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Abstract. The article considers the free spreading of a turbulent stationary two-dimensional open potential water
flow into a wide diverting riverbed behind a non-pressure pipe of a rectangular section. A system of nonlinear par-
tial differential equations of motion has been adopted as the mathematical model of the flow in the physical plane.
When moving to the plane of the velocity hodograph, the nonlinear system of equations is transformed into a linear
system with respect to partial derivatives. Using the obtained system of equations, various problems along the flow
of two-dimensional water streams have been solved analytically. The paper determines the flow kinetics parameter
7 and the angle 6 characterizing the direction of the local flow velocity vector at the intersection points of an arbi-
trary equipotential and an arbitrary current line. The X, Y coordinates of these points are found. The peculiarities of
changing the angle 0 during the transition of the vertical front of the Xp are taken into account. Article proposes a
module for the transition from a two-dimensional water flow model to a one-dimensional one. This module is nec-
essary for using the laws of flow resistance and taking into account the resistance forces. The model proposed in
this paper is a development of analytical methods for calculating potential flows with previously unknown bounda-

ries and before the flow expands. It allows determining the entire range of geometric and kinematic parameters of
the flow with an error not exceeding 10%. The adequacy of the model for all flow parameters improves the accura-
cy of previously existing methods. This allows the designers of road culverts to increase its reliability.

Keywords: mathematical model, two-dimensional flow, motion equations, resistance forces,
flow energy equations, line flow, hydrodynamic pressure, flow spread parameters,
free spreading of the flow into the diverting riverbed.
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3A MIPSIMOYTI'OJIBHOM TPYBOM
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! TOxmno-Poccuiickuii TocyiapcTBeH bl nonutexandeckuii yausepcutet (HITN) numenu
M.U. I1natoBa, r. HoBouepkacck, POCCUA
2 HanmoHaIbHBIA HCCIIET0BATENbCKIH MOCKOBCKHUI rOCYIapCTBEHHBII CTPOUTEIBHBIH
yHEBepcureT, T. Mocksa, POCCU A

AnHoTamms. PaccmarprBaetcs cBoOOAHOE pacTekaHne OypHOTo, CTAIIMOHAPHOT0, IBYXMEPHOTO B IIaHE, OTKPHI-
TOT0, TOTEHIIMATIFHOT0, BOAHOTO ITOTOKA B IIMPOKOE OTBOJIAIIEE PYCIIO 3a OE3HAIOPHOM TPYOOH MPSIMOYTOILHOTO
cedeHrs. Matematiueckasi MOJICI b TIOTOKA B (DH3MYCCKON IIIOCKOCTH OIKCHIBACTCS B BH/IC CHCTEMbI HEJTMHCHHBIX
b epeHIMATBHBIX YPABHCHHUIN JBIKCHUS B YaCTHBIX MPOM3BOAHBIX. [Ipu mepexoae B MIOCKOCTh rogorpada
CKOPOCTH HEJTMHEHHAs CUCTeMa YpaBHCHUI TpaHC(HOPMHUPYETCS B JIMHEHHYIO CHCTEMY OTHOCHUTEIBHO YaCTHBIX
MIPOU3BOAHBIX. [10JIB3YysCh MOTYYEHHOM CUCTEMOW YpaBHEHUI aHAIMTUYECKU PELIEHb] pa3InuHble 337a4u 10 Te-
YEHUIO IBYXMEPHBIX BOJHBIX MOTOKOB. OMpeeNieHbl TapaMeTp KHHETHIHOCTH T MOTOKA M YT 6, XapaKTepr3y-
IOLIHI HAMpaBJIeHUE BEKTOPA MECTHOW CKOPOCTH MOTOKA B TOUKAaX MepeceueHust MPOU3BOIBHON SKBUMTOTEHIIUATI
1 TIPOM3BOJIHHON JIMHUY TOKa. Haiinerbr koopauHaTel X, Y 3THX TOYEK. YUTeHBI OCOOCHHOCTH M3MCHEHUS yriia O
IpH TIepexoJic BepTUKaibHOro Gponrta Xj. Ilpemmoxker MOIyIb mepexoia OT IBYMEPHOH B TUIAHE MOJICITH TeYe-
HUSI BOJTHOTO TIOTOKA K OJJHOMEPHOM. DTOT MOJIYJTb HEOOXO MM TSI MICTIONIF30BAHMS 3aKOHOB COIPOTHBIICHHS TI0-
TOKY W y4ETy CHJI CONPOTHBIICHHUS. MoIerb, Ipe/yTo;KeHHAs B padOTe TPEACTABIICT COO0OH pa3BUTHE aHATUTHYC-
CKUX METOJIOB pacyéTa TOTCHIIMATHHBIX TIOTOKOB C 3apaHee HEM3BECTHRIMU TPAHHUIIAMH U JIO0 PACIIPEHHUS ITOTOKA
= 7+10. ITo3BossieT ¢ MOrPEeNIHOCTBHIO HE TpeBbIatoItyo 10% onpenensTs BECh CHEKTP FEOMETPHIECKUX H
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KMHEMaTHYECKUX NTapaMETPOB MOTOKA. AEKBATHOCTh MOJIEIH TT0 BCEM IapaMeTpaM IOTOKa JI0 pacIIipeHus B =
7+10 yrydimaeT ageKBaTHOCTh IO paHee CYMISCTBYIONIMM METOaM, YTO MO3BOJsIeT poekTipoBiukaM [ TC mo-
PO’KHBIX BOJIOTIPOITYCKHBIX COOPY’KEHHI MOBBIIIATH UX HAIEKHOCTb.

