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TRANSVERSE OSCILLATIONS OF THE BEAM
ON AN ELASTIC BASE
IF THE BOUNDARY CONDITIONS CHANGE

Yevgeny V. Leontiev

Federal autonomous institution “Main Department of State Exertise”, Moscow, RUSSIA

Annotation: The article deals with the proper transverse oscillations of a beam with free edges while the conditions of support on
an elastic base change, taking into account its own weight and the influence of the attached mass m1. The problem of determining
the forces in the beam is being solved taking into account the dynamic load F(t) applied at an arbitrary point d while the conditions
for the support of a part of the beam on an elastic base change.

The conditions that must be taken into account while analyzing the dynamic action of the structure under the influence of variable
loads in the case of changes in the conditions of support on an elastic base are formulated.

Keywords: ground base, beam on an elastic foundation, the initial parameters method,
natural oscillation frequencies, forced oscillations, dynamic analysis.

IHOIEPEYHBIE KOJIEBAHUS BAJIKHA

HA YIIPYT'OM OCHOBAHUMU
MPU U3MEHEHHUHU YCJIOBH ONUPAHUS

E.B./Ieonmves
DAY «I'maBrocakcneptusa Poccuny, T. Mocksa, POCCHUA

AnHoTanusi: B pabote m3y4arorcss COOCTBEHHBIE MOTIEpEUHBIE KOIeOaHus Oalku CO CBOOOIHBIMH KpasMHU TpPU W3MEHEHHUU
YCIIOBH ONMMpPaHUSA HA YIPYroe OCHOBaHHE C YIeTOM COOCTBEHHOTO Beca W BIUSHHS NMPUCOCIMHEHHON Macchl ml. Pemaercs
3a/a4a 1o OIpEeeTICHUIO YCIINI B OajKe ¢ y9eToM TWHAMHYEeCKoi Harpy3ku F(t) mpuiokeHHOH B IPOM3BOIBHOM Touke d mpn
N3MEHEHNH YCIIOBUH OMMPAHUs YaCcTH OaJKM Ha yIIPyroe OCHOBAHUE.

CdopmynupoBaHb! yCIOBHS, KOTOPbIE HEOOXOMMO YIUTBIBATh IIPU aHAM3E TNHAMHUYECKOTO MTOBEACHHS KOHCTPYKINH O JeH-
CTBHMEM NEPEMEHHBIX HArPY30K B CIIyyac U3MEHEHHUS YCIOBUII OMMpPAHUS Ha yIIPyroe OCHOBAHUE.

KuaroueBble ciioBa: pyHTOBOE OCHOBaHUE, Oalka Ha YIPYrOM OCHOBAaHHWHU, METO/] HAYa bHBIX [TApPaMETPOB,
cBOOOIHBIEC KOJIeOaH s, BEIHYKICHHBIC KONeOaH!sI, TMHAMHYCCKUI aHAIIN3.

1. INTRODUCTION

In order to fulfill the requirements of mechanical
safety of buildings and structures, which are
regulated by law [1] and have been developed in
modern normative and technical documents [2, 3],
it is urgent to study structural systems that change
the design scheme for various reasons during local
destruction [4, 5, 6]. Taking into account the affecting
of sudden local destruction on the stress-strain state
and dynamics of structures is an urgent need for
predicting their work and assessing the bearing
capacity and / or stability. Such structural systems
include structures lying on the ground, which can

Volume 16, Issue 3, 2020

be considered in their design as beams on an elastic
foundation. To date, there are a number of works
[7, 8, 9] devoted to the study of dynamic processes
caused by the sudden formation of defects in beams
with partial support on an elastic foundation.

