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Abstract. This article describes a software module component integrated with the SIMULIA Abaqus engineering 
analysis software package and designed to simulate random values of material parameters in a finite element model based 
on specified statistical characteristics, with the possibility of taking into account the physical nonlinearity of material 
behavior under various combinations of loads and influences. The target group of materials under study is materials of 
load-bearing elements of building structures, such as concrete, stone, steel. This software module can be recommended 
for use by specialists, engineers and scientists engaged in probabilistic analysis of the reliability of structures of buildings 
and structures, apparatus, machines, devices, with the combined use of complexes of computer modeling and engineering 
analysis. Has a certificate of state registration of the computer program "AS for modeling stochastic properties of materials" 
No. 2019667439 dated 12.24.2019.
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Аннотация. В данной статье описывается компонент программного модуля интегрированный с программным 
комплексом инженерного анализа SIMULIA Abaqus и предназначенный для моделирования случайных значений 
параметров материала в конечно-элементной модели на основе заданных статистических характеристик, с возмож-
ностью учёта физической нелинейности поведения материала при различных сочетаниях нагрузок и воздействиях. 
Целевая группа исследуемых материалов – материалы несущих элементов строительных конструкций, такие как 
бетон, камень, сталь. Данный программный модуль может быть рекомендован для применения специалистами, 
инженерами и учёными, занимающимися вероятностным анализом надёжности конструкций зданий и сооружений, 
аппаратов, машин, приборов, при совместном использовании комплексов компьютерного моделирования и инже-
нерного анализа. Имеет свидетельство государственной регистрации программы для ЭВМ «АС моделирования 
стохастических свойств материалов» №2019667439 от 24.12.2019.
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INTRODUCTION

Currently, ensuring the mechanical safety of 
buildings, structures and their structures is 
regulated by regulatory legal acts based on the 
semi-probabilistic method of limit states using 
reliability coefficients. The calculation methods 
laid down in the standards do not allow the 
designer to obtain quantitative indicators of the 
reliability of the facility being developed. The 
available qualitative characteristic of reliability 
is subjective, depends significantly on the 
qualifications of experts and often leads to 
inexpedient economic decisions, including those 
based on personal reinsurance of a specialist in 
the design process. On the other hand, there are 
cases when the reliability of objects of increased 
responsibility is lower than objects of the normal 
and reduced levels. It should also be noted that at 
present, damage and defects in structures are often 
the result of design errors. One of the significant 
"modern" factors affecting the probability of 
error is the lack of time – the generally accepted 
principles of finding optimal solutions based on 
iterative design and experimental verification are 
now becoming less and less relevant.
One of the effective solutions to this problem is the 
use of universal software systems for numerical 
modeling, which have flexible customization 
options: development of new types of material, 
finite elements, solver customization, and much 
more.

USING THE USER SUBROUTINE UMAT

The finite element method initially developed as 
a generalization and systematization of methods 
for solving problems in structural mechanics. 
Later it found wide application in other fields of 
science and technology [6]. It is rather difficult to 
create a universal graphical interface that would 
satisfy the highly specific requirements of an ever-
growing number of extremely diverse problems 
solved using the finite element method. There 
are user subroutines for additional customization 

of the SIMULIA Abaqus software package. The 
principle of working with them is that the core of 
the software complex calls during the calculation 
a set of user-written subroutines that overload the 
corresponding functionality in Abaqus.
User subroutines are an extremely powerful tool 
that allows you to extend some of the functionality 
of the software package for which the usual 
interface for inputting initial data imposes too 
strict restrictions. Custom subroutines provide 
the ability to flexibly define material properties 
and behavior, initial and boundary conditions, and 
even directly calculate local stiffness matrices for 
custom finite element types.
User-defined routines are usually written in 
FORTRAN. Subroutines cannot call each other, 
but a number of utilities can be called from the 
Abaqus programming interface.
In Abaqus, the user can create his own type of 
material. A custom UMAT subroutine is used to 
set its behavior.
The UMAT subroutine is designed to simulate the 
nonlinear behavior of materials. In this article, we 
restrict ourselves to generating a model with random, 
locally given initial elastic properties. UMAT is 
called at each Gaussian integration point of the 
finite element when constructing its local stiffness 
matrix at each loading step. From the data passed 
by the Abaqus kernel to the UMAT subroutine, 
we need the stress tensor σ = STRESS (NTENS) 
and the strain tensor increment ∆ε = DSTRAN 
(NTENS). We must obtain the Jacobi matrix:

                

which in our case is equal to the tensor of the 
elastic constants of the material and stress at the 
next loading step

                            σk+1 = σk + E∆εk ;
 
A detailed description and a complete list of 
arguments for the UMAT subroutine can be found 
in the documentation for the SIMULIA Abaqus 
software package.
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BOX-MULLER TRANSFORM

Typically, algorithms for (pseudo) random number 
generators on personal computers generate 
a sequence of numbers that obeys a uniform 
distribution. However, many physical quantities 
have a distribution close to normal (and tending to 
it, according to the Lyapunov theorem), which is 
implemented by various kinds of special sensors 
used in cryptography. The question of converting 
a uniform distribution into a normal distribution 
has been studied in detail for a long time, and the 
method of polar coordinates proposed by George 
Box, Mervyn Mueller and George Marsaglia in 
1958 has become the most widespread [9]. In this 
work, we used the following version of the Box-
Muller transformation.
Let and be independent random variables 
uniformly distributed on the interval [–1; 1]. We 
calculated s = x2 + y2. If s > 1 or S = 0, then the 
values x and y should be regenerated again. If the 
condition 0<s≤1 is satisfied, then further by the 
formulas it is necessary to calculate:

        , 

          ; 

Here z0 and z1 are independent quantities that 
satisfy the standard normal distribution.
The method considered above allows one 
to obtain a pair of independent normally 
distributed random variables with mathematical 
expectation 0 and variance 1. In order to 
obtain a distribution with other characteristics, 
it is sufficient to multiply the result of the 
function by the standard deviation and add the 
mathematical expectation.
Young's modulus for an isotropic material with 
normally distributed properties is calculated by 
the formula:

E = M[E] + σ [E] · z,

where M[E] is expected value and σ[E] is standard 
deviation of the Young's modulus of the material.

MODELING MATERIAL WITH 
ACCUMULATED DAMAGE

As an example, the first approximation of 
modeling reinforced concrete structures with 
variable values of the modulus of elasticity of 
concrete is considered. The value of the modulus 
of elasticity in building structures is an important 
indicator both in determining the strength and 
deformation characteristics of load-bearing 

        a)         b)
Figure 1. Diagrams of concrete deformation described by the CDP model: a) in tension; b) in 

compression
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structures, and is directly related to meeting the 
requirements for the first and second groups of 
limiting states. For example, Abaqus implements 
a model of fracture of brittle materials CDP [3, 
4] (Concrete Damage Plasticity), in which the 
decrease in the elastic modulus is expressed 
through the scalar value of material damage d 
and the initial Young's modulus E0:

E = (1 – d)E0;

A formulation close to this implementation is 
also regulated by the Chinese standards GB 
50010-2010 (applicable for concretes of the 
C20-C80 class with a density of 2200-2400 kg 
/ m3), for example, when determining tensile 
stresses:

σ = (1 – dt )Ecε ;

Integrally, Young's modulus is also related to 
the dynamic characteristics of the object, which 
allows, on the basis of a comparison of the 
experimentally obtained natural frequencies of 
the structure and those obtained in the process of 
virtual tests, to speak about their residual resource 
after a long time of operation or after a seismic 
effect of high intensity, where there are residual 
damage to structures [10]. 

MODELING OF REINFORCED 
CONCRETE STRUCTURES WITH A 
RANDOM DISTRIBUTION OF YOUNG'S 
MODULUS OF HEAVY CONCRETE IN 
VOLUME

Based on the current regulatory legal acts, in 
particular GOST 28570-2019 for testing concrete 
samples taken from structures, the values of concrete 
compressive strength tend to the normal distribution 
law and are described by such indicators as standard 
deviation, coefficient of variation and mathematical 
expectation. It should be noted that for concretes 
with low strength indices, the application of the 
normal distribution law may be incorrect (for 
example, for aerated concrete, where there may 
be negative strength in a significant distribution 
range, which contradicts physical principles). The 
example presented below is a demonstrator of the 
previously described methods and is a prerequisite 
for the development of practical, verified methods 
for modeling such a class of problems.
Below is the procedure for user actions when 
using stochastic values of material parameters 
by the example of modeling an elementary 
structure – a pylon or a section of a wall. 
Omitting the classic, basic stages of developing 
a finite element model, the user specifies 
the required values in the parameters of the 
custom material, as well as the path to the 

