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INFLUENCE OF BUCKLING FORMS INTERACTION  
ON STIFFENED PLATE BEARING CAPACITY 

Gaik A. Manuylov, Sergey B. Kosytsyn, Irina E. Grudtsyna
Russian University of Transport (MIIT), Moscow, RUSSIA 

Abstract: The work is devoted to studying the influence of initial geometric imperfections on a value of the peak 
load for the compressed stiffened plate with the two-fold buckling load. The finite-element set MSC PATRAN –
NASTRAN was used for solving the set tasks. When modelling the stiffened plate, flat four-unit elements were 
used. Geometric non-linearity was assumed for calculations. The plate material was regarded as perfectly elastic. 
Buckling forces of stiffened plate at the two-fold buckling load were calculated (simultaneous buckling failure on 
the form of the plate total bending and on the local form of wave formation in stiffened ribs). Equilibrium state 
curves, peak load decline curves depending on initial imperfection values and the bifurcation surface were plotted. 
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ВЛИЯНИЕ ВЗАИМОДЕЙСТВИЯ ФОРМ ВЫПУЧИВАНИЯ 
НА НЕСУЩУЮ СПОСОБНОСТЬ ПОДКРЕПЛЕННОЙ 
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Аннотация: В работе исследовано влияния начальных геометрических несовершенств на величину 
максимальной нагрузки для сжатой подкрепленной пластины с двукратной критической нагрузкой. Для 
решения поставленных задач использовался конечноэлементный комплекс MSC PATRAN - NASTRAN.
При моделировании подкрепленной пластины использованы плоские четырехузловые элементы. Расчеты 
выполнялись с учетом геометрической нелинейности. Материал пластины считался абсолютно упругим. 
Рассчитаны критические силы подкрепленной пластины при двукратной критической нагрузке 
(одновременная потеря устойчивости по форме общего изгиба пластины и по локальной форме 
волнообразования в подкрепляющих ребрах). Построены кривые равновесных состояний, кривые падения 
максимальных нагрузок в зависимости от величины начальных несовершенств, а также бифуркационная 
поверхность.

Ключевые слова: устойчивость, подкрепленная пластина, бифуркация, 
начальные геометрические несовершенства, критическая сила

1. INTRODUCTION 

Stiffened plates are quite a widespread element 
of construction, machine-building, aviation and 
ship structures. Interaction of forms of buckling 
failure is an important factor at evaluation of 
post-critical equilibrium of thin-walled stiffened 
plates. Such interaction is manifested either in 
form of interinfluence of the plate total deflection 
as Eulerian rod and the local buckling failure of 

the lining (wave formation in the plate), or as in-
terinfluence of the abovementioned total deflec-
tion and wave formation at buckling failure of 
compressed ribs. Especially interesting in buck-
ling problems are stiffened plates with two-fold 
buckling loads corresponding to the simultane-
ous buckling failure both on the shape of total 
bending of the plate and on the form of local 
bending in form of wave formation of ribs for 
plates possessing open profile rib stiffeners; this 
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interinfluence considerably decreases the buck-
ling load А. Van Der Neut, М. Tvergaard, W. 
Fok, J. Rhodes, А. Walker, G. Hunt, М.Т. 
Thompson, A.I. Manevich, et al. devoted their ef-
forts to studying of the effect of forms interaction 
whereat bearing capacity of stiffened plates and 
shells would decline. In his doctor's thesis [19] 
A.I. Manevich described interaction effects of 
buckling failure forms for thin-walled stiffened 
structures using the non-linear stability approach. 
His results occurred to be of great interest: the 
wave formation of ribs decreased the buckling 
load of stiffened plates from 40% to 60%; this 
paper also demonstrates necessity to use the 
plate-like pattern of a rib.  In this paper, the au-
thors explored the phenomenon of influence of 
non-linear interinfluence of forms and initial ge-
ometrical imperfections on the buckling load. To 
plot equilibrium state lines in vicinity of the two-
fold semi-symmetric critical point, conceptions 
of the modern bifurcation theory and catastrophe 
theory were used. Earlier, on the base of 
V.Tvergaard’s solution for the wide integrally 
stiffened plate under compression, G. Hunt plot-
ted a bifurcation surface for a homeoclinal point 
of hyperbolic umbilic bifurcation. This surface is 
determined with the three parameters (the load 
parameter, and two imperfections parameters, 
that is, relative amplitudes of buckling failure 
partial forms). The mentioned two-fold semi-
symmetric critical point (homeoclinal point of bi-
furcation) is realized when the critical force for 
the general form of buckling failure as of Eu-
lerian rod is near or coincident in its value to the 
buckling load of wave formation local point [2]. 
It is related to the development direction of the 
stiffened plate general deflection toward ribs. At 
such deflection, a deflecting moment is generated 
which additionally loads the plate (shell) and un-
loads the ribs. However, if the general deflection 
develops in opposite direction, ribs under com-
pression will be additionally loaded, while the 
plate (shell), on the contrary, will be unloaded in 
terms of compression. In the case of total or near-
coincidence of buckling loads of the buckling 
and wave formation general form in the ribs, the 