2. MODELS AND METHODS

We consider a "beam-base" system, in which the beam
was initially completely on an elastic foundation, but
when a defect suddenly formed under a part of the
beam, the base was excluded from power work of
this structure (Figure 1). Figure 1 shows that the
left side of the beam with length aL is located on an
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elastic foundation with a constant coefficient 7, the
right side of the beam with length SL is cantilever.
It is of interest to solve the problem of determining
the natural frequencies and forms of transverse
vibrations of a beam with free edges, in the case of
an added mass m, and a dynamic load () applied at
an arbitrary point d when a part of the base under the
right part of the beam suddenly has been excluded.
The differential equation of forced transverse
vibrations of a beam on an elastic foundation of
constant cross-section, taking into account the
resistance forces for any law of change of the
disturbing force ¢(x, ), has the form [9-11]:

64}’|x,tlL ézylx,ti

E] ———+ —
dx 6x
7 vl x.t) (1)
+2G%+roby{x,t]:q X1l
ax ot

where E is elasticity modulus of a beam material;
1 is inertia moment of a beam cross section, y(x,?) is
transverse deflection of the beam axis in the section
x; q(x,t) — disturbing load that changes its value in
time #; 4 = q/g: q —evenly distributed load (dead load)
attached along the beam; g — acceleration of gravity;
a — coefficient characterizing internal friction of
material; 7 by(x,7) — the intensity of the reaction of the
elastic Winkler foundation that varies its values along
the length of the beam [10, 11, 12]; 7, — modulus of
subgrade reaction; b — width of the beam.

We solved the problem in three stages using the
method of initial parameters.

At the first stage, we determined the natural transverse
vibrations of the beam taking into account its own
weight, and at the second stage — taking into account
its own weight and the added mass m,. At the third
stage, we solved the problem taking into account
the disturbing force, which varies in time according
to the harmonic law F(¢) = F sin yt and is applied at
an arbitrary point d. Here: F is the amplitude value
of the disturbing force; v is the angular frequency of
change in the disturbing force.

The first stage.

Let us determine the circular frequencies and forms
of natural transverse vibrations of a beam with free
edges of length L and flexural rigidity E7 (Figure 1).
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Figure 1. Beam with free edges, the left part of
which alL is located on an elastic foundation.

It is known [ 13] that the dissipation of vibration energy
on the frequencies and modes of natural vibrations of
building structures affects only slightly, attenuation in
their calculations is usually neglected.

A simple periodic solution to the equation of natural
vibrations of the beam (1) is the main vibration, which
changes according to the harmonic law:

y(x,1) = p(x) sin(wt + a), (2)
where ¢(x) — function that establishes the distribution
law of the maximum deviations of the points of the
beam axis from the equilibrium position; o — initial
phase of oscillation; @ = w_— the circular frequency
of natural transverse vibrations of the beam at the base,
and w = w, — circular frequency of natural transverse
vibrations of a beam without a base, (rad / s).

Using the method of separation of variables, problem
(2) can be reduced to the equation of natural vibrations
for the left side of the beam a.L on the basis of:

" (x) +2'p(x) =0, 3)
where we accepted designation:
2
s P, T
~ EI )

For the right side of the beam fL without a base, the
equation of natural vibrations is:

9" (xX) + k*p(x) =0, )
where we accepted designation:
2
K= H Wy (6)
El

The solution of equations (3) and (5) is conveniently
represented in the form of Krylov functions:

Sx) = %(chﬂx + coslx),
T(x) = %(shﬂx + sindx),
U(x) = g(cmx — cosAx),|’
V(ix) = i (shAdx — sindx).

(7
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where 4 = x corresponds to the beam laying on an
elastic foundation and 1 = k corresponds to the beam
without foundation.
Let us write down the values of the boundary
conditions for a beam with free edges on an elastic
foundation:
x=0:M(0)=Q(0)=0 )
x=L:M|(L)=Q(L)=

Y2i(¥2) = Ya0i SUita) + =2 T(ixy) = 22 U ki) = 7V (kicy)
02i (x2) = ¥20i kiV(kixz) + 6205 (kixz) —
My;(x;) = —EJyy0; kP U(kix2) — EJ O30ik;V (;x3) + Mag; S(kixy) + QRL?{ T (k;x3)

~EJ Y201 kT Ueixy) —EJ 020k U (ix2) + Mao; iV (kixa) + Qz0:S(kixz)

Q2:(x;) =

3
M Mr M

V2i(x2) = Y104 [S(”i al)S(k;x;) + V(x;al) k—IT(kixz) + U(”i“L)U(kixz)k_lz + T(”i“L)V(kixz)k—; +
i i

i

1
+610 =

0,:(x2) = yi0i [k S(e; al) V(kixy) + 31,V (e;al) S(kix,) +

kl.
+010; p

My;(x2) = —EJyi0: [k S(Gt; al)U(kixy) + ik V (e;al)V (eixy) + 22U (e;al) S (feyxz) + m

