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STUDY OF THE INFLUENCE OF THE KINETICS OF
HYDROGEN SATURATION ON THE STRESS-DEFORMED
STATE OF A SPHERICAL SHELL
MADE FROM TITANIUM ALLOY

Aleksander A. Treshchev, Violetta O. Kuznetsova
Tula State University, Tula, RUSSIA

Abstract. In this paper, a mathematical model is considered that allows one to determine the stress-strain state of a
spherical shell made of titanium alloy VT1-0, the external load is assumed to be transverse uniformly distributed,
acting on the outer surface, the medium is assumed to act on the inner surface of the shell. For this, a nonlinear
model was used, presented in normalized stress spaces. Fastening along the contour of the shell is rigid. Nonlinear
resolving equations for calculating a spherical shell are obtained. An algorithm for solving the problem of
hydrogenation of titanium alloy shells has been developed. A practical solution was made by a two-step method of
sequential perturbations of parameters using the MatLab and Maple software packages. To solve the system of the
obtained differential equations, the method of finite differences is applied. The calculation of the stress-strain state
of the shell is obtained taking into account the diffusion process of an aggressive hydrogen-containing medium,
and the obtained solution is compared with the results of the classical nonlinear theory without taking into account
the aggressive medium. The results of comparing these solutions demonstrate quantitative differences in the
parameters of the shell deformation process, which are explained by a more accurate account of the influence of
the type of stress state. This approach has a rather flexible mechanism for considering the initial and induced
differential resistance, demonstrates a high accuracy of matching the obtained theoretical results with empirical
data on loading a wide range of materials under complex types of stress state.

Keywords: flat shell, titanium alloy, finite differences, nonlinear equations, initially isotropic material,
large deflections.

UCCJEJOBAHUE BO3JIJENCTBUSI KUHETUKHA
HABOAOPO>KUBAHUSA HA HAIIPAKEHHO-
JE®OPMUPOBAHHOE COCTOAHUE COEPUYECKOM
OBOJIOYKH U3 TUTAHOBOI'O CIIJTABA

