
International Journal for Computational Civil and Structural Engineering, 13(3) 19-33 (2017) 

19 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

     
    

 ,     
     

 
.М. е о оц 1,2,3,4,5, П. . ов1,5,6, Д.С. Д ев1 

1  « -   « », . ,  
2    ( ), . ,  

3    , . ,  
4     , . ,  

5 -        
   , . ,  

6      , . ,  
 

:   ,  ,      
   ,         

( КЭ),              
,  , ,     « » (  « »)  
,       .    

     (      )  -
:    , IRS (ImproЯОН RОНuМОН SвstОm)     -

 . К  ,        
         . 

 
 :   ,  ,  ,  

 ,   
 
 

ABOUT CONTEMPORARY APPROACHES  
TO REDUCTION OF COMPUTATIONAL DIMENSION  

OF PROBLEMS OF STRUCTURAL ANALYSIS  
WITHIN FINITE ELEMENT METHOD 

 
Alexander M. Belostotsky1,2,3,4,5, Pavel A. Akimov1,5,6, Dmitry S. Dmitriev1 

 

1 SМТОntТПТМ RОsОarМС CОntОr “StaDвO”, Moscow, RUSSIA 
2 RussТan UnТЯОrsТtв oП Transport» (RUT – MIIT), Moscow, RUSSIA 

3 PОoplОs’ FrТОnНsСТp UnТversity of Russia, Moscow, RUSSIA 
4 Perm National Research Polytechnic University, Perm, RUSSIA 

5 Research Institute of Building Physics of Russian Academy  
of Architecture and Construction Sciences, Moscow, RUSSIA 

6 Russian Academy of Architecture and Construction Sciences, Moscow, RUSSIA 
 

Abstract: At present, as is known, there are many methods of reduction of computational dimension of problems 
of structural analysis within finite element method (FEM), including the reduction of the dimensions of the mass 
matrix and the stiffness matrix of the finite element model (to bring them, for example, in accordance with the 
“struМtural СОaltС monitoring” (or “test”) model of the object, which degrees of freedom are determined by the 
places of installation of accelerometers. In this respect, the following approaches are considered in this paper 
(with the corresponding analysis of the advantages and disadvantages): the Gaian reduction method, the IRS 
(Improved Reduced System) reduction method and the dynamic reduction method. In addition, the so-called stat-
ic finite element method for seismic analysis of underground structures, based on the substructuring technique, is 
considered. 



.М. , . . в, Д.С. Д в 

International Journal for Computational Civil and Structural Engineering 20 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 

  

Keywords: finite element method, superelement method, substructuring method, reduction,  
computational dimension 

 

 
1.     

   
  

    
   

  
 

    
    -

    
 ,   -

   
 .  ,   -

   
     

.   , ,  -
   -

     
      -

,     -
.   -

   -
    -

    -
,     

   -
    . 

     
   .  , 

 ,   -
,    

     -
   -

    -
 ,  . 

К  ,   -
     -
    -

   -
  . , -

     -
    -

    -
  .  -

   , ,  
     -

      
   . 

     -
   .  

  ,  -
,     Д11], 

IRS (Improved Reduced System)  -
 Д15]    -
 Д16].  ,  -

     -
,     -

  .  -
    -

   -
      

 . 
 
 
2.     

  
 

     -
 ( . .      -

 )   : 
 

ATTB T ,                       (2.1) 
 

 A  –  ; B  – -
  ; T  – 

  ( ). 
   -

     
     -

    . 
,      -

     
  ,  

   (   -
 )   , 

 ,     
.    

    (  -



 в  а  ва я в  а  а а  а а , а   
  в а а  а  в 

Volume 13, Issue 3, 2017 21 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

  

 )    -
    -

      
 .   ,  

   -
     -

,    -
   -

 .  ,  
     

   ,   -
  ,  -

  ( . .  -
      

     ( -
  )),  -

 ,   
 ,  

. 
 
 
3.    

  
 

    -
     (R.J. 

Guвan),   1965  Д11]. -
    

    
     

: 
 

PUK  ,                         (3.1) 
 

 U  –  ; K  –  
; P  –  . 

