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Abstract: The article presents a numerical strength analysis of sandwich plates with solid face layers and tetrachiral
honeycomb core layer under static bending conditions. An aluminum alloy was chosen as the material of plates. For
honeycomb core layers, the discretization (number of unit cells) and the relative density were varied with a constant
thickness. Calculations were performed for the case of bending with rigidly clamped ends and three-point bending
within the framework of the theory of clasticity by the finite element method. The strength analysis enables one
to determine the load values, at which the maximal stresses according to the von Mises criterion were equal to the
conventional yield stress of the material. The aim of this work is to study the effect of discretization and relative
density of honeycomb core layers of tetrachiral type on the strength of sandwich plates.
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IHNPOYHOCTD CJIOUCTBIX KOMITIO3UTHBIX ITIJIACTUH
C TETPAKUPAJIBHBIMHU COTAMUA
IHPU CTATUYECKOM MU3I'UBE

A.B. Ma3zaee, M.B. IIlumuxoea

Boponesxckuii rocynapcTBeHHBIN TEXHUYECKHH YHUBEpCUTET, T. Boponexx, POCCUA
Hay4no-uccnenoBarensckuit HHCTUTYT cTpouTtenbHoi pusnku PAACH, . Mocksa, POCCU A

AHHoTanus: B paGoTe npon3BOAMICS YNCICHHBIH aHAINU3 TPOYHOCTH CIOMCTHIX KOMIIO3UTHBIX ITIACTHH CO CIUIOLI-
HBIMU BHEIIHUMH CJIOSMH U COTOBOM MPOCIONWKON TETPAaKMpPaJIbHOTO THIA B yCIOBHIX CTAaTHYECKOTO m3ruba. B
KayeCcTBE MaTepraia IJIACTHH BHIOPAH aIIOMUHUEBBIN CIUIAB. Y COTOBBIX MPOCIOEK BaPbUPOBAIACH AUCKPETU3ALNS
(KOnMM4YecTBO 3IEMEHTAPHBIX STU€EK) H OTHOCUTEIbHAS TUNIOTHOCTh IIPU MOCTOSTHHOHN ToNmuHe. PacueTs! mpousBoau-
JIUCH NIPH XKECTKOM 3aIIEMJICHUH C TOPLIOB U TPEXTOYEUYHOM M3THOE B PAMKaX TEOPUHU YIPYTOCTH METOOM KOHEYHBIX
3JIEMEHTOB. B mporecce aHann3a NpoYHOCTH ONMPEAESISIINCh 3HAUCHNS HArPy3KH, IPH KOTOPBIX MaKCUMAaJIbHbIE Ha-
MIPSDKEHUS TI0 KPUTEpUI0 Mu3eca MpupaBHUBAINCH K YCIOBHOMY HpeaeNy TeKydecTH MaTtepuaia. Llenpio paboTs
SIBIIIETCS M3yUEHHUE BIMSHUS AMCKPETHU3ALNU M OTHOCHUTEIBHOHN IIOTHOCTH COTOBBIX IPOCIIOEK TETPAKHUPAIHLHOTO
THIA Ha IPOYHOCTH KOMITO3UTHBIX MJIACTHH.

KiroueBble cjioBa: KOMIIO3UTHEIS TUTACTUHBI, TETPAKUPAJIbHBIE COTHI, MHOTOCJIOMHBIE TUTAaCTUHBI, aHAJIN3 IIPOYHOCTH,
CTaTHICCKUN H3FI/I6, MECTOJ KOHCUYHBIX DJICMCHTOB
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1. INTRODUCTION

In the last three decades, much attention has
been paid to materials with negative Poisson's
ratio, which are called auxetics [1-3]. These
materials have a non-standard deformation
mechanism, namely: they expand with tension
and contract with compression. Despite the
recent special attitude to auxetic materials, the
theoretical admissibility of the existence of such
materials was first shown by Love more than
120 years ago [4]. Later, Landau came to the
similar conclusion [5]. Based on the well-known
expression for the shear modulus for an
isotropic material, it follows that when Poisson's
ratio tends to -1, the shear resistance increases
significantly, which is an important property for
many applications. Currently, it is known about
many advantages of auxetics over materials
with classical behavior [6], for example:
increased resistance to indentation, resistance to
the process of initiation and opening of cracks,
increased energy absorption, etc. Such
properties of auxetics remarkably complement
the properties of classical materials in
composite structures, in particular, layered
plates.

