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ANALYSIS OF COMBINED DISKS WITH PIECEWISE
THICKNESS

Elena B. Koreneva
Moscow Higher Combined-Arms Command Academy, Moscow, RUSSIA

Abstract: The combined constructions subjected to an action of expanding loads and consisting of separate sections are
examined. Each of the mentioned sections has its own rigidity. These parts may be made from the same or from the various
materials. The materials can be anisotropic or isotropic, homogeneous or inhomogeneous. The constructions under study
have the round scheme and they are considered as circular disks with piecewise thickness. In the places of the separate parts
conjugation the disks’ thickness can be discontinuous or continuous. The analytical approach is used. The solutions are
obtained in closed form and expressed in terms of Legendre functions, Legendre, Gegenbauer and Laguerre polynomials.
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PACHET KOMBUHHUPOBAHHBIX TUCKOB
KYCOUYHO-IEPEMEHHOMH TOJIIUHBI

E.b. Kopenesa

MockoBcKoe BEIcIIee 00IIeBOHCKOBOE KoMaHAHOE opaeHoB JKykoBa, JleanHa 1 OKTA0pBrCcKoil PeBomtorm
Kpacroznamennoe yunnuiie, T. Mocksa, POCCUA

AHHOTanus: M3yyarorcsi KOMOMHHPOBAHHBIE KOHCTPYKIMH, PA0OTAIOIINE TPEUMYILIECTBEHHO Ha PACTSKEHUE U COCTOSI-
II1€ U3 OT/ACNBHBIX YUaCTKOB, KaJKABIM U3 KOTOPBIX 001a/IaeT CBOUM 3aKOHOM M3MEHEHHS JKECTKOCTH. DTH Y9aCTKH MOTYT
OBITH CIETaHbl U3 OHOTO M TOTO K€ WJIM M3 Pa3IMYHBIX MAaTepHaIoB. DTH MaTepHalbl MOTYT OBITh aHW30TPOIHBIMHU U
N30TPOIHBIMH, OJHOPOAHBIMH 1 HEOTHOPOAHBIMU. B paccMaTpuBaeMbIX KOHCTPYKIHSX B MECTAX COSMHEHMUS OT/IEIIBHBIX
JacTel TOJIMNHA MOXKET OBITh HEMPEPHIBHON MIIM UMETh Pa3pbIBBI HEIIPEPBIBHOCTH. V3ydaeMble KOHCTPYKINH HMEIOT B
IUTaHe KPYTOBYIO ()OPMY 1 PaCCMaTPUBAIOTCS KAK KPYIVIbIE TUCKH KyCOYHO-TIEPEMEHHOI! TONMIUHEL. B 1anH0# pabdoTe s
pacdera MOJOOHBIX KOHCTPYKIUH BIIEPBbIE UCTIONb3YETCSl aHATUTHUECKAs METOJMKA. PEIIeHNs MOTydYeHbl B 3aMKHYTOM
BHJE U BRIpaKeHBI B pyHKIMAX JIexkanapa, B mommHoMax Jlexannpa, [erendayapa, Jlareppa.

KatoueBble cj10Ba: KOMOMHUPOBAHHBIE UCKHU, KyCOYHO-TIEPEMEHHAs TOJIINHA, CIICINAIbHBIE (DYHKIIH.

1. INTRODUCTION methods, in particular, the finite elements method,
are widely used. The work [4] concerns the problem

In literature the considerable number of works are  of buckling of orthotropic plates with free and

devoted for computation of plates and shells of
various forms. For example the monographies [1]
and [2] are to be mentioned. In the monography
[3] the orthotropic and isotropic plates of variable
thickness, subjected to the action of complicated
loads are examined; the analytical methods were
applied.

The modern software allows to investigate the
similar constructions in detail. The numerical

rotationally restrained edges. 3D vibration of cross-
ply laminated plates is studied in [5]. The oscillation
problems of isotropic and orthotropic rectangular
plates of linear thickness are considered in [6].
The work [7] is devoted to the numerical analysis
of experimental research on buckling of closed
shallow conical shells under external pressure.
Free vibration analysis of a rotating varying-
thickness-twisted blade with arbitrary boundary
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conditions is examined in [8]. The article [9]
considers the optimization of three-dimensional
up to yield bending behaviour using the full layer-
wise theory for FGM rectangular plate subjected
to thermo-mechanical loads. Comparative
assessment of finite element modelling techniques
for wind turbine rotors blades is represented in
[10]. The work [11] concerns nonlinear primary
resonance analysis of nanoshells. Geometrical
influence on the vibration of layered plates is
discussed in [12].