     -
,     
     

  (3.1): 











a

o

a

o

aaao

oaoo

P

P

U

U

KK

KK
~ ,              (3.2) 

 
 ,   -

,   , 
  ,   

 a , , . .  -
   o .  
 ,     

aaK
~

    -
  ,    -

  . 
, ,  -

  ,  ( . . 
0oP ),   (3.2)  

: 
 


 


,

~
 

0 

aaaaoao

aoaooo

PUKUK

UKUK
             (3.3) 

 
,    -

  (3.3)  : 
 

aoaooo UKKU 1 .                (3.4) 

 
 , ,  

 

a
oaoo

a

o U
E

KK

U

U 





 1

,            (3.5) 

 
 E  –   -

 . 
 (2.5)     

 
 

aGuyan
a

o UT
U

U 



,                   (3.6) 

               


 

E

KK
T oaoo

Guyan

1

                 (3.7) 

 
–    . 

   (3.7)   
  K     M  

    -
   aaK   -
   aaM : 

 

Guyan
T

Guyanaa KTTK  ;  Guyan
T

Guyanaa MTTM  .  (3.8) 



.М. , . . в, Д.С. Д в 

International Journal for Computational Civil and Structural Engineering 22 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

,     -
    

 ,   -
     -

 . 
 
 
4. IRS    
 
IRS  ,  
К  (J. O’CallaСan) Д15],  

    -
     -

  .   ,  -
   -

      
 .    IRS -

      
( . .     -

  ).   
    -

     
   -

  ( . .    
 ). 

   -
      

     -
.    -

 : 
  MK                         (4.1) 
 

      
 














a

o

aaao

oaoo

a

o

aaao

oaoo

MM

MM

KK

KK





~~ .  (4.2) 

 ,   aaK
~

  aaM
~

 -
    -

   -
     -

   ,   
      

   -
. 

     -
   (3.7), 

(3.8)  (4.1), : 
 

aaaaaa MK  ~~  ,                     (4.3) 

 
 ,    -

     
,     -

,   (4.1)  
(4.3)   .  -

     
    . 

   -
     

     
  ( .  (4.3), (3.6)  

(3.7)): 
 

aGuyanT  ~~  .                       (4.4) 

 
  IRS  -

    
     