A.A. Tpewes, B.O. Ky3neuosa

Tynpckuii TOCYIapCTBEHHBI YHUBEPCUTET, T. Tyna, POCCUA

AnHoTaums. B nanHoi paboTe paccMoTpeHa MaTeMaTHuecKast MOJIEIb, MO3BOJISIIOIIAsT ONPEEIISATh HAMPSHKEHHO-
neopMHUpPOBaHHOE COCTOSIHHME ceprdeckoil 00omoukn w3 TUTaHoBoro criaBa BT1-0, BHemmHsAs Harpyska
IIPUHATA [IONIEPEYHON PABHOMEPHO paclpe/ieEHHOM, JEHCTBYIOIIEH Ha BHELIHIOKO [IOBEPXHOCTh, Cpelia IPUHATA
JCUCTBYIOIIEH HAa BHYTPEHHYIO ITOBEPXHOCTH O0O0NOUYKH. ST 3TOr0 WCIONBh30BaHA HENWHEHHAS MOJENb,
Npe/ICTaBlICHHAs] B HOPMUPOBAHHBIX MPOCTPAHCTBAX HANPSDKEHHUH. 3aKpeTIeHHE 10 KOHTYPY O0OJIOUKH KECTKOE.
[oyuyeHbl HENMHEHHBIC pa3pellarole ypaBHEHHsS pacuéra cdepudeckoil obomouku. Paspaboran amroputM
pellIeHust 331a4k HaBOJIOPOXKUBAHMST 000JIOUEK M3 THTAHOBOTO CIijiaBa. [IpakTHueckoe perieHre por3BOANIOCH
JIBYXILIATOBBIM METOJIOM TIOCIIE/IOBATENBHBIX BOMYILIEHHH [TapaMeTPOB C MCIIOIE30BAHIEM MTAKETOB TPHUKIIAHBIX
nporpamM MatLab u Maple. [{nst pemienus cucreMsl TodydeHHBIX AUQQEpeHINATBHBIX ypaBHEHUH NPUMEHEH
MeTosl KoHeuHbIX pasHocteil. [lomyden pacuer HJIC oGomoukn ¢ yderom mporecca auddys3nu arpeccHBHON
BOZIOPOJIOCOJIEpIKAILEH CPE/Ibl, MPOM3BE/ICHO CPABHEHUE TTOIyUEHHOTO PEIICHUS C Pe3yJIbTaTaMH KIACCHYECKOH
HEJMHEHHON Teopun 03 yd4era arpecCMBHOM cpenbl. Pe3ynbraThl CpaBHEHMS! YKAa3aHHBIX —PEIICHHUH
JIEMOHCTPUPYIOT KOJMYECTBEHHBIE PA3IMUMs B IMapaMeTpax Iporecca AehopMUpOBaHHS OOOIOYKH, KOTOPHIC
OOBSICHSIOTCST OOJiee TOYHBIM YUYETOM BIHSHMS BHJAa HANPSHKEHHOTO COCTOSHMS. JlaHHBIA TOAXOM HMEeT
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JIOCTATOYHO T'MOKMI MEXaHW3M ydeTa W3HA4YaJbHON M HaBEICHHOW pPa3HOCONPOTHBISIEMOCTH, JIEMOHCTPUPYET
BBICOKYIO TOYHOCTBH COTJIACOBAHMS IOJY9AEMbBIX TEOPETUUECKUX PE3yJbTATOB C SMIMPHICCKUMHU IaHHBIMU IO
Harpy>KeHHIO [IMPOKOT0 KPyra MaTeprasioB IPH CIOXKHBIX BUJIaX HAPSHKEHHOTO COCTOSHUSL.

KoroueBbie ci10Ba: nosnoras 0001049Ka, THTAHOBBIH CIIaB, KOHECUHbIE Pa3HOCTH, HEJIMHEIHHBIC YpaBHEHHUS,
HAYaJIbHO M30TPOIHEIA MaTepHall, OOJIBIINE TPOTHOBI.

INTRODUCTION

One of the first theories for calculating
structural elements operating in aggressive
hydrogen-containing media, taking into account
the change in material properties over time,
apparently, should be noted the model proposed
in the works [1 —4].

In previous studies, to construct a mathematical
model of the behavior of materials in a hydrogen-
containing medium, it was proposed to use the
theory of Yu.N. Rabotnov [5, 6] taking into
account physical and chemical effects on the
surface and in the volume of the deformable But,
as practice has shown, this theory does not take
into account a number of effects inherent in the
problem under consideration, such as the
presence of triple nonlinearity, as well as induced
differential resistance, which undoubtedly leads
to a decrease in the accuracy of the results. This
study also considers the change in the properties
of materials under the influence of a changing
concentration of an aggressive medium, but
initially nonlinear relationships were used built in
normalized stress spaces, which consider a
continuous change in the state of a structural
material depending on the type of stress state and
quantitative characteristics at a point. A more
effective mathematical model for solving the
problem of the effect of hydrogenation on the
stress-strain state of a flat spherical shell made of
titanium alloy is proposed, a numerical solution
of the problem is constructed based on the finite
difference method. To solve the problem with
triple nonlinearity, a two-step method of
sequential perturbations of parameters was
adopted [7], which allows linearizing the
resolving equations and also has a high accuracy.
The numerical implementation of this approach
was carried out by the finite difference method of
increased accuracy. The integration of the
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functions of the stress-strain state and rigidity
parameters over the thickness was carried out by
the Simpson method [8].

FORMULATION OF THE PROBLEM

The object of research is a flat spherical shell
made of titanium alloy VT1-0, loaded with an
external uniformly distributed transverse load
with an intensity of up to 5 MPa, rigidly fixed
along the perimeter, the radius of curvature of
the shell is taken equal to R = 3 m, the radius
of the base of the shell is taken equal to
a =1,5m, and a hoist arrow — f = 0,4 m.