Honeycomb structures of certain geometry are
most often used as auxetic in sandwich
composites. Prall and Lakes [7] theoretically
and experimentally determined negative
Poisson's ratio in trichiral honeycomb
structures. They also showed that Young moduli
of chiral honeycombs depend on the ratio of the
length of tangentially attached ribs and the
radius of the cylinders, as well as on the ratio of
the distance between the centers of adjacent
cylinders (connected by ribs) and the radius of
the cylinders. Scarpa and Tomlinson [§]
theoretically assumed that re-entrant
honeycomb core layers with negative Poisson's
ratio increase the flexural stiffness of composite
plates. They also suggested using honeycomb
core layers to design composites with pre-tuned
mechanical properties by changing the
geometric parameters of the unit cells.
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Alderson et al. [9] numerically and
experimentally determined Poisson's ratios for
chiral honeycombs of various types (hexa-,
tetra-, antitetra-, tri- and antitri- chiral cells)
under plane uniaxial compression. Honeycombs
differ in the number of tangentially attached
ribs, and in antichiral structures, adjacent unit
cells have mirror symmetry. Alderson et al. [9]
used finite element modeling and ambient
experiments, in so doing prototypes were made
from nylon using additive technologies. It is
shown that the chiral honeycombs family has a
negative Poisson's ratio. However, the trichiral
structure showed a positive Poisson's ratio, and
the antitrichiral structure showed auxetic
behavior with short tangentially attached ribs
and classic behavior with long ribs. It was
showed that chiral structures, in comparison
with antichiral structures, have a higher Young
modulus under plane uniaxial compression for
any number of ribs.

Lira et al. [10] have shown numerically and
experimentally that an auxetic honeycomb
structure of the re-entrant type has an increased
specific flexural stiffness relative to hexagonal
honeycombs. Such a structure with a reduced
mass also allows one to obtain the same first
natural frequency in comparison with hexagonal
cells. Li and Wang [11] made sandwich
composites with various honeycomb core
layers: truss type, conventional honeycombs,
and re-entrant honeycombs. It has been shown
[11] that wunder the three-point bending,
sandwich composites with a re-entrant type
auxetic honeycombs exhibit high energy
absorption and more efficient stress distribution
before failure.

Alomarah et al. [12] numerically and
experimentally investigated popular auxetic
honeycomb structures under plane uniaxial
compression:  re-entrant,  tetrachiral  and
antitetrachiral. They also investigated a new
honeycomb structure, namely: re-entrant chiral.
The prototypes were made of polyamide using
additive technologies. Alomarah etal. [12]
obtained the stress-strain curves, showed the
strain modes of the investigated structures,
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investigated energy absorption, and determined
the magnitudes of the negative Poisson's ratio.

Xiao et al. [13] numerically and experimentally
investigated the behavior of a rigidly fixed
sandwich beam with re-entrant honeycombs
under conditions of a local shock pulse. The
deformation of the facial sheets and the auxetic
core layer was also analyzed. The composites
were made of an aluminum alloy using additive
manufacturing. It has been experimentally
shown [13] that re-entrant honeycombs with
thin walls exhibit local densification in
composites due to the negative Poisson's ratio.
Re-entrant honeycombs with thick walls showed

only global deformation without auxetic
behavior.
Essassi et al. [14] experimentally and

numerically investigated sandwich composites
with re-entrant honeycomb core layers under
three-point bending conditions. The composites
were made of biological material using additive
technologies. During manufacturing, the relative
density of the honeycomb structure was varied.
Flexural stiffness, shear stiffness and shear
modulus for the sandwich composites under
investigation were determined, and the effect of
the relative density of the core layers on these
values was evaluated.

Composite panels with auxetic honeycombs
under three-point bending have been
investigated in [15, 16]. The composites were
made of wood-based materials. The authors
determined the stiffness, strength and energy
absorption capacity of the composite panels. It
has been shown that sandwich panels with
auxetic honeycombs have advantages over those
with classical honeycombs, in so doing the
plane of honeycomb core layers with auxetic
behavior is oriented parallel and perpendicular
to the plane of composite panels, respectively,
in[10, 15-16] and [11, 13].

In the present paper, three-layer sandwich plates
with solid face layers and tetrachiral honeycomb
core layer under static bending are investigated
numerically.
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2. FORMULATION OF THE PROBLEM

Let us consider a honeycomb structure
consisting of ordered cylinders arranged in a
square grid pattern, which are connected to each
other by tangentially attached ribs, where each
of the cylinders contains four attached ribs
(Fig. 1). It has been shown experimentally
[9,12] that tetrachiral honeycombs exhibit
auxetic behavior in the plane. In the sandwich
plates under consideration, the plane of

honeycomb core layers with auxetic behavior is
oriented parallel to the plane of the plates.

