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Abstract: A unified approach in solving equilibrium problems of standard cells of membrane structures made of
various absolutely flexible materials, including anisotropic (orthotropic) materials is presented in this paper. The
objects of study are rectangular membranes under various conditions of fixing and/or supporting. The problems
were considered in a geometrically nonlinear formulation, with the deformations and the squares of the rotation
angles thereunder being considered to be comparable with each other, but small compared to unity. A resolving
system of differential equations in partial derivatives written in displacements is obtained therewith. These
equations combining with the presented boundary conditions are numerical models of a number of fragments of
real membrane structures. The closed nonlinear system of equations was integrated using the discrete braking
method. Therewith both longitudinal and transverse vibrations of anisotropic masses were analyzed using a
conditional dynamic model to select the initial values of the displacements. The problem of equilibrium of a
square isotropic membrane with a free boundary under a uniformly distributed load is presented as an example.
The resulting graphs and tables show the distribution of forces and displacements. They may be used for
calculating membrane structures. The developed technique may be applied to those values of the initial
parameters under which the calculations have not yet been made.
Keywords: membranes, membrane structures, geometrically nonlinear formulation,
dimensionless form of resolving equations, compliant contour, free boundary, absolutely rigid fixing,
peculiar points, method of undetermined reduction factors, discrete braking method,
uniaxial state of stress zone, displacement equation, dynamic models, anisotropic masses.
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ɭɝɥɨɜɩɨɜɨɪɨɬɚɫɱɢɬɚɸɬɫɹɫɨɢɡɦɟɪɢɦɵɦɢɦɟɠɞɭɫɨɛɨɣɧɨɦɚɥɵɦɢɩɨɫɪɚɜɧɟɧɢɸɫɟɞɢɧɢɰɟɣɉɪɢɷɬɨɦ
ɩɨɥɭɱɟɧɚ ɪɚɡɪɟɲɚɸɳɚɹ ɫɢɫɬɟɦɚ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɜ ɱɚɫɬɧɵɯ ɩɪɨɢɡɜɨɞɧɵɯ ɡɚɩɢɫɚɧɧɚɹ ɜ
ɩɟɪɟɦɟɳɟɧɢɹɯ ɗɬɢ ɭɪɚɜɧɟɧɢɹ ɜ ɤɨɦɛɢɧɚɰɢɢ ɫ ɩɪɟɞɫɬɚɜɥɟɧɧɵɦɢ ɤɪɚɟɜɵɦɢ ɭɫɥɨɜɢɹɦɢ ɹɜɥɹɸɬɫɹ
ɱɢɫɥɟɧɧɵɦɢ ɦɨɞɟɥɹɦɢ ɪɹɞɚ ɮɪɚɝɦɟɧɬɨɜ ɪɟɚɥɶɧɵɯ ɦɟɦɛɪɚɧɧɵɯ ɤɨɧɫɬɪɭɤɰɢɣ Ɂɚɦɤɧɭɬɚɹ ɧɟɥɢɧɟɣɧɚɹ
ɫɢɫɬɟɦɚɭɪɚɜɧɟɧɢɣ ɢɧɬɟɝɪɢɪɨɜɚɥɚɫɶ ɫɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɦɟɬɨɞɚɞɢɫɤɪɟɬɧɵɯ ɬɨɪɦɨɠɟɧɢɣɉɪɢɷɬɨɦɞɥɹ
ɜɵɛɨɪɚ ɧɚɱɚɥɶɧɵɯ ɡɧɚɱɟɧɢɣ ɫɦɟɳɟɧɢɣ ɫ ɩɨɦɨɳɶɸ ɭɫɥɨɜɧɨɣ ɞɢɧɚɦɢɱɟɫɤɨɣ ɦɨɞɟɥɢ ɚɧɚɥɢɡɢɪɨɜɚɥɢɫɶ
ɩɪɨɞɨɥɶɧɵɟ ɢ ɩɨɩɟɪɟɱɧɵɟ ɤɨɥɟɛɚɧɢɹ ɚɧɢɡɨɬɪɨɩɧɵɯ ɦɚɫɫ ȼ ɤɚɱɟɫɬɜɟ ɩɪɢɦɟɪɚ ɩɪɟɞɫɬɚɜɥɟɧɚ ɡɚɞɚɱɚ
ɪɚɜɧɨɜɟɫɢɹ ɤɜɚɞɪɚɬɧɨɣ ɢɡɨɬɪɨɩɧɨɣ ɦɟɦɛɪɚɧɵ ɫɨ ɫɜɨɛɨɞɧɵɦ ɤɪɚɟɦ ɩɨɞ ɪɚɜɧɨɦɟɪɧɨ ɪɚɫɩɪɟɞɟɥɟɧɧɨɣ
ɧɚɝɪɭɡɤɨɣɉɨɥɭɱɟɧɧɵɟ ɩɪɢ ɷɬɨɦ ɝɪɚɮɢɤɢ ɢ ɬɚɛɥɢɰɵɩɨɤɚɡɵɜɚɸɬ ɪɚɫɩɪɟɞɟɥɟɧɢɟɭɫɢɥɢɣ ɢ ɫɦɟɳɟɧɢɣ
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Ɉɧɢ ɦɨɝɭɬ ɛɵɬɶ ɢɫɩɨɥɶɡɨɜɚɧɵ ɩɪɢ ɪɚɫɱɟɬɚɯ ɦɟɦɛɪɚɧɧɵɯ ɤɨɧɫɬɪɭɤɰɢɣ Ⱦɥɹ ɬɟɯ ɡɧɚɱɟɧɢɣ ɢɫɯɨɞɧɵɯ
ɩɚɪɚɦɟɬɪɨɜ ɩɪɢ ɤɨɬɨɪɵɯ ɜɵɱɢɫɥɟɧɢɹ ɟɳɟ ɧɟ ɩɪɨɜɨɞɢɥɢɫɶ ɦɨɠɧɨ ɩɪɢɛɟɝɧɭɬɶ ɤ ɪɚɡɪɚɛɨɬɚɧɧɨɣ
ɦɟɬɨɞɢɤɟ
Ʉɥɸɱɟɜɵɟɫɥɨɜɚ: ɦɟɦɛɪɚɧɵɦɟɦɛɪɚɧɧɵɟɤɨɧɫɬɪɭɤɰɢɢɝɟɨɦɟɬɪɢɱɟɫɤɢɧɟɥɢɧɟɣɧɚɹɩɨɫɬɚɧɨɜɤɚ
ɛɟɡɪɚɡɦɟɪɧɵɣɜɢɞɪɚɡɪɟɲɚɸɳɢɯɭɪɚɜɧɟɧɢɣɩɨɞɚɬɥɢɜɵɣɤɨɧɬɭɪɫɜɨɛɨɞɧɵɣɤɪɚɣ ɚɛɫɨɥɸɬɧɨɠɟɫɬɤɨɟɡɚɤɪɟɩɥɟɧɢɟ
ɨɫɨɛɟɧɧɵɟɬɨɱɤɢɦɟɬɨɞɧɟɨɩɪɟɞɟɥɟɧɧɵɯɤɨɷɮɮɢɰɢɟɧɬɨɜɩɪɢɜɟɞɟɧɢɹɦɟɬɨɞɞɢɫɤɪɟɬɧɵɯɬɨɪɦɨɠɟɧɢɣ
ɫɤɥɚɞɱɚɬɚɹɡɨɧɚɭɪɚɜɧɟɧɢɹɜɩɟɪɟɦɟɳɟɧɢɹɯɞɢɧɚɦɢɱɟɫɤɢɟɦɨɞɟɥɢɚɧɢɡɨɬɪɨɩɧɵɟɦɚɫɫɵ

