘ i3 (7/+€)

(95 —45),
(1)

The geometrical relations

ov, ov, , oy
E. =—l, E.. = — 4+ —l ! , Oy = 3
i 8x. i 8x. ( ) W3 ¢1 8x.

1 1 1

(12)

where

D3 = Xis w00 V3 = W3

x3=0 "

Equations (10)-(12) have been obtained in many
papers [1, 2, 3. 10, 12, 13]. This is explained by
the fact that in this case the hypotheses very
similar to those of Kirchhoff are used for the
construction classical plane plate theory. There
is a difference only in relations for the forces

T, and the moments M ;. In these relations we
have small additional terms taking into account
the external load components (¢, —¢;) and
(m; —m;).
Let us formulate hypotheses for constructing
equations for the problem of plate bending.
The first hypotheses.
The components of generalized displacements
U;, o, do not depend on the coordinate x,, i.e.
they are constant across the plate thickness

Uy (13)

:W7 a)ix3:0:y/i

x3=0
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The second hypothesis.
The components of the stress tensor o, are

much larger than the stress o, .

By virtue of hypothesis 2, in the second relation
(14), the quantity o, can be neglected

o,=(u+ta)e,+(u—-ae,,

(14)
oy =(u+a)e, +(u—ae;.

Resolving after discardingo,, equation (14)
with respect to the deformation componentse,,,

G;;

1

we obtain the following formulas:

_ (-
Y (uta)

_ dua
€3> i3

el 19

By virtue of the first hypothesis, the quantities
u; and @, do not depend on the variable x,, so

it follows from relations (15), that e,;, e,and

0;; do not depend on the variable x,.

Let us introduce the notation adopted in the
theory of plates

+h +h
Ny = J.stdxaa N, = J.G_’)idx?:’
Zn n

+h +h
G, = | oxdx,, G, = |0, xdx,,
£ e £’33 (16)

M, ZTIﬂiide M, =+J.hﬂydx3>
h

—-h

l¢J=1’27 W:V3|X;=0’ l//i =a)i

x3=0 :

Continuing such simplifications in the equations
of the 3D asymmetric theory of elasticity, we
obtain the following 2D equations of the
bending problem in the notation of the theory of
plates:

The equilibrium equations
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ON,; N ON,; L 7Z=0,
ox,  Ox,

oM, .
a1\411 +—]l+Mi +(—1)1N-3 :07 (17)
8x,. axj '

9G, | 9G;

1

Ny +Y, =0,
ox,  Ox.

! J

where Z, M., Y. are the surface load

Z=h(gs +q5), M, =(m/ +m;),
Y. =h(q; —q;).

The constitutive relations

_ 8hua
(u+a)
4y(y + P) 2yp
g |
2y+p 2y+p
Mg/ :2h[(7+5)¢y +(7/_8)¢_/i]a
3
H:2h 4,u(,u+/1)Kﬁ+ 2ul o |+
3 2u+ u+ A’
AW

+ —(q; +q5),
) 3(% q;)

2h°
Gy =5 vy + (u—apr)

i3 i3

M, = 2h[

(18)

The geometrical relations

ow ; oy,
€3 :E'F(—l)jl//j, @, :go (01] = o

1 1 1

2
HT Q) ox,

(u-a) Ow 1)
(u+a) ox0x,

B_[ow v, |
2y+p ox,  Ox,

i

—(=1)
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For this system of differential equations of the
sixth order, it is necessary to specify three
boundary conditions at each edge. For example,
the conditions at the free edge and the rigidly

fixed edge x,=const have the form
respectively components

1

N;=0, M,=0, M, =0,
w=0, a—w+(—1)fy/j =0, y,=0.
ox,
3. NUMERICAL EXAMPLE
Let us perform the calculation of the stress-

strain state of the bend of a rectangular hinge-
operated plate along all edges of the plate.

JITMHBL  CTOPOH  TUIACTHHBI  PaBHBI 3
(-1, <x,<1).
We introduce dimensionless coordinates

X = lié‘ (20)

Let us write down all the required quantities in
the dimensionless form

w
We=— Vu =V
ll
+a +a
i3*=Ni3,u—’ 3 = 3ilu—’
8hua 8hua
M; p+a My p+a
ii* ZI_W’ i* =— > (21)
. 8hua [, 8hua
_Gipra o G pra
T Shua® 71 Shua®
Ee =&y K =LK, Kijx = llKij’

P =, Gy = ll(pij'

We write out a complete system of equations
with respect to dimensionless desired quantities.
The equilibrium equations
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Z.=0,
861 12 862
oM,. [ OM,,.
B L2 4 M, + N, =0,
851 lz 652
l_l%Jr%Jer*—Nm:O, (22)
L, 0, 0
oG, 1, 0G,.
LRI W) -N;. +Y. =0,
851 lz 852
l * *
_16G22 +ﬂ_N32*+Y2*=O’
l2 852 a§1
Z*:l_l/’l+a i*:,u+a . Yi*:ﬂ+aYi.
h 8ua 8hua 8hua

The constitutive relations

Ni3* =&y My =A@+ A2¢j*
Mij* = A12¢;j* + A2]¢ji* (23)