KiroueBble ciioBa: MaTeMaTHuecKasi MOJIENb, IBYXMEPHBII B IJIaHEe BOAHBIH OTOK, YPAaBHEHUS JBHKEHHUS,
CHJIBI CONPOTHBIICHHUS, yPABHEHHS SHEPTHHU ITOTOKA, JIMHUSA TOKA, THAPOIMHAMUYECKUI HAIIOP,
napaMeTphl pacTeKaHHs II0TOKA, CBOOOJHOE pacTeKaHHe IIOTOKA B OTBOJSIIEE PYCIIO.

INTRODUCTION

This work is devoted to the development of I.A.
Sherenkov’s ideas [1] for solving a practical prob-
lem concerning the turbulent flow behind the vol-
untary flow into a wide discharge channel. The
flow parameters behind the non-pressure pipe are
necessary for the road water conduit structures’
design under roads and railways [2]. On the basis
of the characteristic theory, I.A. Sherenkov carried
out the solution to the problem [3, 4] and supple-
mented it with the analytical studies.

I.A. Sherenkov developed a theory for calculating
the flow parameters, based on which he proposed
a universal schedule as it was shown in the work
[5]. Previously, this theory provided a powerful
impetus for the culverts’ calculation development.
However, it turned out to be very approximate due
to the graphical methods of the characteristic theo-
ry use, borrowed from the gas dynamics [6].
Thereby, the purpose of this work is develop-
ment of the same problem solution based on the
analytical methods.

1. RESEARCH METHODS

1.1. Equations of water flow motion in the
physical plane of its streaming.

The motion basic equations of a two-dimensional
plan water flow have the form [7, 8]:

1
pox = dt
19 du
—L_r-—
p Oy dt
_1op_, _du
poz ° dt’
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where X, Y, Z are the volumetric force compo-

nents; 1, Ty, T,

sistance forces per liquid mass unit; p denotes
liquid density; p is the local pressure.

For the steady-state water flow with vertical ax-
is direction z and the action of a single volume
force (gravity) in liquid, the system (1) takes the
following form [9, 10]:

are the components of re-

_la_p_T;z Vaufﬁ_uyaux +uzaux;

p Ox Tox T oy Oz
_la_p_ _ Guy +u 6uy o ﬁuy; (2)

poy =~ Toax oy o
1op _ ou._ Ou_ ou_

poz = o oy Tz

Without considering the resistance forces to the flow
T.=T =T.=0

and taking into account:

the system (2) transforms to the following one:

1 op Ou, ou, ou,
——=-T =u, —+u, —+u —,
pox T ox oy 0z
0 0 0 3
—la—p—ﬂzux uy+u, uy+u,i; )
p Oy ox oy oz
o Lop_y
p Oz
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From the third equation of the system (3), it fol-
lows:

p=—vz+f(xy),

where f(x,y) denotes the arbitrary function.
Since z=2z,, p=p,6 =const on a free sur-

face, we arrive to the hydrostatic law of pressure
distribution on the vertical:

p—p,=v(z,—2).

