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AIMED CONTROL OF THE FREQUENCY SPECTRUM
OF EIGENVIBRATIONS OF ELASTIC PLATES
WITH A FINITE NUMBER OF DEGREES OF FREEDOM
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Abstract: As is known, for some elastic systems with a finite number of degrees of freedom of masses, for which the
directions of motion of the masses are parallel and lie in the same plane, methods have been developed for creating
additional constraints that purposefully change the spectrum of natural frequencies. In particular, theory and algorithm for
the formation of aimed additional constraints have been developed for the rods, the introduction of each of which does
not change any of the modes of natural vibrations, but only increases the value of only one frequency, without changing
the values of the remaining frequencies. The distinctive paper is devoted to the method of forming a matrix of additional
stiffness coefficients corresponding to such aimed constraint in the problem of natural vibrations of rods. This method can
also be applied to solving a similar problem for elastic systems with a finite number of degrees of freedom, in which the
directions of motion of the masses are parallel, but not lie in the same plane. In particular, such systems include plates.
However, the algorithms for the formation of aimed additional constraints, developed for rods and based on the properties
of rope polygons, cannot be used without significant changes in a similar problem for plates. The method for the formation
of design constraint schemes that purposefully change the spectrum of frequencies of natural vibrations of elastic plates
with a finite number of degrees of freedom of masses, will be considered in the next work.

Keywords: frequency of natural vibrations, form of natural vibrations, aimed constraint, additional constraint,
stiffness coefficients

HPULEJBHOE PET'YIMPOBAHUE CIIEKTPA YACTOT
COBCTBEHHBIX KOJIEBAHU YIIPYTUX IIACTUH
C KOHEYHBIM YU CJIOM CTENEHEH CBOBOJIbl MACC
NYTEM HAJIOKEHUSA JOMOJHUTEJIBHBIX CBA3EN
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! ToMCKHii TOCYIapCTBEHHBIN apXUTEKTYPHO-CTPOUTENBHBIN yHUBEpCHUTET, T. Tomck, POCCHU S
? HarmoHanmbHBIN HCCIIeoBaTeibeknit MOCKOBCKHIT TOCYIapCTBEHHBIH CTPOUTENBbHBIH yHIBEpcHTeT, I. Mocksa, POC-
cus

Annoranust: K HacrosiiieMy BpeMeHH JUIsi HEKOTOPBIX YIIPYTHX CUCTEM C KOHEYHBIM YUCIIOM CTETIeHeH CBOOO/IbI Macc, Y
KOTOPBIX HAIPABJICHHS ABHKEHHSI MacC MapajuiesIbHbI U JISKAT B OJHOI MIOCKOCTH, pa3padOTaHbl METObI CO3JaHusl J10-
HOJIHUTENBHBIX CBSI3eH MPHUILIEIEHO U3MEHSIOLIUX CIEKTP YacTOT COOCTBEHHBIX KoseOanuid. B wactHoCTH, U151 cTEep)KHEH
pa3paboTaHbl TEOPUS U AITOPUTM (POPMHUPOBAHUS PHUIIECTBHBIX JOTOJHUTENBHBIX CBS3CH, BBEJICHHE KaX 101 U3 KOTOPBIX
HE U3MEHSET HU O/IHY U3 (hOPM COOCTBEHHBIX KOJIcOAHHH, a JIMIIb YBEINYNBACT 3HAYCHHE TOJIBKO OJHOW YacTOTHI, HE U3~
MEHsIsl BEJIMYMH OCTAJIbHBIX YacTOT. B JaHHOI! cTarhe moka3aHo, 4To MeTos (POPMUPOBAHHS MATPHULIBI JIOTIOTHUTEIBHBIX
K03 PUIIEHTOB )KECTKOCTH, XapaKTEPU3YIOIINX TaKyI0 MPULEIBHYIO CBS3b B 33/1a4€ O COOCTBEHHBIX KOJIEOAHHUSIX CTEPIK-
Hell, MOXKET OBITh IIPUMEHEH U IIPU PEIICHUH aHAIOTHYHO 3aa4u JJIsl yIIPYTUX CHCTEM C KOHEUHBIM YHCIIOM CTEIIeHEH
CBOOO/IbI, Y KOTOPBIX HAMpPABJICHUS JBIKCHUSI Macc IapaulelibHbl, HO HE JIe)KaT B OJHOW IUIOCKOCTH. B wactHOCTH, K
TAaKUM CHUCTEMaM OTHOCATCS IUIacTHHBL. OJHAKO, aITOPUTMbI (DOPMUPOBAHUSI MTPULIEIBHBIX JTOTOJHUTEIBHBIX CBS3CH,
pa3paboTaHHbIC ISl CTEPIKHEH Ha OCHOBE CBOWCTB BEPEBOYHBIX MHOTOYTOJIBHUKOB, HE MOTYT OBITh 0€3 CYIIEeCTBEHHBIX
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M3MEHEHHH MCTOTBh30BaHbl B aHAJIOTMYHOH 3a7ade Iy TuiacTiH. Meton (opMHIpOBaHUS PACUETHBIX CXEM CBS3CH, MpH-
LIETFHO M3MEHSIOIIHNX CIIEKTP YaCTOT COOCTBEHHBIX KOJICOAHNH YIIPYTHX IMJIACTHH C KOHEYHBIM YHCIIOM CTETIEHEH CBOOOIBI