near-critical equilibriums shall be described by 
another semi-symmetric two-fold bifurcation 
point, that is, by the anticlinal one [2] corre-
sponding to the elliptical umbilic catastrophe. In 
the paper [2] G. Hunt, while analyzing the paper 
[1], pointed out the possibility of occurring of the 
bifurcation anticlinal point, if the general deflec-
tion causes additional compression of ribs. We 
note here that studying of the stiffened plate be-
haviour near an unstable two-fold bifurcation 
point was dictated by the consideration that it 
was there where the ultimate sensitivity to initial 
imperfections was observed for majority of elas-
tic systems.   

2. PROBLEM FORMULATION 

The stability problem for the stiffened plate was 
solved by the finite elements’ method in geomet-
rically non-linear formulation. The plate had the 
following geometric parameters: 

�� Plate length: 86 cm,
�� Plate width: 36 cm,
�� δ = 0.155 cm, е = 0.342 cm,
�� J = 3.136 cm4,
�� bp = 0.1 cm, hp = 1.2 cm,

where δ – plate thickness, е – position of the cross 
section main central axis, J – moment of inertia in 
respect to the main central axis, 
bp – rib thickness, hp – rib height. 
The accepted boundary conditions: hinge support 
along short sides, with free longitudinal edges. The 
stiffened plate cross section is shown in figure 1. 
The finite-element model is built within the MSC 
PATRAN – NASTRAN calculation complex, with 
use of finite elements of shell type (4002 elements) 
(figure 2). The material was regarded perfectly 
elastic (Е=2·106 kg/cm2, μ = 0.3). 
The compressing load (four forces) has been ap-
plied in points of intersection of ribs symmetry axes 
and the cross section main central axis.
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Figure 1. The plate cross section.

Figure 2. Finite-element model.

3. STUDYING OF POST-CRITICAL EQUI-
LIBRIUM OF A STIFFENED PLATE 
WITH TWO-FOLD BUCKLING LOAD 

This paper is devoted to studying of the problem 
of interaction of buckling failure forms between 
the shape of the plate general bending and the lo-
cal shape of ribs wave formation. In practice, 
such a situation can occur, e.g., in bridges with 
continuous carriageways in form of a com-
pressed stiffened plate. The linear computation of 
stability showed that the buckling load corre-
sponding to the shape of plate buckling in form 
of Eulerian rod (Рэл = 7708 kg) is sufficiently 
close to the buckling load corresponding to the 

form of wave formation of ribs (Рв.р. = 7818 kg). 
The under-critical and initial post-critical equi-
librium was studied in the geometrically non-lin-
ear formulation; the following results were ob-
tained: 
�� as the compression load increases, the plate 

total deflection would develop downwards 
(i.e. in such a way that the ribs occur on the 
plate concave side and would receive addi-
tional compression).  

