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Abstract: As is known, targeted regulation of the frequency spectrum of natural vibrations of elastic systems
with a finite number of degrees of mass freedom can be performed by introducing additional generalized con-
straints and generalized kinematic devices. Each targeted generalized constraint increases, and each generalized
kinematic device reduces the value of only one selected natural frequency to a predetermined value, without
changing the remaining natural frequencies and all forms of natural vibrations (natural modes). To date, for some
elastic systems with a finite number of degrees of freedom of masses, in which the directions of mass movement
are parallel and lie in the same plane, special methods have been already developed for creating additional con-
straints and generalized kinematic devices that change the frequency spectrum of natural vibrations in a targeted
manner. In particular, a theory and an algorithm for the creation of targeted generalized constraints and general-
ized kinematic devices have been developed for rods. It was previously proved that the method of forming a ma-
trix of additional stiffness coefficients, specifying targeted generalized constraint, in the problem of natural vi-
brations of rods can also be applied to solving a similar problem for elastic systems with a finite number of de-
grees of freedom, in which the directions of mass movement are parallel, but do not lie in the same plane. In par-
ticular, such systems include plates. The distinctive paper shows that the method of forming a matrix for taking
into account the action of additional inertial forces, specifying targeted kinematic devices in the problem of natu-
ral vibrations of rods can also be applied to solving a similar problem for elastic systems with a finite number of
degrees of freedom, in which the directions of mass movement are parallel, but do not lie in the same plane.
However, the algorithms for the creation of targeted generalized kinematic devices developed for rods based on
the properties of rope polygons cannot be used without significant changes in a similar problem for plates. The
method of creation of computational schemes of kinematic devices that precisely change the frequency spectrum
of natural vibrations of elastic plates with a finite number of degrees of mass freedom is a separate problem and
will be considered in a subsequent paper
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Volume 17, Issue 4, 2021 181



