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Annotation. As a result of numerous experimental and theoretical studies, it has been established that when
deforming both traditional and new structural materials, which are polymers, composites and synthetic
structures used in construction, mechanical engineering, and power engineering devices, complicated
mechanical properties manifest themselves.Most of these materials have an orthotropic structure
complicated by the dependence of deformation and strength characteristics on the type of stress state,
which can be interpreted as deformation anisotropy. These properties contradict the generally accepted
theories of deformation. Therefore, a number of models have been specially developed for such materials
over the past 56 years, taking into account the complicated properties of materials. However, all of them
have disadvantages and certain contradictions with the fundamental rules for constructing equations of
state. The previous works of the authors of the presented studies establish general approaches to the
construction of energetically nonlinear deformation models of composite materials with recommendations
for calculating their constants based on a wide range of experiments.It turned out that the set of necessary
experiments should include experiments on complex stress states, most of which are technically
unrealizable. In another work of the authors in 2021, using the tensor space of normalized stresses, the
deformation potential was formulated in a quasi-linear form, constructed in the main axes of orthotropy of
materials, for determining constants, which is sufficient for the data of the simplest experiments. Along
with the obvious advantages of the introduced potential, it has one drawback, which is to replace real
nonlinear diagrams with direct rays with minimal error. Despite the unconditional adequacy of the quasi-
linear potential, the use of this level of approximations leads to quantitative errors.Therefore, simplified
nonlinear equations of state for composite materials are proposed here, the simplest experiments are
sufficient to determine the material functions of which. These equations are based on the general laws of
mechanics, on the basis of which the constants of material polynomials for a carbon-graphite composite are
calculated, taking into account the Drucker constraints.

Keywords: material functions, nonlinear deformation anisotropy, dimensional orthotropy, defining equations,
strain and stress tensors, least squares method, main axes of orthotropy
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AHHOTammsi. B pe3ynpTare MHOrOYHMCIEHHBIX AKCIEPUMEHTAIBHBIX W TEOPETUYECKUX HUCCIEJOBaHHM
YCTaHOBJICHO, YTO MpPU Je()OPMUPOBAHNY KaK TPAJULIHOHHBIX, TAaK U HOBBIX KOHCTPYKIHMOHHBIX MaTEpHAJIOB,
KOTOPBIMH SIBJISIFOTCSI ITOJUMEPBI, KOMIIO3UTBI U CUHTETUUYECKUE CTPYKTYpPbI, UCIIOIb3YEMbIE B CTPOUTEILCTBE,
MaIlMHOCTPOEHUH W DHEPreTHMYECKHX YCTPOWCTBAX, NPOSABIAIOTCA CHOKHBIE MEXaHMYECKHE CBOWCTBA.
BonpmIMHCTBO W3 ATUX MaTepUaloB MMEIT OPTOTPONHYI CTPYKTYPY, OCIO0KHEHHYIO 3aBHCUMOCTbBIO
ne(opManMOHHBIX M TPOYHOCTHBIX XapPAaKTEPUCTHK OT THIA HANPsDKEHHOTO COCTOSHUS, YTO MOXKHO
HHTEPIPETHPOBATh KaK Ae(GOPMAIMOHHYIO AHW30TPONHIO. OTH CBOMCTBA NPOTHBOPEYAT OOLICTIPHHATHIM
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teopusim  aedopmuposanust. [lostomy 3a mocneguume 56 JeT U TaKMX MaTepUanoB ObUI CHENUATBHO
pa3paboTaH psa MojeeH, YYHTHIBAIOIIMX YCIOKHEHHBIE CBOiicTBa MaTepHanoB. OJHAKO BCE OHH HMEIOT
HEJIOCTATKU M OIpEJeCHHbIE IMPOTUBOPEYHs C (yHIAMEHTAJIbHBIMH IPAaBUIAMH TOCTPOSHUSI YPaBHEHUIl
coctostHus. [Ipenpinynime paboTel aBTOPOB NPEICTABICHHBIX UCCIIEA0BAaHUH YCTAaHABIMBAIOT OOIINE TIOIXO/IBI K
MIOCTPOCHHIO HHEPreTHUECKH HEMMHEHHBIX Mojenedl 1eOopMHUpOBaHHS KOMITO3HWIIMOHHBIX MaTEpPHAlIOB C
PEKOMEHAAMAMH 10 PACYeTy MX KOHCTAaHT HAa OCHOBE MIMPOKOIO CIEKTpa SKCIepuMeHTOB. OKa3aloch, 4TO
Habop HEOOXOIMMBIX SKCICPUMEHTOB [OJDKEH BKJIIOYATh OHKCIEPHUMEHTHI 110 CIOKHBIM HANpsDKEHHBIM
COCTOSIHMSIM, OOJIBIIMHCTBO U3 KOTOPBIX TEXHUYECKH HepeaansyeMbl. B apyroii padore aBTopos B 2021 rouy c
UCIIOJIb30BAaHUEM TEH30PHOIO TPOCTPAHCTBA HOPMHUPOBAHHBIX HANPSDKEHMH MOTEHHMAN jaedopMaiuu Obul
chopMyIMpOBaH B KBa3WIMHEHHOW (opme, MOCTPOCHHBIH B TJIABHBIX OCSX OPTOTPOIMHM MAaTEPHANIOB H
YCTaHOBIJICHO, YTO JUIS ONPENENICHNUsI KOHCTaHT JIOCTATOYHO JAHHBIX MPOCTEHIINX sKcrepuMeHToB. Hapsny c
OUYEBUIHBIMU MPEUMYIECTBAMU BBEIEHHOTO TIOTEHIIMAIA, Y HETO €CTh OJIMH HEJOCTATOK, KOTOPBII 3aKIII09aeTCs
B 3aMEHE PeabHBIX HEJIMHEHHBIX JuarpaMM MpsSMBIMH JTy4aMH ¢ MUHUMAaJIbHON MOTpenHocTbio. HecMotpst Ha
0e3yCIOBHYIO aJIeKBaTHOCTh KBAa3WJIMHEHHOTO ITOTEHIMANa, HCIIOJIb30BAaHUE TAKOrO YPOBHS IPUOIMKEHUH
MIPUBOJMT K KOJIMYECTBEHHBIM omnOkam. [loaToMy 31eck mpemnaraioTes ypoIieHHbIe HeTMHEHHbIC YPaBHEHHS
COCTOSIHMSL [UIi KOMIIO3WLIMOHHBIX MAaTepuasioB IpPH ONPEICICHUAN MaTepHAIbHBIX (QYHKIMH KOTOPBIX
JIOCTATOYHO NMPOCTEHIINX 3KCIEPHUMEHTOB. DTH YPaBHEHUSI OCHOBAaHbI HA OOIIMX 3aKOHAX MEXAHUKH, HA OCHOBE
KOTOPBIX PAaCCUHUTHIBAIOTCSI KOHCTAHTBI MaTePHUAIIbHBIX MTOJMHOMOB JJIsl YIJIErpaUTOBOTO KOMITO3UTA C YUETOM
orpanuueHuit Jlpykepa.