 ,  , 
      

    . 
 ,  

 «  »,   -
    -

 (3.2), (4.3)  (4.4): 
 

 ~~~
MPK  ,                  (4.5) 

 
 ,  -

     -
  ,   -
    

: 
 

aGuyanMTK  ~~ 1*  ,                 (4.6) 

 
 ,   
    

: 



 в  а  ва я в  а  а а  а а , а   
  в а а  а  в 

Volume 13, Issue 3, 2017 23 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

aGuyanaGuyan MTKT  ~~~ 1 .        (4.7) 

 
,   (4.3)   

  : 
 

aaaaaa KM  ~~1  .                  (4.8) 

 
  (4.8)   (4.7): 

 

aaaaaGuyanaGuyan KMMTKT  ~~ 11  .  (4.9) 

 
    -

     
     

IRS : 
 




 
E

GG
T IRSGuyan

IRS ,           (4.10) 

 E  –   -
 ; 

 

oaooGuyan KKG 1 ;  

  aaaaaGuyanoaooIRS KMGMMKG ~)( 1
00

1   .  (4.11) 

 
     -

       
   

(4.10)   : 
 

IRS
T

IRSaa KTTK  ;   IRS
T

IRSaa MTTM  .  (4.12) 

 
 
 
 
5.    

  
 

    
     -

   -
.      

    
  














)(

)(

)(

)(

~~ i
a

i
o

aaao

oaoo
ii

a

i
o

aaao

oaoo

MM

MM

KK

KK





. (5.1) 

 
 (5.1)     -

 ,   -
  ,    -

 ,  -
    -
  .   , 

 ,     
    

 . 
 ,  M. 

Paz [16],     (5.1) 
  ( ) -

     -
 .    -

     -
   (  ) -

   (5.1), . . 
 




  

E

MKMK
T oaoaoooo

dDyn

11

Re

)()(
. 

                      (5.2) 
 
 
6.    

  
 

,   -
  , IRS (Improved Reduced Sys-

tem)     -
    , 

   .  -
    ,  

,  Д7,8].   -
     -

 . 
М  я  я .  

   -
  (    -

  )   -
 .   

    
    -

  -



.М. , . . в, Д.С. Д в 

International Journal for Computational Civil and Structural Engineering 24 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

   . -
    

,     
 .  , 

     
  , , -

,     
 .  

     
,       

   . 
Э       -

     -
   ,  

    -
,   . 

     
    -
    . 

 ,      
  .    

    -
    

   -
    . 

     -
     

 ,     
     

    
,     

,    Д1]. 
IRS  я.    

   ,  
      -

  -
    

[4,5].  ,  ,   -
      -

  ,  -
    -

. 
  ,     -

   ,   
    

(     -
  ) -

     -
   Д9]. К  

, ,     
   

.       -
     

,    ,   -
 .   , -

     
  Д21]. 

М   я. -
    -

   .  -
  ,     

     « -
  »,  
, ,  ,   

-     
     

   -
   (    -

,    -
  ,   -

     -
  ). 

    
IRS  .  

     
     

      
  

 . К   , 
    « -

  »,  
      

  .   
     

  IRS  -
.      -
    -
      -

. 
 
 
 
 



 в  а  ва я в  а  а а  а а , а   
  в а а  а  в 

Volume 13, Issue 3, 2017 25 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

7.    
  

 
  (   

 T ),     
  ,  -

   (« -
»)      -

     -
  : 

 

aT  .                        (7.1) 

 
     -

 ,  :  
      -
     -

     -
     -

 .   -
      -

  ,  
   . 

     
      

    -
.       

   (   
  ),   

    -
     -

  . 
 ,     -

     
   -
   . -

   (5.1)   -
  : 

 
)(1)( )()( i

aoaioaooioo
i

o MKMK    . (7.2) 

 
    

 ( )  -
   (    

),       
   , 

     -

     
   -

.       
    

,   (6.2)   -
    . -

  ,    -
    

      
 .   

     -
     

   Д3,6]. 
 
 
8.    

  
   

 ,  
    

   
 
8.1. . 
К  ,   -

    , 
 ,  ,  -

,  , -
    . .   -

     
     -

    -
  Д2,12,13,22]. ,  

    
    -

    
     
 .  

 ,     
     -

  .  -
    

  «  – -
 », ,  ,  

    ( КЭ) 
    ( К ). 

     
 ,  -



.М. , . . в, Д.С. Д в 

International Journal for Computational Civil and Structural Engineering 26 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 

  

     , -
     -

     
.   –  -

    ( -
)  Д17-20], -

    -
 ,  ,   

    -
   (   

    -
