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MODELING OF SEISMIC WAVES STRESSES IN A HALF-PLANE
WITH A VERTICAL CAVITY FILLED WITH WATER
(THE RATIO OF WIDTH TO HEIGHT IS ONE TO TEN)
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Abstract. The problem of mathematical modeling of unsteady seismic waves in an elastic half-plane with a ver-
tical rectangular cavity filled with water is considered. The problem of modeling problems of the transition peri-
od is an actual scientific problem. A quasi-regular approach is proposed to solve a system of linear ordinary dif-
ferential equations of the second order in displacements with initial conditions and to approximate the region un-
der study. The method is based on the schemes: a point, a line and a plane. An algorithm and a set of programs
for solving flat (two-dimensional) problems that allow obtaining a stress-strain state in complex objects have
been developed. To assess the reliability of the developed methodology, algorithm and software package, the
problem of the effect of a plane longitudinal wave in the form of a Heaviside function on an elastic half-plane
was solved. The numerical solution corresponds quantitatively to the analytical solution. The problem of mathe-
matical modeling of unsteady elastic stress waves in a half-plane with a cavity filled with water (the ratio of
width to height is one to ten) under seismic influence is solved. A system of equations consisting of 8016008 un-
knowns is solved. Contour stresses and components of the stress tensor are obtained in the characteristic areas of
the problem under study. A cavity filled with water, with a width-to-height ratio of one to ten, reduces the
amount of elastic contour stress.

Keywords: wave theory of seismic safety, wave propagation, elastic half-plane, Heaviside function,
vertical rectangular cavity, water medium, contour stresses

MOJIEJIMPOBAHUE CEUCMUYECKHUX BOJIH
HATIPSI)KEHUH B TOJYIINIOCKOCTH C BEPTUKAJIBHOM
MOJIOCTHIO 3AIIOJTHEHHOHN BOJIOM
(COOTHOLIEHUE HIUPUHBI K BBICOTE OJIUH K JTECSITH)

B.K. Mycaes

HarmmonansHeii uccaenoBaTenbckuii MOCKOBCKHM TOCYJapCTBEHHBIN CTPOUTENbHBIN yHUBEpcuTeT, MockBa, POCCUA
Poccutiickuit yausepcuret Tpancmnopta, Mocksa, POCCUSA
MuHTsT9eBUPCKUi rOCyJapCcTBEHHBIN yHUBEepcuTeT, Munrsaesup, ASEPBANJKAH

AnHoTauusi. PaccMarpuBaeTcs 3aa4a 0 MaTeMaTHUYE€CKOM MOJICJIMPOBAHUN HECTAIIMOHAPHBIX CEHCMUYECKUX
BOJIH B YIPYTO#l MONYIJIOCKOCTH C BEPTHKAJIBHOW MPSIMOYTOJILHOM MOJIOCTBIO, 3al0JIHEHHOM Bojol. [Ipobnema
MOJICTIMPOBAHMSL 3aJiad IIEPEXOJHOr0 IEepuoja SBIIETCS aKTyalbHOW Hay4yHoOW 3amadeil. Ilpemnoxken
KBa3UPEryJSIpHBII MOAXOJ K PEIICHUIO CHCTEMbI JIMHEHHBIX OOBIKHOBEHHBIX TU(QepeHIHaNbHbIX YPaBHEHUH
BTOPOT'0 MOpSJKa B MEPEMEIICHHUIX C HAaYalbHBIMH YCIOBUSIMU M K allpOKCHMAalUHM HCCIeIyeMoi 00macTy.
MeToanka OCHOBBIBACTCSI Ha CXEMax: TOYKA, JHHUS W IUIOCKOCTh. Pa3paboTaHBI alrOpUTM W KOMIDIEKC
MporpaMM Il peIIeHUs  IUIOCKUX (IBYMEpHBIX) 3a1ad, KOTOPHIC ITO3BOJSIOT ITONydYaTh HATIPSKCHHO-
JIepOpMHUPOBAHHOE COCTOSHUE B CIOXKHBIX 00BEKTax. J{JIs OIEHKH JOCTOBEPHOCTH Pa3pabOTaHHOW METOIUKH,
aNTopUTMa M KOMILIEKCa IMporpamMM OblTa perieHa 3a1a4ya 0 BO3ACHCTBUH IUIOCKON MPOIOIHHON BONHBEI B BUJIC
¢yakmun  XeBucaiija Ha YOPYTYIO TONXYIUIOCKOCTh. UHCICHHOE pelIeHHe KOJIHMYSCTBEHHO COOTBETCTBYET
aHAJMTUUECKOMY pelleHnio. PereHa 3ajada o MareMaTHuecKoM MOJICTMPOBAHMM HECTAllMOHAPHBIX YHPYIHX
BOJIH HaprIX(eHHfI B IOJYIIJIOCKOCTHU C MOJIOCTBIO 3aI10JIHEHHOM BOlIOﬁ (COOTHOHIGHI/IG IMHUPUHBI K BEICOTE OAWH
K JIeCATH) TIPU CeHCMUYEeCKOM Bo3jaelicTBuu. Pemaercs cucrema ypaBHeHudd n3 8016008 HemsBecTHBIX. B
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XapaKTEePHBIX O0JIACTAX HCCIETYeMOH 3aadd TOJNyYeHbl KOHTYPHBIC HAINPSHKEHUS W KOMIIOHEHTHI TEH30pa
HanpspkeHni. [1oocTh 3amomHeHHOH BOION, ¢ COOTHOIICHNEM IIMPUHBI K BBICOTE OJWH K JECSTH, yMEHBIIACT
BEJIMYMHY YIPYTOro KOHTYPHOTO HAIpsDKEHUSI.