Figure 2. Derived function described in [10] and graphs of changes in the values of natural 
vibration frequency depending on Young's modulus for a reinforced concrete monolithic frame 

obtained in the process of virtual tests and calculated analytically without them
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custom subroutine in the menu for starting the 
calculation task in Abaqus. The mathematical 
expectation and standard deviation of Young's 
modulus are taken as variables M[E]and σ[E], 
as well as Poisson's ratio µ. 

Based on the verification tests performed, the 
values of Young's modulus for the FE model 
were obtained, without taking into account the 
correlation of values in space, which in reality 
may be a random spread of poor quality of the 
material obtained during the production of work.
Further, virtual tests were performed for two cases:
1. For the above-described elementary structure of 
a type of wall or pylon section, with the calculation 
of the calculated values of vertical stresses for 
concrete of class B40;
2. For a reinforced column (concrete class B25, 
steel A400), with a random value obtained for the 
entire volume of Young's modulus and subsequent 
analytical analysis of reliability over the entire 
height.

        a)       b)

       c)                d)  
Figure 3. a) Finite element mesh of the test model, elements C3D8 - 8-node hexagonal FE of a 

continuous medium with a linear shape function; b) Setting the number of variables in the graphical 
interface; c) Description of variable values; d) Description of the path to the subroutine

Figure 4. Mosaic of Young's modulus 
distribution for the test model, Pa
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In the fi rst case, after 500 virtual tests, local 
vertical internal stresses in concrete in 498 
cases did not exceed the permissible design 
values. In 2 cases, these stresses were exceeded 
and can be identifi ed as a local failure (but not 
a failure of the structure as a whole). At the 
same time, the reliability index  β = 3.35, which 
is a relatively high indicator of reliability for 
load-bearing structures, based, for example, on 

the recommendation data of EN 1990: 2002 + 
A1. Eurocode - Basis of structural design (for 
objects of normal level of responsibility with an 
estimated service life of 50 years is 3.8).
In the second case, for one test, the distribution of 
the reliability value along the column height was 
obtained, taking into account the arising internal 
forces. For this example, using custom output 
data, for a bar analogue, a reliability diagram was 

a)                                                                                    b)
Figure 5. Random design realizations of the mosaic of the distribution of the main stresses in 

concrete of class B40 of the wall model: a) Failure case (maximum compressive stress 23.55 MPa); 
b) Case to failure (maximum compressive stresses 21.38 MPa). Total failures for 500 virtual tests - 

2. Reliability value 99.96% (β ≈ 3,35).

a)                                                                                    b)

Figure 6. Control solution based on parametric optimization in a nonlinear formulation 
using volumetric fi nite elements (elements of the C3D8R and B31R types) (maximum stress in 

reinforcement 341 MPa, compressive stresses in concrete 18.5 MPa). Reliability diagram along the 
column height calculated for a bar analogue.
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obtained for the entire structural element, which 
is a convenient integral indicator for assessing 
mechanical safety.

CONCLUSIONS

1. Based on the performed analytical and 
numerical studies, using the software module for 
generating random values of material parameters 
for numerical finite element models, the following 
conclusions can be drawn:
2. 1. A software module for generating random 
values of material parameters has been developed 
and verified, which allows for numerical analysis in 
a stochastic formulation both for the construction 
industry and for other technical areas, which is 
also important in the development of new products 
using modern materials that require study and 
appropriate certification;
3. 2. The practical application of the method in the 
universal complex of computer modeling Abaqus 
is shown: a series of virtual tests was performed 
with the calculation of the reliability value and the 
reliability index, a numerical-analytical method 
for constructing a reliability diagram was applied, 
which allows to evaluate sections of structures 
that do not meet the requirements of strength, 
stability and rigidity in an integrated manner in a 
convenient form.
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