2

k
—EJ0;0; o

i

Q2i(x2) = —EJy10:i[kESGial)T (keixcs) + w;k2V Gezal) U(kacy) + w2 kU Geyal) V(kixg) + 13T (e;al)S(kix,) | —

3

k
—EJ010i -

i
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1 H; »?
- T(x; al)S(k;x,) + S(xiaL)FT(kixz) + V(xiaL)U(kixz)k—; +U(xicrL)V(kix2)k—13
. . Hr
_T(xi al)V(k;x;) + SGal) S(kixg) + ﬁV(xiaL)T(kixz) + U(x;al) k—'“z U(k;xy)
L

- K
=T (3; al)U(kixz) + kiSGe;al)V (kixs) + #; V(L) S (kix,) + k—l U(x;al) T(k;xz)
L

d TGeal)T (kix) + kF S(eal) U(kixy) + #ideiV (e al)V(kix,) + 17U (L) S(kixs)

For an arbitrary section of the beam in the first
section 0 < x, < al, which is located on an elastic
foundation, displacements and forces are determined
by the equations:

Y1i(x1) = ¥10i SOt x;) + Blm T(x x1)

01;(x1) = Y10i 2V (3x71) + 91015(7f[x1) 9)
My;(x1) = —EJy10i %izU(’f:‘xﬂ — EJ 0102V (3¢;%1)
Q1:(x1) = —EJy10i J‘fiST(Jffxﬂ —Efe1oi%i2U(}fix1)

Here i=1, 2, 3, etc.

In the second section of the beam without a base
0 <x, <L displacements and forces for an arbitrary
section are determined:

K?E] k3E]
e T (kixy) = e U ki) i

Using the conditions of conjugation of the sections
aL and L, we express the displacements and forces
of the second section through the initial parameters
of the first section:

2

? ' »?
U(J{ al) T(k;x5) + 2

i

T(;{ al)U(k; xz)]

2

»(11)
3

~T(s;al) T (k; xz)]
2
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Using the boundary conditions on the right edge (8)
at x,= BL, we obtain the system of equations:

2

L

3

For a nontrivial solution of equations (12), it is
necessary that the determinant, composed of the
coefficients at arbitrary constants EJ y,, and EJ 0, ,
be equal to zero:

—E]Bloi [I;—L T(}fi C[L)U(k!ﬁl;) + le(HlaL)V(k“BL) +}fi V(}fiflL) S(klﬁL) + x—iU(h‘i(IL) T(klﬁL)] =0
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"}

k

Mzi(BL) = —E]y10; [kES(xi aL)U(kiBL) + x;k; V (eiaL)V (kiBL) + 52U Gtal)S (kL) + =T Geal) T(kiBL) | =

i
2

K (12)

i

Q2i(BL) = —E[y10:|k2SGeial)T (k; BL) + 3;k2V Gezal) U (ki BL) + 32 kiU Gezal) V (ki BL) + 22T Ge;al)S (ki BL) ] —

—EJ0,; [i—‘ T(e;al)T (k;BL) + k2 SGeyal) U(k;BL) + sk, V (s;aL)V(k;BL) + 32U (#;aL) S(kiﬁL)] =0

3
D= [kfs(xi al)U(k;BL) + nik; V Ge;al)V (ki L) + #2U Ge;al)S(k; SL) + z—i_T(xiaL) T(kiBL)] *

* [i—?T(xiaL)T(kiﬁL) + k2 SGt;al) U(k; BL) + w;ik;V (e;al)V(k; BL) + #2U (;al.) S(kiﬁL)] _

L

(13)

_ [i_ T(¢; aL)U(k;BL) +k;SCGe;al)V (ki BL) + 3; V (3;aLl) S(k; BL) + ’;— U(x;al) T(ki[)’L)] X
x |[k3SGe;al)T (ki BL) + 3k 2V (ezal) U (ki BL) + 12 k;UGezal) V(k;BL) + w2 T (e;aL)S(k; BL)| = 0

The roots of equation (13) are the countless row of
values k. and x. In order to solve the equation, we
introduce the relation k. = ¢, . Here ¢ is constant
value. For each root value k, and » a certain
angular frequency of natural transverse vibrations
corresponds.

