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CALCULATIONS OF 3D ANISOTROPIC MEMBRANE
STRUCTURES UNDER VARIOUS CONDITIONS OF FIXING
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Abstract: A unified approach in solving equilibrium problems of standard cells of membrane structures made of
various absolutely flexible materials, including anisotropic (orthotropic) materials is presented in this paper. The
objects of study are rectangular membranes under various conditions of fixing and/or supporting. The problems
were considered in a geometrically nonlinear formulation, with the deformations and the squares of the rotation
angles thereunder being considered to be comparable with each other, but small compared to unity. A resolving
system of differential equations in partial derivatives written in displacements is obtained therewith. These
equations combining with the presented boundary conditions are numerical models of a number of fragments of
real membrane structures. The closed nonlinear system of equations was integrated using the discrete braking
method. Therewith both longitudinal and transverse vibrations of anisotropic masses were analyzed using a
conditional dynamic model to select the initial values of the displacements. The problem of equilibrium of a
square isotropic membrane with a free boundary under a uniformly distributed load is presented as an example.
The resulting graphs and tables show the distribution of forces and displacements. They may be used for
calculating membrane structures. The developed technique may be applied to those values of the initial
parameters under which the calculations have not yet been made.

Keywords: membranes, membrane structures, geometrically nonlinear formulation,
dimensionless form of resolving equations, compliant contour, free boundary, absolutely rigid fixing,
peculiar points, method of undetermined reduction factors, discrete braking method,
uniaxial state of stress zone, displacement equation, dynamic models, anisotropic masses.

PACYHETBI TIPOCTPAHCTBEHHBIX AHU30TPOIIHBIX
MEMBPAHHBIX KOHCTPYKIUH ITPU PAZJIMYHBIX
YCJIOBUAX 3AKPEIIVIEHUA

A.H. Beoog ', P.®. Bazanoe ’, A.U. F'abumoe *, A.C. Canos?

! HanoHanbHbIi MccienoBaTenbckuii MOCKOBCKUI TOCYIapCTBEHHBIH CTPOUTENBHBIN yHUBEpCUTET, Mocksa, POCCHU ST
2V pumckuil ToCyIapCTBEHHBII He(TSAHON TexHUUeCKUit yHuBepcuteT, Y ha, POCCUS

AnHotanusi: B paGoTe B reoMeTpuyeckd HEIMHCHHON MOCTaHOBKE CGHOPMYIMPOBAH CAMHBIA IMOIXOI K
PELICHHUIO 33/1a4 PaBHOBECHUS THITOBBIX si9€eK MEeMOPaHHBIX KOHCTPYKIMI M3 Pa3IMYHbIX, a0COIIOTHO TMOKHX,
B TOM UYHCJIC W aHU30TPOIMHBIX (OPTOTPONHBIX) MaTepuaaoB. OObEKTaMH HCCICIOBAHUS SIBISIOTCS
MPSMOYTOJNIEHBIC MEMOpaHBl TPH Pa3IAYHBIX YCIOBHSIX 3aKPCIUICHHS W/WIH IOAKPCIUICHUS. 3aJadyu
paccMaTpUBAIKCh B TCOMETPUYCCKHA HEIMHEHHON MOCTAaHOBKE, COTVIACHO KOTOPOW AedopMaruu u KBaJpaThl
YTII0B TTOBOPOTA CYUTAIOTCSI COM3MEPUMBIME MKy COOO0M, HO MaJIBIMU 10 CpaBHEHUIO ¢ equauei. [Ipu sTom
MOJy4YCHA pa3pelrarmas cucteMa TudQepeHInalbHbIX YPaBHCHHH B YaCTHBIX MPOU3BOIHBIX, 3allFICAaHHAS B
MepeMeIIeHUsIX. DTH YpaBHEHUS B KOMOWHAITMHM C TIPSICTABICHHBIMH KPAaeBBIMU YCIOBUSAMH SIBIISFOTCS
YHCICHHBIMA MOJEIISIMHU psfa (PParMeHTOB peallbHBIX MEMOpPAHHBIX KOHCTPYKUIWH. 3aMKHyTas HEIHHEHHas
CHUCTEMA YpaBHEHUM MHTErpUPOBAJIACH C MCIIOJIB30BAHMEM METO/A JUCKPETHBIX TOpMOKeHUH. Ilpu sToM 11
BbIOOpa HAaYaJIBHBIX 3HAUCHWH CMEIICHHH C IOMOIIBI0 YCIOBHOW AWHAMHYECKONW MOJCTH aHAJIH3UPOBAIUCH
MPOJIOJIbHBIE M TIOTIEpEYHbIe KojeOaHusl aHM30TPOIHBIX Macc. B kauecTBe mpumepa MpejacTaBiieHa 3agada
paBHOBECHSI KBaJIpaTHOH M30TPOIHON MeMOpaHbl CO CBOOOJHBIM KpaeM IOJ PaAaBHOMEPHO pacHpeeIeHHON
Harpy3koi. [TonydeHHble npu 3TOM rpadyKu U TaOJIHIBI TIOKA3bIBAIOT PACIpeielieHne YCHIUNA 1 CMELICHHH.
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OnHn MOTYT OBITH WCIIOJIB30BAHBI TIPH pacueTax MEMOpPAHHBIX KOHCTPYKUHMH. [ TeX 3HaueHMH HMCXOIHBIX
MapamMeTpoB, HPH KOTOPHIX BBIYMCICHUS CIIe HE IMPOBOAWINCH, MOXXHO MPUOETHYTh K pa3paboTaHHOH

