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1. INTRODUCTION

In order to fulfill the requirements of mechanical 
safety of buildings and structures, which are 
regulated by law [1] and have been developed in 
modern normative and technical documents [2, 3], 
it is urgent to study structural systems that change 
the design scheme for various reasons during local 
destruction [4, 5, 6]. Taking into account the affecting 
of sudden local destruction on the stress-strain state 
and dynamics of structures is an urgent need for 
predicting their work and assessing the bearing 
capacity and / or stability. Such structural systems 
include structures lying on the ground, which can 
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be considered in their design as beams on an elastic 
foundation. To date, there are a number of works 
[7, 8, 9] devoted to the study of dynamic processes 
caused by the sudden formation of defects in beams 
with partial support on an elastic foundation.

2. MODELS AND METHODS

We consider a "beam-base" system, in which the beam 
was initially completely on an elastic foundation, but 
when a defect suddenly formed under a part of the 
beam, the base was excluded from power work of 
this structure (Figure 1). Figure 1 shows that the 
left side of the beam with length αL is located on an 
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elastic foundation with a constant coefficient r0, the 
right side of the beam with length βL is cantilever. 
It is of interest to solve the problem of determining 
the natural frequencies and forms of transverse 
vibrations of a beam with free edges, in the case of 
an added mass m1 and a dynamic load F(t) applied at 
an arbitrary point d when a part of the base under the 
right part of the beam suddenly has been excluded.
The differential equation of forced transverse 
vibrations of a beam on an elastic foundation of 
constant cross-section, taking into account the 
resistance forces for any law of change of the 
disturbing force q(x, t), has the form [9–11]:

						            (1)

where E is elasticity modulus of a beam material; 
I is inertia moment of a beam cross section, y(x,t) is 
transverse deflection of the beam axis in the section 
x; q(x,t) – disturbing load that changes its value in 
time t; μ = q/g: q – evenly distributed load (dead load) 
attached along the beam; g – acceleration of gravity; 
α – coefficient characterizing internal friction of 
material; r0by(x,t) – the intensity of the reaction of the 
elastic Winkler foundation that varies its values along 
the length of the beam [10, 11, 12]; r0 – modulus of 
subgrade reaction; b – width of the beam.
We solved the problem in three stages using the 
method of initial parameters.
At the first stage, we determined the natural transverse 
vibrations of the beam taking into account its own 
weight, and at the second stage – taking into account 
its own weight and the added mass m1. At the third 
stage, we solved the problem taking into account 
the disturbing force, which varies in time according 
to the harmonic law F(t) = F sin yt and is applied at 
an arbitrary point d. Here: F is the amplitude value 
of the disturbing force; γ is the angular frequency of 
change in the disturbing force.

The first stage.

Let us determine the circular frequencies and forms 
of natural transverse vibrations of a beam with free 
edges of length L and flexural rigidity EI (Figure 1).

It is known [13] that the dissipation of vibration energy 
on the frequencies and modes of natural vibrations of 
building structures affects only slightly, attenuation in 
their calculations is usually neglected.
A simple periodic solution to the equation of natural 
vibrations of the beam (1) is the main vibration, which 
changes according to the harmonic law:
                       y(x,t) = φ(x) sin(ωt + α),                (2)

where φ(x) – function that establishes the distribution 
law of the maximum deviations of the points of the 
beam axis from the equilibrium position; α – initial 
phase of oscillation; ω = ωϰ – the circular frequency 
of natural transverse vibrations of the beam at the base, 
and ω = ωk – circular frequency of natural transverse 
vibrations of a beam without a base, (rad / s).
Using the method of separation of variables, problem 
(2) can be reduced to the equation of natural vibrations 
for the left side of the beam αL on the basis of:
                             φIV (x) + ϰ4φ(x) = 0 ,                 (3)

where we accepted designation: 

				                                     (4)

For the right side of the beam βL without a base, the 
equation of natural vibrations is:
                             φIV (x) + k 4φ(x) = 0 ,                   (5)
where we accepted designation:

		                               .                          (6)

The solution of equations (3) and (5) is conveniently 
represented in the form of Krylov functions:

						              (7)

Figure 1. Beam with free edges, the left part of 
which αL is located on an elastic foundation.