KaroueBble c10Ba: BOIHOBAs TEOPHUs CEHCMUYECKO 0€30MaCHOCTH, PACIIPOCTPAHEHNE BOJTH,
yInpyrast IOJIyINIOCKOCTh, (GyHKIMs XeBucaiina, BepTUKaIbHas IPSIMOYTOJIbHAS [I0JIO0CTh, BOIHAS CPEAa,
KOHTYPHBIE HANPSHKCHHS

1. STATEMENT OF THE PROBLEM OF
NONSTATIONARY WAVE EFFECTS IN
DEFORMABLE BODIES

Unsteady elastic stress waves propagating in a
deformable body interact with each other [1-8,
15-16, 18-29, 31].

After several passes and reflection of stress
waves in the body, the process of propagation of
disturbances becomes steady, the body is in os-
cillatory motion [1-8, 15-16, 18-29, 31].

The formulation of some problems of deforma-
ble solid mechanics is given in the following
works [1-31].

In [9-13], some information is given about the
formulation, analysis and technology for devel-
oping optimal algorithms for numerical model-
ing of structural mechanics problems.

The application of the considered numerical
method, algorithm and software package for
solving non-stationary wave problems in de-
formable bodies is given in the following works
[7-8, 18 =29, 31].

Verification (evaluation of accuracy and relia-
bility) of the considered numerical method, al-
gorithm and software package is given in the
following works [7-8, 18-21, 23-29, 31].

To solve the problem of modeling elastic un-
steady stress waves in deformable regions of
complex shape, we consider a certain body I' in
a rectangular cartesian coordinate system XOY ,
to which at the initial moment of time 7=0 a
mechanical non-stationary pulse effect is report-
ed [1, 3-5, 7-8, 18-19].

Suppose that a certain body I' is made of a ho-
mogeneous isotropic material obeying the elas-
tic Hooke law for small elastic deformations
[1,3-5,7-8, 18-19].
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The exact equations of the two-dimensional
(plane stress state) dynamic theory of elasticity
have the following form [1, 3-5, 7-8, 18—-19]
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where: 6, 6, u 71, — components of the

y
clastic stress tensor; €, €, H 7Y,, — compo-

nents of the elastic strain tensor; ¥ and v —
components of the vector of elastic displace-
ments along the axes OX and OY accordingly;

E
p — material density; C,, = |———>— — the ve-
7 \p(1-v)

locity of the longitudinal elastic wave;

/ E
Cs= m — the velocity of the transverse

elastic wave; v — Poisson's ratio; £ — modulus
of elasticity; S (S;US,) — the boundary con-

tour of the body I".