G =K + CoK s + cZ,, Gyo = ClpKyps +Cy K -

The geometrical relations

. _8w*+ oy, Oy
S T A T
(1—a) 0w, . 2a
Ko =— )= (24
"= ) 02 ( )(ﬂm)% (24)
2
K-ij*:_l_l(/u_a) 0 Wi +(_1)i 200 q)i*_
L, (u+a) oo, (ut+a)

;B
—(—=1 L to.).
( )2y+ﬁ((’” o)

In formulas (23), the following designations are
introduced:

Alsz(!Hra)?/(?“Fﬂ),
> wma 2y+p
_ L (ura) 9P
? I, 2ua 2y+pB’
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-1 (ﬂm)(ﬂe)

12 =

[ 4ua
1 +a
21 :_M( -&),
L1, 4ua
LR e ) W (ura))
o3k aQu+ ) 612 aQu+ 1)’
h* (u+a) n (u’—a’)
=T 7 T oaT >
127 pa 127 ua
R (uta)d

U312 paQu+ )

The solution of the problem that satisfies the
boundary conditions will be sought in the
following form

S =i, c08k & cosk &,
Sfoe = form COSk & sink, &,
Sy = L5, SNk & cosk &,
S = fa,sink & sink, &,,

(25)

V4 V4

where £k, =—2n-1),k, =—2m-1).
) ( )k, . ( )

In formulas (25), f,. means the quantities w.,

Bpes K G, My, Zo [
quantities ¥ ,., &y, Noge » Nypsy Youy My [

means the

means the quantities ¥,., &3¢, N3 5 Ny Vs

M,.; f,. means the quantities ¢, M., G,..
The solution of the problem for the required
quantities was reduced to solving the system of
linear algebraic equations. Below are the results
of the calculation in the form of graphs of the
desired values as functions of the dimensionless

coordinates &, &, the middle plane of the plate.
During example, we took
a=1,6-100N/m2, 1 =2-10° N/m%, 2=3-10° N/m?,
p=12 KN, r=¢=3 kN.

the numerical
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a) M+, (n=1, m=2) b) M2+, (n=1, m=2)

Figure 1. The moments M1+ fig. 1(a) and M2+ fig. 1(b) is a function of the coordinates xi, x2.

a) Nl3*, (}7:1, m=2) b) N31*7 (7’121, m:2)

Figure 2. Graphs of Nis+ fig. 2(a) and N3+ fig. 2(b) is a function of the coordinates xi, x2.

Volume 19, Issue 2, 2023 77



Nelly N. Rogacheva, Yulia G. Zheglova

a) G+, (n=1, m=2)

b) G2+, (n=1, m=2)

Figure 3. Graphs of Gii+fig. 3(a) and G2+ fig. 3(b) is a function of the coordinates x1, x.

a) W (nzla m:2)

c) w+, (n=1, m=2)

Figure 4. The dependence generalized displacement vy ., y,., w= on the variables x1, x:.

The obtained dependences of the dimensionless
desired quantities on the coordinates of the
middle plane of the plate make it possible to
understand the behavior of the stress-strain
state. We especially note that for forces and
moments, the symmetry conditions known in
the classical theory of elasticity are not satisfied,

the transverse forces N,;. are significantly

1

greater than the forces N .

4. CONCLUSIONS

It is known that the classical theory of elasticity
is unsuitable for describing the behavior of
structures made of a number of materials widely
used in practice. As the results of experiments
show (for example, [ 6, 8]), in these cases one
should use the moment asymmetric theory of
elasticity. Thin-walled structures according to
the three-dimensional asymmetric theory of
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elasticity are almost impossible to calculate in
view of the complexity of the problem.

For the construction of applied theories of
plates, as in the classical theory of elasticity, a
three-dimensional problem is reduced to a two-
dimensional problem. As a rule, the reduction is
performed by the method of hypotheses, using
some simplifying assumptions. Hypotheses are
accepted by analogy with Kirchhoff's
hypotheses. The choice of hypotheses for a
complex problem based on known hypotheses
for a simple problem often leads to incorrect
hypotheses for the desired quantities that are
present in a complex problem and are absent in

a simple problem. For example, when
constructing the theory of thin-walled
electroelastic elements by the hypothesis

method for entire classes of problems, incorrect
hypotheses were adopted for the desired
electrical quantities. The reason is that there are
no electrical quantities in the theory of elasticity
and there are no analogues for the
corresponding  hypotheses. = Mathematically
grounded theories of electroelastic thin-walled
elements were first constructed without using
hypotheses by the asymptotic method of
reducing 3D problems of the theory of
electroelasticity to 2D problems [15]. The same
situation has developed in the moment
asymmetric theory of elasticity: the correct
equations of the plane problem of the moment
theory of elasticity were obtained by the method
of hypotheses by many authors in view of the
simplicity of the problem. In the problem of
plate bending, the correct theory was obtained
only by mathematical method [9]. Here, this
theory of plate bending in the asymmetric
theory of elasticity is presented by the method
of hypotheses for simplicity.
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