Denoting the watercourse bottom coordinate
with z,, we get:

op 0 op 0
_—_= e + h ) —_= —_— *
ox ! ox (ZO ) oy ! oy (z0+4)

The Egs. (3) under these conditions is written in
the form:

ou ou 0
~+ t=—g—(z,+h);
“o T g (z, +h)
0 0
u, uy+u, e :—gi(zoJrh).
ox " oy oy

Having supplemented this system of equations
with the continuity equation for a two-
dimensional flow

0 0
a(hux)+5(huy) =0

we obtain the system of equations:

ou ou 0
e L =—g—/(z, +h);
“s Ox " oy g@x(zo )
ou 0
u, Yoy i:—gi(zo-i-h); @
ox 7 Oy oy
0 0
—(hu )+—(hu ) =0.
8x( u,) 8y( u,)

In case of the discharge channel horizontal bot-
tom z,, Egs. (4) can be written as follows:

ou ou Oh
u,—~+u —+g—=0;
ox 0Oy ox
0 0 5
u, Yo uy+g@:0; ©
ox 7 oy oy
0 0
—(hu ) +—(hu,)=0.
ax( u,) ay( u,)

The system of partial differential equations (5)
describes the two-dimensional flow in terms of
open stationary flows in a horizontal conduit
without taking into account the flow resistance
forces. This system is a system of essentially
nonlinear equations isolated with respect to the
unknown functions:

u = u (x,y); u,=u,(x,y);, h=hxy).

Introducing an additional condition for the flow
potentiality:
ou ou,

Y

ox Oy

3

where Q is the velocity vortex for a two-
dimensional flow, we are convinced that there
exists such a potential function ¢ = ¢(x, y) that:

u =2 4 -2

T dy’

In this particular case, the system (5) is reduced
to the form:

0 0 o
a(hux)+5(huy) =0; (6)

)
oox T oy
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where Ho is a constant for the whole flow.

The system of equations is the main one for
solving the problem of planned flows directly in
the flow physical plane.

1.2. The flow equations in the velocity hodo-
graph plane.

The system of equations (6) accepts a transition
to the velocity hodograph plane as suggested by
S.A. Chaplygin for the gas flows study [11, 12].
As a result of this transformation, the nonlinear
system of equations (6) transformed into a linear
system with respect to partial derivatives.
Introducing the squared velocity coefficient

Vz
2¢H,’

where V2 = w2+ u2; angle “0” characterizing
the local flow velocity vector direction; current
function y =w(r,0); potential function
¢ =¢(r,0), we obtain a system of equations in
the velocity hodograph plane I'(z,8)

o9 b 3c-1 oy
or 2H.t(1-1) 08’

o T(1=7) 7
W _,h T Oy

0 H,(1-7) ot ’

where T, 0 are the independent variables.
Wherein:

h=H,(1-t);, V=t 2gH0,%<rSI;

Vz
H,= h +—=>,
2g

where £, V] are define depth and flow velocity

at some characteristic point.
The system solution (7) is reduced to solving
the following equation
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i( 27 81//]+ 1-3¢ o'y
or\1-7 or ) 2r(1-7)* 06’

Moreover, there is a complex differential link
between the planes ®(x,y) and I'(7,6) [8]:

d(x+iy) = [d¢+i fy , (8)

el@
dw} 1
H,(1-7) 72 2gH,

where i= - 1 - is an imaginary unit; x, y are
the coordinates of a liquid flow particle in terms
of its flow; 1, O are the independent variables of
a liquid particle flow in the velocity hodograph
plane; ¢ =¢(7,0) is a potential function;
v =w(r,0) is a stream function.

Egs. (7) makes it possible solving the boundary
problem of flow spreading first in the velocity
hodograph plane I'(z,6), and then using the

relation (8) to obtain a solution to the problem
in the physical plane ®(x,y).

In the works [7, 8], a whole spectrum of the
system’s analytical solutions (7) has been ob-
tained. However, it was proved that the sys-
tem solution (7)

1//=Asml€;¢:A£ cos@ ©)

T? H, r%(l—r)

is the solution providing sufficient adequacy to
the real flow for the flow outlet vicinity in the
range from the rectangular pipe up to the flow
expansion:

Y
=——=7+10,
p b/2

where b is the culvert width; y defines the trans-
verse coordinate of the extreme streamline, see
Fig.1.
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Extreme stremline

Charactenstic of the 1-st kind

Y
| XE“ |
PRSI ST IITTI] A @ @ @
! 0 ® M |
b p— X
+ 5
Charactenstic of the 2-nd kind

FRadial flow

Figure 1. The plan of the flow

2. THE PROBLEM SOLUTION IN THE
VELOCITY HODOGRAPH PLANE

Solving the boundary problem in the velocity
hodograph plane means determining the con-
stant “A” in the formulas (9) and determining
the flow parameters 7,6 at the intersection

points of an arbitrary streamline and an arbitrary
equipotential.