MCETOAUKE.

Ki1roueBble cjioBa: MeMOpaHbl, MeMOpaHHbIE KOHCTPYKIIUH, TEOMETPHUECKN HEJIMHEHHAs TOCTAHOBKA,
6e3pa3MepHBIi BU pa3peIlaloX YPaBHEHNH, OIAT/INBEII KOHTYD, CBOOOTHBIN Kpaii, aDCOIFOTHO JKECTKOE 3aKpEIUICHIE,
0COOCHHBIE TOUKHU, METO/I HEONIPEAEICHHBIX KO3()(DUIIMEHTOB IPUBECHUS, METO/] JUCKPETHBIX TOPMOXKEHHH,
CKJIaayaTasi 30Ha, ypaBHEHUs B IEPEMEIIEHUAX, ANHAMUYECKHE MO/IENHN, aHU30TPOITHBIE MACCHI.

INTRODUCTION
Membrane structures widely applied in
construction practice are implemented in

materials with various properties and structure
(metal sheet, polymer films, technical fabrics,
etc.). When calculating, such structures are
divided into standard cells being the anisotropic
membranes either fixed and/or supported on
four, three or two sides [6, 8, 13, 14, 16-18].

A vast amount of references [15] is devoted to
the solution of equilibrium problems for
rectangular membranes fixed along a contour or
along two boundaries, with a detailed review
thereof being considered herein [2].

This article is devoted to the calculation of
rectangular  orthotropic = membranes  with
different fixing conditions.

Therewith the load was assumed to be uniformly
distributed. The problem is considered in a
geometrically nonlinear formulation, whereby
the deformations and the squares of the rotation
angles are considered to be comparable with each
other, but small as compared to unity [1, 3, 4].
The following geometric relations correspond to
these conditions:

_x 6u+(1)K2 (OW)Z_
e UV A A YA

2

v 1 ) ow
gy:Kv@-l_(E)Kw(E) ; (1)
_x 6u+K 6v+K26W6W

Yay = Yoy VYoax Woxay

To give a more convenient dimensionless form
to the resolving system and the subsequent
solution the method of undetermined reduction
factors [5, 6] is used here [5, 6]: U = K,au,
V = K,av,W = K, aw, where K, K,, K,, — are
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unknown yet arbitrary constants, u,v,w — are
dimensionless  functions  proportional  to
displacements in the direction of the coordinate
axes (Fig. 1).

Y

k k z

Figure 1. Original membrane scheme

The orthotropy axes of the membrane material
were considered to be oriented parallel to the
sides thereof, thereby enabling to simplify the
physical relations to the form:

& = ANy —vny;

Nyy
Ey = —VNy + Ny, Yey =

2)

Here and elsewhere, a number of dimensionless
parameters are used:

Ny = Nx/(EyH); n, = Ny/(EyH);
ud—=v3) =1L a=uw+g
g = Gyy/Ey; k=b/a.

€)

where, N,, Ny, Ny, — are forces; 2a,2bu H —
are the plan dimensions and the membrane
thickness, respectively; E,, Ey, Gyy) Viy, Vyxs —
are elastic characteristics of the material.
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Let us assume that the structures of the considered
membranes and the nature of loading thereof do not
allow for uniaxial state of stress zones. Equilibrium
equations in a similar formulation are:

on, N on, _ 0. ony, dn, _o;
dx  dy d0x dy
92w %w ’*wl . 4)
Ny %z +n, _6y2 + 2ny,, —(')xc')y KyE,H
= —qa.