INTRODUCTION
Membrane structures widely applied in
construction practice are implemented in
materials with various properties and structure
(metal sheet, polymer films, technical fabrics,
etc.). When calculating, such structures are
divided into standard cells being the anisotropic
membranes either fixed and/or supported on
four, three or two sides [6, 8, 13, 14, 16-18].
A vast amount of references [15] is devoted to
the solution of equilibrium problems for
rectangular membranes fixed along a contour or
along two boundaries, with a detailed review
thereof being considered herein [2].
This article is devoted to the calculation of
rectangular orthotropic membranes with
different fixing conditions.
Therewith the load was assumed to be uniformly
distributed. The problem is considered in a
geometrically nonlinear formulation, whereby
the deformations and the squares of the rotation
angles are considered to be comparable with each
other, but small as compared to unity [1, 3, 4].
The following geometric relations correspond to
these conditions:
߲ݑ
1 ଶ ߲ ݓଶ
ߝ௫ = ܭ௨
+ ൬ ൰ ܭ௪ ൬ ൰ ;
߲ݔ
߲ݔ
2
߲ݒ
1 ଶ ߲ ݓଶ
ߝ௬ = ܭ௩
+ ൬ ൰ ܭ௪ ൬ ൰ ;
߲ݕ
߲ݕ
2
߲ݑ
߲ݒ
߲ݓ߲ ݓ
+ ܭ௩
+ ܭ௪ଶ
.
ߛ௫௬ = ܭ௨
߲ݕ
߲ݔ
߲ݕ߲ ݔ

