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Abstract. The article considers the free spreading of a turbulent stationary two-dimensional open potential water 
flow into a wide diverting riverbed behind a non-pressure pipe of a rectangular section. A system of nonlinear par-
tial differential equations of motion has been adopted as the mathematical model of the flow in the physical plane. 
When moving to the plane of the velocity hodograph, the nonlinear system of equations is transformed into a linear 
system with respect to partial derivatives. Using the obtained system of equations, various problems along the flow 
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changing the angle  during the transition of the vertical front of the XD are taken into account. Article proposes a 
module for the transition from a two-dimensional water flow model to a one-dimensional one. This module is nec-
essary for using the laws of flow resistance and taking into account the resistance forces. The model proposed in 
this paper is a development of analytical methods for calculating potential flows with previously unknown bounda-
ries and before the flow expands. It allows determining the entire range of geometric and kinematic parameters of 
the flow with an error not exceeding 10%. The adequacy of the model for all flow parameters improves the accura-
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INTRODUCTION

flow parameters behind the non pressure pipe are 
necessary for the road water conduit structures’ 

of the 

 developed a theory for calculating 

a universal schedule as it was shown in the work 

to be very approximate due 
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From the third equation of the system (3), it fol-
lows: 
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where ( )f x, y  denotes the arbitrary function. 
Since , constz z p p  on a free sur-
face, we arrive to the hydrostatic law of pressure 
distribution on the vertical:  
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Having supplemented this system of equations 
with the continuity equation for a two-
dimensional flow 
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In case of the discharge channel horizontal bot-
tom 0z , Eqs. (4) can be written as follows: 
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The system of partial differential equations (5) 
describes the two-dimensional flow in terms of 
open stationary flows in a horizontal conduit 
without taking into account the flow resistance 
forces. This system is a system of essentially 
nonlinear equations isolated with respect to the 
unknown functions:  
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Introducing an additional condition for the flow 
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where  is the velocity vortex for a two-
dimensional flow, we are convinced that there 
exists such a potential function ( , )x y  that: 
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to the form: 
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where 0 is a constant for the whole flow.  
The system of equations is the main one for 
solving the problem of planned flows directly in 
the flow physical plane. 

 
1.2. The flow equations in the velocity hodo-
graph plane.  
The system of equations (6) accepts a transition 
to the velocity hodograph plane as suggested by 
S.A. Chaplygin for the gas flows study [11, 12]. 
As a result of this transformation, the nonlinear 
system of equations (6) transformed into a linear 
system with respect to partial derivatives. 
Introducing the squared velocity coefficient 
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where ,  are the independent variables.  
Wherein: 
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where 00 ,Vh  are define depth and flow velocity 
at some characteristic point. 
The system solution (7) is reduced to solving 
the following equation  
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Moreover, there is a complex differential link 
between the planes ( , )x y  and ( , )  [8]:  
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where 1i = -  - is an imaginary unit; x, y are 
the coordinates of a liquid flow particle in terms 
of its flow; ,  are the independent variables of 
a liquid particle flow in the velocity hodograph 
plane; ( , )  is a potential function; 

( , )  is a stream function. 
Eqs. (7) makes it possible solving the boundary 
problem of flow spreading first in the velocity 
hodograph plane ( , ) , and then using the 
relation (8) to obtain a solution to the problem 
in the physical plane ( , )x y . 
In the works [7, 8], a whole spectrum of the 
system’s analytical solutions (7) has been ob-
tained. However, it was proved that the sys-
tem solution (7) 
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is the solution providing sufficient adequacy to 
the real flow for the flow outlet vicinity in the 
range from the rectangular pipe up to the flow 
expansion: 
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where b is the culvert width; y defines the trans-
verse coordinate of the extreme streamline, see 
Fig.1. 
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Figure 1.  

 
 
2. THE PROBLEM SOLUTION IN THE 
VELOCITY HODOGRAPH PLANE 
 
Solving the boundary problem in the velocity 
hodograph plane means determining the con-
stant “A” in the formulas (9) and determining 
the flow parameters ,  at the intersection 
points of an arbitrary streamline and an arbitrary 
equipotential. 
 
2.1. The constant  definition.  
The extreme streamline cuts off 50% of the ap-
plication rate (referred to «h0») from the longi-
tudinal symmetry axis. Therefore: 
 

0
1 2

sin
2

V b A . 

 
At infinity 1; max . Then 
 

0

2sin
V bA . 