Some problems of statics, vibration and stability
of thin-walled constructions are solved in [13] by
the use of the equation decomposition method.
The elements with piecewise variable thickness
occur in modern structures and buildings. First
the analytical approach for the solution of similar
problems was proposed in the works [14], [15].
In the mentioned works the circular plates resting
on an elastic basis are examined. The inner part
of these plates has the variable thickness and
the outer part has the constant thickness. The
conditions of the parts conjugation were fulfilled.
The solutions were obtained in terms of Bessel
functions. The problems of symmetric flexure of
orthotropic and isotropic combined plates with
piecewise thickness were considered in [16],
[17]. The separate parts of these plates have
various laws of cylindrical rigidity variation. In
[16], [17] the solutions were obtained in terms of
Gegenbauer and Laguerre polynomials.

In the present work the analytical method for
the first time is applied for the analysis of the
combined circular disks with piecewise variable
thickness subjected to an action of expanding
loads. The solutions of the problems under study
are obtained in closed forms and expressed in terms
of Legendre functions; Legendre, Gegenbauer and
Laguerre polynomials.

2. THE BASIC SOLUTIONS EXPRESSED
IN TERMS OF LEGENDRE FUNCTIONS

As it was mentioned above, the circular disks with
piecewise variable thickness subjected to an action

of expanding loads are analyzed.
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We will write the differential equation, describing
the symmetric deformation of the circular isotropic
disks with the radially variable thickness and
loaded by the surface stretching radial forces with
the intensity ¢:

5 1+—
d°N, a4 1dD]JdN,
dx’ x D dx | dx
1o,
__l_o-ld_DNr }/'Oxao qr (1)
ayx D dx a

Eh(x)
-0
the tension; N, - the normal stress; ¢ - Pois-

where D= is the cylindrical rigidity for

%
son’s ratio; x = [LJ ; 1y, 0 - the parameters.
o

Further we will determine the laws of cylindri-
cal rigidity variation which allow to receive the
solutions in terms of Legendre functions. For
this aim we compare the coefficients of the ho-
mogeneous differential equation, corresponding
to (1), with the coefficients of the Legendre dif-
ferential equation [3], [18], [19]:

u=0,

d*u  2x @{V(V—l)_ u } @)

d  1-x? dx| 1-x° (1_x2)2

where u and v are the parameters of the Le-

gendre functions. Producing the comparision,
we have

2
1+ —
@% 14D __ 2x
x D dx 1-x*’
_l—ald_D_v(erl)_ u
ogx D dx  1-x* (I_XZ)Z.

We get that for the values of the parameters
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+(1-0) (3

1
0[02—2, ILl:O, Vl’zzi Z

and for the following law for the rigidity for the
tension

which corresponds to the thickness

h=h(l-x)" 0<x<;
» &)
hzho(xz—l) J < x <oo;

the solution of the homogeneous differential
equation, corresponding to (1), has the form:

N, = AP,(x) + BO,(x). ©)

Then we compare the coefficients of the corre-
sponding to (1) differential equation with the
coefficients of another Legendre equation:

d*v 2u+Dxdv (v—u)v+u+l|
- —+
dx*  1-x* dx 2

v=0, (7)
1-x

which comes out of (2) by means of the follow-
ing substitution:

u= (22 —1)%\/.

As a result we get the following expression for
the parameters:

1, |1
0 ==2, Vi, ZEi\/Z+(l—a—,u)(,u+l), (8)

where u is the arbitrary value.
We get the rigidity for the tension

D=D,1-x*]""", ©)
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as a result the thickness of disks is expressed in
the form:

h=hll-x* " 0<x<1;

(10)

J<x<oo0.

h=hoo? 1)

In this case the solutions are represented in
terms of adjoined Legendre functions:

u
N, =[aPr () + BOr (0| -1 2. (1)
We mark that the use of another Legendre equa-
tions for the consideration of disks of variable
thickness symmetric deformation will not give
any results.

Some disks’ profiles for the cases when the so-
lutions are given in terms of the adjoined Le-
gendre functions are shown on the fig.1.

h
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Figure 1. Some disks’ profiles for the cases
when the solutions are obtained in terms of
the adjoined Legendre functions

We note the special case when the solutions are
given in terms of the cone functions. We set

1 . . .
V= Y +ip . Then the solution can be written in

the following form:
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N, = 4P",

——+]
S tp

+BO", x.