Yevgeny V. Leontiev



37Volume 16, Issue 3, 2020

Using the conditions of conjugation of the sections 
αL and βL, we express the displacements and forces 
of the second section through the initial parameters 
of the first section:

where λ = ϰ corresponds to the beam laying on an 
elastic foundation and λ = k corresponds to the beam 
without foundation. 
Let us write down the values of the boundary 
conditions for a beam with free edges on an elastic 
foundation:

						              (8)
 

For an arbitrary section of the beam in the first 
section 0 ≤ x1 ≤ αL, which is located on an elastic  
foundation, displacements and forces are determined 
by the equations:

						             (9)

Here i=1, 2, 3, etc. 
In the second section of the beam without a base
0 ≤ x2 ≤ βL displacements and forces for an arbitrary 
section are determined:

Transverse Oscillations of the Beam on an Elastic Base if the Boundary Conditions Change
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Using the boundary conditions on the right edge (8) 
at x2 = βL, we obtain the system of equations:

For a nontrivial solution of equations (12), it is 
necessary that the determinant, composed of the 
coefficients at arbitrary constants EJ y10 and EJ θ10i, 
be equal to zero: 

 
 
The roots of equation (13) are the countless row of 
values ki and ϰ. In order to solve the equation, we 
introduce the relation ki = εi ϰi. Here ε is constant 
value. For each root value ki and ϰ a certain 
angular frequency of natural transverse vibrations 
corresponds.
Using expression (4), we obtain a formula for 
determining ωiϰ circular frequencies of natural 
transverse vibrations of a part of a beam αL on an 
elastic foundation:

					                      (14)

where λiϰ = ϰiαL, and i = 1, 2, 3 etc. – frequency 
sequence number.
For a part of the beam βL without a base, using (6), 
we get:
 						          (15)

where λik = ki βL. 
Let us determine the natural angular frequencies of 
transverse vibrations of the beam parts αL on the base 
and βL without the base, which form the spectra ω1ϰ 
< ω2ϰ <...< ωnϰ and ω1k < ω2k <...< ωnk. 
To determine the modes of natural vibrations, we 
substitute the values of the roots value ki and ϰi into 

the solution of the first equation (11), which will 
determine the values of the relative ordinates i-th of 
that form of natural vibrations.
The second stage.
Let us determine the natural angular frequencies and 
forms of transverse vibrations, taking into account 
the own weight and the added mass m1 at point d 
(Figure 2).

For an arbitrary section of the beam in the first section 
0 ≤ x1 ≤ αL displacements and forces are determined 
by equations (9) only up to the point of application 
of the mass. For x1 > d free vibrations of the beam 
occur with the inertial force I. At point d we add the 
inertial force I and compose the system of equations:

Figure 2. Beam with added mass m1.
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Further, we have composed formulas for determining 
the deflections, angles of rotation, moments and shear 
forces of the second section of the beam without 
a base 0 ≤ x2 ≤ βL using (9) and the conjugation 
conditions:

 We denote:

Transverse Oscillations of the Beam on an Elastic Base if the Boundary Conditions Change
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Using the boundary conditions on the right edge (8) 
at x2 = βL, taking into account the inertial force I (17), 
we obtain the system of equations: 

The determinant of this system:

Defining a set of values ki and ϰ we perform 
introducing constant εi. Using expressions (14) and 
(15), we determine the values ωiϰ circular frequencies 
of natural transverse vibrations of a part of the beam 
αL on an elastic foundation and the values ωik for part 
of the βL beam without base.
In order to determine the modes of natural vibrations, 
the values of the roots ki and ϰ substitute in the 
solution of the first equation (18), which determines 
the values of the relative ordinates of i-th form of 
natural vibrations.