Macc, OyIeT pacCMOTpEH B CIeayromei padore.

KiroueBble ci1oBa: yactoTa COOCTBEHHBIX KoeOaHnH, (hopma cOOCTBEHHBIX KOJIeOaHNUH, TPUIICTbHAS CBS3b,
JOTIOJTHUTENBHAS CBA3b, KOI((PHUIIMEHTHI )KECTKOCTH

When designing structures, in some cases it be-
comes necessary to deduce one or several natu-
ral frequencies from a certain frequency inter-
val. As is known (see, for instance, [1-5]), one
of the methods for solving such a problem is the
creation of aimed generalized constraints. Each
of aimed generalized constraints increases the
value of only one selected natural frequency to a
predetermined value in advance, without chang-
ing the rest of the natural frequencies and all
natural modes.

In the above-mentioned works for elastic rods
carrying a finite amount of concentrated masses
(corresponding sample is presented in Figure
la), a method was developed for creating aimed
constraints. The principal system of the dis-
placement method was chosen (Figure 15). The
equations of the displacement method were
written in the form traditional for systems with a
finite number of degrees of freedom (7))

(r[L1+ m[]e® WL, j1+ r[1,2]v[2, ]+ ...
+r[l,qMgq, j1+...+r[l,n]v[n, j]=0

P21, j1+ (7[2,2] + m[2]0* W2, j]+ ...
+r[2,9Mgq, jl+...+r[2,n]v[n, j]=0

rln [, j1+ (0,22, j]1+...+ r[n,qV[g, j]1+
+ ..t (P[n, n]+ m[n]o* W[n, j1=0

(1)

It should be noted that elements 7[i,k] form a

matrix of stiffness coefficients, A:”r[i,k]

m[i] are masses, which form a diagonal matrix,
M = |m[i]

system; V[k, j] are displacements in the direc-

; @ 1is the natural frequency of the

tion of motion of the masses in the j-th
((j=L2,..q,,..,n)) natural mode.
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Roots of the equation
[4-0*M|=0 )

determine the spectrum of natural frequencies of
the system

o[l], &[2], ..., w[q 1], @lq], @[g +1],..., @[n].
&)

The problem of creation of aimed constraint,
which increases only one natural frequency (for
instance, @[q]) to a predetermined value (s )

in advance and does not change any of the natu-
ral modes and the values of the remaining fre-
quencies of the spectrum is under consideration.
It is shown that the creation of such constraint is
based on the formation of a matrix of additional
stiffness coefficients

Ay = A5 45 = A ”ao i, k]||Zk=1 , 4)

where Ag =|a, [i,k]||zk=1. (5)
The matrix 4, must have special properties. If
the introduced constraint is “aimed” at the ¢ -th
natural frequency, then the stiffness coefficients

||a0 [i,k]”? ., Should be orthogonal to the coordi-

nates of the natural modes corresponding to the
remaining (n—1) frequencies of the spectrum.