�� buckling failure occurs at the maximum buck-
ling load Рcr = 6797 kg in the wave formation 
symmetric bifurcation point in the two middle 
ribs (the point of sharp inflection to curves of 
general deflection development. This load is 
11.81% less than the buckling load obtained 
from the linear calculation);

�� upon passing of the peak value, deflections 
will rise at the lowering load (figure 3). The 
secondary bifurcation (wave formation in the 
plate extreme ribs) will occur at the second 
buckling load Рbif. = 5880 kg.

Figure 4 shows the deformed state of a stiffened 
plate. It is obvious that the increasing deflection 
makes the bending moment bigger in the middle 
part, and we see not only the developing wave 
formation in the ribs but also the forced wave for-
mation of the plate itself, which provokes consid-
erable decrease of the bending rigidity.

Figure 3. Graph of dependency “deflections vs compressing loads”.
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Figure 4. Deformable state of stiffened plate δ = 0.155 cm thick.

4. TWO-FOLD BIFURCATION POINT 

The semi-symmetric two-fold bifurcation point 
is a special critical point. At an odd number of 
waves, the symmetry of post-bifurcation paths 
will remain for wave formation shape of ribs 
only.  
Initial post-bifurcation paths (there may be one 
or three of them) are plotted in the three-dimen-
sional space on two coordinates q1, q2, and load 
parameter λ.

Figure 5. Anticlinal bifurcation point                                

In figure 5 we use the following notation:
q1 – coordinate corresponding to relative ampli-
tudes of wave formation in ribs;  
q2 – coordinate corresponding to relative ampli-
tudes of the plate buckling as a Eulerian rod;
λ – load parameter (λ = Р – Рcr)
Point 1 – semi-symmetric two-fold bifurcation 
point; 
Right line 0 – 1 describes the pure compression 
pre-critical equilibrium;  
Right line 1 – 2 is the line of incoherent equilib-
riums corresponding to the relative amplitude on 
the form of the stiffened plate buckling a Eu-
lerian rod; 
Right lines 1– 3 and 1– 4 are the lines coherent 
equilibriums coordinates whereof depend both 
on Eulerian deflection and on amplitude of wave 
formation in ribs [2];  
Consequently, at the two-fold buckling load, the 
ribs (or plate) buckling failure cannot arise in 
form of a separate (partial) buckling form (i.е.
wave formation at the zero general deflection).  
Point 5 is the point of symmetric unstable bifur-
cation on the Eulerian general deflection curve 
which occurs at intersection of the “triangle” 
plane of coherent equilibriums 1 – 3 – 4 by this 
curve. This point corresponds to the bifurcation 
point at the peak load Рcr = 6797 kg (figure 3).
The catastrophe germ of the elliptic umbilic (the 
first two terms in expression (1) is generated 
from uniform cubes for two variables with taking 
into account the symmetry on the first coordinate 
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and absence of symmetry on the second one. In 
total, the cubic potential for umbilic catastrophes 
can be presented as follows: 

    (1) 

The lower indexes designate differentiation on 
appropriate coordinates and on the load parame-
ters. All derivatives are calculated in the bifurca-
tion point (the upper index “кр”).
For an ideal system, at 1 = 2 = 0, equilibrium 
equations are obtained by setting equal to zero of 
derivatives of potential (1) on each coordinate:

    (2)

   (3)

Let’s show that initial post-bifurcation paths of 
equilibriums are straight lines.
Equilibrium equations (2), (3) may be solved in 
three variants:
�� q1 = q2 = 0 – initial equilibrium of a non-bent 

stiffened plate;
�� the solution at q1 = 0, q2 0 corresponds to the 

general bending of the plate as a Eulerian rod. 
Then, from the equilibrium equation (3), tak-
ing q1=0, we obtain the equation of non-coher-
ent post-bifurcation straight line of general de-
flection 1 – 2 (figure 5): 

  or           (4)

�� q2 0, q1 0. Then, expressing λ from Equa-
tion (2):

,           (5)

and substituting it into Equation (3), we obtain:

=0          (6)

.          (7)