——+]
S tp

(12)

The case of specific interest is when one of the
adjoined Legendre functions parameters

1 . o
u= i(EJrnj, when n is the positive integer;

then the solutions of the equation (1) for the ri-
gidities (4) and (9) are expressed in terms of

Legendre polynomials. For example, the ad-
1 1

joined Legendre functions PVE (x), PV_E (x),
1 1
02(x), O,%(x) can be represented by the fol-

lowing formulae:

P;(x) = —(x2 —1)% X

{(ﬁm)”h(ﬁmri}

1
Qv% (x) = i\/g(f - 1)_‘1‘(x+ N —JV_E;
1
P\/_%(x) — \/ZMX
T

2v+1

(13)

x[(ﬂm)”i_(ﬂm)r“i}

1
s 2 _1Ya L
sz(x)ziv27t£x2—llL(x+ sz—ly 2,
v+

where x>1.
Using the recurrence relations

(v =g+ )P (2)— (v + e+ DPl () =
=? 1P (x);
P ()= xB" (x) = —(v—p+IN — 1P (x);
XP!'(x) = Pl (x) =—(v+ y)ﬁpf*l (x),
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from these formulae the expressions for the
3 5

functions P?(x), P?(x) etc. can be conse-
quently received. For instance, we can write:

. oL
0,°(x) = %(xz —l)_z(x+\/x2 —IT 2 x

x[x+(v+%j\/x2 —1};
1
Pvl’5 (x)= %(x2 —1)_% (x+ \x? —ITV_E X

< [v-3 e =13
(veg 1]

Next the particular solution of inhomogeneous
equation (1) is to be considered. For this pur-
pose the Cauchy functions for the solution re-
ceived above are to be obtained.
The Wronskian for the solutions of the Legen-
dre equation is used for this aim:

K(u,v
w(x) = B,
I-x
K(u,v) = (14)
ei"“ZZ”F(1+ﬂ+ij(1+ﬂ+vj
~ 2 2) 27272

F(1+V—“jr(1+v—”j
2 2 2 2 2
where /'(x) - gamma-function.

The Cauchy functions for the solution (6) and
the rigidity (4) are:

Y, (x;5x) = vi=[x,0,(x) -0, (x)]P.(x)+
+ [xlpv (x) =P, (x )]Qv (x)};

Y, (x5 %) = (62 =)0, () P, (x)
— P(x)0, ()]

(15)

in this case x =0 and, hence, K(u,v)=1.
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The Cauchy functions for the solution (11) and
the disk’s rigidity (9) are:

0 u
2 Y )
Y (x5x) = (s _11)<(2/£xv)_1) 2

x - [0 = 1w 0 o)~ v+ )0 () Py +
o= B () = (v )P () Jo (o (16)

u W
Y (x;x) = 1) > ) - X

K(p,v)
< {01 ()P (x) = P ()0 (x)}

For the real x, u, v the Wronskian W (x) is

complex-valued, if u# HTH, where n is inte-

ger. In this case W (x) contains the factor e*".
However the Cauchy functions will be real, be-
cause the adjoined Legendre function contains
the similar factor.

Thus, the particular solution of the inhomoge-
neous equation (1) is:

N = j F(@Y(zx)dz, (17)

X

where f'(z) is the right part of (1).

It is recommended to determine numerically the
values of (17) for the actual parameters.

Next we go to the cases when the solutions are
expressed in terms of orthogonal polynomials.

3. THE BASIC SOLUTIONS IN TERMS
OF GEGENBAUER POLYNOMIALS

For receiving of the solutions we compare the
coefficients of the homogeneous equation, cor-
responding to (1), with the coefficients of Jacobi
equation [18], [20]. The analysis shows that the
solution is possible, when the parameters a = f;

it corresponds to the case of the ultraspherical
Gegenbauer polynomials C,},; (x).
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The differential equation for the Gegenbauer
polynomials is

2A+1
- X

1—x?

m(m+2\)

1—x?

r !

y=0. (18)

Fulfilling the above-mentioned comparision, we
get the following parameters

0!0 = _2,
_ (19)
m, =xi\/x2 +¥(zx+1)
and the rigidity for the tension is
1
D= Do(l—xz)‘(“zj,o <x<l:
I (20)

D =D, (x2 - 1)_(M2),0 <x<oo.

The solution of the homogeneous equation has
the following form:

1
o
N, =AC;(x)+B(1_—xj2 x
2 @1)
><F(—n—k+l,n+k+l;i—k;—1_x},
2 272 2

where F( ) is the hypergeometric function.