A resolving system written in displacements
may be obtained under (1)-(4) after a number of
transformations

0%u 0%u 0%v ow 0w
ﬂwﬁ'ga—yzﬁ'amﬁ'a@m‘i'
ow 0°w ow 0°w
+MEW + gaa—yz = 0;
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Gy oy Gy
ou 1/ow\> v v ow\’|d*w
a*z(a) +V@+z(a) ] o
12g P 20, O O
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+ ud =0;
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This system was used in numerical calculations.
Equations (10) combined with boundary
conditions may be interpreted as a model of a
number of standard cells in membrane
structures found in actual designing.

Therefore, we had a system of three equations
for displacements written in a specific
dimensionless form that in the case of an
isotropic membrane coincides with the system
of resolving equations obtained by M. S.
Kornishin [11] for plates, with the cylindrical
rigidity thereof tending to zero.

A closed nonlinear system composed of
equations (5) and the corresponding boundary
conditions (Table 1) was integrated by the
discrete braking method [10, 19]. Application of
this method in solving 3D problems is known to
deal with unacceptable costs of computer time,
since the integration step must be small due to
stability limitations associated with a large
difference in the periods of longitudinal and
transverse oscillations, being avoided by
introducing anisotropic masses of simpler forms
than in paper [12] to the dynamic models.
Information on the hypothetical laws of
variation of the required functions Q was
included to these conditional concepts (Fig. 2),
in addition to the weight factors p.

Table 1. Main kinds of boundary conditions

Kind of support contour Boundary conditions at
x=0 V=K x=2
up=0 ;=0 =0
Absolutely rigid vp=0 V=0 V=0
wo=0 wi=0 wr=0
Three sides are absolutely up=0 =0 n=0
rigid, with the one being vp=0 V=0 2 =0
fr = = 92
ce wo=0 wie=0 na Y =
) ayZ
o*u o*u
Hi* W = nx()+[2nyx' nxy()]' Ju Hi* W = nx2+[2nyx'
a2y 43 a = Xny- Pxyx 92y
Flexible, of symmetrical v a*v 9%y v
1 - = e o LA - R ©— = 2Ny Ny
cross section V< oy e N gn = Mot 21 Mo 55 V< 5y il
Aw AW Aw L awy v
M ay* 0" ox M« ax* Y oy M« ay* ¥ ox
%w %w %w
+/2nye- Nyl W +/[2nc0- ] Iz +/ 20y Nyyo ] a_yz
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Eyl E Ay

U Y = are used in the
Ey Ey

table to denote the relative rigidity of the
contour for bending and compression. An
appropriate combination of the given boundary

The symbols 7« =

4 y y b

conditions enables obtaining of a mathematical
model of any kind of support for membrane
structures [3, 7, 8].

¥ y y
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Figure 2. Characteristics of anisotropy of conditional masses of dynamic models

As a result of the numerical solution of the
difference analogues of the above equations, the
values of the displacement components at all
points were obtained. Therewith, central
differences with an error of the reminder term of
the order of the second degree of strength were
used on a square net; extrapolation of the
desired functions beyond the contour was made
by means of the Lagrange polynomial. The final
solutions for displacements may be presented in
dimensional form as necessary:

with one being able to proceed therefrom to
dimensional forces to get a full view of the
stress-strain behavior.

The problem of equilibrium of a square
isotropic membrane with a free boundary under
a uniform load is presented as an example. Half
of the membrane only was examined because of
the symmetry. Continuous characteristics with
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reasonable ordinates were received (Fig. 3). In a
small neighborhood of the extreme right point
of the free boundary, there were jumps of
normal n,, n, and tangential n,, forces to be
explained by ambiguity thereof at this peculiar
point. An analysis of the graphs enables
conditional division of the area of the deformed
membrane in the direction of the x axis into
three zones: the first one (in the neighborhood
of the y axis) - here all the characteristics
behave as in a membrane with four absolutely
rigid boundaries; the second one (central part) is
a zone where the pattern of the stress-strain
behavior is similar to that in the case of a
cylindrical bend; the third one (in the
neighborhood of the free boundary) - the most
of the characteristics have extreme values.

Rectangular membranes with one free boundary
were also calculated for various aspect ratios.
The free boundary at k > 1.5 was found not to
affect the stress state of the membrane in the
neighborhood of the opposite rigidly fixed side.
Therewith, the stress and strain fields have been
slightly changed as compared with a similar
membrane rigidly fixed on four sides.
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Figure 3. Characteristic functions of deformations in the plane of the membrane (a), displacements
in the vertical direction (6), normal components of the stress state (B), and shear components (T)

CONCLUSION

In conclusion we note that the graphs and tables
obtained show the nature of the distribution of
forces and displacements in membranes for a
quite wide range of changes in the main
parameters of structures thereof. They may be
used in calculations of membrane systems. For
the same values of the parameters for which the
calculations were not made you may use the

developed methodology and the finished
program.
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