Thus, it is demonstrated that all post-bifurcation 
equilibrium paths are straight lines. Earlier, sim-
ilar computations for the homeoclinal bifurcation 
point were presented in the authors’ paper [16], 
when analyzing interaction of wave formation 
shape in the plate and general deflection of the 
plate as a Eulerian rod.
Ratio signs of derivatives under the root sign in 
Formula (7) are important for determining the 
type of bifurcation umbilic point. The first ration 

is always positive here. If ratios  

possess opposite signs, straight lines of coherent 
equilibriums 1-3 and 1-4 “fall” in the direction 
opposite to that of “falling” of the non-coherent 
post-bifurcation straight line of general deflec-
tion 1 - 2, and we obtain the anticlinal bifurcation 
point corresponding to the elliptic umbilic catas-
trophe. For a stiffened plate, such two-fold bifur-
cation point may be realized only when deflec-
tion of this plate develops in such a way that ribs 
and additionally loaded with compression 
stresses from the bending moment arisen.

5. STUDYING OF INFLUENCE OF INI-
TIAL GEOMETRIC IMPERFECTIONS 
ON BUCKLING LOAD 

To explore the influence of initial imperfections, 
the authors used eigenforms of buckling failure 
obtained by means of liner computations. Geo-
metric imperfections were set on the forms of: 
�� initial wave formation in ribs (wave formation 

of two extreme ribs, two middle ribs, simulta-
neous wave formation in four ribs), 1;

�� buckling of the plate as a Eulerian rod, 2;
�� imperfection on two forms 1+ 2 and √3 1+ 2.
Relative amplitudes of imperfections were set in 
fractions of the plate thickness (0.1δ,0.2δ,
0.5δ,1δ,2δ). It is obvious that the provoking fac-
tor of wave formation in ribs was the bending 
moment developing under action of compressive 
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forces in the stiffened plate middle part. Upon ex-
cluding the initial deflection and using only the 
shape of wave formation of ribs as the initial im-
perfection, we obtained the following results: 
�� buckling failure occurred in the limit point of 

equilibrium curves of wave formation in ribs; 
�� initial imperfection in form of wave formation 

in extreme ribs only provoked local buckling 
of the plate, and thereafter the secondary bi-
furcation of wave formation in middle ribs 
took place; the same effect was observed at 

setting of imperfections for two middle ribs 
only; 

�� it was found that wave formation in middle 
ribs only decreased bearing capacity of a stiff-
ened plate to a higher extent, as compared to 
influence of the similar imperfections in ex-
treme ribs. 

Table 1 presents values of buckling loads of im-
perfect plates. 

Table 1. Values of buckling loads for a plate with imperfection on the shape of wave                 
formation of ribs 

Imperfection value on the shape of wave formation of ribs
(wave formation of two middle ribs)

0 0.1δ 0.2δ 0.5δ 1 δ 2 δ
Buckling load, kg

6797 6327 6009 5469 4874 4656
Imperfection value on the shape of wave formation of ribs

(wave formation of two extreme ribs)
0 0.1δ 0.2δ 0.5δ 1δ 2δ

Buckling load, kg
6797 6644 6508 6238 5812 5130

The decrease of the stiffened plate-buckling load 
from imperfection on the shape of wave for-
mation of ribs (wave formation of two extreme 
ribs) was 24.52%, and that from imperfection of 
wave formation of two middle ribs was 31.5%. 
In figure 6 we can see curves of decrease of crit-
ical values for a plate with imperfection on the 
shape of wave formation of ribs.  
The next step in the research is aimed at studying 
of curves of equilibrium states of imperfect stiff-
ened plates and at plotting of the bifurcation sur-
face. 
 In figure 7, we can see curves of equilibrium 
states of the plate with various imperfection am-
plitudes on buckling form as Eulerian rod. 
The initial deflection direction was chosen in 
such a way that the ribs would occur in the com-
pressed zone (with convex section downward). 
Buckling failure occurred in the limit point of the 
curve of equilibrium on deflections. 