Pavel A. Akimov, Leonid S. Lyakhovich

000OIIEHHBIX CBsI3e M OOOOMIEHHBIX KMHEMAaTHUeCKHX ycTpoiicTB. Kaxnas o0oOmIEHHas MpUIeTbHAS CBS3b
YBEIMYHMBACT, a KaXJ[0€ 0000MEHHOE KMHEMAaTHYECKOE YCTPOWCTBO YMEHBILIACT BEJIMYMHY JIHIIb OJJHOH BBI-
OpaHHON COOCTBEHHOW 4AacCTOTHI JI0 HANepE 3alaHHOTO 3HAYEHHs, HE U3MEHSS IPH ATOM OCTaJIbHbIE COOCTBEH-
HBIC YacTOTHI M Bce (POPMBI COOCTBEHHBIX KoJiebanuil. K HacToseMy BpeMeHH ISl HEKOTOPBIX YIPYTHX CUCTEM
C KOHEYHBIM YHCIIOM CTEIIeHel CBOOOBI Macc, y KOTOPBIX HANPaBJICHUS ABHKEHHS Macc MapauleIbHbl U JISKaT
B OJTHOH IUIOCKOCTH, pa3paboTaHbl METOABI CO3JaHUs IONOJHHUTEIBHBIX CBsi3eld M O0OOIIEHHBIX KHHEMaTHYe-
CKHUX YCTPOICTB, MPULICIIBHO M3MEHSIOIINX CIIEKTP YacTOT COOCTBEHHBIX KolieOaHMU. B yacTHOCTH, IS CTEpIK-
Hell pa3paboTaHbl TEOPHS U AITOPHTMBI (POPMUPOBAHHMS IPHLEIBHBIX JOMOIHUTEIBHBIX CBsI3eH U 0000IEHHBIX
KHHEMaTHYEeCKUX YCTPOUCTB. Panee ObUIO IOKa3aHO, YTO MeTO (DOPMUPOBAHHUS MATPULBI JOIOJHHUTEIBHBIX KO-
3 PUIMEHTOB >KECTKOCTH, XapaKTEPH3YIONINX TNPHUIETHHYIO CBsI3b, B 3a/Jade O COOCTBEHHBIX KOJICOAHHUIX
CTepKHEW, MOXKeT OBITH MPUMEHEH W IPH PELICHHH AaHAJIOTMYHON 3aJaudl JUI YNPYTHX CHCTEM C KOHEYHBIM
YHUCJIOM CTEICHEH CBOGO)]LI, Y KOTOPLIX HalpaBJICHUA ABHKXCHHA MaCC ITapalICJIbHbI, HO HC JIC)KAaT B O}IHOﬁ
II0CKOCTH. B YaCTHOCTH, K TaKMM CHCTEMaM OTHOCATCA IIJIAaCTUHBI. B )IaHHOﬁ CTaTbC IIOKA3aHO, 4YTO MCTOA
d)OpMI/IpOBaHI/IH MaTpulbl y4uc€Ta HeﬁCTBHH JONOJHUTEIbHBIX MHEPHUHUOHHBIX CHJI, XapPAKTCPUYIONIUX ITPUILICIIb-
HOE KMHEMaTHYeCKOe yCTPOMCTBO, B 33/1a4€ O COOCTBEHHBIX KOJEOaHUSIX CTEPIKHEH, MOKET OBITh MPHUMEHEH U
NPY PEUICHUH aHAJIOTUYHOMN 3a7a4M JUIsl YIPYTHUX CUCTEM C KOHEYHBIM YHCJIOM CTENEHEH CBOOOMBI, Y KOTOPBIX
HAarpaBJIeHUsl JIBM)KEHHSI Macc MapajiebHbl, HO HE JISKaT B OJHOH MmockocTH. OHAaKO, alrOpuT™MBl (hOPMHPO-
BaHMS NPHUIEIbHBIX O0OOIIEHHBIX KMHEMAaTHYECKHX YCTPOMCTB, pa3paboTaHHBIE MJIsI CTEp)KHEH Ha OCHOBE
CBOMCTB BEPEBOYHBIX MHOTOYT'OJILHIKOB, HE MOTYT OBITH 0€3 CyIIECTBEHHBIX M3MEHEHUH HCIOIb30BaHbl B aHa-
JOTWYHOW 3ajave ISt mracTuH. Meron GpopMHpOBaHMS PACUETHBIX CXEM KHHEMAaTHYECKHX YCTPOMCTB, NpH-
LETBHO M3MEHSIOIUX CHEKTP YacTOT COOCTBEHHBIX KOJICOAHWH YIMPYrHX IIACTHH ¢ KOHEYHBIM YHCIIOM CTeIe-
Hell cBoOOBI Macc, MPeCTaBsaeT CO00H OTACTHHYIO 3a/1a4y U OyJeT B PACCMOTpPEH B ITOCIEAYIOMIEH paboTe

KuroueBble cjioBa: 4acTOTa COOCTBEHHBIX KOJeOaHMid, popMa COOCTBEHHBIX KOJICOAHHH,
000011IeHHas TPHUIIETbHAS JOTIOTHUATENFHAS CBA3b, 0000IIEHHOE MPUIIETFHOE KHHEMAaTHIECKOE YCTPOICTBO,
KO3 PHUIUCHTBI JKECTKOCTH, HHEPIIMOHHBIC CHIIBI

INTRODUCTION

When designing structures, in some cases it be-
comes necessary to deduce one or several natu-
ral frequencies from a certain frequency inter-
val. As is known [1-4] one of the methods for
solving such a problem is the creation of target-
ed generalized constraints and generalized kin-
ematic devices. Special methods and algorithms
of creation of generalized constraints and gener-
alized kinematic devices for elastic rods carry-
ing a finite amount of concentrated masses were
developed and presented in the above-
mentioned papers. It was shown in [5] that the
method of forming a matrix of additional stiff-
ness coefficients, specifying the targeted con-
straints in the problem of natural vibrations of
rods can also be applied to solving a similar
problem for elastic systems with a finite number
of degrees of freedom, in which the directions
of motion of the masses are parallel, but do not
lie in the same plane. Let us show in the distinc-
tive paper that a similar approach can be applied
to solving the problem of creating targeting
generalized kinematic devices for elastic sys-
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tems with a finite number of degrees of free-
dom, in which the directions of motion of the
masses are parallel, but do not lie in the same
plane. In particular, such systems include plates.
By analogy with the approach, described in [5],
let us firstly present a method of creation of tar-
geted kinematic devices for elastic rods [6] car-
rying a finite amount of concentrated masses.
We can use system shown in Figure 1 [3, 4].

Yv
Figure 1. Sample system.