Figure 1. Parameters of the honeycomb
structure of tetrachiral type

For  numerical  experiments, tetrachiral
honeycombs have been designed with different
discretization (number of unit cells) and equal
relative density p , which is defined as the ratio

of the volume of solid body of the honeycombs
to the volume of the central layer of composites
along the outer faces. The honeycombs have
been considered with four values of the size of

elementary cells L=1.6d , where d, e 1, 1.3,

1.6, and 1.9. The volume of a solid body of the
honeycomb structures could be varied by
changing the thickness of their walls 7 . For

each discretization of the structure, 9
honeycomb models have been constructed with
the equal step of increasing volume. At each of
the four values of L, the tetrachiral honeycombs
uniformly fill the central layer of the
composites. For the obtained honeycombs, the
following geometric parameters have been used:
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O =const; at
p. = const, (r=d/2), and
B=t, [r~const. The total thickness of the

sandwich plates is 2 mm, the thickness of the
face layers is 0.5 mm, and the thickness of the
honeycomb core layers is 1 mm. For
comparative analysis, 11 models of solid plates
have been considered with an equal step of
increasing volume by changing the thickness of
plates from 1 to 2 mm with a step of 0.1 mm.
Strength calculations for composite and solid
plates have been carried out within the
framework of elasticity theory by the finite
element method using the «Structural
Mechanics» module [17] from the « COMSOL
Multiphysics 5.6» numerical simulation system.
A linear elastic body model is used to describe
the behavior of the plate’s material. Under the
conditions of bending of composite and solid
plates with rigid fixation, the displacements of
nodes (Fig. 2) have been subjected to the
following boundary conditions:

(r,=d,[2),
a =1/r ~ const

r, [/l = const

Under the conditions of three-point bending of
the plates, the displacements of nodes on
straight line segments have been supposed as

uw,z(x:xl,y:O,OSZSh):O,

2)
ux,yyz(x:xz,y:0,0SZSh):O.

The plate is subjected to the external load F

uniformly distributed over a
segment (Fig. 2):

straight line

Fy:Fy(le,yzb,OSZSh), 3)

where a=54 mm and ~2=13 mm are plate
dimensions, »=2 mm is its thickness, /, = a/2
mm, x, =12 mm, and x, =42 mm. To exclude

the deflection in the zy-plane, the displacements
of nodes in the face layers of composites and

solid plates have been considered as u_ =0.

The finite element mesh of the composite plates

is constructed separately for each layer:
>
! b
/] : /] A
// F")) / '
' h
z _ngf l
X;
a

Figure 2. Boundary conditions of composite and solid plates

X
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quadrangular prisms and triangular prisms are
used for solid layers and honeycomb core
layers, respectively (Fig. 3). The condition of
continuity of field variables is established at the
layer interfaces of composite plates. Figure 4
shows a finite element mesh of unit cells of
tetrachiral structures at each step of increasing
relative density. For constructing the mesh for
solid plates, quadrilateral prisms have been
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used. Finite elements of the serendipity family
of the second order are used in all models.

Figure 3. Mesh of finite elements of composite
plates

The properties of the D16 aluminum alloy [18]
are used as the material properties of composite
and solid plates, namely: Poisson's ratio
41 =0.33, elastic modulus £ =72 GPa, density
p=2780 kg/m? and the conventional yield

point o,, =290 MPa.

Figure 4. Finite element mesh of unit cells of
tetrachiral structures

During static bending of composite and solid
plates, the load values F, (N) have been
determined, at which the maximum stresses
according to the von Mises criterion are equal to
the conventional yield stress of the material
C,.=0,,-

n
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In order to verify the results of calculations via
the «COMSOL» system, additional calculations
of solid plates have been performed by the finite
element method in displacements using the
algorithm for solving the plane problem based
on the known equations of theory of elasticity
[19-20], adopting the following boundary
conditions (Fig. 2):

ux,y,z(x=x1,OSySb,0SzSh)zO,

“
u,, (x=x,0<y<b,0<z<h)=0.