System (1) in the area occupied by the body I',
should integrate under initial and boundary con-
ditions [1, 3-5, 7-8, 18-19].
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2. DEVELOPMENT OF THE METHOD-
OLOGY AND ALGORITHM

To solve a two-dimensional plane dynamic
problem of the theory of elasticity with initial
and boundary conditions (1), we use the finite
element method in displacements [7-8, 19].
The problem is solved by the method of end-to-
end counting, without highlighting gaps [7-8,
18-19].

The main relations of the finite element method
are obtained using the principle of possible dis-
placements [7-8, 18—19].

Taking into account the definition of the stiff-
ness matrix, the inertia vector and the vector of
external forces for the body I', we write down
the approximate value of the equation of motion
in the theory of elasticity [7-8, 18—19]

Hb+K® =R,
®|;—9 = Py, ‘b‘ =0 = Do (2)
where: H — diagonal inertia matrix; K — stiff-

ness matrix; @ — vector of nodal elastic dis-

placements; ® — vector of nodal elastic dis-

placement velocities; ® — vector of nodal elas-

tic accelerations; R — vector of external nodal
elastic forces.

Thus, using the finite element method, a linear
problem with initial and boundary conditions
(1) was led to a linear Cauchy problem (2).

We determine the elastic contour stress at the
boundary of the region free from loads [7-8, 18—19].

Yy
2 1

| X

a a |

Figure 1. Contour end element with two node
points

Using the degeneracy of a rectangular finite ele-

ment with four nodal points, we obtain a contour
finite element with two nodal points (fig. 1).
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When turning the axis x on corner o counter-
clockwise, we get an elastic contour stress oy

in the center of gravity of a contour finite ele-
ment with two nodal points [7-8, 18—19]

o = (E /(2a(1-v*))((uy - ur) cos o+
+(vy -vy)sina) 3)
To integrate equation (2) with a finite element

version of the Galerkin method, we reduce it to
the following form [7-8, 18—19]

(4)

Integrating the relation (4) over the time coordi-
nate using a finite-element version of the Ga-
lerkin method, we obtain an explicit two-layer
scheme for internal and boundary node points
[7-8, 18-19]

;g =+ AH (K, +Ry),

Qi =Q; TAID; 4. )
The main relations of the finite element method in
displacements are obtained using the principle of
possible displacements and a finite element ver-
sion of the Galerkin method [7-8, 18—19].

The general theory of numerical equations of
mathematical physics requires for this purpose
the imposition of certain conditions on the ratio
of steps along the time coordinate As and by
spatial coordinates, namely [7-8, 18—19]

minAJ;

Cp

At=k

(i=1 2, 3,..), (6)

where: A/ — the length of the side of the end
element.

The results of the numerical experiment showed
that at k= 0,5 the stability of the explicit two-layer
scheme for internal and boundary node points on
quasi-regular grids is ensured [7-8, 18—19].
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For the study area consisting of materials with
different physical properties, the minimum step
along the time coordinate is selected (6).

On the basis of the finite element method in dis-
placements, a technique is developed, an algo-
rithm is developed and a set of programs is com-
piled for solving two-dimensional wave problems
of the dynamic theory of elasticity [7-8, 18—19].

3. LONGITUDINAL WAVES IN AN
ELASTIC HALF-PLANE WHEN EX-
POSED AS A HEAVISIDE FUNCTION

The problem of the effect of a flat longitudinal
wave in the form of a Heaviside function (fig. 3)
on an elastic half-plane (fig. 2) is considered to
assess the physical reliability and mathematical
accuracy [7-8, 18—19].
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Figure 2. Statement of the problem of propaga-
tion of plane longitudinal waves in the form of a
Heaviside function in an elastic half-plane

The calculations were carried out for the follow-
ing units of measurement: kilogram-force (kgf);
centimeter (cm); second (s). The following as-
sumptions were made for switching to other
units of measurement: 1 kgf/cm? = 0,1 MPa; 1
kgf s?/cm* = 10° kg/m?.