      ). 

    [12]  
    

    -
   , -

    , 
    -

   -
  . 

 
8.2.   . 

   « -
 –  »   -
   :  -

,     
     ( . 8.1) 

[12]. 
     

«  –  », -
  . 1.1,   -

   -
  : 

 

































 g

b
g
bbb

n

s

bb
g
bbbn

nbnnns

snss

uSu

u

u

SSS

SSS

SS

0

0

,  (8.1) 

 
 S   u     

   ;  
 bns  , ,    

 ,   -
      

;   g   -
 . 

,    –  -
,    -

: 
 

g
b

g
bb

f
b

g
bb

e
bb uSuSS  )( ,            (8.2) 

 
   fe  ,   -

     -
 

  (8.2)   (8.1)  -
 : 

 


































 f

b
g
bb

f
b

e
bbb

n

s

bb
g
bbbn

nbnnns

snss

uSuSu

u

u

SSS

SSS

SS

0

0

, 

 (8.3) 
 

    
   : 

 
MCiKS 2  ,             (8.4) 

 
 CMK  , ,    

 ,     
;   –   ( -

) . 
     -

    
  (8.4)   Д18,19]: 

 
g
bb

g
bb

g
bb CiKS  .                 (8.5) 

 
    

     
   -

      -
    

   . 
 :   

      
,         . 

 :    
     , 

        . 
 



 в  а  ва я в  а  а а  а а , а   
  в а а  а  в 

Volume 13, Issue 3, 2017 27 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

  

 
Р  8.1.     «  –  ». 

 
   -

    ,  
    
    -

     -
    -

 ,    
    -

   .  
,    -

    
    

    -
   . 

 ,   -
      

    
. 

 (8.4)  (8.5)  (8.3),   -
,  ( ,    

 (8.6)    
 «  –  -

»,      -
,     

     
     (  

,  ),   
     

): 
 

.0

0
























































































f
b

e
bb

f
b

e
bb

f
f

e
bb

f
b

f
n

f
s

bb
g
bbbn

nbnnns

snss

f
b

f
n

f
s

bb
g
bbbn

nbnnns

snss

f
b

f
n

f
s

bb
g
bbbn

nbnnns

snss

uKuCuM

u

u

u

CCC

CCC

CC

u

u

u

MMM

MMM

MM

u

u

u

KKK

KKK

KK















   (8.6) 

 
8.3.  . 

   (8.6)  -
    -

   , -
   . 8.2. 
   ,  -
    : 

     -
     ( -
    ). 

 
 
 



.М. , . . в, Д.С. Д в 

International Journal for Computational Civil and Structural Engineering 28 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

  

 
Р  8.2. О щ я я     . 

 
    (8.6) -

       
,  ,    

 .    
      

   Д14,17],  -
     -

     -
  , -

     ,  
   , -

  (8.6).  ,  Д12]  
    

 . 
1.  я  ( e

bbK ).  

     -
 .   

    -
,  ,   

. 8.2.    
      -

   Д10]  -
  : 

 

R

G
KN 2

 ;   
R

G
KT  ,              (8.7) 

 
 NK   TK  –    

  ; G  – -

 ; R  –    
   . 

2.  . 
    (8.6)  

      
:   -

 f
bu ,      -

   f
f

e
bbuM  , -

      
f

b
e
bbuC      -

   f
b

e
bbuK .  -

    . 
   f

bu : -
     -

    -
 ,   

   -
  (ProShake, EERA  . Д12]). 
      

  f
f

e
bbuM  :  -

      -
   

,   -
    , 

     
     

. 



 в  а  ва я в  а  а а  а а , а   
  в а а  а  в 

Volume 13, Issue 3, 2017 29 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

 
Р  8.3. Р я     . 

 
    -

  f
b

e
bbuC  :    

     -
 ,  -

      
 : 

 

iici ucf  ;   iiii wmc 2 ;   


  i
i

i w
w 1

0

2

1  , 

 (8.8) 
 

 cif  –  ; ic  – -
 ; iu  –  -
; im  –   ; iw  – 

; i  –  ; 

0   1  –    
 . 

Э    -
  f

b
e
bbuK :   -

    -
        

(       
  -

 ,   
   -

 ). 
 ,   -

    -
  . 8.3. 

    
   -

     
. 

1.   , 
,    

     , 
   -
     

   -
 . 

2.     -
   (  

,  ,  
,   -

  ). 
3.   -

 ,    
,      

  ,   
. 8.3,   -

 . 
 
8.4.     

     
   -

. 
   

    
     

 ,   
[12],     



.М. , . . в, Д.С. Д в 

International Journal for Computational Civil and Structural Engineering 30 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

