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Abstract: For some elastic systems with a finite number of degrees of freedom of masses, in which the direc-
tions of mass movement are parallel and lie in the same plane (for example, rods), special methods have been
developed for creating additional constraints, the introduction of each of which purposefully increases the value
of only one natural frequency and does not change any from the natural modes. The method of forming a matrix
of additional stiffness coefficients that characterize such targeted constraint in this problem can also be applied
when solving a similar problem for elastic systems with a finite number of degrees of mass freedom, in which
the directions of mass movement are parallel, but do not lie in the same plane (for example, plates). At the same
time, for such systems, only the requirements for the design schemes of additional targeted constraints are for-
mulated, and not the methods for their creation. The distinctive paper is devoted to solution of corresponding
sample of plate analysis with the use of approach that allows researcher to create computational schemes for ad-
ditional targeted constraints for such systems.
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®OPMHUPOBAHUE PACUYETHBIX CXEM JOINOJHUTEJBbHBIX
CBSA3EN, IPULIEJBHO PETYJUPYIOHIUX CHEKTP YUACTOT
COBCTBEHHBIX KOJIEBAHUM YIIPYTUX CUCTEM
C KOHEYHBIM YN CJIOM CTENNEHEW CBOBOJIbI MACC,
Y KOTOPBIX HAIIPABJIEHUS JIBUKEHUS MTAPAJJIEJIBHBI,
HO HE JIE)KAT B OJHOH IIJIOCKOCTHU
YACTD 2: IEPBBINA TECTOBBIN IIPUMEP

JI.C. JIaxoeuu’, II.A. Akumose ?, H.B. Meweynoes !

! ToMCKHii roCcyIapCTBEHHBIN apXUTEKTYPHO-CTPOUTENBHEIN yHUBepcuTeT, Tomck, POCCHUS
2 HaumoHaIBHBIH HCCIEN0BATENLCKHIA MOCKOBCKUI TOCYIaPCTBEHHBIN CTPOUTENBHBIN YHUBEPCHTET,
Mocka, POCCHSI

AnHotanusi. J[71s1 HEKOTOPBIX YNPYIMX CHCTEM C KOHEYHBIM YHCIIOM CTENeHeH CBOOO/BI Macc, y KOTOPBIX
HAalpaBJIeHUs ABWKEHUSI MaccC MapaJulebHbl U JISKaT B OJHOM IUIOCKOCTH, (HalpuMep, CTep>KHH) pa3paboTaHbl
METO/Ibl CO3/1aHUsl JONOJIHUTENIBHBIX CBSI3€H, BBEACHUE KAXKIOW U3 KOTOPBIX MPULEIBHO YBEIMYUBACT 3HAUCHUE
TOJIBKO OJTHOW COOCTBEHHOW YacTOTHI M HE U3MEHSECT HU ONHY M3 (OpM COOCTBEHHBIX KoneOanuii. Metox ¢op-
MHPOBAHHSI MaTPUIIBI JIOTIOTHUTEIBHBIX KO3()(UINEHTOB )KECTKOCTH, XapaKTEPU3YIOIINX B 3TOH 3aJade TaKylo
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MIPULETBHYIO CBA3b, MOXKET OBITh MPUMEHEH W TPH PEUICHUH aHAIOTUYHOHN 3aJaddl Ul YIPYTHX CHCTEM C KO-
HEYHBIM YHCIIOM CTETIeHEH CBOOO/IBI Mace, y KOTOPBIX HAPaBIICHHS ABIKECHIUS Mace apajuieNbHbI, HO HE JIeKaT
B OJIHOM IUIOCKOCTH (HanmpuMep, IUIACTHHBI). BmecTe ¢ TeM A Takux cUcTeM COPMYIMPOBAHbI JIMIIb TpeOo-
BaHMA K PACUETHBIM CXEMaM JJONOIHUTENbHBIX IIPULEIBHBIX CBA3€H, a HE METObI UX CcO3/laHus. B naHHOI cra-
ThE PacCMaTPUBACTCSA HMPUMEP MPUMEHEHUs JUIS IJIACTHH pa3pabOTaHHOTO IO/X0/1a, MO3BOJSIIOIIETO CO3/1aBaTh
pacyETHBIE CXEMBI JIOMOIHNUTEIBHBIX MIPULIETBHBIX CBA3EH U JUIS TAKUX CHCTEM.