Using expression (4), we obtain a formula for
determining @, circular frequencies of natural
transverse vibrations of a part of a beam al on an
elastic foundation:

| EIA, | r
Wiy = 4 + - ’
plal)*  p

where A= »xo0l, and i = 1, 2, 3 efc. — frequency
sequence number.
For a part of the beam fL without a base, using (6),

we get:
) | EIX;,
“ Vu(prL)®
where 4, =k fL.
Let us determine the natural angular frequencies of
transverse vibrations of the beam parts oL on the base

and BL without the base, which form the spectra o,
<w, <.<o ando, <ov,<.<o,.

(14)

(15)

To determine the modes of natural vibrations, we
substitute the values of the roots value &, and x, into

the solution of the first equation (11), which will
determine the values of the relative ordinates i-th of
that form of natural vibrations.

The second stage.

Let us determine the natural angular frequencies and
forms of transverse vibrations, taking into account
the own weight and the added mass m at point d
(Figure 2).

A P

oL BL

Figure 2. Beam with added mass m,.

For an arbitrary section of the beam in the first section
0 <x, <al displacements and forces are determined
by equations (9) only up to the point of application
of the mass. For x, > d free vibrations of the beam
occur with the inertial force /. At point d we add the
inertial force / and compose the system of equations:
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N

Y1:i(%1) = Y10 (%) + mT(’f 1X1) t 5 V(J’f (x, —d))

01i(x1) = y10i #;V (tix1) + 010:S 0t xl) + =5 U(K (%, —d)) \ (16)

My;(x,) = —EJy10; #7 U Gt;x1) — EJ Glﬂixiv(%ixl) - K—iT(in(xl - d))
Q1:(x1) = —EJy10; xigT(xixl) —Efeloii"fizU(%ix1) —1S(ti(xy —d)) )

where [ = myw? [yo SGed) + %T(xid)]. (17)

Further, we have composed formulas for determining
the deflections, angles of rotation, moments and shear
forces of the second section of the beam without
a bas.e. 0 <x, < BL using (9) and the conjugation
conditions:

;m@g:mmk@nmw@wﬂ+vwmmﬂ¢@w9+U@mmu&mg€+T@aDWknﬁﬂ

050 L T al)S(kixy) + SGaL) =T Ckixy) + V Grsal)U (kixy) 234U Gesal)V (i) - ]
V(k xz)

L

[V(x (aL — d)) 222 4 (o, (al — d)) oz m“ %) 1 T(oqy(al — d)) 2] "2) + 8Gty(al — dy) L2
6i(x2) = Y10i [kiS(Hi al) V(k;x;) + #;V (n;al) S(kixz) + k—‘ U(x;al) T(kixz) + k—‘_zT(HiaL)U(kixz)] +

+640 [%T(x- al) V(k;xy) + SGeal) S(kix,) + EV(}{L-(IL)T(I{-JCZ) + U(3;al) :—;U(k-xz)] +

ki V(k x3) S(k xz) T(kzxz) U(k xz)

+L [V(;fl (aL — d)) Y952 | o ar — @) 2852 | 7l — d)) 2922 4§00 (al — d)) L)
M,;(x3) = —EJyi0i [k-zS(}f- a:L)U(k‘xZ) + #;k; V(x‘aL)V(k-xz) + 3] U(}f-aL)S(k-xz) +—_T(x,-a:L) T(kixz)] —
—EJ0.4i [ TG al)U(kix,) + kiSGeal )V (kixz) +#; V0gaL) SUepn) + 2 U(x aL) T (k)| -

——[kZV(xl(crL AU (ki) + kiU eyl — AV (ki) + 12T Gty(al — d)SCkixy) + 2 5(;{ (aL — d))T (k; xz)]
Q2 (x3) = —EJy10i[k3SGt;al)T (kyxz) + 3:k2V (e;al) U (kyxy) + 22 kU (3e;l) V (kix) + x3T(x1crL)S(ka2)]
—EJ0,4; [";3 T(Ge;al)T(k;xy) + kZ SGeyal) Ukixy) + sk V (Geal)V(kix,) + 22U (yal) s(kixz)] —
- ;_3 (k3T (ke;x2)V (ei(al — d)) + 3¢; kU (e )U G (al — d)) + e le;V (k)T Gt (@l — d)) + 13 S(kixz) S (i (el — d))]