Depending on the initial imperfection ampli-
tude, bifurcation of wave formation of ribs 
arose either later than the limit point (in case of 
small amplitudes 0.1δ, 0.2δ, 05δ), or in the 
limit point (when imperfection amplitude is 
equal to 1δ), or preceded to it, as in the case of 
setting of the imperfection with amplitude 2δ
(inflection on the curve of equilibrium states, 
figure 7).
The decrease of the buckling load in case of 
setting the initial imperfection on the general 
deflection shape and amplitude 2δ was equal to 
32.78%. Turning to the bifurcation diagram 
(figure 5) one can state that all post-bifurcation 
paths of imperfect equilibriums achieve their 
peak loads in limit points; further on, they be-
come instable and asymptotically approach co-
herent equilibriums 1-2 straight line. 
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Figure 6. Curves of decrease of stiffened plate buckling loads from imperfection of wave for-
mation of ribs (0.1δ, 0.2δ, 0.5δ, 1δ, 2δ).

Figure 7. Curves of equilibrium states of stiffened plate with imperfection on buckling form as 
Eulerian rod (0.1δ, 0.2δ, 0.5δ, 1δ, 2δ).

In figure 8 we can see curves equilibrium states 
of a stiffened plate with imperfection on the form 
of wave formation in ribs (simultaneous wave 
formation in four ribs).  
Analysis of results showed that buckling failure 
occurs in limit points of the curves of ribs wave 
formation. The maximum decrease of the buck-
ling load from imperfection on this shape with 
amplitude 2δ was equal to 51%. All post-bifurca-
tion paths of imperfect equilibriums achieved 

their limit points and further on they asymptoti-
cally approached straight lines of coherent equi-
libriums 1-3 and 1-4 (figure 5).
Basing on the obtained results, the bifurcation 
surface “front part” was plotted close in the shape 
to a relevant part of the elliptical umbilic bifurca-
tion surface demonstrated in the monograph by 
B. Gilmour, page 277 [15]. Table 2 presents val-
ues of buckling loads for stiffened plates with 
various types and amplitudes of initial imperfec-
tions. 
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Figure 8. Curves of equilibrium states of stiffened plate with imperfection on the form of sim-
ultaneous wave formation in four ribs (amplitudes 0.1δ, 0.2δ, 0.5δ, 1δ, 2δ).

Table 2. Data for plotting of bifurcation surface
Рcr, kg

1

2

0 0.1δ √3*0.1δ 0.2δ √3*0.2δ 0.5δ √3*0.5δ 1δ √3*1δ 2δ √3*2δ

0 6797 6421 - 6096 - 5660 - 4640 - 3329 -
0.1δ 6495 5954 5934 - - 5559 - - - - -
0.2δ 6440 - - 5720 5616 - - 4454 - - -
0.5δ 6317 5359 - - - 5072 4428 - - 3027 -
1δ 4842 - - 4814 - - - 3897 3304 - -
2δ 4569 - - - - 3972 - - - 2557 2128

6. CONCLUSIONS

It is demonstrated that the peak decrease of the 
buckling load of a stiffened plate was recorded at 
setting of the joint imperfection on two forms 
√3 1+ 2 with amplitude 2δ + √3*2δ and was 
equal to 68.7%. Setting of the joint imperfection 
on two forms 1+ 2 with amplitude 2δ decreased 
the bearing capacity by 62%. The obtained re-
sults of the study of initial imperfections influ-
ence confirm D. Ho’s theorems ([14], 1974), ac-
cording whereto, for two-fold bifurcation points 
with cubic potential, the buckling load peak de-
crease is caused by imperfections possessing the 

shape of the most steeply falling post-bifurcation 
equilibriums. Within this task, most steeply fall-
ing are straight lines of coherent equilibriums 1 –
2 and 1 – 3 (figure 5).
Let’s note also that our results confirm certain 
conclusions of A.I. Manevich [12] about strong 
response  of buckling loads to initial imperfec-
tions in the plate ribs. It was found that the pro-
voking factor of wave formation in ribs was ad-
ditional compression generated by the bending 
moment in the stiffened plate middle part, due to 
development of general deflection in a certain di-
rection.
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Figure 9. Bifurcation surface. 
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