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Abstract: Different approaches to the computer simulation of damping properties of structural elements, which are made 
of materials with complicated physical structure, such as composites and nano-materials, are considered in this paper. In 
such cases application of classical models, e.g. ones based on the Kelvin-Voight hypothesis, can lead to the results that are 
not even close to the real composite structure behavior. The main point of the proposed approaches is delocalization of 
the damping effects in space and time. The described nonlocal damping models are more flexible in comparison to classic 
ones. The model calibration based on the experiment data allows to determine the optimum value of the characteristic 
parameter of nonlocal model using the least square method. The results of three-dimensional numerical simulation of 
the composite beam vibration were used for model calibration. The numerical simulation was implemented in SIMULIA 
Abaqus software. The material was considered as orthotropic; its parameters were picked up according to the physical 
properties of the real composite material. The developed beam vibration models considering nonlocal damping were 
created in MATLAB. The obtained results were compared to the results based on classic Kelvin-Voight damping model.
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Аннотация: Рассматриваются подходы к численному моделированию демпфирующих параметров конструкций, 
выполненных из материалов со сложной физической структурой, таких как композитные и нано-материалы. Ис-
пользование в этом случае классических моделей демпфирования, к примеру, основанных на гипотезе вязкого 
трения Фойгта, приводит к результатам расчёта, весьма далеким от реального поведения конструкций из подоб-
ных материалов. Предлагаемые в статье подходы заключаются в делокализации эффекта демпфирования, как по 
пространственной координате, так и во времени. Описываемые нелокальные модели демпфирования являются 
управляемыми. Калибровка моделей по результатам эксперимента заключается в выявлении оптимального значения 
управляемого параметра модели с использованием метода наименьших квадратов. В качестве опорных результатов 
в статье использованы данные вычислительного эксперимента над трёхмерной моделью стержневого элемента, 
выполненного из композитного материала. Этот численный эксперимент проведен с использованием программного 
комплекса SIMULIA Abaqus. Материал при этом представлен ортотропным, параметры ортотропии назначались 
в соответствии с физическими характеристиками рассматриваемого композитного материала. Разработанные вы-
числительные модели колебаний стержневого элемента с учётом нелокальности демпфирования были реализованы 
в программном комплексе MATLAB. Приведено сравнение полученных результатов с результатами расчётов, полу-
ченных с использованием классической модели демпфирования, основанной на гипотезе Фойгта.
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INTRODUCTION

The materials with complicated physical structure, 
such as composite materials and nano-materials, 
become more and more widespread in the 
engineering practice. Generally, for the design of 
structures, made of such materials, the detailed 
three-dimensional finite element models are used. 
In such models materials generally are modeled 
as orthotropic and anisotropic ones. Problem of 
damping modeling for the structural composite 
elements is especially sophisticated. Meanwhile, 
the detailed three-dimensional modeling of, for 
example, beam elements is very often cumbrous and 
unreasonable. In this case, one-dimensional models, 
which are flexible enough for damping simulation 
for the composite structures, are preferable. Nonlocal 
damping model can be used as such flexible model.

VIBRATION SIMULATION USING 
NONLOCAL IN SPACE DAMPING 
MODEL

Damping in the certain point of the structure 
with longitudinal coordinate x1 is assumed to 
be dependent not only on local value of motion 
velocity at this point v(x1), but also on the values 
of motion velocity in the neighboring points. The 
more distance between the two points the lower 
influence that one of them has on the other [2].
The Kelvin-Voigt material model is commonly 
used to describe the damping process in engineering 
structures:
        σ = Eε + γE͘ε ,    (1)

where σ, ε – normal stress and axial strain, ͘ε – 
strain rate, Е – Young modulus, γ – damping ratio.
If we consider damping nonlocal in space, then 
equation (1) transforms to [2]:

   σ(x,t) = E[ε(x,t)       (2)

Here Cv(|x – θ|) – the kernel function of internal 
damping, |x – θ| – distance between the neighboring 
points. The Cv(|x – θ|) function must satisfy to 
normalization requirement:

        (3)

In the paper the error kernel function is used:

        (4)

Here μ is the parameter that characterizes the space 
nonlocality level in the damping model (fig. 1). 
The higher is μ, the closer is the damping model  
to the classic local one (1).

The equilibrium equation for the Euler-Bernoulli 
beam is:

Here v(x,t) is beam deflection, m is the distributed 
mass, q(x,t) – distributed load.
Considering (2) and the plane sections assumption, 
the bending moment expression for the nonlocal 
approach is: 

         (6)

where EI – the bending stiffness of the beam.
Substituting the second derivative of the bending 
moment expression (6) to the left part of the 
equation (5), we obtain the vibrating beam 

Figure 1. Error kernel functions for different 
influence distance parameter 
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equilibrium equation regarding the deflection 
function v(x,t):

      (7)