Figure 1. Original membrane scheme
The orthotropy axes of the membrane material
were considered to be oriented parallel to the
sides thereof, thereby enabling to simplify the
physical relations to the form:
ߝ௫ = ߣ݊௫ െ ߥ݊௬ ;
ߝ௬ = െߥ݊௫ + ݊௬ , ߛ௫௬ =

݊௫௬
.
g

(2)

Here and elsewhere, a number of dimensionless
parameters are used:
(1)

To give a more convenient dimensionless form
to the resolving system and the subsequent
solution the method of undetermined reduction
factors [5, 6] is used here [5, 6]: ܷ = ܭ௨ ܽݑ,
ܸ = ܭ௩ ܽݒ, ܹ = ܭఠ ܽݓ, where ܭ௨ , ܭ௩ , ܭ௪ – are
Volume 18, Issue 1, 2022

unknown yet arbitrary constants, ݑ, ݒ,  – ݓare
dimensionless functions proportional to
displacements in the direction of the coordinate
axes (Fig. 1).

݊௫ = ܰ௫ Τ(ܧ௬ ݊ ; )ܪ௬ = ܰ௬ Τ(ܧ௬ ; )ܪ
ߤ (ߣ െ ߥ ଶ ) = 1; ߙ = ߤߥ + g;
g = ܩ௫௬ Τܧ௬ ; ݇ = ܾΤܽ.

(3)

where, ܰ௫ , ܰ௬ , ܰ௫௬ – are forces; 2ܽ, 2ܾ ˋ – ܪ
are the plan dimensions and the membrane
thickness, respectively; ܧ௫ , ܧ௬ , ܩ௫௬ , ߥ௫௬ , ߥ௬௫ , –
are elastic characteristics of the material.
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Let us assume that the structures of the considered
membranes and the nature of loading thereof do not
allow for uniaxial state of stress zones. Equilibrium
equations in a similar formulation are:
߲݊௫௬ ߲݊௬
߲݊௫ ߲݊௫
+
= 0;
+
= 0;
߲ݔ
߲ݕ
߲ݔ
߲ݕ
߲ଶݓ
߲ ଶݓ
߲ଶݓ
ቈ݊௫ ଶ + ݊௬
 ܭଷ ܪ ܧ
+
2݊
௫௬
߲ݔ
߲ ݕଶ
߲ ݕ߲ݔ௪ ௬
= െܽݍ.