,    
   

  «  –  
». К  ,  ,  

     
 ,   -

 ,   
   .  

 ,    -
      

  ,  -
    . 

 
 

 
 

     
   -

 «    »  
2013-2020     -

   -
   -

   
  2017 ,  7.1.1 « -

     
-   
     
     

  -
    

   »,  7.1.2 
« ,    -

    
   -

  ». 
 
 

  
 
1.  . .,  . . -

   
    -

      
  ( ). // 

-  . 2015. 
. 2(38). www.vestnik.vgasu.ru. 

2. Akinola J.O. Response Study of Under-
ground Pipes Due to Varying Impact of 
Surface Accidental Explosions. // The 
Electronic Journal of Geotechnical Engi-
neering, 2012(17/A), pp. 113-124. 

3. Botos C.D., Flanigan C. Improvement of 
the Centaur Modal Survey Test Correla-
tion using Dynamic Expansion. // 15th In-
ternational Modal Analysis Conference, 
Orlando, Florida, February 3-6, 1997. 

4. Flanigan C. Development of the IRS 
Component Dynamic Reduction Method 
for Substructure Analysis. // AIAA-91-
1056, AIAA 32nd Structures, Structural 
Dynamics, and Materials Conference, 
1991. 

5. Flanigan C. Implementation of the IRS 
Dynamic Reduction Method in 
MSC/NASTRAN. // MSC/NASTRAN 
World Users Conference, Los Angeles, 
CA, 1990. 

6. Flanigan C., Freymiller J. Using Dynam-
ic Expansion to Improve Test Analysis 
Correlation. // 12th International Modal 
Analysis Conference, Honolulu, Hawaii, 
Jan. 31 -Feb. 3, 1994. 

7. Freed A.M., Flanigan C.C. A Compari-
son of Test-Analysis Model Reduction 
Methods. // 8th International Modal Anal-
ysis Conference, January, 1990. 

8. Friswell M.I., Mottershead J.E. Finite 
Element Model Updating in Structural 
Dynamics, Kluwer Academic Publishers, 
1995. 

9. Gordis J.H. An Analysis of the Improved 
Reduced System (IRS) Model Reduction 
Procedure. // 10th International Modal 
Analysis Conference, 1992. 

10. Gu Y., Liu J.B., Du Y.X. 3D Consistent 
Viscous-Spring Artificial Boundary and 
Viscous-Spring Boundary Element. // En-
gineering Mechanics, 2007, 24(12), pp. 
31-37 (in Chinese). 

11. Guyan R.J. Reduction of Stiffness and 
Mass Matrices. // AIAA Journal, Vol. 3, 
No. 2, 1965, p. 380. 



 в  а  ва я в  а  а а  а а , а   
  в а а  а  в 

Volume 13, Issue 3, 2017 31 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

12. Jia B., Li-ping J., Yong-qiang L. Seismic 
Analysis of Underground Structures 
Based on the Static Finite Element Meth-
od. // The Electronic Journal of Geotech-
nical Engineering, 2016, Vol. 21, Bund. 
06, pp. 2307-2315. 

13. Kazuhiko K. Seismic Design of Under-
ground Structures. Japan, Kashima Pub-
lishing Company, 1994 (in Japanese). 

14. Liu J.B., Wang W.H., Zhang X.B. et al. 
Research on Response Deformation 
Method in Seismic Analysis of Under-
ground Structure. // Chinese Journal of 
Rock Mechanics and Engineering, 2013, 
32(1), pp. 161-167 (in Chinese). 

15. O’CКХХКСКЧ J. A Procedure for an Im-
proved Reduced System (IRS) Model. // 
7th International Modal Analysis Confer-
ence, 1989. 

16. Paz M. Dynamic Condensation. // AIAA 
Journal, 1984, pp. 724-727. 

17. Pezhman F, Soheil G. A Numerical Study 
of Bearing Capacity Coefficients of Soil 
Beneath Foundation under Earthquake 
Load. // The Electronic Journal of Ge-
otechnical Engineering, 2012, 17/A, pp. 
13-22. 

18. Tateishi A. A Study on Loading Method 
of Seismic Deformation Method. // Jour-
nal of JSCE, 1992, No. 441/I-18, pp. 157-
166 (in Japanese). 

19. Tateishi A. A Study on Seismic Analysis 
Methods in the Cross Section of Under-