For the disks with the rigidity (20) and the solu-
tion (21) the Cauchy functions are to be deter-
mined. The expression for Wronskian is

W(x) = I'(m+2)) (% _ kazml «

m! T(2).) )

x (1 —x? )—x—%'

Further we obtain the following formulae for the
Cauchy functions:
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m! T (1 x? )"%

Yi(x5x)=

11 2
_(l—xl )—2—k Z—(m+}\,)
2

J{ mx, Cx( x)— m+2h—1
1 1 xl

1

Yy (xp5x) = 1 5
22 (Z—X)F(m +200)

1-x)2

&_l)(l—xl
227‘”(;—%)F(m+27u){[(2 4 2

F( m— 7»+E
2’

oz

n/F(27L)(1—x2)M% 1-x 2" 1
. | {( lj F(_m_“z

1

e
j 2F(—m—%+%,m+%+l;§—k;l_xlj—

22 2

35

A
F( m— x+l m+A+—; ——x;l_xj : (23)
2’ 22

Ly
+C,§,(x1)(—j F(—m—k+l,m+k+l;§—k;l__xj}
2 2 2’0 )

The particular solution of the inhomogeneous
equation is determined by means of the expres-
sion (17).

4. THE BASIC SOLUTIONS IN TERMS
OF LAGUERRE POLYNOMIALS

Let us determine the possibility to obtain the
solutions in terms of Laguerre polynomials

L(,j)(x) [18], [20]. The differential equation for
these polynomials is

oa+1—x m

Vi+r———y+—y
X X

=0. (24)

After the described above transformations we
get the following parameters:

2
oy =——, a==" (25)
l-o
The rigidity for the tension is
D=Dye". (26)
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The general solution of the homogeneous equa-
tion for the case under study is

N, = AL (x)+Bx “ F(-n—o;l—a;x), (27)
where | Fi(x) is the confluent hypergeometric
function.

The Wronskian for the solution (27) is deter-
mined by the following formula:

m+ao —-a—-1_x
W(x)= . ox e,

where

[m+aj_ (m+a—-m+)m _(a+D)m
m ) m! ooml (28)
(a+1),, =(a+1)(a+2)..(a+m).

The Cauchy functions for the solutions (27) are
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-1
m+a

. _ -1 _—x; o+l

Yl(xl,x)—( . ] a e 'x" x

X {[ole_a_l F(-m—-o;l—a;x,)+
+ l_“m :F(m oa+1;2—a;x)]x
XL?n - m+a m i|
(x) { X o (X1)— " n-1(X1) (29)

xx “F(-m—a;l—o;x)};
-1
m+o
Y, (x5x) = ( j o le M x M x
m

X {— L(,Z‘)(xl)x“ JF(—m—o;l—a;x)+
bl F(em—asl— )L, (0]

Here, the particular solution is also determined
with the use of the formula (17), where the
function Y, (x;;x) is determined by means the
expression (29).

5. THE STATEMENT OF THE
COMPUTATION PROBLEM OF THE
CIRCULAR DISK WITH PIECEWISE
THICKNESS

The disks, subjected to an action of the stretch-
ing loads and consisting of two sections with
different laws of thickness variation, are under
study. The disks’ profile has a gap in the place
of these parts conjugation (fig.2).

1646\

0,0 0,5 0,9
Figure 2. The profile of the disk with piecewise
thickness

The rigidity for the tension in the first section is
approximated by the formula (26). The normal
stress when 0,0 < x < 0,5 is determined in the
following way:

Elena B. Koreneva

N = AL+ B Bl =)+ 0
+N& ().

The rigidity for the tension in the second section
is approximated by the formula (9). We have
when 0,5<x<0,9:

N® = NO 4[4, P (x)+ B0 (x)|x
P (31)
X (x2 —1) 2 +N(cz)(x),

where N((;1 ), N ((;2) are the particular solutions
determined by means the expression (17).

6. THE CONCLUSION

In the present work the exact analytical solu-
tions of computational problems of circular
disks with piecewise variable thickness, sub-
jected to an action of expanding loads, are ob-
tained. The constructions under study consist of
two or several sections. Each of the mentioned
parts has its own law of thickness variation.
These sections can be made from the same or
from the different materials, which can be ho-
mogeneous or inhomogeneous, isotropic and
anisotropic. In the places of conjugation the
disk’s thickness can be continuous or discontin-
uous. The received solutions are obtained in
terms of Legendre functions and Legendre,
Gegenbauer and Laguerre polynomials.
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