Thus, we have

> a,li, kK, j1=0,
k=1
(=121, =12,.(q=1),(q+1),.,n)

(6)
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Figure 1. Sample of analysis.

The coefficients are not orthogonal with respect
to the ¢ -th natural frequency, at which the in-

troduced constraint is “aimed”. We have
> agli.klv,[k,q]#0, (i=12,.,n). (7)
k=1

It is shown (for instance, [2-5]) that conditions
(6) and (7) will be satisfied by the coefficients

aoli,k] = mliJmlklv,[i,q]v,[k.q].  (8)

The value of the factor A, is defined as the
root of the equation

(4= ;M) + Ag, 4| =0. 9)

Since the ¢ th natural mode of the original sys-
tem remains natural mode after the introduction
of the aimed constraint and at the frequency o,

the factor 4, can be found as

n n

=22 (alisk

KDV, [iqv, [k, q]

ASO — i=1 k=1 (10)
Z aO k]va) l q] (u[k q]
The result of solving the equation
(A+ Agyds) - 0’ M| = (11)

must confirm that the natural modes have not
changed, and the aimed frequency has increased
to ;.

The supporting device, which will correspond to
the matrix of additional stiffness coefficients,
must ensure the relationship between the nodal
displacements is the same as between the coor-
dinates of the ¢ -th form of natural modes of the

original system. It has been shown (see, for in-
stance, [2-5]) that such a relationship will be
realized if the additional support system trans-
fers forces to the nodes of the main system of
the bar. The relationships between which are
proportional to the values
R,[i]=m[i]Mi,(q)]. (12)
An example of such a generalized aimed con-
straint for a rod is a sprengel, the outline of
which is determined by a rope polygon built in
the plane of motion of masses by forces (see, for
instance, [2-5]).
This constraint is once statically undefined. Ver-
tical posts of constraint are installed in the
nodes of the main system in the direction of
mass movement. The prestressing of any one
rod will cause such forces in the truss struts, the
ratios between which will be the same as the
ratios between the forces R, [i].
The distinctive paper is devoted to the problem

of creating of aimed constraint for elastic plates
carrying a finite number of concentrated masses.
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Figure 2. Sample of plate and principal system of the displacement method.

As in a similar problem for the rods, it is pro-
posed to use the principal system of the dis-
placement method. Examples of such a plate
and the corresponding principal system of the
displacement method are shown in Figures 2a
and 2b.

If we accept one-dimensional numbering in the
method of displacements for plates, then the
equations in this case will also be written in the
form (1). Additional constraints in the principal
system and displacements V[k, j] in the equa-

tions correspond to the direction of motion of
the masses.

The derivation of the expressions for the coeffi-
cients of the matrix of additional stiffnesses (4)
for the rods is based on the properties of the
natural modes.

Since the natural modes of the plates, as well as
for rods, are orthogonal,

Volume 17, Issue 2, 2021

im[k]vw[k,q]vw[k,]]:o, (g#j), (13)

k=1

then the problem for elastic plates carrying a
finite number of concentrated masses, as well as
for rods, will be based on the formation of a ma-
trix of additional stiffness coefficients (4). The

coefficients ||a0 [i,k]”: ., must also satisfy con-

ditions (6) and (7) and be determined by de-
pendencies (8).

Let us give an example that confirms that the
matrix of additional stiffness coefficients (4)
serves as the basis for creating aimed constraints
also for elastic plates carrying a finite number of
concentrated masses.

Let us consider a plate carrying 25 concentrated
masses (Figure 1a).
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Table 1. The values of the first five frequencies of natural modes of the plate
and the coordinates of their corresponding natural modes.