KiroueBble ci1oBa: MaTepuaigbHble (QYHKIMH, HETHMHEHHAS JeQOpMaliioHHast aHU30TPOIIHS,
CTPYKTYpHasi OPTOTPOIIHS, OTIPEIENIAIONIIE ypaBHEHNS, TEH30PHI AeopMariuii ¥ HanpsHKSHUH,
METO]l HANMEHBIIIUX KBaJPaToB, TJIaBHBIE OCH OPTOTPOIIUH

1. INTRODUCTION

The designs of unique structures, especially
critical parts of apparatuses and machines are
continuously being improved, which has
caused the appearance of special materials
with increased deformation and strength
characteristics with a minimum mass of the
objects being examined. Along with this,
similar materials have certain properties that
contradict classical theories [1 — 7]. Mainly,
these materials include chaotically filled with
nano-modifiers and fibers, fibrous composites,
fiberglass, graphitoplastics and boroplastics.

The discrepancy between the mechanical
properties of these new, as well as many
materials traditionally used in engineering,
such as concrete and reinforced concrete [8,
9], cast iron [10], fluoroplast [11], carbon-
graphite [12, 13], is the sensitivity of their
physical and mechanical properties to the type
of stress state. Some of these compositions are
isotropic [8 — 12], and most are anisotropy of
the type of orthotropy and transversal isotropy
[1 -8, 13]. At the same time, over the past 50
years, equations of state have been proposed
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for isotropic materials in many studies based
on various hypotheses, which are largely
contradictory, and as demonstrated in [8], all
these equations have serious drawbacks and
are contradictory. In contrast to these theories,
in the works [8, 14, 15], sufficiently universal
and free from such shortcomings defining
relations were formulated and investigated for
applicability to the calculation of a wide class
of materials. These relations have energy
consistency and are formulated in vector and
tensor normalized stress spaces. At the same
time, classes of structurally anisotropic
materials have been covered by theoretical
studies only in individual publications, often
under-researched to the level of applicability
to design calculations and are not fully
systematized [1 — 7, 13, 16, 17].

