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Annotation: The eccentricity parameters appearing in the modified Mohr-Coulomb and Drucker-Prager models
are studied. The influence of the eccentricity on shape and size of the hysteretic loop and plastic dissipation
energy are analyzed. Both kinematic and force loadings are considered.
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1. INTRODUCTION

The analyzed modified Mohr-Coulomb [1] and
modified Drucker-Prager [2] models differ from
the original plasticity models [3] by introducing
the eccentricity parameters allowing to avoid the
loss of smoothness at the apex points of the
corresponding  yield surfaces (meridional
eccentricity), and, for a Mohr-Coulomb model,
to eliminate losses of smoothness at the pyramid
edges (deviatoric eccentricity). Thus, the
modified Mohr-Coulomb model is characterized
by the two eccentricity parameters: meridional
and deviatoric eccentricities, while the modified

Drucker-Prager is characterized by the
deviatoric eccentricity only.

Both the original Mohr-Coulomb and Drucker-
Prager models can be characterized by the

following equation

(P-96-e]) = R(©.0) a0 -

(1.1)
—c(”aplu)—ptan(p =0

where c¢ is the cohesion, possibly depending on

the plastic strain measure Hsplu in a case of
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plastic hardening; ¢ is the angle of internal
friction; the pressure p is defined by

(1.2)
the deviatoric stress measure takes the form

%(Gmax ~ Omin )

Mohr-Coulomb

Gs = (1.3)
2
i, -3p
‘-\—V—J
Drucker-Prager
in (1.3) Opax> Omin Aare maximum and

minimum principle stresses, respectively, and

R(©,¢) is the
depending on ¢ and the angle ® between the

meridional plane and the axis of one of the
principle stresses, the pressure. In the Mohr-

Coulomb model the coefficient R(©,¢) takes
the form

dimensionless parameter

sin(®+%)
R(@,(p) = \/§—+
cos @ (1.4)
1
+§cos(®+%)tan(p

Similar formula for the coefficient R(©,¢) can

be introduced for the Drucker-Prager model.

1.1. Deviatoric eccentricity. The deviatoric
eccentricity is introduced by the following
equation that modifies the original Mohr-
Coulomb model:
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R,(©,9) =
[4(1 — ) cos2 @+ (2e— 1)2J(3 _sing)

6 cosq)[Z(l - e2)cos®+ (2e— 1)\/4(1 - e2)cos2 0+ 5¢? —46}

(1.5)

The smoothing parameter e varies in the

interval %<e£l, and while at e=1 the

coefficient R;(©,p) becomes independent upon
0]

3—sing

R1(®,(p) (1.6)

- 6 cosp+1

at e > % the smoothed curve tends to Rankine’s

triangle corresponding to the friction angle
¢=90".

1.2. Meridional eccentricity. In the meridional
plane both the Mohr-Coulomb and the Drucker-
Prager model admit the following smoothness
that can be characterized by the hyperbolic
potential

¢(p.go |en)=

(1.7)

= \/(Re (0,9)q5 )2 + (z:c(O)tan(p)2 —ptanp=0

where ¢ is the smoothing parameter varied in
the interval 0<e<1. At € >0 the hyperbolic
approximation tends to the initial curve (1.1),
(for a modified Mohr-Coulomb model the

coefficient R(©,¢) should be replaced by the
smoothed coefficient R,(©,¢)). At € —1 the

smoothed curve in the meridional plane
becomes a hyperbola with locus at p = ¢(0).

2. FE SIMULATIONS

Herein, some results based on numerical
simulation of behavior of elastoplastic media are
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presented. The given results were carried out by
FE code using Drucker-Pruger and Mohr-
Coulomb models of plasticity (yield criteria).

2.1 Finite element model. The model is a cube
with the size of one finite element. The
displacements along the x axis on the face of the
cube which is parallel to YOZ are fixed, while
on the opposite face cyclic loading is applied,
Figure 1. This loading can be given as a
kinematic or force factor with the frequencyv.
Other faces of the model are free. In addition,
volumetric kinematic loading will be also
considered. In that case, the displacements along
the Z, X and Y axis are fixed on the three faces
which are parallel to XOY, YOZ and XOZ
respectively. On the opposite faces cyclic
kinematic loading are applied.

¥

A

Figure 1. Finite element model.