(4)

A resolving system written in displacements
may be obtained under (1)-(4) after a number of
transformations
߲ଶݑ
߲ଶݑ
߲ଶݒ
߲ ߲ ݓଶ ݓ
+
݃
+
ߙ
+
ߙ
+
߲ ݔଶ
߲ ݕଶ
߲ݕ߲ݔ
߲ݕ߲ݔ߲ ݕ
߲ ߲ ݓଶ ݓ
߲ ߲ ݓଶ ݓ
+
݃
= 0;
+ߤ
߲ ݕ߲ ݔଶ
߲ ݔ߲ ݔଶ
ଶ
ଶ
ଶ
߲ ݒ
߲ݓ ߲ ݓ
߲ ߲ ݓଶ ݓ
߲ ݑ
+g ଶ+ߙ
+݃
+
ߙ
߲ݕ߲ݔ
߲ݔ
߲ݕ߲ݔ߲ ݔ
߲ ݔ߲ ݕଶ
߲ଶݒ
߲ ߲ ݓଶ ݓ
+
ߤߣ
= 0;
+ߤߣ
߲ ݕଶ
߲ ݕ߲ ݕଶ
ଶ
߲ ݓ߲ ߥ ݒଶ ߲ ଶ ݓ
߲ ݑ1 ߲ݓ
+ ൬ ൰  ଶ
ߤቈ + ൬ ൰ +ߥ
߲ݔ
߲ ݕ2 ߲ݔ
߲ ݔ2 ߲ݔ
߲ ߲ ݓ߲ ݓ߲ ݒ߲ ݑଶ ݓ
+
൨
+2݃  +
߲ݕ߲ݔ߲ ݕ߲ ݔ߲ ݔ߲ ݕ
ߥ ߲ ݓଶ 1 ߲ ݒ1 ߲ ݓଶ ߲ ଶ ݓ
߲ݑ
++ ൬ ൰ +
+ ൬ ൰  ଶ
+ߤ ቈߥ
߲ݕ
2 ߲ݔ
ߣ ݀ ݕ2ߣ ߲ݕ
߲ݔ
= െ1.
ߤ

(5)

This system was used in numerical calculations.
Equations (10) combined with boundary
conditions may be interpreted as a model of a
number of standard cells in membrane
structures found in actual designing.
Therefore, we had a system of three equations
for displacements written in a specific
dimensionless form that in the case of an
isotropic membrane coincides with the system
of resolving equations obtained by M. S.
Kornishin [11] for plates, with the cylindrical
rigidity thereof tending to zero.
A closed nonlinear system composed of
equations (5) and the corresponding boundary
conditions (Table 1) was integrated by the
discrete braking method [10, 19]. Application of
this method in solving 3D problems is known to
deal with unacceptable costs of computer time,
since the integration step must be small due to
stability limitations associated with a large
difference in the periods of longitudinal and
transverse oscillations, being avoided by
introducing anisotropic masses of simpler forms
than in paper [12] to the dynamic models.
Information on the hypothetical laws of
variation of the required functions Q was
included to these conditional concepts (Fig. 2),
in addition to the weight factors p.
Table 1. Main kinds of boundary conditions

Kind of support contour

ɯ
u
v
w
u
v
w

Absolutely rigid
Three sides are absolutely
rigid, with the one being
free
Șɤή
Flexible, of symmetrical
cross section