The location of any point on the median surface of
a spherical shell is determined by a Gaussian
coordinate system ¢, «,, and the position of an
arbitrary point in thickness is determined by the
coordinate ¢;, considering that » — horizontal
displacements along a radial coordinate r (the
projection ¢,), ¢ — radial displacements, w —

vertical displacements (deflections) under the
action of a lateral load ¢. The design scheme of

the shell is shown in the figure 1.

| / f ‘k \ / )
a v a
\ e

hydrogen containing medium

Figure 1. The design scheme of the shell

International Journal for Computational Civil and Structural Engineering



Study of the Influence of the Kinetics of Hydrogen Saturation on the Stress-Deformed State of a Spherical Shell

Made from Titanium Alloy

For a flat spherical shell, the constancy of the
main radius of curvature of its middle surface
within the plan is valid:

R =R, =R, (1)

k, =k, =k =1/R —main curvature.
Consider the equilibrium of a spherical shell
with thickness 42 =0,05 m, under the influence

of a transverse axisymmetric uniformly
distributed load ¢ and a hydrogen-containing

medium with a concentration 2. We accept the

kinetic potential of deformations in the form [9,
10]:

W, =(4,(2)+B,(A)E)a” +(C () +
+D,(A)E+ E,(A)nCos3p)r” +

+[(4,(A)+ B, (A)é)a’ +(C, (M) +
+D,(A)¢ + E ,(AnCos3p)r’]", (2)

where 4,(1), B.(4), Co(A), D(1), E.(1),
4,4, B,(4), C,(1), D,(4A), E, (1) -
functions that determine the physical and
mechanical characteristics of the material that
appear in the recording of the potential of the
quasilinear and nonlinear parts and depend on
the degree of hydrogen saturation. The
quantitative characteristics of the stress state are
determined by the modulus of the total stress
vector on the deviator site:

S,=No’+7°,

but a quality picture — is determined by the
normalized stresses on this site, which depend
on the angle y between normal and vector S,

and also the harmonic phase invariant ¢ :

E=cosy =0/8,;
cos3p :\/Edet(Sij)/f,

n=siny=t/S,;
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where o = 0,;0,/3 — medium stress or normal
T= (S,.J.Sij /3)”2

octahedral stress; 5, — the Kronecker symbol;

octahedral; tangential

S, =0, — 8,0 —stress deviator i, j=(1,2,3).

The dependences of the mechanical properties
on the degree of hydrogenation of the material
are presented in the form of a polynomial
expansion of the coefficients of the kinetic
potential in powers of the concentration of the
medium A, and the expansion coefficients of
the polynomials are determined by least-squares
processing of empirical data on the deformation
of titanium alloy specimens to axial tension and
compression at different levels 4 (0; 0,02; 0,04
u 0,08%), which for the VT1-0 alloy take the
form:

Vi) =ey +ey - A+ey A
Vpk (A =Dy +Pi '(sz)/l; (3)
A, D) =V,(4); B (D) =V;(A);
C(A)=V,(A); D, (A)=V,(4)
E (1) =Vs(A);
A4,(A) =V, (A);  B,(A)=V (1)
C,(A)=V,,(4); D,(A)=V,,(A);
E,(2)=V,(4), “4)
where e, , p, polynomial coefficients,
i =0.2;k=1.5][9, 10].
Connections of strain and stress tensors are

established  from  potential (2) using
Castigliano's formulas:
ow, ow,
ey = s Ve = ; 5
k aa,, Vi aT[j Q)

(i, j,k=123;i+j);

Taking into account the axisymmetry of the
problem and the fact that the shell is subjected
to pressure ¢ on the outer surface of the shell,

the geometric dependences take the form:

123



2, u .
g =u,—kw+0,5(w, )7 & =——kw,
r
. W |
L= Wors Xo=—— (6)
r
ey =& TN e =& TN,

where ¢, &, — relative deformations in the
middle  surface;  y;,  x,—

curvatures.