As in [5], the main system of the displacement
method was chosen (Figure 1b). The equations
of the displacement method were written in the
form conventional for systems with a finite
number of degrees of freedom
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Figure 2. Main system of the displacement
method (sample).

Values r[i,k] in (1) form matrix of stiffness co-
efficients A=||r[i,k]|; m[i] are the values of
the masses, which form a diagonal matrix
M =|m(i]|; e is the frequency of natural vibra-
tions of the system; v[k, j] are displacements in
the direction of motion of the masses in the j-

th form of natural vibrations (natural modes).
Roots of the equation

A-0*M|=0 (2)

determine the spectrum of frequencies of natural
vibrations of the system

ofl], @[2], ..., 0[q -1], @[q], ©[q +1].... @[n]. (3)

For example, in [3, 4] for rods it is shown that a
kinematic device with one degree of activity
transfers to the structure a generalized targeted
inertial force, which reduces the value of only
one natural vibration frequency to a given value,
leaving the rest of the spectrum frequencies un-
changed. The device is formed on the basis of a
matrix for taking into account the action of ad-
ditional inertial forces

M,=M_,M_, 4)
where we have

M, = [mli. K| 5)

ik=1"
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The matrix M, must have special properties. If

the introduced kinematic device is targeted at
the q-th natural frequency, then the coefficients

of the matrix M, (|m,[i,k]|,_,) should be or-

thogonal to the coordinates of the modes of nat-
ural vibrations of the remaining frequencies of
the spectrum. That is we have

émo[i' k]Vm[k, J] =0, (6)
i=12,..,n,j=12.,9-1,q9+1..,n).

With respect to the q-th natural frequency,

which is “targeted” by the kinematic device we
have

Zn:mo[i,k]v[k,q];tO, (i=12..,n). (7)

k=1

It was shown in [3, 4] that conditions (6) and (7)
will be satisfied by the coefficients

mo[i,k] = mfi]m[k]v,[i,alv,[k.q]. ~ (8)

The value of the factor M, is found as the root
of the equation

‘(A_wSZM)_MmO(a)SZMm)

0. (9

Considering that the (q)-th form of natural vi-
brations remains its form of natural vibrations
even at frequency s, the factor M, can be

found as
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M mo —
Zn: > (@li, k1-@imli, kv, [i, (@)Iv, [k, (0)] |

n
i=1 k=1

3 ofmfi, kI, [ @ [k, @)

(10)
The result of solving the equation

A=’ (M +M M )[=0.  (11)

must confirm that the modes of natural vibra-
tions have not changed, and the “targeted” fre-
quency has decreased to ;.

The kinematic device, which will correspond to
the matrix of coefficients for taking into account
the action of additional inertial forces

hﬂ 0 = hA m0 hﬂ m
where M., =|m[i. k[,

should provide the ratio between the nodal dis-
placements the same as between the coordinates
of the q-th form of natural vibrations of the

original system. In [3, 4] it is also shown that
such a relation will be realized if the kinematic
device transfers inertial forces to the nodes, the
ratios between which will be proportional to the
ratios between the forces
Ro[i]=miilv, [i, ). (12)
An example of such a generalized targeted kin-
ematic system for a rod is a sprengel, the outline
of which is determined by a rope polygon built
in the plane of motion of masses by forces (see,
for example, [3, 4]).
The derivation of the expressions for the coeffi-
cients of the matrix for taking into account the
action of additional inertial forces (4) for the
rods is based on the use of the displacement
method in the conventional form and the proper-
ties of the modes of natural vibrations (natural
modes).
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Since the modes of natural vibrations of the
plates, as well as for rods, are orthogonal, the
problem for elastic plates carrying a finite num-
ber of concentrated masses, as well as for rods,
will be based on the formation of a matrix for
taking into account the action of additional iner-

tial forces. The coefficients |m,[i,k]|, , must

also satisfy conditions (6) and (7) and be deter-
mined by dependencies (8).

Let us give an example that confirms that the
matrix of additional stiffness coefficients (4)
serves as the basis for creating targeted kinemat-
ic devices and for elastic plates carrying a finite
number of concentrated masses.

Let us consider a plate from [5], carrying 25
concentrated masses (Figure 3).

L 4
-
.DO
L
—
[
.
—
ol

Figure 3. Considering plate (sample).