To solve the equation (7) Galerkin method 
was used, with the first beam Eigen forms, 
responding to the boundary conditions, 
considered as the coordinate functions. The 
satisfying number of the coordinate functions 
was picked up based on the numerical study 
of the results convergence. 
Consider GFRP beam with the fixed ends made 
of orthotropic thermoset vinyl ester class 1 
FRP under instantly applied distributed load 
q = 10 kN/m. The beam is 6 m long and has a 
rectangular cross-section. The characteristics 
of the material obtained experimentally in [9, 
10, 11].
The method of determining the influence 
distance μ using the least squares based on the 
numerical simulation data is described in  [6]. 
This method was also used in this paper. For the 
nonlocal in space damping model calibration 
the three-dimensional finite element model of 
the beam was constructed in SIMULIA Abaqus 
CAE (fig .2). 
The material is suggested to be orthotropic. The 
calibrated value of the influence distance is μ = 
1.071/m Comparison between the results of one-
dimensional modelling of the beam vibrations 
considering nonlocal in space damping  with 

the calibrated μ and the results of detailed three-
dimensional finite element simulation is shown 
on the fig. 3. 

The difference between Abaqus results obtained 
with 3D orthotropic material model and the results 
obtained with one-dimensional beam where local 
Kelvin-Voigt model is used to describe damping 
is shown on fig. 4. 

VIBRATION SIMULATION USING 
NONLOCAL IN TIME DAMPING MODEL

The beam element vibration process considering 
damping that is nonlocal in time is modeled using 
the finite element analysis. Using this method, 
the equilibrium equation of the beam bending in 
time is solved. In FEA the equilibrium equation 
is applied in matrix form:Figure 2. Finite element model of the 

considering beam in SIMULIA Abaqus CAE

Figure 3. Comparison of the results obtained 
using nonlocal in space damping model and 

ones obtained in Abaqus CAE

Figure 4. Deflection of the beam using local 
Kelvin-Voigt damping model in comparison to 

3D numerical simulation data
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Here V ́(t) – vector of displacements of the 
finite element model nodes  (dot indicates time 
derivative), K – stiffness matrix of the finite 
element model, D – damping matrix, M – mass 
matrix, F(́t) – vector external forces that are acting 
at the considered point of the structure.
To simulate the nonlocal in time properties of 
structural vibration damping («damping with 
memory») equation (8) is represented as:

 

Here G(t – τ) is the kernel function for nonlocal 
in time damping. This function describes the 
decrease of the strain rate influence at the moment 
τ on the damping at the current moment t, and: 

 

As above, the error function is taken here for error 
function, constructed on the base of Gauss integral:
 
 
that, taking into account the condition (10), can 
be written as:

 

Here μ is a parameter, that characterize the level 
of damping nonlocality in time.
To solve the dynamic equilibrium equation, the 
method of the central differences is used [8]. In this 
case, the first and second order time derivatives of the 
displacement vector V́(t) participating in (8) and (9) 
are approximated by central finite differences. Then 
the equation (8), obviously, takes the following form:

Here i = 1, 2, 3, …   – number of the considered 
moment in time t, Δt – time increment.
In order to replace the classical damping model in 
(13) with the damping model with memory, at first 

we represent the central difference in the second 
term on the left-hand side of equation (13), which 
is responsible for damping, as  the average of the 
«forward» and «backward» differences: 

 
The term with the «backward» difference is 
replaced by:

      (15)

where i – number of the time step which is 
corresponding to the considered time moment t,  
t = Δt ∙ i, τ  = Δt ∙ j, j = 1, 2, …, i – number of the 
time step when calculating the kernel Ǵ(i, j). 
Ǵ(i, j) is the discrete analogue of G(t – τ) kernel 
(12), which for the error function (12) is calculated 
as follows:

      (16)

After the described transformations equation (14) 
can be written as:

(17)
where

 
Still, the influence distance μ determine the 
nonlocality level in structure. The higher is μ, the 
closer is the damping model to the classic one.
Transform (17) to the computational scheme 
for the step-by-step calculating of V́i+1 using the 
vectors V́i and Ví–1, which are calculated on the 
increments i and i – 1: 

      (19)
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where:

 

For the first step i = 1 we assume V́0 = 0 and V́1 = 0 
as the initial conditions.
The calibration of the nonlocal in time damping 
model was implemented, as above, based on 
the results of the numerical simulation of three-
dimensional finite element beam vibration in 
SIMULIA Abaqus CAE. The determined optimum 
value of μ for the beam, that was considered in 
privious section, is μ = 0.11/s. The displacements 
of middle section of the beam in time are shown 
in fig. 5. The solid line shows the displacements 
of the beam which is obtained using a calibrated 
nonlocal model, and the dashed curve – using a 
3D model built in SIMULIA Abaqus.

It is obvious, that calibrated nonlocal model allows 
to obtain much more accurate results, than the 
Kelvin-Voight classic model (fig. 4). 

CONCLUSION

In comparison to local time models the model 
presented in this article allows managing the main 
characteristics of the simulated composite structures 

vibration process in more reliable and flexible way. 
Increased flexibility makes it possible to use one-
dimensional models of beam elements in the dynamic 
analysis of structures which are made of modern 
composite materials with orthotropic properties.
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