KuroueBble ci1oBa: yactora COOCTBEHHBIX KoJieOaHui, popma COOCTBEHHBIX KOJIEOaHUH,
0000111eHHas PHUIIeTbHAs JONOIHUTENBHAS CBSI3b, IPUMEP pacyera

THE FIRST SAMPLE

Let us consider a hinged rectangular plate [4,
10-14, 19, 20] 6 m by 6 m in size, carrying con-
centrated masses (Fig. 1a [4])

m[1]=1000kg, m[2]=1100kg,
m[3]=1150kg, m[4]=1200kg .

The thickness of the plate is 0.12 m. The modu-
lus of elasticity of the plate material

E=24-10° N/m* =24-10° Pa.

Poisson's ratio v, =0.2.

We choose the main system of the displacement
method (Fig. 1b) [17], form the corresponding
system of equations (1) from the paper [4] (ma-
trices A = |{i,k]|, M =|m[i]|). From equation

(2) given in [4], we determine the eigenfrequen-
cies and eigenmodes of the plate vibrations. The
values of the eigenfrequencies of the plate and
the coordinates of the eigenmodes correspond-
ing to them are given in Table 1 (columns are
the eigenfrequencies and coordinates of the
eigenmodes).

Assume that it is required to increase the value
of the first frequency of natural oscillations up
to 100 s! (or up to 100 Hz, respectively). To do
this, in accordance with formulas (7), (8), (9)
given in [4], we form a matrix of additional
stiffness coefficients (4) (see [4]). All the data
necessary to use dependencies (7), (8), (9) from
[4] are given in Table 1. After forming the ma-
trix of additional stiffness factors, taking into
account their influence, we determine from
equation (10) given in [4], the modified spec-
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trum eigenfrequencies and their corresponding
vibration modes [1-6, 13]. The modified spec-
trum of natural frequencies and their corre-
sponding forms are shown in Table 2.

It can be seen from the table that taking into ac-
count the additional stiffness factors did not
change any of the modes of natural oscillations
of the plate, but only increased the value of one
of the frequencies from 61.6965 s7! to the speci-
fied value of 100 s7!.

The generalized targeted constraint must corre-
spond to the matrix of additional stiffness coef-
ficients.

One of the variants of the computational scheme
of the targeted constraint is shown in Figure la
and Figure 1b. The accepted version is once
statically indeterminate and does not contain
additional racks. Thus, its geometry is deter-
mined only by the lengths of the main vertical
members, that is, by the values /_[i].

As noted above, now the problem is reduced to
finding in the computation scheme of targeted
constraint the lengths of the main vertical mem-
bers [ [i] (i =12,..,4) from the conditions for

the occurrence of forces N[i], i=1,.,4 in

them, the ratios between which will be propor-
tional to the ratios between the forces
R [i1=m[ip[il], i=1,..,4. The values m[i]
are shown in the initial data of the distinctive
sample, and the values v[i,1] are given in the

first column of Table 1 and Table 2. The forces
are shown in Table 3.

In order to use the algorithm for the formation
of the computational scheme of targeted con-
straint, researcher must firstly select the base
vertical member and set its length. For the base
we will take the vertical member of the first
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node and set / [1]=2.45m. We will take the

1.12]=230m, ,[3]=2.00m, [ ,[4]=2.6m.

initial values of other variable lengths
Table 1. Values of eigenfrequencies (natural vibration frequencies) of the plate
and coordinates of their corresponding eigenmodes (natural modes) (the first example).
[0 61.6965 141.4295 146.2905 205.4514
1 0.4908 0.0001 0.7080 -0.5893
2 0.4965 -0.7093 0.0895 0.5154
3 0.5058 -0.0676 -0.7003 -0.4432
4 0.5068 0.7016 0.0181 0.4367
Table 2. Modified frequency spectrum of natural vibrations of the plate
and coordinates, corresponding to them natural forms (the first example).
® 100.00 141.4295 146.2905 250.00
1 0.4908 0.0001 0.7080 -0.5893
2 0.4965 -0.7093 0.0895 0.5154
3 0.5058 -0.0676 -0.7003 -0.4432
4 0.5068 0.7016 0.0181 0.4367

Figure 1. The first sample: variant of the computational targeted constraint:
a) three-dimensional visualization; b) top view.