Considering equations (2) - (6) and Kirchhoff-
Lav's hypotheses, the relationship between the
simplified form of deformations and stresses is
represented in the form:

A,(A) 4,4
{ell}:[A]{all}; [A]={ 11( ) 12( )}(7)
€»n O 4,/ () Ay(4)
Inverting matrix equations (7), we obtain the
dependences of stresses on deformations:

o e B, (1) B,

e
22 22 21 22
where [B]=[A]"; A1, An, ...
the symmetric compliance matrix [A], which are
functions containing the deformation potential
Wi (2), depending on the type of stress state and
the degree of hydrogenation of the titanium
alloy.

These components are determined according to
[9, 10] as follows:

mid-surface

— components of

A, (A) = 2[R, (A) + 2R, (A)]/3+ R, (A)S[3 -
—281/3+R,(A[EQR-n")/3+
+4(0,, —20,,)/95,1+ R, (A)[nCos3p(1+ E*) +
+24/2E = 2Cos3p —20,, 18,1}/ 3;

A, () ={2[R (1) = Ry (D)]/3+[R, (1) +
+R,(A)/31¢ + Ry(A)[Cos3p(1— 1) —2E1}/3;
Ay (A) ={2(R,(A) + 2R, (1)) /3 +
+ Ry(A)E[3-2&71/3+ R (DER 1)+
+4(0,, —20,,)/9S,1+ R,(A)[nCos3p(1+ &E7) +
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+23/2E = 2Cos3p — 20, 1 8,1}/ 3;
Alz(l) = A21(Z) 5
R, (A)= L, (A)+nl(4,(2)+B,(A)E)o” +
+(C,(D)+D,(DE+E, (A)ncos3p)r* " L, (A)
L,(A)=4,4); L,,(A)=B8,(A);
L,(A)=C,(A); L, (A)=D,(A);
L. (A)=E,(A); m=ep, k=123

The forces and moments are determined by
integrating the stresses across the shell thickness
in the traditional way:

hil2 hi2
N, = J.a“dz; N, = Jazzdz;
~h/2 ~h/2
hi2 hil2

M, = IG112dZ; M, = J-Gzzzdz.

~h/2 ~h/2

)

The moments and forces are expressed in terms
of the components of the deformations of the
middle surface of the shell in the following way:

N =K, (Ve + K (De, +
+ Ri(D + B (D) xs;
N, = K, (e + Ky (A)e, +
+ By (D + Pr(A)xss
M, = B,(De, + B,(Ae, +
+ Dy (D + Dp(M) s
M, = B,(A), + Py (A)e, +
+ D5 (M) 11+ Doy (D) 12,

(10)

where the integral characteristics of material
functions, taking into account the influence of
the degree of hydrogenation, are calculated
through its concentration A4 as follows:

hi2
P, = J-Bij (A)zdz;

~h/2

h/2
K= [B(Ddz
—h/2

hi2

Dy= [ Bj(W)Zdz
-h/2
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In connection with the triple nonlinearity of the
problem, the resolving equations are formulated
in a linearized form using the two-step method
of sequential perturbations of the parameters of
V.V. Petrov [7]. Physical dependencies are
presented in the following linearized form:

0 0
oey, =t ooy, + = 00 y;
oo, Oy
ey, = Oex 60y, + O 605, (11)
ooy, 0o,,
ou
0€, = Ou,—kow+w, w,, ; 0&, =——kow;
r
—514/,
Gy = —OWyy,5 g, = p -

The inversion of relations (11) leads to the
following  dependences  of  stresses on
deformations in increments of the following form:

ooy, = B(A)de, + B,(1)oey;

00y, = By (1)de, + By, (4)dey,, (12)
where Bl(l):ﬂ;
A
A A
A) = A)=— 21 _ 12;
B,(4) =B, (1) A A\
A Oe Oe
ﬂ,:ll;A: n.opA =2
Bah) =0k A=y A=
Oe Oe
Al2 =A21 = 2 = —2 5 A=A11A22 _AIZAZI;
o, 0o,

Dependences of deformation increments at a
point on the deformation increments of the

middle surface J¢; and Jde, and it’s curvature

oy, Oy, are presented in the form:
oe, =0¢ +z8y; Oe,, = 0¢, + 20y, .