Initial frequencies and modes Modified frequencies and modes
w | 36.6583 | 91.0084 | 92.7466 | 146.834 | 178.911 | 91.0084 | 92.7466 | 100.00 | 146.8337 | 178.911
1 10.0830 |0.1995 ]0.0499 |-0.2495 | 0.1547 | -0.1995 | -0.0499 | 0.0830 | -0.2495 | 0.1547
2 10.1434 | 0.2935 | -0.0043 | -0.2433 | -0.0063 | -0.2935 | 0.0043 | 0.1434 | -0.2433 | -0.0063
3 [0.1649 |0.2568 | -0.1468 | 0.0129 | -0.1657 | -0.2568 | 0.1468 | 0.1649 | 0.0129 -0.1657
4 10.1420 ]0.1514 |-0.2494 | 0.2641 | -0.0063 | -0.1514 | 0.2494 | 0.1420 | 0.2641 -0.0063
5 10.0818 |0.0579 |-0.1971 | 0.2624 | 0.1548 | -0.0579 | 0.1971 | 0.0818 | 0.2624 0.1548
6 |0.1441 |0.2533 [0.1398 | -0.2517 | 0.2788 | -0.2533 | -0.1398 | 0.1441 | -0.2517 | 0.2788
7 102492 | 0.3484 | 0.0840 | -0.2447 | 0.0003 | -0.3484 | -0.0840 | 0.2492 | -0.2447 | 0.0003
8 10.2867 |0.2601 |-0.1502 | 0.0123 | -0.2788 | -0.2601 | 0.1502 | 0.2867 | 0.0123 -0.2788
9 10.2468 | 0.1025 | -0.3415 | 0.2593 | 0.0003 | -0.1025 | 0.3415 | 0.2468 | 0.2593 0.0003
10 | 0.1423 | 0.0090 | -0.2912 | 0.2642 | 0.2789 | -0.0090 | 0.2912 | 0.1423 | 0.2642 0.2789
11 10.1672 | 0.1467 | 0.2455 | -0.0058 | 0.3359 | -0.1467 | -0.2455 | 0.1672 | -0.0058 | 0.3359
12 1 0.2895 | 0.1491 | 0.2411 | -0.0017 | 0.0088 | -0.1491 | -0.2411 | 0.2895 | -0.0017 | 0.0088
13 10.3336 | 0.0082 | -0.0119 | 0.0070 | -0.3237 | -0.0082 | 0.0119 | 0.3336 | 0.0070 -0.3237
14 1 0.2877 |-0.1313 | -0.2630 | 0.0124 | 0.0088 | 0.1313 | 0.2630 | 0.2877 | 0.0124 0.0088
151 0.1657 | -0.1331 | -0.2605 | 0.0131 ] 0.3359 | 0.1331 | 0.2605 | 0.1657 | 0.0131 0.3359
16 | 0.1454 | 0.0007 | 0.2856 | 0.2417 | 0.3025 | -0.0007 | -0.2856 | 0.1454 | 0.2417 0.3025
17 10.2522 | -0.0908 | 0.3339 | 0.2415 | 0.0119 | 0.0908 | -0.3339 | 0.2522 | 0.2415 0.0119
18 1 0.2915 | -0.2485 | 0.1317 | -0.0018 | -0.2941 | 0.2485 | -0.1317 | 0.2915 | -0.0018 | -0.2941
19 10.2513 | -0.3314 | -0.1103 | -0.2446 | 0.0118 | 0.3314 | 0.1103 | 0.2513 | -0.2446 | 0.0118
20 | 0.1446 | -0.2398 | -0.1592 | -0.2432 | 0.3025 | 0.2398 | 0.1592 | 0.1446 | -0.2432 | 0.3025
21 | 0.0842 | -0.0528 | 0.1956 | 0.2437 | 0.1811 | 0.0528 | -0.1956 | 0.0842 | 0.2437 0.1811
22 1 0.1461 | -0.1445 | 0.2454 ] 0.2416 | 0.0151 | 0.1445 | -0.2454 | 0.1461 | 0.2416 0.0151
231 0.1688 | -0.2486 | 0.1349 | -0.0059 | -0.1580 | 0.2486 | -0.1349 | 0.1688 | -0.0059 | -0.1580
24 | 0.1457 | -0.2827 | -0.0135 | -0.2517 | 0.0151 | 0.2827 | 0.0135 | 0.1457 | -0.2517 | 0.0151
251 0.0838 | -0.1910 | -0.0633 | -0.2494 | 0.1811 | 0.1910 | 0.0633 | 0.0838 | -0.2494 | 0.1811