Table 3. To the analysis of the targeted constraint in the computational scheme (the first example).

i 1 2 3 4
mli] 1000 1100 1150 1200
Vi,1] 0.4908 0.4965 0.5058 0.5068
R,[i] 490.7597 546.1499 581.6800 608.1056

It is also necessary to set the force in one of the
vertical members. Let's accept
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N, [1]= R,[1] = 490.7597 kg .

To find the minimum of the objective function
(12), described in [4], the method of steepest
descent in the space of varying lengths of verti-
cal members [ [i], i=2,3,4 was used. The

formation of the computational scheme of the
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targeted constraint according to the above men-
tioned algorithm was carried out without re-
strictions on the length of the vertical members.

Equilibrium equations were constructed for
nodes located at the tops of the vertical mem-
bers.

Table 4. The lengths of vertical members of targeted constraint and corresponding forces in them

(the first sample).

1_,[1]=2.4500

N_[1]=-490.7597

,[8,4]=3.7680

N,[8,4]=747.1761

1 [2]=2.3855

N_[2]=-546.1499

1,09,3]=2.7948

N,[9,3]=554.1850

1.[3]1=1.9521

N, [3]=-581.6800

1,[1,2]=2.0010

N, [1,2]=396.7919

1 [4]=2.4896

N_[4]=—608.1056

1,[2,3]=2.0464

N, [2,3]=405.7875

1,[5,1]1=3.7420

N, [5,1]=742.0097

1,3,41=2.0710

N, [3,4]=410.6569

1,16,2]=3.7001

N, [6,2]=733.6948

1,[1,4] = 2.0004

N, [1,4]=396.6633

1,[7,3]=2.7948

N,[7,3]=554.1850

[st14]

Ist]3]

e
e
1.5 '

1.8826

——» [5f0[1]

] v 1 v 1 v 1 v 1 v ] v 1 v ) v
14 16 18920 22 24 26 28 90 32 34

2.9523

Figure 2. The first sample: parameters of targeted constraint.

The found lengths of the vertical members of
targeted constraint and the forces in them are
shown in Table 4.

From Table 4 it can be seen that the forces in
the vertical member by absolute values coincide
with the forces R,[i]. This circumstance con-

firms the minimum of the objective function
(12) [7-9, 15, 16, 18, 21-23] from [4] and the
fulfillment of the requirement that the ratios be-
tween the forces N_[i] are proportional to the

ratios between the values R [7].
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The cross-sectional areas of the vertical mem-
bers of targeted constraint can be found from
the condition that its stiffness coincides with the
stiffness determined by the matrix of additional
coefficients (4) from [4]. These conditions are
realized by dependencies (9), (14), (15) from
[4]. Since there are no additional vertical mem-
bers in the computational scheme of the targeted
constraint, then in (14) from [4] only the values

Fylil=Fali], F,[j]1=FBLj]
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remain, and in the brackets of expression (15)
from [4] we have only the first two terms.
When minimizing the volume of the material of
the targeted constraint from [4], researcher nor-
mally consider the case when, according to the
design conditions
alil=2, plil=1.
All vertical members are solid round rods. The
modulus of elasticity of the material of the ver-
tical members in equal to E =2.06-10"Pa.
Then, using (13), (14), (15) and (16) from [4],
we obtain

F,[i]=0.00057357m>, D, =0.027024m,
F,[i]1=0.00028678 m", D, =0.0191088m,
Ve =0.012467m’,

where D, and D, are respectively, the diame-

ters of the rods of the vertical members and
belts of targeted constraint.

As noted above, when the length of the base
vertical member changes, the ratios between the
lengths of the base vertical members do not
change, that is, the values y, and y, (see [4])
remain constant. Therefore, when changing the
length of the base vertical member, the greatest
length remains at the vertical member of the
fourth node, and the smallest at the vertical
member of the third node. Thus, when minimiz-
ing the function V, (see [4]), the values

2, =1[11/1,[4]=0.9841;
¥, =1,[1/1,[3]1=1.551,

computed with the use of data from Table 4 do
not change. Figure 2 shows the dependences of
the lengths /_[3] and /,[4] on the change in the

length of the base vertical member /_,[1].

On Figure 2 also shows in the direction of the y-
axis the restrictions

3m=1[i]21.5m, i=1,273,4

Volume 18, Issue 3, 2022

on the expression (17) from [4], and in the di-
rection of the abscissa shows the range of per-
missible values of variable length / [1] accord-
ing to the expression (18) from [4].