Then the equations for the connection of efforts
with deformations of the middle surface in
increments have the form:
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OM = K, (A)de, + Ky, (A)de, +
+ R1(A)dx + By (AD)dx,;
ON, = K, (A)de, + Ky, (A)de, +
+ P (D)o + By (A)0xy;
OM, = R,(A)d¢, + B,(A)de, +
+ D (D)o + D (D)oy,;
OM, = R, (A)0¢, + Py (A)de, +
+ Dy (D)ox, + Dy (4)01,,

(13)

The axial symmetry of the problem under
consideration makes it possible to simplify the
equilibrium equations in increments as follows:

SN, + (SN, —6N,)/ r—

KHOM,,,+(0M, —5M,)/ r]=0.  (14)

Integrating equations (12) over the thickness of
the shell according to the rules (9), and
introducing the results into equilibrium
equations (14), we arrive at two linearized
differential equations in displacements:

2r2D12,11 5"V’1+2”2D12a1 5"":11_2”2]312»11 ou —
—2r’B,,, Ou, +2rP,,,, du+ 2rP,du, ~2P,du —
—-2rD,,,, ow, —2rD,,ow,,,+2D,,ow, —
— 41’ B, O, —4r B Gt +417 Dy ) S, +
+ 412Dy 6w, =217 By, Gty —41 R, Sty —
_2r3})115’4’111+2r31)11(5"‘}:11)2 +2”3D11’11 oW,y +
+4r°D,,,, 6w, ,,+21° D, 6w, =21 kK ) 6w, —
=21 kK ,w,, S, +21° 6w, K, kéw —
= 2176w, K, ,w,, Sw, +21° 6w, K, kow +
+2r°0w,,, K, kw+ 216w, K kw—2r kK ,0u,,+
+2r° K, k6w =21 6w, , K, 0, —2r 6w, K, 1, —
_7”35”":11 K11W:12_47"2P11Wa1 W,y —
— 21 kK ,0u — 2r° kK ,,6u — 2r° 6w, K,,0u +
+2r°6w,,, Byow, —2r6w, , K u +
+ 21 P, k6w + 21 P, w, ow, +4r° P kow, +
+ 21 Ry W, W, +41 Byw,, w,,
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—2r*P,, kéw+4r’B,, kow—4r’ P, w, ow, +
+4r° P, kow, —4r" B,w,,, ow,,+
+21’3P]1,11 ké‘w_4r3le Wi 5""’1_27331,11"":1 oW, +
+4r° P, kéw,,—4r P, w,, 6w, +
+4r3])11k5VV>11_2r3})11W>111 é‘V"51_27’3]')11"Va11 oW, —
—2r°Bw, oW, +2r° P, kow +
+4r° P, kdw, +4r° B kow,,,—2r kK, du,, +

+ 2K, K ow+4r’ K k*ow=2rdg; (15)
r*(kD,, — P11)w,,,,—
- (r}Dll’l_krDll’l+r(k[)ll - K1 1)W71_kD11 + Pn)’”é‘wm_
_Vz(kpu _Kn)&“m_
—ow,, Vz(kR1 _K11)W’11+
+kr? (kSw — w,, Sw,, 0, )Py, —
— 12 (kSw —w,, oW, —0u, K, +
+ (= 6w, +k(krdw — 6u))P, ,, +
+ (- k28w + r6u K 0y +6w,, Dyyy ki +
+ (_ ’"(kpil —kR, - K, +K,, )W’l )5"Va1+
(k*Pr* +k*P,r* =k’ K, —kr’K,, —kD,, + P,,)ow,,—
_r(kpll _Kll)&/’sl"'éwpukzr_
— WK, o — (kréw — ou \kPy — K, )= 0.