In node 9, the mass is equal to 600 kg, in node
18 it is equal to 1000 kg, and in the rest of the
nodes it is equal to 800 kg. The dimensions of
the plate in the plan are equal to 6 and 6 meters
(m), the thickness is equal to 0.12 meters. The
modulus of elasticity of the plate material is
equal to E =24000000000 N /m>, Poisson's
ratio v, = 0.2. With the principal system of the

displacement method (Figure 2b) and one-
dimensional numbering of values in accordance
with Figure 2a, the spectrum of natural frequen-
cies is determined as the roots of equation (2).
The values of the first five frequencies of natu-
ral modes of the plate and the coordinates of
their corresponding natural modes are given in
Table 1 (columns are initial frequencies and
modes).
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Suppose now it is required to increase the value
of the first natural frequency to 100 sec™. For
this, in accordance with (8)-(10), we will form a
matrix of additional stiffness coefficients. All
data necessary for using dependencies (8)-(10)
are given in Table 1 (columns are initial fre-
quencies and modes).

After the formation of the matrix of additional
stiffness coefficients with allowance for their
influence, we determine from equation (11) the
modified spectrum of natural frequencies and
the corresponding natural modes.

The first five natural frequencies and their cor-
responding natural modes are shown in Table 1
(columns are modified frequencies and modes).
It can be seen from the table that taking into ac-
count additional stiffness coefficients did not
change any of the natural modes of the plate,
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but only increased the value of one of the
frequencies from 36.6583 s-1 to a given value
of 100 s-1. This result clearly illustrates the
possibility of using dependencies (5), (8)-(10)
for solving the problem of aimed constraints for
elastic plates with a finite number of degrees of
freedom of masses.

The generalized aimed constraint for the plate,
as well as for the rod, should create additional
stiffness, ensuring the aiming of the constraint.
As noted above, the properties of the aimed
constraints for the rods are based on the properties
of the natural modes. The properties used here can
be also applied to elastic plates. This circumstance
serves as a justification for using the results of
formulating the properties of aimed constraints for
rods and in a similar problem for plates.

Thus, the matrix of additional stiffness coefficients
(4) must correspond to the generalized aimed
constraint in case of the plate. If the design scheme
of the constraint is represented by a variant of
the hinge-rod system, then it must be statically
indeterminate once.

In the nodes of the plate where the masses are
located, posts are installed in the direction of
movement of the masses, and the preliminary
stress of any one element of constraint causes
such forces in the posts of the system, the relations
between which are proportional to the relationship
between the stresses (12). At the same time, there
should be no connections with the plate in the
structure of the constraint, except for the posts
installed in the nodes of the plate, where the
masses are located.

Design schemes of generalized aimed constraints
that meet the above requirements are multivariate
and depend on the shape of the plate, the locations
of the masses and some other features of the
original object. Taking this circumstance into
account, the approaches and algorithms for the
formation of design schemes of constraint that
purposefully change the spectrum of natural
frequencies of elastic plates with a finite number
of degrees of freedom of masses represent a
separate problem and will be considered in the
next research work.

Volume 17, Issue 2, 2021

So, this paper shows that the method of forming
a matrix of additional stiffness coefficients that
determine the aimed constraint in the problem
of natural vibrations of rods can also be used to
solve a similar problem for elastic systems with
a finite number of degrees of freedom of masses,
for which the directions of motion of the masses
are parallel, but do not lie in the same plane.

The paper also substantiates and formulates the
properties and requirements to which the design
schemes of aimed constraints in the problem under
consideration must correspond.
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