Comparing the energy dissipated by plastic
deformation (2.1) as well as strain-stress curves
gives the information on the influence of
variables included in the mathematical models
of plastic media (damping factor and
eccentricities).

AP = J.o'ijdg; 2.1

2.2 The influence of damping factor. Damping
factor is used for automatic stabilization of
static problems during the non-linear quasi-
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static solution procedure. Viscous forces are
added to the global equilibrium equations in the
form:

F =dMv, (2.2)

where dis the damping factor, M is the mass
matrix,

L = Au/ At

is vector of nodal velocities (in the context of
this problem it does not have a physical
meaning). This value is used to ensure the
convergence of the solution. Nevertheless, there
is no guarantee that the value of damping will
be suitable for the problem. Therefore, it is
important to estimate whether the quantity is
appropriate for the convergence of the solution.

a. Hardening plasticity. The hardening, as a
result of the influence of symmetric and
asymmetric cyclic loading, was simulated using
Mohr-Coulomb plasticity model.

Variation of the character of stress-strain curves,
due to variation of the damping factor at other
fixed parameters in the model, subjected to
cyclic loading is presented in Figures 2 and 3.
The charts in figures 2 and 3 are plotted
atp=y =0, decc =1, mecc =0.land
¢=0.001, where ¢ (phi) is the angle of internal
friction, y (psi) is the dilation angle, c¢ is

cohesion, decc and mecc are deviatoric and
meridional eccentricities respectively.

As can be seen from the charts above, even
large values of the damping factor can ensure
the convergence of the solution procedure.
However, the large values are not suitable
because a further decline in the damping factor
affects the solution significantly. Thus, the
maximum value for damping is le-6, as further
decreases do not cause any substantial changes.
Similar results were obtained for asymmetric
loading (Figures 4 and 5). The charts in Figures
4 and 5 are plotted atp=y =0, ¢=0.001,

decc =1and mecc =1.
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Thus, to be suitable for the problem, the value
of the damping factor should not affect the
character of stress-strain curves when it
decreases.
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Figure 2. Stress-strain curves for symmetric
cycle loading at different values of damping.
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Figure 3. Stress-strain curves for symmetric
cycle loading at different values of damping.

As can be seen from the charts above, even
large values of the damping factor can ensure
the convergence of the solution procedure.
However, the large values are not suitable
because a further decline in the damping factor
affects the solution significantly. Thus, the
maximum value for damping is le-6, as further
decreases do not cause any substantial changes.
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Figure 4. Stress-strain curves for asymmetric
cycle loading at different values of damping.

Similar results were obtained for asymmetric
loading (Figures 4 and 5). The charts in Figures
4 and 5 are plotted atp=yw =0, ¢=0.001,

decc =1and mecc=1.
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Figure 5. Stress-strain curves for asymmetric
cycle loading at different values of damping.
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Figure 6. Stress-strain curves for Mohr —
Coulomb model at different values of damping.
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b. Non-hardening plasticity. Figures 6 and 7
demonstrate the variation of the character of
stress-strain curves due to variation of damping
factor for Mohr-Coulomb model at fixed other
parameters. The charts in Figures 6 and 7 are
plotted atp =30, w =0,c=0.001, decc=0.56,
mecc =0.005 and v =5Hz.
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Figure 7. Stress-strain curves for Mohr —
Coulomb model at different values of damping.

Variation of the character of stress-strain curves
due to variation of damping factor for Drucker-
Pruger model at fixed other parameters is
presented in (Figures 8 and 9). The charts in
Figures 8 and 9 are plotted at ¢ =30, v =0,
c=0.001, fecc=0.05, frat=0.778 and
v=5Hz. Here fecc is flow eccentricity and

frat is flow ratio.
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Figure 8. Stress-strain curves for Drucker —
Pruger model at different values of damping.
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The obtained results revealed that for both
hardening and non —hardening types of
plasticity models, the damping ratio affects the
result of the solution dramatically. Any increase
causes substantial changes in the character of
stress- strain curves, while a damping factor
equal to or less than 10° may ensure the
convergence of the solution, meanwhile
negligibly influencing the final results.
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Figure 9. Stress-strain curves for Drucker —
Pruger model at different values of damping.

2.2 The influence of eccentricities in Mohr-
Coulomb and Drucker-Pruger models.

The influence of deviatoric and meridional
eccentricities on the result can be estimated by
varying the energy dissipated by plastic
deformation.