In the case of the three-point bending of the
plates, the boundary conditions (2) and (3) have
been used.
The algorithm for solving the plane problem
was adapted for plate calculations, in so doing
the stiffness matrix of the finite element £° is
determined by the expression

ki =k" +k°, (5)
where the submatrix of normal deformations k*

and the submatrix of shear deformations k¢
have the following form:

, Eh

EkE = (1= u)-

a2 A

nn, HE,1,

.7§,§s(l+ L) ML e
) (1 +§,§s] ’
(1-x) ¥ 3

g =20

©T 4

1, (. &S

; (l+ 3 ) 1.8, (7
%/ 7,8, (l+%j

G=E/2(1+,u) is the shear modulus, » and s

are numbers of matrix blocks (r=12...4,
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s=1,2...4), a, and b, are dimensions of the

sides of the rectangular finite element along the
x- and y-axes, respectively, £ is the size of the
finite element along z axis, y=b, /afe is the

dimensionless parameter, £, & and 7., 7, are

dimensionless coordinates of the rectangular
element, which take on the following
magnitudes: & =-1, n,=-1, & =1, n,=-1,

53 =1, n,=1, §4=_1’ n,=1.

The matrix N matching the global numbers of
nodes to the local numbers is constructed
according to the rule N =g with

iel2...i, and g¢gel,2...4,

where m is the global node number (Fig. 5, a),
m, is the quantity of global nodes, i is the finite
element number (Fig. 5, b), i

mel,2...m,,

, 1s the quantity of

finite elements, and ¢ is the local number of the
node of the i-th finite element (Fig. 6), in so
doingif N, ¢q,then N  =0.

7 w8 Hn9 B0 K7 2

r=N , s=N _, mnel2..m,, if rvs=0

m,i n,i

0
ol
The stiffness matrix of the finite element model

K is determined by summing the extended
stiffness matrices K =), k“"(i). To consider

f2

0
then k', :(
© 0

the external fixation of the finite element model
node, it is necessary to delete the rows
i,=2m, —1,i,=2m, and columns j =2m -1,
J, =2m, of the stiffness matrix K, where m is

the number of the fixed node.
The displacements of nodes are determined by
the expression

u,=K,'-P, (8)
where K ' is the inverse stiffness matrix with
due account for the fixed nodes,

P={P P

nodal forces (hereinafter, the row matrix in

PX

de—1

P’ } is the vector of

24 215 26 217 218 219

([

||

78

79\ 41 w2 #3 wé H5 #6

/|

68 £9 .78 7t ¢ 7

22| 7 |75 | .| &F

KO | %71 | W2 | B3 | T4

69" | 89 | W | 7 | 72

Figure 5. Scheme of finite elements of the plate: (a) global numbering of nodes, (b)
numbering of finite elements

4 34 3[4 34 34((34 34 3|4 3[4 3
r 2l 2l 2l .2l ol 2y 2 vy 2
4 3|4 314 3|4 34))34 3|4 3|4 214 )
| ) | T e 2l Ar 2d gl o2

Figure 6. Scheme of local numbering of nodes of finite elements

The extended stiffness matrix £ is constructed
according to the k™ (i)=k  principle, where
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curly braces means the column matrix),

c=2(mf— p), P’ and P’ are nodal forces
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along x- and y-axes, respectively, and p is the
quantity of the fixed nodes.

The full vector of  displacements
u= {uf u, -+ u_ u; (e=2m,) includes
zero displacements u . =0, oel2, where
k,=2m, -1, k,=2m_, and the matrix
u,= {u:l u, U ujc} is a submatrix

of u, where u, #0.

The vectors of displacements along x- and y-
axes are determined by the expressions u, =u,_

and u’ =u, respectively, where m_=2m—1,
m,=2m.

The displacement vector v of the nodes of the i-
th  finite element is constructed as

X v X ¥ X y X y
V. =qu u u u u u u u
! { m mh m? m m m m* m* } ?

where N, =1, N, =2, N, =3, N, =4,

m= i 4,

u', and u’ are the nodal displacements along

x- and y-axes, respectively.
The strain vector ¢ of the i-th finite element is
determined from the expression

e(i,6,1m) =B (&) v, 9)

where f(&,n) is the matrix of the relationship
between nodal displacements and deformations,

T

b(Lm) 0
0 a(L9)
b(2n) 0
1|0 a(2¢)
5(5,77)=5 b, (3.1) 0 ,  (10)
0 a,(3¢)
b(4m) 0
0 a,(4¢)

with a,(¢.&)=n,(1+ &) /b,
b(g.m)=¢& (1+n,n)/a,,and g=1,2...4.
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The vector of nodal stresses o of the i-th finite
element is determined as

o (i.&n)=xe(i.6.n), (11)

where y is the matrix of elastic constants, =¢ ,

n=n,,and

E l—p u
. (12
1+ﬂ)(1—2ﬂ)[ H l—uj (2

The equivalent stresses o, at nodes of the finite

a

element are determined by the von Mises
criterion [21]

0'e=\/0]2+0'22—0'1-0'2, (13)

where o, and o, are the principal stresses.