ground Structures Using Static Finite El-
ement Method. // Structural Engineer-
ing/Earthquake Engineering, JSCE, 2005, 
22(1), pp. 41-53. 

20. The Professional Standards Compilation 
Group oП PОoplО′s RОpublТМ oП CСТna. GB 
50909-2014 code for seismic design of 
urban rail transit structures. Beijing: China 
Architecture and Building Press, 2014 (in 
Chinese). 

21. Tran M.K. Evaluation of Reduced Model 
Concepts for the Ten Bay CSI Truss 
Modal Test. // 11th International Modal 
Analysis Conference, 1993. 

22. Wang J.N. Seismic Design of Tunnels: A 
Simple State-of-the-art Design Approach. 
New York, Parsons Brinckerhoff Quade 
and Douglas Inc., 1993. 

23. Wolf J.P. Dynamic Soil-structure Interac-
tion. London, Prentice-Hall Inc., 1985. 

 
 
REFERENCES 
 
1. Ignatiev V.A., Romashkin V.N. Alge-

braicheskaja Problema Sobstvennyh 
Vektorov i Sobstvennyh Znachenij 
Vysokogo Porjadka v Zadachah Dinamiki i 
Ustojchivosti Konstrukcij (Obzor) [Alge-
braic Problem of Eigenvectors and Eigen-
values of High Order in Problems of Dy-
namics and Stability of Structures (Re-
view)]. // Internet-vestnik VolgGASU. 
2015. Vyp. 2(38). www.vestnik.vgasu.ru. 

2. Akinola J.O. Response Study of Under-
ground Pipes Due to Varying Impact of 
Surface Accidental Explosions. // The Elec-
tronic Journal of Geotechnical Engineering, 
2012(17/A), pp. 113-124. 

3. Botos C.D., Flanigan C. Improvement of 
the Centaur Modal Survey Test Correlation 
using Dynamic Expansion. // 15th Interna-
tional Modal Analysis Conference, Orlan-
do, Florida, February 3-6, 1997. 

4. Flanigan C. Development of the IRS Com-
ponent Dynamic Reduction Method for 
Substructure Analysis. // AIAA-91-1056, 
AIAA 32nd Structures, Structural Dynam-
ics, and Materials Conference, 1991. 

5. Flanigan C. Implementation of the IRS 
Dynamic Reduction Method in 
MSC/NASTRAN. // MSC/NASTRAN 
World Users Conference, Los Angeles, CA, 
1990. 

6. Flanigan C., Freymiller J. Using Dynamic 
Expansion to Improve Test Analysis Corre-
lation. // 12th International Modal Analysis 
Conference, Honolulu, Hawaii, Jan. 31 -
Feb. 3, 1994. 

7. Freed A.M., Flanigan C.C. A Comparison 
of Test-Analysis Model Reduction Meth-



.М. , . . в, Д.С. Д в 

International Journal for Computational Civil and Structural Engineering 32 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

ods. // 8th International Modal Analysis 
Conference, January, 1990. 

8. Friswell M.I., Mottershead J.E. Finite El-
ement Model Updating in Structural Dy-
namics, Kluwer Academic Publishers, 
1995. 

9. Gordis J.H. An Analysis of the Improved 
Reduced System (IRS) Model Reduction 
Procedure. // 10th International Modal 
Analysis Conference, 1992. 

10. Gu Y., Liu J.B., Du Y.X. 3D Consistent 
Viscous-Spring Artificial Boundary and 
Viscous-Spring Boundary Element. // Engi-
neering Mechanics, 2007, 24(12), pp. 31-37 
(in Chinese). 

11. Guyan R.J. Reduction of Stiffness and 
Mass Matrices. // AIAA Journal, Vol. 3, 
No. 2, 1965, p. 380. 

12. Jia B., Li-ping J., Yong-qiang L. Seismic 
Analysis of Underground Structures Based 
on the Static Finite Element Method. // The 
Electronic Journal of Geotechnical Engi-
neering, 2016, Vol. 21, Bund. 06, pp. 2307-
2315. 

13. Kazuhiko K. Seismic Design of Under-
ground Structures. Japan, Kashima Publish-
ing Company, 1994 (in Japanese). 

14. Liu J.B., Wang W.H., Zhang X.B. et al. 