We denote:
ay = [kZS e al)UGeBL) + xiks VOial)V (L) + xPU Geial)S (L) + 2 TGeal) T(k L))
az = [i_iT(x,; al)U(k;BL) + kiSCGuyal)V (kiBL) + 3; V (ial) S (ki BL) + %U(Hi“m kL)
as = [k2V(xi(aL — d)UUGBL) + xik:U (ei(al — W (L) + 32T Ges(al — d)S(kBL) +
+22 S0ty (al, = YT (kifL) |

ay = [k3SGeal )T (kiBL) + 3k 2V Geyal) Uk L) + w2 kiU Geyal) V(ki L) + 3T (Ge;al)S(k; BL) )

as = [i—f T(e;al)T (ki BL) + kZ S(ezal) U(k: BL) + ik V (e;al )V (ki BL) + 12U (3t;al) S(ki[)’L)];
ag = [k3T(k;BLIV (i (al — d)) + w; K2U(k; BLYU (i (el — d)) + 12k V(k; BL)T Gy (al — d)) +
+x2S(k; BL)S (i (al — d))).
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Using the boundary conditions on the right edge (8)
atx, = BL, taking into account the inertial force 7 (17),
we obtain the system of equations:

Vioi [a1 =

S(x d)ag] + 040; [az e maf T(x d)a3] =10

Yevgeny V. Leontiev

(19)
Yioi [a4 + H; L S(x; d)as] + 610 [as + i L T("f d)as] =0
The determinant of this system:
D= [al 4 DA (1 +— )S(J{ d)ag] [a5 4 Tk (1 +— )T(;fid)aﬁ] -
u E; EJ (20)
— [az + 0% +- )T(x d)ag] [ + 0% +- )s(x d)aﬁ]

Defining a set of values k, and » we perform
introducing constant ¢. Using expressions (14) and
(15), we determine the values w_ circular frequencies
of natural transverse vibrations of a part of the beam
aL on an elastic foundation and the values w,, for part
of the SL beam without base.

In order to determine the modes of natural vibrations,
the values of the roots £ and s substitute in the
solution of the first equation (18), which determines
the values of the relative ordinates of i-th form of
natural vibrations.

The third stage.

Let us determine the efforts under the action of a
dynamic load F(¢) = F sin yt, applied at an arbitrary
point d (Figure 3) for the same beam.

P ¥*{x)
0

ET

al. SL

E |

ik
Figure 3. Beam with dynamic force F(t)

Let's return to the differential equation of forced
vibrations of the beam (1). We assume that the
disturbing force acts according to the law g(x,7) = g(x)
sin y¢. Assuming that forced vibrations also change
according to a harmonic law:

Y(x,2) = p(x)sin (1), o2y

we obtain an inhomogeneous differential equation of
forced vibrations of a beam on an elastic foundation:

¢" (x) + 2 p(x) = q(x), (22)
(23)

For a beam without a base, the inhomogeneous
differential equation of forced vibrations takes the
form:

0" (x) + K p(x) = q(x) ,
where: k“:“—YZ,

EI

We have obtain the general solutions of the
inhomogeneous equations (22) and (24) as the sum
of the general solutions of the homogeneous equation
and the particular solution, which depends on the
type of load. Further, using the method of initial
parameters, we have obtain universal formulas for
determining deflections, angles of rotation, moments
and shear forces for an arbitrary section of the beam
in the general case of the action of a disturbing load
q(x,1).
We use the values of the boundary conditions on the
left and right edges of the beam (8).
For an arbitrary section of the beam in the first section
0 <x, <al, that located on an elastic foundation and
under the action of a dynamic load F(¢), that applied
at an arbitrary point d, displacements and forces are
determined by the equations:

(24)
(25)
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e
V1i(%1) = ¥10i SOt %,) + t9101 T(J’f x1) + S[:E};t Vs (x, —d)] A

601 (x1) = Y10i #:V (Ot3%1) + 91015(” X)) +——— Fsmw U[ % (x; —d)] | (26)