డర ௨
డ௬ ర

ȥɤή
Șɤή

Boundary conditions at
\ ɤ
uɤ 
vɤ 
wɤ 
uɤ 
vɤ 
wɤ 









Q[>ȈQ\ɤ- n[\]ή
డ௩
డ௬
డర ௪
డ௬ ర

డ௬ మ

ȈQ\ɤ- n[\
Q[ή

>ȈQ\ɤ- n[\]ή
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ȥɤή

డమ ௨

డ௪

+

డ௫
డమ ௪
డ௬ మ

Șɤή

డర ௩

డ௫ ర

Șɤή

డ௨
డ௫

డ௫ ర

n\ή
Șɤή

ȈQ[- n[\ɤ

Q\ɤ>ȈQ[- n[\ɤ]ή
డర ௪

[ 
u 
v 
w 
n[ 
n[\ 

Q\ɤή

>ȈQ[- n[\ɤ]ή

డ௪

+

డ௬
డమ ௪
డ௫ మ

డర ௨
డ௬ ర

డమ ௪
డ௬ మ

Q[>ȈQ\ɤ-

n[\]ή
డమ ௩

డ௫ మ

ȥɤή
Șɤή

డ௩
డ௬
డర ௪
డ௬ ర



డమ ௨
డ௬ మ

ȈQ\ɤ- n[\
Q[ή

>ȈQ\ɤ- n[\]ή

డ௪

+

డ௫
డమ ௪
డ௬ మ
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The symbols Șɤ 

ாˍ ூˍ
ா

ɢ ȥɤ 

ாˍ ˍ
ா

are used in the

table to denote the relative rigidity of the
contour for bending and compression. An
appropriate combination of the given boundary

conditions enables obtaining of a mathematical
model of any kind of support for membrane
structures [3, 7, 8].

Figure  Characteristics of anisotropy of conditional masses of dynamic models
As a result of the numerical solution of the
difference analogues of the above equations, the
values of the displacement components at all
points were obtained. Therewith, central
differences with an error of the reminder term of
the order of the second degree of strength were
used on a square net; extrapolation of the
desired functions beyond the contour was made
by means of the Lagrange polynomial. The final
solutions for displacements may be presented in
dimensional form as necessary:
ଶ

ଶ

 ܽݍଷ
 ܽݍଷ
ܷ = ݑቆ
ቇ ܽ; ܸ =  ݒቆ
ቇ ܽ;
ܧ௬ ܪ
ܧ௬ ܪ
ܹ = ݓቆ

ଶ
ଷ

ܽݍ
ቇ ܽ,
ܧ௬ ܪ

(6)

with one being able to proceed therefrom to
dimensional forces to get a full view of the
stress-strain behavior.
The problem of equilibrium of a square
isotropic membrane with a free boundary under
a uniform load is presented as an example. Half
of the membrane only was examined because of
the symmetry. Continuous characteristics with

Volume 18, Issue 1, 2022

reasonable ordinates were received (Fig. 3). In a
small neighborhood of the extreme right point
of the free boundary, there were jumps of
normal ݊௫ , ݊௬ and tangential ݊௫௬ forces to be
explained by ambiguity thereof at this peculiar
point. An analysis of the graphs enables
conditional division of the area of the deformed
membrane in the direction of the x axis into
three zones: the first one (in the neighborhood
of the y axis) - here all the characteristics
behave as in a membrane with four absolutely
rigid boundaries; the second one (central part) is
a zone where the pattern of the stress-strain
behavior is similar to that in the case of a
cylindrical bend; the third one (in the
neighborhood of the free boundary) - the most
of the characteristics have extreme values.
Rectangular membranes with one free boundary
were also calculated for various aspect ratios.
The free boundary at k > 1.5 was found not to
affect the stress state of the membrane in the
neighborhood of the opposite rigidly fixed side.
Therewith, the stress and strain fields have been
slightly changed as compared with a similar
membrane rigidly fixed on four sides.
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Figure 3. Characteristic functions of deformations in the plane of the membrane (a), displacements
in the vertical direction (ɛ), normal components of the stress state (ɜ), and shear components (ɝ)
CONCLUSION

In conclusion we note that the graphs and tables
obtained show the nature of the distribution of
forces and displacements in membranes for a
quite wide range of changes in the main
parameters of structures thereof. They may be
used in calculations of membrane systems. For
the same values of the parameters for which the
calculations were not made you may use the
developed methodology and the finished
program.

Standardization and Metrology of the Republic
of Bashkortostan.
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