The third stage.
Let us determine the efforts under the action of a 
dynamic load F(t) = F sin yt, applied at an arbitrary 
point d (Figure 3) for the same beam. 

Let's return to the differential equation of forced 
vibrations of the beam (1). We assume that the 
disturbing force acts according to the law q(x,t) = q(x)
sin yt. Assuming that forced vibrations also change 
according to a harmonic law:

                          y(x,t) = φ(x)sin (yt),                     (21)

we obtain an inhomogeneous differential equation of 
forced vibrations of a beam on an elastic foundation:
                          φIV (x) + ϰ4 φ(x) = q(x),                   (22)

where:   .                                			       (23)

For a beam without a base, the inhomogeneous 
differential equation of forced vibrations takes the 
form:
                       φIV (x) + k4 φ(x) = q(x) ,                (24)

where: .                                       		      (25)

We have obtain the general solutions of the 
inhomogeneous equations (22) and (24) as the sum 
of the general solutions of the homogeneous equation 
and the particular solution, which depends on the 
type of load. Further, using the method of initial 
parameters, we have obtain universal formulas for 
determining deflections, angles of rotation, moments 
and shear forces for an arbitrary section of the beam 
in the general case of the action of a disturbing load 
q(x,t).
We use the values of the boundary conditions on the 
left and right edges of the beam (8).
For an arbitrary section of the beam in the first section 
0 ≤ x1 ≤ αL, that located on an elastic foundation and 
under the action of a dynamic load F(t), that applied 
at an arbitrary point d, displacements and forces are 
determined by the equations:

Figure 3. Beam with dynamic force F(t)
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In the second section of the beam without a base
0 ≤ x2 ≤ βL the displacements and forces for an 
arbitrary section are determined by (10). Using 
the conditions of conjugation of the sections and, 
expressing the displacements and forces of the second 
section through the initial parameters of the first 
section, we get:

 We denote:

Transverse Oscillations of the Beam on an Elastic Base if the Boundary Conditions Change
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Using the boundary conditions on the right edge 
(8) for x2 = βL, we obtain a system of equations for 
determining y10i and θ10i:
    

						           (28)

Using (26) and (28), at a given frequency of forced 
oscillations γ, we determine ϰ and k:

 					                        (29)

					                            (30)

Applying equations (26) and (27) taking into account 
certain values of the roots ϰ and k, that corresponds 
to given frequency γ of forced vibrations, and values 
of F(t), we have determine forces in the beam under 
forced vibrations. 

3. RESULTS AND ANALYSIS

Initial for calculations: beam width b=1.25 m, height 
h=1.5  m, length L=12.0  m, elasticity modulus of 
material E=2,1х106  t/m2, modulus of subgrade 
reaction r0 =5000  t/m3,  force F=10.0  t, mass m1 = 
F/g= 1.0194 t.
At the first and second stages, according to the results 
of calculations of the beam with αL = βL, the values 
of the roots ϰi and ki of the equations (13) and (20) 
are adopted such that εi from ki = εiϰi equal 0.5; 1.0 
and 2.0. Also, the value εi is taken from the condition 
of equality of natural frequencies of transverse 
vibrations ωiϰ = ωik of two parts of beam. Root values  
ϰi and ki, indicated in column 7 of tables 1 and 2 for a 
beam on a full base are defined in [15], in column 8 
for a beam without a base – in [14]. The calculation 
results are presented in table 1.
At the first stage, the first three modes of beam 
vibrations were constructed with αL = βL without 
added mass m1 (Figures 4, 5 and 6) corresponding 
to natural frequencies for ε.
Further, at the second stage, according to the results 
of calculations of a beam with an added mass m1 
located in a quarter of the beam d = L / 4 at αL = 

Table 1.  Roots and natural angular frequencies (rad 
/ sec) of transverse vibrations for αL= β.