Variation of the energy dissipated by plastic
deformation in the Mohr-Coulmb model due to
the variations of both meridional and deviatoric
eccentricities is shown in (Figure 10). The
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surface in (Figure 10) is plotted at tep =30,
w=0,c=0001lv=5Hz.

As can be seen from the chart above, the
influence of deviatoric eccentricity on the
energy of plastic deformation is insignificant. In
addition, the variation of meridional eccentricity
does not cause the change in the energy of
plastic deformation, except in the case of
numerical errors. These effects can be observed
when the value of deviatoric eccentricity is
greater than 0.75. One possible reason behind
the energy independence from the value of
meridional eccentricity is that this eccentricity
may be fixed in the program complex. In this
case we can define it by comparing the stress-
strain curve with the yield surface.

The energy of plastic deformation in Mohr - Coulomb model
versus meridional and deviatoric eccentricities
friction angle 30, dilation 0, cohesion 0.001

Energy

Figure 10. Variation of energy dissipated by
plastic deformation due to the variations of
meridional and deviatoric eccentricities.

Similarly to Mohr-Coulomb model, we can
estimate the influence of the flow eccentricity
and flow rate in Drucker-Pruger model. The
variation of the energy dissipated by plastic
deformation in Drucker-Pruger model due to the
variations of flow eccentricitiy and flow rate is
shown in (Figure 11). The surface in (Figure 11)
is plotted at ¢ =30, =0, ¢=0.001 v =5Hz.
According to Figure 11, the variation of flow
potential eccentricity does not change the
energy of plastic deformation, while the flow
ratio affects this quantity significantly.
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The energy of plastic deformation in Drucker - Pruger
model versus flow ratio and flow potentional ccentricity
friction angle 30, dilation 0,
cohesion 0.001,

Energy

SEREZ
S g2

flow potential eccentricity

Figure 11. The variation of energy dissipated by
plastic deformation due to the variations of flow
eccentricity and flow rate.

In contrast to Mohr-Coulomb model there are
no such deviations from the mean energy in
Drucker-Pruger model. In addition, the value of
flow potential eccentricity may be estimated by
comparing the stress-strain curve and the yield
surface.

2.3 Yield surface.

The Mohr-Coulomb vyield surface and the
loading in meridional plane are shown in
(Figure 12). The curves in Figure 12 are plotted
at =30, w=0,c=0.001, decc=0.56,
mecc =0.005 and v =5Hz. The strain stress
curve for these parameters of the model and
loading is plotted in (Figure 13).

Meridional eccentricity can be solved by
equation (2.3):

p_yield ta
c

ne, (2.3)

mecc =

where p yield is the stress corresponding to
the beginning of the plastic flow.

Drucker-Pruger yield surface and the loading in
meridional plane are shown in (Figure 14). The
curves in Figure 14 are plotted atp =30, y =0,
c=0.001 v=5Hz. The strain stress curve for

these parameters of the model and loading is
plotted in (Figure 15).
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Figure 12. Yield surface for Mohr — Coulomb
model.
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model.
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Figure 15. Stress-strain curve for Drucker —
Pruger model.

Similarly to Mohr-Coulomb, flow eccentricity
in Drucker-Pruger model can be solved by the
following equation:

p_yield

fecc =———tang (2.4)
c

3. CONCLUDING REMARKS

According to the obtained results, the value of
the damping factor ensures the convergence of
the solution procedure (the solution was
obtained for all almost values of this quantity).
However, a large damping factor dramatically
affects the final results. Therefore, we should
decrease the damping factor to determine its
optimal quantity. In case this reduction does not
change the final results, the value of the
damping factor is suitable.

Deviatoric eccentricity in Mohr-Coulomb model
of plasticity does not affect the energy
dissipated by plastic deformation significantly.
Hence, it does not matter whether or not we
select this value for calculations. In addition, the
value of meridional eccentricity remained
constant for all the calculations carried out by
the authors.

In Drucker-Pruger model of plasticity, the value
of flow affects the yield stress as well as the
energy dissipated by plastic deformation.
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Therefore, the tuning is important for
calculations and may change the final results.
As with the meridional eccentricity in Mohr-
Coulom model, the value of flow potential
eccentricity remained fixed in program despite
the attempts to change it. Thus, we can only
estimate these values, comparing the stress-
strain curves and the yield surfaces in the
models.
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