Research on Response Deformation Meth-
od in Seismic Analysis of Underground 
Structure. // Chinese Journal of Rock Me-
chanics and Engineering, 2013, 32(1), pp. 
161-167 (in Chinese). 

15. O’CКХХКСКЧ J. A Procedure for an Im-
proved Reduced System (IRS) Model. // 7th 
International Modal Analysis Conference, 
1989. 

16. Paz M. Dynamic Condensation. // AIAA 
Journal, 1984, pp. 724-727. 

17. Pezhman F, Soheil G. A Numerical Study 
of Bearing Capacity Coefficients of Soil 
Beneath Foundation under Earthquake 
Load. // The Electronic Journal of Geotech-
nical Engineering, 2012, 17/A, pp. 13-22. 

18. Tateishi A. A Study on Loading Method of 
Seismic Deformation Method. // Journal of 

JSCE, 1992, No. 441/I-18, pp. 157-166 (in 
Japanese). 

19. Tateishi A. A Study on Seismic Analysis 
Methods in the Cross Section of Under-
ground Structures Using Static Finite Ele-
ment Method. // Structural Engineer-
ing/Earthquake Engineering, JSCE, 2005, 
22(1), pp. 41-53. 

20. The Professional Standards Compilation 
Group oП PОoplО′s RОpublТМ oП CСТna. GB 
50909-2014 code for seismic design of ur-
ban rail transit structures. Beijing: China 
Architecture and Building Press, 2014 (in 
Chinese). 

21. Tran M.K. Evaluation of Reduced Model 
Concepts for the Ten Bay CSI Truss Modal 
Test. // 11th International Modal Analysis 
Conference, 1993. 

22. Wang J.N. Seismic Design of Tunnels: A 
Simple State-of-the-art Design Approach. 
New York, Parsons Brinckerhoff Quade 
and Douglas Inc., 1993. 

23. Wolf J.P. Dynamic Soil-structure Interac-
tion. London, Prentice-Hall Inc., 1985. 

 
 

  , -
     

  ( ),   
, ,    « -

-   »;  
 «  ,   -
»,    

( );   «  -
   »,  

   
; 125040, , .  . 3-  -

 , .18, 8 ,  810, . +7 (495) 706-88-
10, e-mail: stadyo@stadyo.ru. 
 

  ,   -
    , , 
  ;    

     
;      
 « -   »; 

107031, . , .  , . 24, . 
1; . +7(495) 625-71-63;  +7 (495) 650-27-31; e-
mail: akimov@raasn.ru,  
pavel.akimov@gmail.com. 
 



 в  а  ва я в  а  а а  а а , а   
  в а а  а  в 

Volume 13, Issue 3, 2017 33 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

  ,  -
   ,  

« -   »; 125040, 
, .  . 3-   , .18, 8 , 

 810, . +7 (495) 706-88-10,  
e-mail: stadyo@stadyo.ru. 
 
Alexander M. Belostotsky, Corresponding Member of Rus-
sian Academy of Architecture and Construction Sciences, 
PhD, Professor; Executive Director of StaDyO Research & 
Engineering Center; Professor of Department of Struc-
tures, Buildings and Facilities, Russian University of 
Transport» (RUT – MIIT); Professor of Department of 
Building Structures and Computational Mechanics, Perm 
National Research Polytechnic University; office 810, 18, 
3-ya Ulitsa Yamskogo Polya, Moscow, 125040, Russia; 
phone +7 (495) 706-88-10; e-mail: stadyo@stadyo.ru. 
 
Pavel A. Akimov, Full Member of the Russian Academy of 
Architecture and Construction Sciences, PhD, Professor, 
Chief Scientific Secretary of Russian Academy of Archi-
tecture and Construction Sciences; StaDyO Research & 
Engineering Center; 24, Ul. Bolshaya Dmitrovka, 107031, 
Moscow, Russia; phone +7(495) 625-71-63; fax: +7 (495) 
650-27-31;  
e-mail: akimov@raasn.ru, pavel.akimov@gmail.com. 
 
Dmitry S. Dmitriev, Engineer, StaDyO Research & Engi-
neering Center; office 810, 18, 3-ya Ulitsa Yamskogo 
Polya, Moscow, 125040, Russia;  
phone +7 (495) 706-88-10; e-mail: stadyo@stadyo.ru. 