My;(x1) = —EJy10i #FUGtix1) — EJ 910iHiV(%ix1) — FsmytT[ (x; —d)]
Q1:(x1) = —EJy10:i %?T(%ixﬂ —E]910i7’fizU(7‘fix1) — Fsinyt S[x; (x; — ad)]/

In the second section of the beam without a base
0 < x, < BL the displacements and forces for an
arbitrary section are determined by (10). Using
the conditions of conjugation of the sections and,
expressing the displacements and forces of the second
section through the initial parameters of the first
section, we get:

y2i(e2) = Yo [SGal) SChi) + ELV Geiad) Tkis) + 22U Gal)U ki) + ﬁm-anwk-x»]
+010; [i TGaal) S (ki) + - SGral) Tlhin) + 5V Gal)U ki) + 5 U(x L)V (k; xz)]

+Fs;;,yt[ [xl(ai. d)]S(k x )+ l(ch d)] T(kx )+ xl(a: )] e )+S[x[ (al—d)] vk, xz)]

0,,(x2) = Y10 [kiS(}fiCtL) V(k;xy) + 3,V ;) S (e yxcp) + -+ U(}If'ﬂfL)T(k'Xz) + —T(x-a'L)U(k-xg)] +
+6,0; [;T(;»:lcrl.) V(kixs) + S(Geal)S(ky) + 2 V(J{lcrL)T(k x;5) + U(xlaL)U(k xz)]
+ Lt PPl ) + LA ) 4 Ll T(kixz) + BBy )| @7)
Myi(x) = ~Elysoq [kESGral)UCkiy) + iV Geial)V (k) + 33U Geal)S () + 2L T Grial )T ey —
~EJy0; [ TG al)U(kixy) + kS Grial)V (kixs) + 5,7 Geaal) S Geexey) + 2 U Graal )T (ks -

_ F.:: vt [kizU(kixg)V[Hi(aL — )] + #; k) V (kix) Ui (al — d)] + 22T [ (al — d)]1S(k;x,) + +%S[x{- (aL — d)]T(kixz)]

Qi (x2) = —EJy10ik} T (kix)S (eial) + 3k 2U (kixy )V (ezal) + #7kV (ki) U Geial) + 378 (ki )T ()] —

~EJ8r01 [T al)T (ki) + PV Ghixs)SGria) + ki Gal)V ki) + 12U Geia)Seixs) | =

— B 3T (e )V i (el — )] + ke PU L (al. — d)] U (ki) + #2kV )Ty (al, — d)] + +#3S (e )S bl — )]

We denote:
a, = [k-z.S‘(x-aL)U(k-ﬁ’L) + 3k V G al)V (ki BL) + #2U Geal)S (ki BL) + x—?T(x-aL)T(k-ﬁL)]'
= [ LT Gy al)U(kiBL) + kiSGeial)V (kiBL) + x;V il )S (ki L) + 2 U(x al)T(k, ﬁL)]
[ U LYV [ (aL — d)] + w; le;V (I BLYU [ (L — d)] + »; T[xl(al. d)]S(k;BL) +
+

gs[x (aL — DT (kL))
= [K3T (e BL)S Geyal) + w;kFU (e, BLYV (i) + w2k V(k;i BLYU Geyael) + w2 S(k; BL)T (i) );
L{ET(}{I al)T (ki BL) + k2U (ki fL)S (i) + sik;V Geyal)V (ki BL) + 2U Gegal)S(k; ﬁL)]
ag = [k3T(k BL)V[x;(aL — d)] + xik2Ux;(al — d) U (ki L) + 2 k;V(k; SL)T [3; (L — d)] +
+33S(kiBLYST; (L — )] |-

Volume 16, Issue 3, 2020 41



Using the boundary conditions on the right edge
(8) for x,= BL, we obtain a system of equations for
determining y . and 0, :

— Fsinyt
a, y10f+a2910f:W03
_—Fsinyt (28)
a4y10f+a5910f_W06

Using (26) and (28), at a given frequency of forced
oscillations y, we determine » and £:

Jpy’—r
w=y L,

29
EJ 2
2
_4py
k_JEJ G0)

Applying equations (26) and (27) taking into account
certain values of the roots » and &, that corresponds
to given frequency y of forced vibrations, and values
of F(#), we have determine forces in the beam under
forced vibrations.