The resulting gradient system of equations (15)
needs to be supplemented with boundary conditions
in increments. Due to the axial symmetry of the
problem, at the center of the shell the rotation of the
normal to the middle surface, radial displacements

and their increments will be equal to zero (w; | =0,

In the process of chemical adsorption, hydrogen
molecules disintegrate into atoms that diffuse
deep into the material [9, 10]. The flux density J
is proportional to the spatial concentration
gradient 4, the diffusion equation takes the form:

oA

J =-Dgradl =—-D—, (16)
0z

where D =const — diffusion coefficient, z —
coordinate in the direction of diffusion that
corresponds to the axis a;.
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In accordance with the experimental data
presented in [11], as well as in connection with
unidirectional diffusion, the kinetic equation of
hydrogenation corresponds to Fick's second law,
and its solution is known due to the double
Fourier transform (direct and inverse), the result
of which has the form:

0A(z,1) 0> A(z,1)
-D =2
ot oz

(17)

where ¢ —is a current time.

The solution of equation (17) for the process of
one-sided diffusion has a  well-known
approximate analytical solution presented in the
works [9, 10]:

Az,t)y=4,+(A, —A)z/h+
+2/7) isin(i -7z hyexp(=F,n%i’) x
x[A, cos(i-m)—A4]1/1,

2 . . . .
where F, = Dt/h” —is a Fourier number; i —is

a row member number; A, and A, — boundary

values of the concentration of the medium on
the lower and upper surfaces of the shell.

For the shell, the following boundary conditions
are accepted: in the event of an aggressive
medium acting on the side of the application of
a power load:

A=hl2,6)=2, =4, A+h[2,0)=0=4,,

where A, — equilibrium concentration of a

hydrogen-containing medium.
The initial conditions are:

A(z,0)=0.

The calculations were performed using the
MATLAB and Maple software packages. The
results of calculating a spherical shell operating
in an aggressive environment of hydrogen with
various concentrations from 0 to 0.08% using
the proposed model are presented below.
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Figure 2. Distribution of hydrogen
concentration by shell thickness
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Figure 3. Stresses o11 along the radius from
below

CONCLUSION

After analyzing the presented graphs shown in
figures 2 - 6, it is easy to note the similarity of
the results calculated using the model considered
in the presented article with classical nonlinear
solutions without taking into account hydrogen
saturation. The conducted research is fully
consistent with the experimentally established
facts, which shows that during a certain time
interval corresponding to large gradients of
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Figure 5. Deflections in the shell
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Figure 6. Horizontal displacements

hydrogen concentrations, there is an intense
change in the nature of the stress-strain state of
structures. In this case of a spherical shell,
quantitative changes reach 20% for stresses in
compressed and 24% in stretched zones. The
control of the impact of an aggressive hydrogen
environment in the work was organized on the
basis of nonlinear relationships that consider the
induced sensitivity to hydrogen saturation in a
wide range of changes in the types of stress state
(8,9, 12, 13].
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In this work, a mathematical model of the effect
of hydrogen saturation on the stress-strain state
of a shallow spherical shell is constructed and a
numerical solution to the problem is presented
with an illustration of deflections, displacements
and stresses.

The model of the influence of gas saturation,
constructed in this work, is based on the
approaches to constructing constitutive relations
for materials with different resistance, proposed in
works [8, 9, 12, 13]. This approach uses a rather
flexible mechanism for taking into account a
variety of stress states and demonstrates a high
accuracy of agreement between the results
obtained and experimental data on the
deformation of a wide range of materials under
complex types of stress states. In turn, the model
for accounting for materials with different
resistance, proposed in the works of LG.
Ovchinnikov [1 — 4], is based on the simplest
nonlinear theory of elasticity and is built
considering the uniaxial stress state and, therefore,
has an approximate mechanism of the influence of
the type of stress state on the strength of materials.
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