On the boundary of the half-plane 4B (fig.2) a

normal voltage o, is applied, which at

0<n<I11(m=t/At) changes linearly from 0
to P, and at n>11 1s equal to P (P=o0,

6o =-0,1 MPa (-1 kgf/cm?)). Boundary condi-
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tions for a contour BCDA on (>0
u=v=u=v=0. Reflected waves from the
contour BCDA they do not reach the studied
points when 0<» <100.

The calculations were carried out with the fol-
lowing initial data: H =Ax=Ay;Ar=1,393-10
6s; E =3,15-10 * MPa (3,15-10 3 kgf/cm?); v=
0,2; p=0,255-10*kg/m? (0,255-107° kgf s*/cm*);
Cp=3587 m/s; Cy=2269 ms.

The studied computational domain has 14762
nodal points. A system of equations consisting
of 59048 unknowns is solved.

The calculation results are obtained at character-
istic points B1-B10 (fig. 2).

As an example, a change in the normal voltage

is given 6, (6, =0, /[og|) ( fig. 4) in time »
y Py TPy R0

at the point Bl (1 — numerical solution; 2 —
analytical solution).
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Figure 3. Impact in the form of a Heaviside
function
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Figure 4. Change in elastic normal stress G, (the

problem of propagation of plane longitudinal
waves in the form of a Heaviside function in an
elastic half-plane) in time t/ At at the point Bl :
1 — numerical solution; 2 — analytical solution
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In this case, you can use the conditions on the
plane wave front, which are described in the pa-
per [5].

At the front of a plane longitudinal wave, there
are the following analytical dependences for a

plane stress state ¢, = -‘00‘. From here we see

y
that the exact solution of the problem corre-
sponds to the impact o (fig. 3).

4. MODELING OF STRESS WAVES IN A
HALF-PLANE WITH A LIQUID-FILLED
CAVITY (THE RATIO OF WIDTH TO
HEIGHT IS ONE TO TEN) IN CASE OF
SEISMIC IMPACT

The problem of the impact of a plane longitudi-
nal unsteady seismic wave (fig. 6) parallel to the
free surface of an elastic half-plane, with a cavi-
ty filled with water (the ratio of width to height
is one to ten) is considered (fig. 5).

The problem under consideration was solved for
the first time by V.K. Musayev using the devel-
oped methodology, algorithm and software
package [7-8, 18—19].

The calculations were carried out for the follow-
ing units of measurement: kilogram-force (kgf);
centimeter (cm); second (s). The following as-
sumptions were made for switching to other
units of measurement: 1 kgf/cm? = 0,1 MPa; 1
kgf s?/cm* = 10° kg/m’.

From a point F parallel to the free surface
ABEFG voltage normal applied (fig. 5), which
on 0<n<11 (n=t/At) changes linearly from
0 before P, and when n>11 is equal to
P(P=c(,05(=0,1 MPa (1 kgf/cm?)).

Boundary conditions for a contour GHIA on
t>0 u=v=u=v=0.

Reflected waves from the contour GHIA they

do not reach the studied points when
0<n<1000.

Contour ABEFG free from loads, except for the
point F .

The calculations were carried out with the fol-
lowing initial data.
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For the region ABCDEFGHI: H=Ax=Ay;
At=1,393-10° s; E=3,1510* MPa (3,15:10°

kgf/em?); v=0,2; p=025510* kg/m’
(0,255:10° kgf s*cm®*); C,= 3587 ms;
C, =2269 m/s.

For the region BEDC: H=Ax=Ay;At =
3,268-10° s; p=1,045-10° xr/m> (1,045-10° krc
c*fem); €, = 1530 m/c.

o |
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I~ 1000H
) | !

il

| I

1

2001H

Figure 5. Statement of the problem of the effect

of a plane longitudinal seismic wave on an elas-

tic half-plane with a cavity filled with water (the
ratio of width to height is one to ten)

0 200 400 600 800
t/At

1000

Figure 6. Impact in the form of a Heaviside
function
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Figure 7. Changing the elastic contour stress
Gy, intime t/ At at the point Al: 1 —in a prob-
lem without a cavity, 2 — in the problem with a

cavity filled with water (the ratio of width to

height is one to ten)
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Figure 8. Changing the elastic contour stress
Gy, intime t/ At at the point A2 : 1 —in a prob-
lem without a cavity, 2 — in the problem with a

cavity filled with water (the ratio of width to
height is one to ten)

When calculating, the minimum time step is
taken A¢ =1,393-10%s.