Figure 4.1st mode of vibration with αL = βL 
without mass m1

Figure 5.The 2nd mode of vibration at αL = βL 
without mass m1

Figure 6.The 3rd mode of vibration at αL = βL 
without mass m1
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βL, we obtain the values of the roots ϰ and ki. The 
calculation results are presented in Table 2.
The first three modes of vibrations of the beam 
are constructed for αL = βL with the added mass 
m1 located at the point d = L / 4. Vibration modes 
corresponding to natural frequencies for ε are 
presented in Figures 7, 8 and 9.

At the third stage, an example with the same beam 
under the action of a disturbing force F=10.0  t, 
applied in the points d=L/2 and d=L/4 is considered. 
Forced vibration frequencies are γ1=220  rad/s and 
γ2=400 rad/s. The displacements and forces in the 
beams are determined at various values αL. The 
figures 10–13 show the bending moment plots.

Table 2. Roots and natural angular frequencies (rad 
/ s) of transverse vibrations at αL = β with mass m1 
at point d = L / 4

Figure 7. 1st mode of vibration at αL = βL with 
mass m1 at point d = L / 4

Figure 8. 2nd mode of vibration at αL = βL with 
mass m1 at point d = L / 4

Figure 9. The 3rd mode of vibration at αL = βL 
with mass m1 at point d = L / 4

Figure 10. Diagrams of bending moments under 
the action of the force F (t) at the point d = L / 2 at 

γ1 = 220 rad / s

Figure 11. Diagrams of bending moments under 
the action of the force F (t) at the point d = L / 2 at 

γ2 = 400 rad / s

Transverse Oscillations of the Beam on an Elastic Base if the Boundary Conditions Change
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Analysis of the calculation results of the third stage 
allows us to draw the following conclusions.
The action of a disturbing force in the middle of 
the beam (d = L / 2) with a frequency of forced 
vibrations γ = 220 rad / s, close to the frequency of 
natural vibrations (for ωiϰ = ωik) for the first mode 
of vibration, leads to an increase in displacements 
and efforts in sections of the beam more than three 
times when excluding part of the base from the work. 
Under similar conditions, the action of a disturbing 
force with a forced vibration frequency γ = 400 rad 
/ s, close to the natural vibration frequency for the 
second form, does not lead to a significant change in 
the forces in the beam sections when part of the base 
is excluded from operation.
The action of a disturbing force in a quarter of the 
beam (d = L/4) with a frequency of forced vibrations
γ = 220 rad/s and γ = 400 rad/s, when part of the 
base is excluded from the work, does not lead to a 
significant change in the forces in the beam sections.

4. CONCLUSIONS

1) under different conditions of support of the 
"beam-base" system, different frequencies of natural 
vibrations based on the results of calculating the roots 
of the secular equation can correspond to different 
parts of one beam. The values of the roots that 
determine the main modes of vibration of the beam 
as a whole are the values of the roots for a part of the 
beam on the base, while the natural frequency of the 
transverse vibrations of the part of the beam on the 
base is greater than or equal to the natural frequency 
of vibration of the part of the beam without the base;

2) under different conditions of support of the "beam-
base" system, the values of the natural frequencies of 
transverse vibrations can be equal for different modes 
of vibration of two different parts of the beam. In this 
case, the action of a disturbing force with a frequency 
of forced vibrations equal to the frequency of natural 
vibrations leads to the formation of resonance for 
each of the two different modes of vibration of each 
part of the beam;
3) with the application of an additional mass m1 at 
the beam point, the vibration frequencies change its 
values. If the mass of the system increases, then the 
vibration frequencies of the system decrease and vice 
versa that corresponds to a similar conclusion for a 
beam on a full base [15];
4) when performing a dynamic calculation, it is 
necessary to consider all possible options for the 
application of masses, taking into account the points 
of their location in combinations with options for 
changing the conditions for supporting the beam on 
an elastic foundation. The number of determined 
frequencies and modes of natural vibrations for 
beams on an elastic foundation should not be less 
than two;
These conditions must be taken into account when 
analyzing the dynamic behavior of a structure under 
the action of variable loads in the event of a change 
in the conditions of bearing on an elastic foundation.
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