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1. INTRODUCTION

The plates having a circular form and consisting of 
two or a few parts with various laws of thickness 
variation are under consideration. Such plates occur 
as constructive elements in modern buildings and 
structures. Their separate parts may be made from 
the same or different materials. These materials can 
be homogeneous or inhomogeneous, isotropic or 
anisotropic. In the places of the sections conjugation 
the plate’s thickness can be continuous or it has a 

discontinuity. The analytical methods of the such 
construction computation, specifically connected 
with the theory of the special functions, are not 
yet developed. The work [1] is to be mentioned. In 
this work the foundation slab, resting on an elastic 
subgrade, was under consideration. The plate’s inner 
part has variable thickness, the outer part has the 
constant thickness. The solutions were received in 
terms of Bessel functions. The present work considers 
the bending of the combined plate with the piecewise 
variable thickness. The solutions are obtained in 
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the closed form in terms of the Lagerr’s orthogonal 
polynomials and the confluent functions.

2. THE STATEMENT OF THE PROBLEM

The works, in which to the circular plates of variable 
and constant thickness analysis the theory of the 
special functions is used, are known in literature, for 
example [2], [3], [4].
Let us go to the consideration of the combined plates 
which were described above (Fig.1).
The differential equation, describing the symmetric 
bending of the circular orthotropic plate with the 
varying thickness, has the form [3], [4]:

             (1)

here                      , σ is the Poisson’s ratio, the parameters  

n2 = n1n2 are determined by the following expressions:

            .          (2)

For isotropic plate n1 = n2 = 1.
Let us write:
                           – ∫ qzrdr + C = Qrr.                    (3)

The stresses in the orthotropic circular plate of 
variable thickness are determined from the following 
expressions:
  

            (4)

Introducing the independent argument:

            (5)

where α0, r0 – are the constants.
Substituting (5) into (1) we get, assuming qZ = 0:

               (6)

We consider the cases of symmetric bending of 
orthotropic circular plates of variable thickness which 
allow receiving the solution in terms of Lagerr’s 
orthogonal polynomials. Let us write the differential 
equation for Lagerr’s polynomials [5]:

            (7)

As the result we receive that the sought solution occur 
for the following law of flexural rigidity variation:

                            D = D0xα e–x ,           (8)
where
        α = –mn2 / σ2 ,  α0 = –σ / m .       (9)

Figure 1. The combined plates with the piecewise variable thickness
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The general solution of the homogeneous equation, 
corresponding to (6), is

           (10)

In the similar way we can get the solutions in terms 
of different polynomials, for example in Chebyshev 
or Hermite polynomials. However these laws have 
more restricted domain of definition than (8).
The following law of thickness variation, 
corresponding to the flexural rigidity (8), is

          (11)

The set of curves, corresponding to the profiles (11), 
can be built. In this case it must be taken into account 
that the Poisson’s ratio σ is limited (9).

3. THE COMBINED PLATE

The combined plate with piecewise thickness 
variation is under consideration. The proposed 
method will be shown on the example of the 
combined plate consisting of two parts. However 
the suggested method can be applied for combined 
plates, consisting of several parts, analysis. Let us 
assume that in our example the plate’s thickness is 
continuous in the place of joint (Fig.2).

The special auxiliary functions are introduced for 
the realization of the separate parts joint and for 
consideration of the action of discontinuous loads, 
distributed along the circles non-coinciding with the 
plate’s contour.
First we shall write the wronskian for the solutions (10):

          (12)

Next the Cauchy functions for the solutions (10) 
Y1(x1; x), Y2(x1; x) are to be obtained. The indicated 
functions are defined by the expressions:

Further the auxiliary functions ϑi (x1; x) (i = 1,2,3), 
which properties are described in [4], introduced into 
consideration are sought in the form:

             (14)

here ϑC is the particular solution of the inhomogeneous 
equation (6). In our case

          (15)

As a result we receive:

Figure 2. The combined plate consisting of two parts
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where

It should be noted that in consideration of the 
combined plates with the piecewise variable rigidity 
the Cauchy functions and the auxiliary functions ϑi 
are different for separate sections. It is valid since the 
each part has its law of thickness variation h(x) and 
its own parameters’ values. Therefore we introduce 
the appropriate notation Y(1), Y(1), Y(2), Y(2) and ϑ(1), ϑ(2).        1     2      1      2           i      i
Let that the combined plate, shown on the Fig.2, is 
made from the isotropic material that is n2 = 1. We 
assume that the Poisson’s ratio is σ = 1/3. The plate’s 
thickness in the first section when 0,5 ≤ x ≤ 1,0 is 
approximated by the formula (11) when m = 2. On 
the second section 1,0 ≤ x ≤ 2,0 the plate’s thickness 
is approximated by the same formula (11) when the 
parameter m = 1. The plate’s thickness in the place of 
the sections’ joint x = x2 = 1,0 is continuous.
We denote as ϑ0, M0, Q0 correspondingly the angle 
of rotation, the moment and the force on the inner 
contour of the plate. The expression for the angles of 
rotation for the first section x1 ≤ x ≤ x2 is

           (17)

For the second section when x2 ≤ x ≤ x3 the angles of 
rotation are determined by the formula

          (18)

where ϑ1(x1), M1(x1), Q1(x1) are received by the use 
of the formulae (17) and (4).
The expressions for the deflections can be also 
received. The proposed method can be successfully 

applied for the combined plates with the piecewise 
thickness variation consisting of several parts.

4. THE CONCLUSION

The work develops the analytical method of the 
combined plates with the piecewise variable thickness 
computation. The constructions under study have 
the circular shape and consist of several parts with 
different laws of thickness variation. These parts 
may be made from the same or from the different 
materials which can be isotropic or orthotropic. In 
the places of the separate sections joint the thickness 
can be continuous or discontinuous. For the receiving 
of the solutions the theory of the special functions is 
used. The solutions are obtained in closed form and 
expressed in terms of Lagerr’s polynomials and the 
confluent hypergeometric functions.
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