 
The angle max  is determined by the formulas 
following from the characteristic theory [3, 4]: 
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2.2. Defining the flow parameters ,  at the 
arbitrary streamline intersection points with 
an arbitrary equipotential.  
According to the equations (9), the following 
equalities are completed along the arbitrary 
streamline: 
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where [0,1]K  is the flow coefficient along 
the streamline under consideration;  is the 
parameter “ ” at the intersection of the equipo-
tential under consideration with the longitudinal 
symmetry flow axis. 
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The system of equations (10) is solved analyti-
cally with the standard methods by reducing it 
to solving a cubic equation [13]. In this case, the 
equation root should satisfy the condition: 
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Next, it is necessary to move to the physical re-
gion of the streams with known parameters ,  
at the intersection point of an arbitrary line flow 
with an arbitrary equipotential. 
 
 
3. DETERMINATION OF THE X, Y 
COORDINATES IN THE PLANE ( , )x y  
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When inspecting the arbitrary streamline, start-
ing from the culvert, one can reach the given 
point with the coordinates , . Therefore, we 
consider 0d  in the equation (8). Moreover, 
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follows from (8). 
Separating the variables in Eq. (11), we obtain: 
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Eqs. (12) confirm that along the streamline:  
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The velocity vector along the streamline is in-
clined with angle “ ” to the flow symmetry axis 

x, i.e., it is tangential to streamline. 

From the first equation of the system (10), we 
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stead of sin q  into the second equation of the 
system (12), we obtain: 
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Additional information from the  
experimental research.  
It was experimentally revealed in the work [12-
17] that there is a vertical front with a length 
“XD” along the flow symmetry axis, along 
which the flow parameters do not change 
(Fig.1). 
There is an abrupt change in angle “ ” from ze-
ro to  after point “K”. “XD” length was deter-
mined by processing more than a hundred ex-
periments. The following formula of which has 
been obtained: 
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flow outlet from the pipe; 0h  denotes flow 
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In a particular case from Eq. (15) and Eq. (16), 
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We determined depths and flow rates with the 
known parameter “ ” according to the formulas: 
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4. THE TRANSITION FROM 
A TWO-DIMENSIONAL MODEL TO 
A ONE-DIMENSIONAL 
 
This module is necessary to use the flow re-
sistance laws and takes into account the re-
sistance forces.  
We use the flow rate conservation equation 
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where 
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Assuming the known width of the flow 2B Y= , 
where Y is taken from a two-dimensional flow 
model, it is possible to determine the parameter 
“ ” from the solution of the cubic equation: 
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We will further define the parameters of a con-
ditionally one-dimensional flow with the char-
acteristics: 
 
 1 2(1 ); 2gh H V H .  (20) 
 
The corresponding X coordinate is determined 
by equation (17). Therefore, the parameter “ ” 
is determined for the abscissa “X” given. Fur-
ther, Y( ) is determined from equation (18). And 
the average depths and velocities ,h V  in the 
considered non-pressure flow line are deter-
mined by formulas (20). 
 
 
THE RESULTS OF THE STUDY 
 
1. The model proposed in the work represents 
the analytical methods’ development for calcu-
lating the potential flows with the previously 
unknown boundaries. This allows determining 
the entire range of geometric and kinematic 
flow parameters with an error not exceeding 
10% up to the flow expansion 7 10 . 
2. The model adequacy for all flow parameters 
up to the flow expansion 7 10  improves 
the accuracy of the previously existing methods, 
which allows the designers of the road culverts’ 
hydraulic structures to increase its reliability 
using the results of the structure fastening de-
signers’ work. 
3. This model can be applied as an initial model 
for calculating the real flows behind the culverts 
taking into account the fluid resistance. 
4. The authors propose an additional module to 
take into account the fluid resistance.  
5. The transition to a one-dimensional model 
allow us to take into account the action of the 
fluid resistance and recalculate the flow parame-

ters required by the designers of the hydraulic 
structure. The paper indicates only the direction 
for possible consideration of the fluid resistance, 
which will be further developed and detailed. 
6. The package of applied programs is available 
at the Department of General Engineering Dis-
ciplines of the Platov South-Russian State Poly-
technic University. 
 
 
CONCLUSIONS 
 
The model proposed in the paper represents the 
development of analytical methods for calculat-
ing potential flows with previously unknown 
boundaries and before the flow  7 10  ex-
pands. It allows determining the entire range of 
geometric and kinematic parameters of the flow 
with an error not exceeding 10%. The substanti-
ation of this position is confirmed by experi-
mental experiments and numerical calculations 
given in [8, 12]. 
The adequacy of the model in all parameters of 
the flow before 7 10  expansion improves 
the accuracy of previously existing methods, 
which allows the designers of the hydraulic 
structure of road culverts to increase its reliabil-
ity using the results of the work of the designers 
of the fastening of the structure. 
The article proposes a module of transition from 
a two-dimensional water flow model to a one-
dimensional one. This module is necessary for 
using the laws of fluid resistance and takes into 
account the fluid resistance. 
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