In the light of the above, the purpose of the
presented publication is to demonstrate the
application of the normalized tensor space of
normalized stresses for postulating nonlinear
equations of state in relation to orthotropic
materials with deformation anisotropy.
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2. FORMULATION OF THE PROBLEM:
METHODS AND RESULTS OF
CONSTRUCTING NONLINEAR STATE
EQUATIONS FOR COMPOSITE
MATERIALS. DEFINITION OF
MATERIAL FUNCTIONS AND THEIR
LIMITATIONS

Research [18] was devoted to an attempt to apply
the technique of normalized stress tensor spaces
to the formulation of a nonlinear version of the
theory of deformation of orthotropic materials
with deformation anisotropy acquired during
loading in compliance with all the rules for
postulating the form of specific additional stress
work for continuous deformable media [19]. It
has been demonstrated [8, 18] that in equations
with full consideration of physical nonlinearity,
even with quasi-linear approximations of
experimental deformation diagrams, it is
necessary to involve a wide range of
experiments, including complex stress-strain
states, in calculating the constants of the
equations of state. Often, for this purpose, it
requires the use of wide sets of tests in a plane
stress state, spatial (triaxial) experiments in the
main planes of orthotropy, including both
stretching and compression. However, this is not
the most difficult. It is much more difficult to
perform tests for joint shifts in two or three main
material planes of orthotropy. Conducting such
tests at the current level of development of the
experimental base is practically impossible for
technical reasons and therefore there is not
enough information in the scientific literature
about the results of such experiments. In the
work of the authors published in 2021 [20], using
the tensor space of normalized stresses, a quasi-
linear form of the deformation potential for
orthotropic materials is formulated, taking into
account the manifestation of deformation
anisotropy. In addition to the potential itself and
the equations of state arising from it, a method

for calculating the constants of these equations
using experimentally determined technical
characteristics is also developed there, and the
limitations arising from the complete proof of the
uniqueness theorem are evaluated. This potential
and the equations of state resulting from it have a
sufficiently high accuracy, do not contradict the
laws of classical mechanics and are free from
obvious drawbacks characteristic of well-known
theories proposed by other authors. However, it
is impossible to achieve further improvement and
increase the accuracy of computational models of
structures made of composite materials without
replacing quasi-linear equations of state with
nonlinear ones, which, undoubtedly, should have
the smallest error of theoretical predictions
relative to experimental data. At the same time, a
simple statement of the problem will not be
enough, since the difficulties that arise in
obtaining experimental data in full do not allow
us to establish a set of necessary technical
constants. Therefore, it is proposed here to
formulate direct nonlinear equations of the
relationship between strain and stress tensors for
composite orthotropic materials sensitive to the
type of stress state in a form close to the
generalized Hooke's law with modification by
the type of the theory of small elastic-plastic
deformations, but using normalized stress spaces.
The proposed version of the equations of state
should be universal for any type of stress state
and allows to establish one-to-one relationships
between deformations and stresses with the
involvement of a system of simple experiments,
technically feasible and sufficient to fully
determine the nonlinear material functions
introduced into these equations and taking into
account the complex of complicated mechanical
properties.

The proposed nonlinear coupling equations of
strain and stress tensors for an orthotropic
material with deformation anisotropy are
recommended to be formulated as:

ey = |:A1111 (0:) + By (97) 0‘11] o5t |:A1122 (0;) + Bin (07) (0 + 0522)] Oy +
+ [A1133 (0;) + Biyzz (07) (e + 0533)] 033>

€y = |:A1122 (GI) + BIIZZ (O'I) (0{11 + a22):| oy, +
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+ [Azzzz (0;) + By, (o)) ‘122] opn T
(

+ [A2233 ;) + Byss (07) (0‘22 + 0‘33)] O35> (1)
€3 = [A1133 (0:) + Biss (07) (e + a33)1 ot
+ [A2233 (0;) + Byas (07) (@ + 0533)] Oy +
+ [A3333 (0:) + Bysz3 (07) “331 033>
72 = Cion (Ui) T12> 73 = Cun (Ui) T3 73 = Cians (0'1) 3
where 4. (0,), By, (0;) and Cy, (07) = 4, (07) = —0,5[\/;,” (6) / Ey () + viey (0) / E, (o;)}
determined by the deformation charactrisics of B (3 = 03[ 0) / £2 (o) - i (o) / 5 (o)
an orthotropic material; a; = 0; /S = Cpum (0;) =1/ Gy (07)s km =123, (2)
components of  normalized stresses; where £} (0;) = a; + mio, + njo?;

o; = BSijSij/ 2 — intensity of stresses;

Sij =0, - 5;‘]‘0' — stress deviator; § = 0,0y

— the modulus of the total stress vector (the
norm of the tensor stress space); (i, j, k,
m=1,2,3).

