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1. INTRODUCTION

In literature the considerable number of works are 
devoted for computation of plates and shells of 
various forms. For example the monographies [1] 
and [2] are to be mentioned. In the monography 
[3] the orthotropic and isotropic plates of variable 
thickness, subjected to the action of complicated 
loads are examined; the analytical methods were 
applied.
The modern software allows to investigate the 
similar constructions in detail. The numerical 
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methods, in particular, the finite elements method, 
are widely used. The work [4] concerns the problem 
of buckling of orthotropic plates with free and 
rotationally restrained edges. 3D vibration of cross-
ply laminated plates is studied in [5]. The oscillation 
problems of isotropic and orthotropic rectangular 
plates of linear thickness are considered in [6]. 
The work [7] is devoted to the numerical analysis 
of experimental research on buckling of closed 
shallow conical shells under external pressure.
Free vibration analysis of a rotating varying-
thickness-twisted blade with arbitrary boundary 
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conditions is examined in [8]. The article [9] 
considers the optimization of three-dimensional 
up to yield bending behaviour using the full layer-
wise theory for FGM rectangular plate subjected 
to thermo-mechanical loads. Comparative 
assessment of finite element modelling techniques 
for wind turbine rotors blades is represented in 
[10]. The work [11] concerns nonlinear primary 
resonance analysis of nanoshells. Geometrical 
influence on the vibration of layered plates is 
discussed in [12].
Some problems of statics, vibration and stability 
of thin-walled constructions are solved in [13] by 
the use of the equation decomposition method.
The elements with piecewise variable thickness 
occur in modern structures and buildings. First 
the analytical approach for the solution of similar 
problems was proposed in the works [14], [15]. 
In the mentioned works the circular plates resting 
on an elastic basis are examined. The inner part 
of these plates has the variable thickness and 
the outer part has the constant thickness. The 
conditions of the parts conjugation were fulfilled. 
The solutions were obtained in terms of Bessel 
functions. The problems of symmetric flexure of 
orthotropic and isotropic combined plates with 
piecewise thickness were considered in [16], 
[17]. The separate parts of these plates have 
various laws of cylindrical rigidity variation. In 
[16], [17] the solutions were obtained in terms of 
Gegenbauer and Laguerre polynomials.
In the present work the analytical method for 
the first time is applied for the analysis of the 
combined circular disks with piecewise variable 
thickness subjected to an action of expanding 
loads. The solutions of the problems under study 
are obtained in closed forms and expressed in terms 
of Legendre functions; Legendre, Gegenbauer and 
Laguerre polynomials.

2. THE BASIC SOLUTIONS EXPRESSED
    IN TERMS OF LEGENDRE FUNCTIONS

As it was mentioned above, the circular disks with 
piecewise variable thickness subjected to an action 
of expanding loads are analyzed.

We will write the differential equation, describing 
the symmetric deformation of the circular isotropic 
disks with the radially variable thickness and 
loaded by the surface stretching radial forces with 
the intensity q:
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The rigidity for the tension in the first section is 
approximated by the formula (26). The normal 
stress when 0,0 ≤ x ≤ 0,5 is determined in the 
following way:
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