3. RESULTS

Diagrams of the stress distribution in solid
plates obtained in the «Structural Mechanics»
module of the «COMSOL» package have been
verified using the algorithm for solving the
plane problem. Based on the calculated results
for the solid plate with the thickness #=1.5 mm
using the constructed algorithm and boundary
conditions (4), a graph of isolines with the stress
distribution is shown in Fig. 7, a. A similar
stress distribution diagram obtained in the
COMSOL  software with the boundary
conditions (1) is presented in Fig. 7, b. The load
magnitudes according to the constructed
algorithm at o, =o,, for plates with the

thickness #=1.5 and t=2 mm are 435 and
785.5 N, respectively, and those obtained via
the COMSOL software for the same plates are
425.7 and 755.9 N, respectively. The solutions
according to the two approaches are in good
agreement.

The stress distribution diagrams under the
condition of the three-point bending (2) for a
plate with the thickness # =1.5 mm obtained via
the algorithm for solving the plane problem and
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the «COMSOL» system are presented,
respectively, in Fig. 8, a and Fig. 8, b. The load
magnitudes calculated via the constructed
algorithm for plates with the thickness 7=1.5
and f=2 mmat o, are 282.4 and 505.8

N, respectively, and for the same plates via the
COMSOL package are 307.7 and 558.2 N,
respectively. The solutions obtained using the
two approaches are in good agreement.

Based on the results of the strength analysis, graphs
of the sandwich plate honeycomb core relative
density dependence of the load £ are shown in

=0y,

Fig. 9 and Fig. 10, respectively, for the boundary
conditions (1) and (2). The solid body volume of
composite and solid plates dependence of the load
F, at bending with rigid fixation (Fig. 11) and

three-point bending (Fig. 12) are also presented.

Reference to Fig. 9 shows that under the
conditions of bending with rigid fixation (1),
within the range of values of the honeycomb
core relative density from 20 to 35 %, there is a
significant difference in the strength of
sandwich plates with different discretization of
tetrachiral structures at the same relative
density. From Fig. 10 it is seen that under the
conditions of three-point bending (2), sandwich
plates with different discretization and equal

relative density of tetrachiral honeycombs
demonstrate a small difference in the strength
over the entire range of values of the relative
density. Composite plates with tetrachiral

honeycombs (Figs. 11-12) could significantly
reduce the volume of a solid body relative to
solid plates with equal strength.

30 90

120 150 180 210 240 270 290 (MPa)

290 (MPa)

Figure 7. The stress distribution diagrams for a solid plate with thickness t =1.5 mm

under the bending with rigid fixation conditions at o,

. =0,, obtained using (a) the

algorithm for solving the plane problem, and (b) the « COMSOL» software

———

0 30 &0 80

120 150 180 210 240 270 290 (MPa)

a
B .

il
0 50 100

200 250 290 (MPa)

Figure 8. The stress distribution diagrams for a solid plate with thickness t =1.5 mm

under the three-point bending conditions (2) at o,

= 0,, obtained using (a) the algorithm

for solving the plane problem, and (b) the « COMSOL» software
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Figure 9. Diagram of the sandwich plate
honeycomb core relative density dependence of
the load F, (at o, =0,,) at bending with

rigid fixation (1)
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Figure 10. Diagram of the sandwich plate
honeycomb core relative density dependence of
the load F, (at o, =0o,,) at three-point

bending (2)

CONCLUSIONS

Based on the results of the numerical analysis,
it has been shown that composite plates with

110

Alexey V. Mazaev, Marina V. Shitikova

200 T T T T T T
700 [~ 1
600 [~ 1
z
o 00 1
2
S ttk d =1
400 - o el i U
Be8 d =16
s00F 2 eee d,=19 o
contin.
200 1 1 1 1 1 1
750 850 950 1050 1150 1250 1350 1450

Volume (mm?*)

Figure 11. Diagram of the solid body volume of
composite and solid plates dependence of the
load F, (at ©,, = 0o,,) under bending with

rigid fixation (1)
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Figure 12. Diagram of the solid body volume of
composite and solid plates dependence of the
load F, (at o,, = 0o,,) under three-point

bending (2)

tetrachiral honeycombs with a relative density
of honeycomb cores from 20 to 70% have a
significantly higher strength relative to solid
plates with an equal volume of a solid body. At
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bending with rigid fixation, the discretization of
tetrachiral structures effects the strength of
composite plates at relative density values from 20
to 35%. Honeycombs with large unit cell size are
stronger relative to those with smaller unit cell size
at the same relative density. The use of tetrachiral
honeycomb cores in the design of composite plates
is a promising approach for improving the
mechanical properties of composite plates.
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