According to the nature of the experimental
data changes, it is found that it is advisable to
represent the nonlinear material functions of
the equations of state (1) as power
polynomials, whose coefficients depend on
the experimentally established deformed
characteristics of the material under study
obtained from experiments on uniaxial
stretching and compression along the main
axes of orthotropy and on shifts in the three
main  material  planes. Mathematical
processing of empirical results was carried out
using the least squares method implemented in
the Microcal Origin Pro 8.0 software package
(Microcal Software Inc.). The method of
calculating the constants of the equations of
state considered in [18], in the case of
physical nonlinearity of orthotropic materials
in the presence of deformation anisotropy,
material functions can be determined in the
form of dependencies associated with the
experiments carried out:

Buw (o) = 0,5[1/ B (o)) =1/ E; (o) ];
112

+ _ + + + 2.
Vien (O-i) - ﬂ’km + ﬂkmo-i + Him O >

_ 2.
ka (O-i) = 8im + Pim0i + Qim0 » Elit (O_i)’

V;;m (Gl-), G (o-.) — functions that depend on

1
the intensity of stresses and represent nonlinear
interpretations  of  deformation  modules,
transverse deformation coefficients and shear
modules of orthotropic material in the
corresponding directions of the main material
axes and planes (the «+» sign corresponds to the
characteristics obtained from experiments on
axial tension, and the «—» sign corresponds to

. . + + + + +
axial compression); a;, m;, My, Ay Bims

y,ﬁm, Eim> Pim> Ykm — coefficients of
approximation polynomials obtained as a result
of processing experimental data on the
deformation of materials by the least squares
method.

It is advisable to carry out the determination of
material  functions, taking into account
approximate limitations traditional for the
mechanics of orthotropic materials [19]:

Vin(0) / E,(0)
Vin(0,) / E,(0))

= V() / E((0));

= V(@) / E(o). ()

The deformation of the composite «carbon
fiber-carbon AVCOMod 3a» was considered as
a reference material with a twofold anisotropy,
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experimental data for which were borrowed
from works [6, 13], which presented the results
of tests for uniaxial tension and compression in
the directions along the main axes of orthotropy
and for a net shift in three mutually orthogonal
main material planes. Mathematical processing
of experimental data on the deformation of the
AVCOMod 3 composite allowed us to present
the coefficients of the polynomials in Table. 1.
Deformation diagrams of the composite under
consideration,  constructed  according to
experimental data and their theoretical
representations according to model (1) are
shown in Fig. 1 — 4.

In the previous work [20], the uniqueness
theorem of solutions for the quasilinear
deformation  potential, which determines
approximate relationships of strain and stress
tensors for composite  materials  with
complicated properties of the type wunder
consideration, was substantiated and proved. In
this [20] and other works [8, 18, 21] it is
established that the proof of the uniqueness
theorem when postulating any equations of state
is finally brought to the verification of Drucker's
postulate

>0, )

within the framework of which restrictions are
defined, imposing on material functions. For the
accepted nonlinear equations of state (1), the
components of the complete Sylvester matrix
take the form:

D _ 83” . _ 8@1, . D _ 8@11 .
11 py. ’ 12 Py ? 3 = o ’
11 22 33
D de; . D. = oe,; . _ Oey, .
14 0 ’ 15 P » Dyg = P) ’
T3 Ts3 T
D Oe,, . D - oe,, . D - oe,, .
22 oo ’ 23 oo ? 24 ot ?
22 33 13
D - Oe,, . D Oe,, . D - Oe,; .
25 > g > Ly ’
0753 1), 005
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Oe Oe Oe
D,, = - 53 D, = 55 D, = 55
T3 0T o,
0
D, - 0¥ .3 ; D, = 0V , D, = Vi3 :
07,5 0Ty, or,,
075; . 0y 15 . 07,, .
D;; = 87/23 s Dy = - D, = —
Ts3 o, o,
Dl.j = Djl.. (5)

It 1s established that the polynomial constants
representing the material functions of the
AVCOMod 3a composite [6, 13] given in Table
1, taking into account the quadratic forms (5),
satisfy the Sylvester criterion arising from the
requirements of the Drucker postulate [8, 18,
20, 21].