In node number 9 the mass is equal to 600 kg, in
node number 18 the mass is equal to 1000 kg,
and in other nodes the mass is equal to 800 kg
each. The dimensions of the plate in the plan are
6 m by 6 m, the thickness is equal to 0.12 m.
The modulus of elasticity of the plate material is
E = 24,000,000,000 n / m2 Poisson's ratio is
equal to vo = 0.2. With the main system of the
displacement method (Figure 4) and one-
dimensional numbering of values Vv[k, j] in ac-
cordance with Figure 3, the spectrum of natural

vibration frequencies is determined as the roots
of equation (2).
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Figure 4. Main system of the displacement
method (sample).

The values of the first five frequencies of natu-
ral vibrations of the plate and the coordinates of
the corresponding eigenmodes are given in Ta-
ble 1 (columns are initial frequencies and
shapes).

Suppose that it is required to expand the interval
between the fourth and fifth natural frequencies
by reducing the value of the fourth frequency
from 146.834 sec to 110 sec’. For this, in ac-
cordance with (6), (7) and (8), we can form a
matrix of the matrix for taking into account the
action of additional inertial forces. The data re-
quired for using dependencies (6), (7) and (8)
are given in the description of the plate and in
Table 1 (columns are initial frequencies and
shapes).

After the formation of the matrix of the action
of additional inertial forces, taking into account
their influence, we determine from equation
(11) the modified spectrum of natural frequen-
cies and the corresponding vibration modes.

The first five natural frequencies and their cor-
responding shapes are shown in Table 1 (col-
umns are modified frequencies and shapes).

It can be seen from Table 1 that taking into ac-
count additional stiffness coefficients did not
change any of the modes of natural vibrations of
the plate, but only reduced the value of one of
the frequencies from 146.834 s to a given val-
ue of 110 s™. This result clearly illustrates the
possibility of using dependencies (6), (7) and
(8) for solving the problem of a generalized kin-
ematic device of constraints for elastic plates
with a finite number of degrees of freedom of
masses.

The generalized kinematic device for the plate,
as well as for the rod, must create an additional
generalized inertial force that ensures the target
of the action.

\Volume 17, Issue 4, 2021

As noted above, the properties of the kinematic
devices for the rods are based on the properties
of the natural vibration modes. The same prop-
erties apply to elastic plates. This circumstance
serves as a justification for using the results of
formulating the properties of kinematic devices
for rods and in a similar problem for plates.

Thus, for an elastic plate with a finite number of
degrees of freedom of masses, the generalized
kinematic device must correspond to the matrix
for taking into account additional inertial forces
(4). If the computational scheme of the con-
straint is represented by a variant of the hinge-
rod system, then it should be with one degree of
activity, in the nodes of the plate where the
masses are located, racks are installed in the di-
rection of movement of the masses, and during
oscillations in the racks of the system, forces
should arise, the ratios between which are pro-
portional to the ratios between efforts R;[i]

(12). In this case, in the structure of the con-
straint there should not be any connections with
the plate, except for the racks installed in the
nodes of the plate, where the masses are located.
So, in this paper it is shown that the method of
forming the account of additional inertial forces
that determine the targeted kinematic device in
the problem of natural vibrations of rods can also
be applied to solving similar problems for elastic
systems with a finite number of degrees of free-
dom of masses, for which the directions of mo-
tion of masses parallel, but not in the same plane.
The paper substantiates and formulates the
properties and requirements to which the design
schemes of targeted kinematic devices in the
problem under consideration must correspond.
Design schemes of generalized kinematic devic-
es that meet the above requirements are multi-
variate and depend on the shape of the plate, the
locations of the masses and some other features
of the original object. Taking these circum-
stances into account, the approaches and algo-
rithms for the formation of the corresponding
design schemes that purposefully change the
spectrum of natural vibration frequencies of
elastic plates with a finite number of degrees of
freedom of masses represent a separate problem
and will be considered in a subsequent work.
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Table 1. Results of analysis.