2.1. The constant A definition.

The extreme streamline cuts off 50% of the ap-
plication rate (referred to «ho») from the longi-
tudinal symmetry axis. Therefore:

Vb sin @
Ve T
Atinfinity 7=1; §=6,__ . Then
Wb
2sin@

The angle 6,
following from the characteristic theory [3, 4]:

is determined by the formulas

e +(J§—1)%;

1 [37,-1
C, =arct / f {
arctg - arcg(\/, J

2.2. Defining the flow parameters 7,6 at the

arbitrary streamline intersection points with
an arbitrary equipotential.

According to the equations (9), the following
equalities are completed along the arbitrary
streamline:

51111/49 =Ksin@,__;
T
10
cosd 1 (10)
-7 PU-7.)

where K €[0,1] is the flow coefficient along

the streamline under consideration; 7 is the

(193]

parameter “t” at the intersection of the equipo-
tential under consideration with the longitudinal
symmetry flow axis.
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The system of equations (10) is solved analyti-
cally with the standard methods by reducing it
to solving a cubic equation [13]. In this case, the
equation root should satisfy the condition:

7, <7<I.

Next, it is necessary to move to the physical re-
gion of the streams with known parameters 7,68

at the intersection point of an arbitrary line flow
with an arbitrary equipotential.

3. DETERMINATION OF THE X, Y
COORDINATES IN THE PLANE O(x, y)

CORRESPONDING TO THE POINT 7,60

IN THE VELOCITY HODOGRAPH
PLANE I'(,0).

When inspecting the arbitrary streamline, start-
ing from the culvert, one can reach the given
point with the coordinates 7,6 . Therefore, we

consider dy =0 in the equation (8). Moreover,

i0

e
d(x+iy)=dp———— 11
(rei)=dd e (D
follows from (8).
Separating the variables in Eq. (11), we obtain:
dy = d¢cost :
11/21/2gH0 .
d¢sin @ (12)
dy = 1/2—
T°\J2gH,

Egs. (12) confirm that along the streamline:

dy
— =tgfd.
dx 8

The velocity vector along the streamline is in-
clined with angle “6” to the flow symmetry axis
Ox, 1.e., it is tangential to streamline.

Volume 18, Issue 2, 2022

From the first equation of the system (10), we
determine:

sind =Kz’ sing__ . (13)
Substituting the right-hand part of Eq. (13) in-

stead of sinQ into the second equation of the
system (12), we obtain:

1/2 . .
JY = dgKz"sin6,, _dgKsinf, .

2 \2gH, J2eH,

(14)

Additional information from the
experimental research.

It was experimentally revealed in the work [12-
17] that there is a vertical front with a length
“Xp” along the flow symmetry axis, along
which the flow parameters do not change
(Fig.1).

There is an abrupt change in angle “0” from ze-
ro to O after point “K”. “Xp” length was deter-
mined by processing more than a hundred ex-
periments. The following formula of which has
been obtained:

F, -1
X, = trunc hy |+1,
max(E)+2)

sin @

2

|2
where F, = —% is the Froude number at the

ghy
flow outlet from the pipe; /4, denotes flow
depth at the pipe outlet; € is the maximum
flow angle; values of X ,A, are determined ex-

perimentally and given in cm.
Integrating the Eq. (14), we obtain:

_ Ksing,

Y, -7, (b — B ) 15
WH= () 09
where 4 = h, cos6,

H, o (1-1,)’
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4 —Aho cos,
= AL

H,/’(-7,)’

0,,7,
tial equipotential.