3. DISCUSSION OF THE ADEQUACY OF
THE INTRODUCED EQUATIONS OF
STATE TO THE EXPERIMENTAL DATA

Figures 1-4 confirm the adequacy of the
postulated equations of state (1) to
experimentally established diagrams for
stretches, compressions in the main axes of
orthotropy and shifts in the corresponding
planes for reference samples of the
AVCOMod 3a composite [6, 13]. It should be
noted that the nonlinear model (1) has a
number of advantages over the known
equations formulated by other authors, such as
S.A.Ambartsumyan [16], C.W.Bert—
L.N.Reddy [2, 13], R.M.Jones—D.A.R.Nelson
[4, 6] and A.A.Zolochevsky [7] in relation to
calculations, especially of spatial structures
made of orthotropic composite AVCOMod 3a
[6, 13]. In particular, the model (1) is free
from physically unjustified restrictions
imposed on the coefficients of material
functions, the absence of piecewise equations
of state and the presence of a mechanism for
the influence of changes in the type of stress
state on the dependence of deformations on
stresses. In addition, the error of theoretical
approximations (1) of reference experimental

113



Alexander A. Treshchev, Nikita S. Yushchenco, Alexander A. Bobryshev

diagrams compared with other theories [2, 3,
6, 7, 13], judging by Fig. 1 — 4, it is minimal,

and when the coordinate system rotates, it has
a higher accuracy.

Table 1. Constants of composite material AVCOMod 3a [6, 13]

];Zr%e ;)e f Technical Constants of polynomials of material
tesI; parameter functions
al*=1,058-101°, Pa m, =62,829 n, =1,535: 1076, Pa™!
e E (o) | ai=2.86410",Pa m:=105,476 7 =5,893-107, Pa’!
8 a;=2,301-10', Pa m’=88,349 ni=3,711-10°, Pa”!
=5 2,,=0,158 B,=3,1-10%,Pa | 4 =2,19-10""7, Pa’2
g O
S E + _ _
= 9 2;,=0,103 B, =1,8:107 Pa”! 15,=9,1-107'%, Pa
b=
g 3
?‘j ‘*i A,,=0,203 f,=2,15-107, Pa! 1), =6,15-10""7, Pa?
7 Von (6‘) + + ~10 pa-l + 17 pa-2
= 5 25,=0,104 p;=0,87-10"7, Pa 1,=6,74-1077, Pa
%
‘§ A7 =0,146 £,=015101%,Pal | 4 =697-10""7, Pa’?
1;,=0,1884 p,=1,15-102,Pa’' | 4=1,914:10" Pa™
8= a; =9,988:10°, Pa m,; =12,943 n,=6,71-1077, Pa™!
B E (0) | a;=2326:10", Pa 5, =436,81 ;=6,08-107, Pa’
=
o 2, a;=5,14-10°, Pa m, =129,15 n;=78,3:10, Pa’!
ek 4,=0,118 p,=146-10°,Pa | ;- =2,14-10"7, Pa
g g
% = 25,=0,06 £,=1,77-107, Pa! 15,=2,95-107"7, Pa?
G
£ 0 J,=0,264 f=1,12:10°,Pa’l | , =3,01-10""7, Pa
% _
58 | (o) - ~=2,1610", Pa’! ~=2,110", P’
2 < /123:0,189 ﬂ23_ 5 : , Fa My == 10 , Fa
o]
% A;,=0,134 B,=0,46:1071%, Pa’! 1;,=5,82:10""7, Pa?
= A,=0,07793 | B, =046510% Pl | ,;,=9,0167-107, Pa’>
»n — — — 106 -1
28 g g,,=4,07-10°, Pa pp,=—1,6 q,,=8,38:10°, Pa
ol 8| Gu (o) 2,,=1,723-10°, Pa p,;=16,899 g, =1,1-107, Pa’!
. — — t
“»n g © g,,=2,43-10°, Pa Py =—54,455 ¢, =1,97-105, Pa’!
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Figure 1. Deformation diagrams along the x| axis: (a) stretching, (b) compression; 1 — longitudinal
deformation €11; 2, 3 — transverse deformations €22 and €33, @ — experimental data,
nonlinear approximations
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Figure 2. Deformation diagrams along the x: axis: (a) stretching; (b) compression,
1, 3 — transverse deformations €11 and €33; 2 — longitudinal deformation &22;
Q@ — experimental data; — nonlinear approximation
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Figure 3. Deformation diagrams along the x3 axis: (a) stretching, (b) compression;
1, 2 — transverse deformations €11 and €22; 3 — ongitudinal deformation €33,

Q — experimental data;

— nonlinear approximation
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Figure 4. Deformation diagrams on a net shift in the main planes of orthotropy:

(a) in the plane xix2; (b) n the plane x2x3; (c) n the plane xix3; © — experimental data;

nonlinear approximation
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