The targeted constraint was formed at an arbi-
trarily chosen value of the length of the base
vertical member / [1]=2.45:m. By varying the

length of the base vertical member 7 ,[1], the

researcher can use the one-dimensional search
method to achieve the minimization of material
consumption when creating targeted constraint.
In this case, the values of variable length should
be chosen in the range of admissible values

(17), (18) from [4]. Table 5 lists seven options
for choosing the length of the base vertical
member. For each option, the values of the
lengths of the remaining racks and the amount
of sighting material are given V, .

Let's consider three options for forming re-
strictions on the lengths of the vertical members
and, accordingly, the area of admissible values

of the length of the base vertical member /,[1].
variable while minimizing the amount of sight-
ing material:

1) 3m>Ist[i]>21.5m, i=1,2,3,4 (17) from [1];
2.9523m>1,,[11>1.8826 m (18) from [1];
2) 2.1848m =1 [i]21.5m (17) from [1];
215m =1 ,[1]21.8826 m (18) from [1];
3)3m=1_[i]1=22.1m (17) from [1];
29523 m=>1,,[1122.6356 m (18) from [1].

In all variants, cases were considered when, ac-
cording to the design conditions, we have

alil=2, Blil=1.

On Figure 3 shows a graph of the change in the
volume of material of targeted constraint de-
pending on the length of the base vertical mem-
ber /,,[1]. Figure 3 also shows the ranges of

acceptable values of the variable value of the
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three above options. In each area, the minimum
volume values V, are marked.

The results of minimizing the volume for the
first version of the restrictions are shown in the
fourth row of Table 5. Here, the minimum value
Ve, =0.01247m’ for [ ,[1]=2.45m is within

the range of acceptable values /_[1], that is, the

global extremum is found. The areas and diame-
ters of the sections of the vertical members of
targeted constraint are equal to

Table 4. The parameters of targeted constraint (the first sample).

No. Lo[1] 1,[2] 1,[3] [,14] Ve
1 1 0.9737 0.7968 1.0162 0.02495
2 1.5 1.4606 1.1952 1.5242 0.01567
3 2.15 2.0934 1.7131 2.1848 0.01268
4 2.45 2.3855 1.9521 2.4896 0.01247
5 2.6356 2.5662 2.1000 2.6782 0.01254
6 3.0 29211 2.3904 3.0485 0.01300
7 3.25 3.1645 2.5896 3.3025 0.01351
I:;".‘-T'
0,0140 Al
0,0138 -
0,0136 -
0,0134 -
0,0132 - \
0.01254 m

0.01268 m*

0,0130 -
0.0128 7 0.01247 a®
0,0126 - ~ TETE ceere )
0,0124 - [stQ[1]
N ] || N ] o L N ] v I v ] N ] ° h
16 18| 20 b.z 24| 28 28 |30 32 34
215m 2.6356 M
245 M
'*II'IIII"IIII'IIII"IIII"
1.8826 M 29523 m

Figure 5. The graph of the change in the volume of material of the targeted constraint
depending on the length of the base vertical member.

F, =0.0005734m’, D,, =0.0270m,
F, =0.0002868m*, D, =0.0191m.
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The results of the second variant are presented
in the third row of Table 5. The minimum value
V., =0.01268m’ is on the border of the range
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of acceptable values /,[1], that is, the boundary
optimum is found at /,[1]=2.15m. The areas

and diameters of the sections of the vertical
members of targeted constraints are equal to

F, =0.0006295m", D, =0.02381m,
F,=0.0003148m, D, =0.02002m .

The results of the third variant are presented in
the fifth row of Table 5. The minimum value

Vg =0.01254m’ is on the border of the range
of acceptable values /[1], that is, the boundary
optimum is found at /  [1] =2.635m . The areas

and diameters of the sections of the vertical
members of targeted constraints are equal to

F, =0.0005513m", D, =0.02649m,
F, =0.0002756m>, D, =0.01873m.

The results obtained were checked (verified)
with the use of “LIRA-SAPR” software pack-
age. The eigenfrequencies and coordinates of
the vibration modes of the plate with impact
coupling, obtained using LIRA-SAPR [8], coin-
cided with the data in Table 2.
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