3. RESULTS AND ANALYSIS

Initial for calculations: beam width h=1.25 m, height
h=1.5 m, length L=12.0 m, elasticity modulus of
material £=2,1x10° t/m?, modulus of subgrade
reaction 7,=5000 t/m’, force F=10.0 t, mass m, =
Flg=1.0194 t.

At the first and second stages, according to the results
of calculations of the beam with al = fL, the values
of the roots », and k, of the equations (13) and (20)
are adopted such that ¢ from k, = ¢, equal 0.5; 1.0
and 2.0. Also, the value ¢, is taken from the condition
of equality of natural frequencies of transverse
vibrations @, = w, of two parts of beam. Root values
», and k, indicated in column 7 of tables 1 and 2 for a
beam on a full base are defined in [15], in column 8
for a beam without a base — in [14]. The calculation
results are presented in table 1.

At the first stage, the first three modes of beam
vibrations were constructed with al. = pL without
added mass m, (Figures 4, 5 and 6) corresponding
to natural frequencies for ¢.

Further, at the second stage, according to the results
of calculations of a beam with an added mass m,
located in a quarter of the beam d = L / 4 at al =
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Epath, 3
e
RIS S, rriy
______ B e = —

0 1:2 2,4 3,6 4,8 6 72 8,4 9,6 10,8
Figure 4.1st mode of vibration with aL = L
without mass m,

===-05 =-=10 == >1,0 —2 e

0 1:2 2,4 3,6 4,8 6 72 8,4 9,6 10,8
Figure 5.The 2nd mode of vibration at oL = BL
without mass m,

I
O = N W b

0 1;2 2,4 3,6 4,8 6 72 8,4 96 10,8

Figure 6.The 3rd mode of vibration at al. = L
without mass m,

Table 1. Roots and natural angular frequencies (rad
/ sec) of transverse vibrations for al=f.

E;j =

s §%|E 3

05 | 10 | " |20 EB| g8
K] S <
3 M &

1 2 3 4 5 6 7 8
xy [0.5264] o [0.3762(0.2632[03942] -
3| ki [02632] " ""7[0.4108[0.5264] - |0.3942
E | 25471617 | o | 1562 1617 | -
~ (| 594 1333 | ““°7 3758 - [1333

o | %, | 0.8739 0.6507]0.4369] 0.6544] -
B [k, | 0.4369] “* 0.6582[08738] - |0.6544
E wr| 6614 | 3785 sgr 2574 (3785 -
w1637 | 3673 | °°"° [10355] - 3673
» [a|12566] o 109149]0.6283[0.9163] -
g | ks |0.6283) °° °°[0.9177/1.2566] - |0.9163
E [ w(13575] 7260 142 3497 [ 7260 | -
w| 338.6 | 7202 “[21a16] - [7202
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BL, we obtain the values of the roots » and k. The
calculation results are presented in Table 2.

The first three modes of vibrations of the beam
are constructed for al. = L with the added mass
ml located at the point d = L / 4. Vibration modes
corresponding to natural frequencies for ¢ are
presented in Figures 7, 8 and 9.

0 12 2,4 3,6 4,8 6 7,2 8,4 9,6 108

Figure 7. 1st mode of vibration at oL = L with
mass m, at pointd =L /4

----05 ---10 - - >1,0 —2 s

0 12 2,4 3,6 4,8 6 72 84 9,6 108

Figure 8. 2nd mode of vibration at aL = BL with
mass m, at pointd =L /4

Table 2. Roots and natural angular frequencies (rad
/'s) of transverse vibrations at al = f with mass m_
atpointd=L/4