At the boundary of materials with different
properties, the conditions of continuity of dis-
placements are assumed.

The studied computational domain has
2004002 nodal points. A system of equations
consisting of 8016008 unknowns is solved.

As an example, fig. 7-11 shows the change in

the elastic contour stress G, (G, =0y /‘00‘) in

time n in points A1- A5 (puc. 5), located on the
free surface of an elastic half-plane: 1 — in the
problem without a cavity; 2 — in the problem
with a cavity filled with water (the ratio of
width to height is one to ten).
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Figure 9. Changing the elastic contour stress
Gy, in time t/ At at the point A3: 1 —in a prob-
lem without a cavity, 2 — in the problem with a
cavity filled with water (the ratio of width to
height is one to ten)
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Figure 10. Changing the elastic contour stress
G intime t/At at the point A4 : 1 —in a prob-
lem without a cavity, 2 — in the problem with a

cavity filled with water (the ratio of width to
height is one to ten)
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Figure 11. Changing the elastic contour stress
Gy intime t/ At at the point A5: 1 —in a prob-

lem without a cavity, 2 — in the problem with a
cavity filled with water (the ratio of width to
height is one to ten)
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The distance between the points: A1 and A2 is
H; A2 and A3 are H; A3 and A4 are H ; A4
and A5 are H; A5 and A6 are H; A6 and
A7 are H; A7 and A8 are H; A8 and A9
are H; A9 and A10 are H)

5. CONCLUSIONS

1. On the basis of the finite element method, a
methodology, an algorithm and a set of pro-
grams for solving linear two-dimensional plane
problems have been developed, which allow
solving complex problems with non-stationary
wave effects on complex objects. The main re-
lations of the finite element method are ob-
tained using the principle of possible displace-
ments. The elasticity matrix is expressed in
terms of the velocity of longitudinal waves, the
velocity of transverse waves and the density.

2. A linear dynamic problem with initial and
boundary conditions in the form of partial
differential equations, for solving problems
under wave effects, using the finite element
method in displacements, is reduced to a sys-
tem of linear ordinary differential equations
with initial conditions, which is solved by an
explicit two-layer scheme.

3. To predict the seismic safety of an object, under
non-stationary wave effects, numerical model-
ing of the equations of mechanics of a deforma-
ble solid is used. A method, algorithm and a set
of programs for solving linear two-dimensional
(flat) problems for solving problems of safety in
terms of bearing capacity (strength) in multi-
phase deformable bodies under non-stationary
wave influences have been developed.

4. The area under study is divided by spatial
variables into triangular and rectangular fi-
nite elements of the first order. According to
the time variable, the area under study is di-
vided into linear finite elements of the first
order. Two displacements and two velocities
of displacements at the node of the finite el-
ement are taken as the main unknowns.

5. A system with an infinite number of un-
knowns is reduced to a system with a finite

Vyacheslav K. Musayev

number of unknowns. A quasi-regular ap-
proach is proposed to solve a system of linear
ordinary differential equations of the second
order in displacements with initial conditions
and to approximate the region under study.
The method is based on the schemes: a point,
a line and a plane.

The problem of the effect of a plane longitudinal
wave in the form of a Heaviside function on an
elastic half-plane is solved. The computational
domain under study has 14762 nodal points and
14520 finite elements. A system of equations
consisting of 59048 unknowns is solved. A
comparison was made with the results of the an-
alytical solution, which showed that the discrep-
ancy for the maximum compressive elastic
normal stress 6), s 2,8 %.

The problem of mathematical modeling of un-
steady elastic stress waves in a half-plane with a
cavity filled with water (the ratio of width to
height is one to ten) under seismic influence is
solved. At the boundary of materials with dif-
ferent properties, the conditions of continuity of
displacements are assumed. The studied compu-
tational domain has 2004002 nodal points. A
system of equations consisting of 8016008 un-
knowns is solved. A cavity filled with water,
with a width-to-height ratio of one to ten, reduc-
es the value of the elastic contour stress on the
free surface of the elastic half-plane under non-
stationary wave seismic influences.
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