The system’s first equation integration (12)
leads to the following one:

are the flow parameters defining the ini-

™

X, =X, +X, + J-K'J,-K'J,]

el

where K =sin’ 8!

max 2

T

0.  defines the maxi-

mum angle of the flow spreading along the se-
lected streamline;

l+7 T
= +In ;
7(1-7) -7
g miTh s —m— (16)

In a particular case from Eq. (15) and Eq. (16),
it follows that, along the flow symmetry axis,
the relationship between X and 1 takes the form:

X=X, +X,+
Ah, l+7 -7 l+7, I-7, |
—In - +1In
H\/Zgl—]0 (l-71) . r,(l-7) 7,

where )E'D =§tg%. The angle 6, and the pa-

rameter 7, are determined from the system:

sin 6,
1/2
k

cos, 1
o*d-7,) *(-7,)

=sind

max 2

Along the extreme streamline, it follows from
Eq. (15) and Eq. (16) that:

X=X,+

Ah, { I+t 2sm 6 . I-7
~In

— (17
+H0\/2gHO r(-7) (7

1-7 T

l+7,

B In -7,
r,(1-7,) T,

22
Y:é+Ah0s1n Qmax[ 1/Sost9 B 1/(2:os0k } (18)
2 Hy2gH, | "(0-7) 7°(1-7)

)

+2sm 0. |

9
I-7,

We determined depths and flow rates with the
known parameter “t” according to the formulas:
V="

h=H,(1-7); 2eH, .

4. THE TRANSITION FROM
A TWO-DIMENSIONAL MODEL TO
A ONE-DIMENSIONAL

This module is necessary to use the flow re-
sistance laws and takes into account the re-
sistance forces.

We use the flow rate conservation equation

O= BVH,

where

V=7"J2gH,; h=H,(1-7)

or in other form:

Q=BH,(1-7)2gH, 7"

Assuming the known width of the flow B = 2V,
where Y is taken from a two-dimensional flow
model, it is possible to determine the parameter
“z,,” from the solution of the cubic equation:

(19)

. 12 _
q rcp)rcp

Q
2YH,\2gH,

80 International Journal for Computational Civil and Structural Engineering



The Model of Free Spreading a Flow Rapid Behind a Rectangular Pipe

For 7, <7, <1, the root of 7z can be deter-

mined from the equation:

Q2

(l—z'cp)zrcp =
4Y°H 2gH,

We will further define the parameters of a con-

ditionally one-dimensional flow with the char-

acteristics:

h,=H,(1-7,); V, = r;f‘/ngO . (20)

The corresponding X coordinate is determined
by equation (17). Therefore, the parameter “t”
is determined for the abscissa “X” given. Fur-
ther, Y(t) is determined from equation (18). And

the average depths and velocities £, V,  in the

considered non-pressure flow line are deter-
mined by formulas (20).

THE RESULTS OF THE STUDY

1. The model proposed in the work represents
the analytical methods’ development for calcu-
lating the potential flows with the previously
unknown boundaries. This allows determining
the entire range of geometric and kinematic
flow parameters with an error not exceeding
10% up to the flow expansion S =7-+10.

2. The model adequacy for all flow parameters
up to the flow expansion £ =7-+10 improves

the accuracy of the previously existing methods,
which allows the designers of the road culverts’
hydraulic structures to increase its reliability
using the results of the structure fastening de-
signers’ work.

3. This model can be applied as an initial model
for calculating the real flows behind the culverts
taking into account the fluid resistance.

4. The authors propose an additional module to
take into account the fluid resistance.

5. The transition to a one-dimensional model
allow us to take into account the action of the
fluid resistance and recalculate the flow parame-

Volume 18, Issue 2, 2022

ters required by the designers of the hydraulic
structure. The paper indicates only the direction
for possible consideration of the fluid resistance,
which will be further developed and detailed.

6. The package of applied programs is available
at the Department of General Engineering Dis-
ciplines of the Platov South-Russian State Poly-
technic University.

CONCLUSIONS

The model proposed in the paper represents the
development of analytical methods for calculat-
ing potential flows with previously unknown
boundaries and before the flow f=7-+10 ex-

pands. It allows determining the entire range of
geometric and kinematic parameters of the flow
with an error not exceeding 10%. The substanti-
ation of this position is confirmed by experi-
mental experiments and numerical calculations
given in [8, 12].

The adequacy of the model in all parameters of
the flow before f =7+10 expansion improves

the accuracy of previously existing methods,
which allows the designers of the hydraulic
structure of road culverts to increase its reliabil-
ity using the results of the work of the designers
of the fastening of the structure.

The article proposes a module of transition from
a two-dimensional water flow model to a one-
dimensional one. This module is necessary for
using the laws of fluid resistance and takes into
account the fluid resistance.
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