= £ | 8
S AR
05 | 1.0 Il 20 g28| g8
3 53 =
3 - A
L[ 2] 3 4 51 6 7] 8
xy [04927] . 0.3034]0.2042[0.3925 [ -
[k, [02463] ~°7[03607]04085] - [0.3942
£ o 35210 1978 | 1370 1607 -
~ | 823 1538 "7 2263] - | 1333
o | (08466] o [0.6477(04168]0.6358] -
g | ky 0,4233] 777 [0.6553[0.8336] - [0.6544
E w9800 590.1 sgp5| 2666 3586 -
w | 2430] 5767 %77 9424 - [ 3673
o | % |1.3749 088 | 0.62 [0.8936] -
2 | ke |0.6874 055 08831 124 | - [09163
2 [ 2565.7] 10643 1057713361 [691.0 | -
w | 640.8[1057.0] - '"'[20853] - [7202
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Figure 9. The 3rd mode of vibration at o = L
with mass m, at pointd = L/ 4

At the third stage, an example with the same beam
under the action of a disturbing force F=10.0 t,
applied in the points d=L/2 and d=L/4 is considered.
Forced vibration frequencies are y =220 rad/s and
7,=400 rad/s. The displacements and forces in the
beams are determined at various values aL. The
figures 10—13 show the bending moment plots.

M3rnGarommmit MOMEHT (Tc*M) Gankn L=12 M
36 48 6 7,2 8,4 96 108 12

120
140

ol=1,0

= = al=0,75

al=0.5

Figure 10. Diagrams of bending moments under
the action of the force F (t) at the pointd = L/ 2 at
y, =220 rad/s

HWsruGarommii MoMeHT (Te*M) Gankn L=12 M

Figure 11. Diagrams of bending moments under
the action of the force F (1) at the pointd =L/ 2 at
Y, =400rad /s
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WsruGaromuii MoMeHT (Te*M) Gankn L=12M
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Figure 12. Diagrams of bending moments under
the action of the force F (t) at the pointd = L/ 4 at
Y, =220rad/s

Analysis of the calculation results of the third stage
allows us to draw the following conclusions.

The action of a disturbing force in the middle of
the beam (d = L / 2) with a frequency of forced
vibrations y = 220 rad / s, close to the frequency of
natural vibrations (for o, = w,) for the first mode
of vibration, leads to an increase in displacements
and efforts in sections of the beam more than three
times when excluding part of the base from the work.
Under similar conditions, the action of a disturbing
force with a forced vibration frequency y = 400 rad
/'s, close to the natural vibration frequency for the
second form, does not lead to a significant change in
the forces in the beam sections when part of the base
is excluded from operation.

The action of a disturbing force in a quarter of the
beam (d = L/4) with a frequency of forced vibrations
y = 220 rad/s and y = 400 rad/s, when part of the
base is excluded from the work, does not lead to a
significant change in the forces in the beam sections.

4. CONCLUSIONS

1) under different conditions of support of the
"beam-base" system, different frequencies of natural
vibrations based on the results of calculating the roots
of the secular equation can correspond to different
parts of one beam. The values of the roots that
determine the main modes of vibration of the beam
as a whole are the values of the roots for a part of the
beam on the base, while the natural frequency of the
transverse vibrations of the part of the beam on the
base is greater than or equal to the natural frequency
of vibration of the part of the beam without the base;
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M3rubaromiii MOMeHT (Tc*M) Gamku L=12 M

Mo wao oo &bk

—_

olL=1,0

- — olL=0,75 al=0.5

Figure 13. Diagrams of bending moments under
the action of the force F (t) at the pointd = L /4 at
Y, =400 rad /s

2) under different conditions of support of the "beam-
base" system, the values of the natural frequencies of
transverse vibrations can be equal for different modes
of vibration of two different parts of the beam. In this
case, the action of a disturbing force with a frequency
of forced vibrations equal to the frequency of natural
vibrations leads to the formation of resonance for
each of the two different modes of vibration of each
part of the beam;

3) with the application of an additional mass m1 at
the beam point, the vibration frequencies change its
values. If the mass of the system increases, then the
vibration frequencies of the system decrease and vice
versa that corresponds to a similar conclusion for a
beam on a full base [15];

4) when performing a dynamic calculation, it is
necessary to consider all possible options for the
application of masses, taking into account the points
of their location in combinations with options for
changing the conditions for supporting the beam on
an elastic foundation. The number of determined
frequencies and modes of natural vibrations for
beams on an elastic foundation should not be less
than two;

These conditions must be taken into account when
analyzing the dynamic behavior of a structure under
the action of variable loads in the event of a change
in the conditions of bearing on an elastic foundation.
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