Initial frequencies and modes Modified frequencies and modes

o | 36.6583 | 91.0084 | 92.7466 | 146.834 | 178.911 | 36.6583 | 91.0084 | 92.7466 | 110.0000 | 178.911
1 10.0830 |0.1995 | 0.0499 | -0.2495 | 0.1547 | 0.0830 | -0.1995 | -0.0499 | 0.2495 0.1547
2 10.1434 | 0.2935 | -0.0043 | -0.2433 | -0.0063 | 0.1434 | -0.2935 | 0.0043 | 0.2433 -0.0063
3 10.1649 | 0.2568 | -0.1468 | 0.0129 | -0.1657 | 0.1649 | -0.2568 | 0.1468 | -0.0129 | -0.1657
4 10.1420 | 0.1514 | -0.2494 | 0.2641 | -0.0063 | 0.1420 | -0.1514 | 0.2494 | -0.2641 | -0.0063
5 10.0818 | 0.0579 |-0.1971 | 0.2624 | 0.1548 | 0.0818 | -0.0579 | 0.1971 | -0.2624 | 0.1548
6 |0.1441 | 0.2533 | 0.1398 | -0.2517 | 0.2788 | 0.1441 | -0.2533 | -0.1398 | 0.2517 0.2788
7 10.2492 | 0.3484 | 0.0840 | -0.2447 | 0.0003 | 0.2492 | -0.3484 | -0.0840 | 0.2447 0.0003
8 10.2867 | 0.2601 | -0.1502 | 0.0123 | -0.2788 | 0.2867 | -0.2601 | 0.1502 | -0.0123 | -0.2788
9 10.2468 | 0.1025 | -0.3415 | 0.2593 | 0.0003 | 0.2468 | -0.1025 | 0.3415 | -0.2593 | 0.0003
10 | 0.1423 | 0.0090 | -0.2912 | 0.2642 | 0.2789 | 0.1423 | -0.0090 | 0.2912 | -0.2642 | 0.2789
11 1 0.1672 | 0.1467 | 0.2455 | -0.0058 | 0.3359 | 0.1672 | -0.1467 | -0.2455 | 0.0058 0.3359
12 1 0.2895 | 0.1491 | 0.2411 | -0.0017 | 0.0088 | 0.2895 | -0.1491 | -0.2411 | 0.0017 0.0088
13 1 0.3336 | 0.0082 | -0.0119 | 0.0070 | -0.3237 | 0.3336 | -0.0082 | 0.0119 | -0.0070 | -0.3237
14 1 0.2877 | -0.1313 | -0.2630 | 0.0124 | 0.0088 | 0.2877 | 0.1313 | 0.2630 | -0.0124 | 0.0088
15 1 0.1657 |-0.1331 | -0.2605 | 0.0131 | 0.3359 | 0.1657 | 0.1331 | 0.2605 | -0.0131 | 0.3359
16 | 0.1454 | 0.0007 | 0.2856 | 0.2417 | 0.3025 | 0.1454 | -0.0007 | -0.2856 | -0.2417 | 0.3025
17 1 0.2522 | -0.0908 | 0.3339 | 0.2415 | 0.0119 | 0.2522 | 0.0908 | -0.3339 | -0.2415 | 0.0119
18 | 0.2915 | -0.2485 | 0.1317 | -0.0018 | -0.2941 | 0.2915 | 0.2485 | -0.1317 | 0.0018 -0.2941
19 1 0.2513 | -0.3314 | -0.1103 | -0.2446 | 0.0118 | 0.2513 | 0.3314 | 0.1103 | 0.2446 0.0118
20 | 0.1446 | -0.2398 | -0.1592 | -0.2432 | 0.3025 | 0.1446 | 0.2398 | 0.1592 | 0.2432 0.3025
21 | 0.0842 | -0.0528 | 0.1956 | 0.2437 | 0.1811 | 0.0842 | 0.0528 | -0.1956 | -0.2437 | 0.1811
22 | 0.1461 | -0.1445 | 0.2454 | 0.2416 | 0.0151 | 0.1461 | 0.1445 | -0.2454 | -0.2416 | 0.0151
23 1 0.1688 | -0.2486 | 0.1349 | -0.0059 | -0.1580 | 0.1688 | 0.2486 | -0.1349 | 0.0059 -0.1580
24 | 0.1457 | -0.2827 | -0.0135 | -0.2517 | 0.0151 | 0.1457 | 0.2827 | 0.0135 | 0.2517 0.0151
25 | 0.0838 | -0.1910 | -0.0633 | -0.2494 | 0.1811 | 0.0838 | 0.1910 | 0.0633 | 0.2494 0.1811
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