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EXAMPLE OF GRAGUAL TRANSFORMATION

OF STIFFNESS MATRIX AND MAIN SET OF EQUATIONS
AT ADDITIONAL FINITE ELEMENT METHOD

Anna V. Ermakova
South Ural State University, Chelyabinsk, RUSSIA

Abstract: The paper considers the example of gradual transformation of the stiffness matrix and the main set of
equations at Additional Finite Element Method (AFEM). It is corresponded to the increase of load and the ideal
failure model of structure. AFEM uses the additional design diagrams and additional finite elements (AFE) for
this operation. This process is illustrated by the transformation of design diagram of bended concrete console from
the beginning of its loading to the collapse. The structure reveals four physical nonlinear properties before the
ultimate limit state. Every nonlinear property appears under the action of corresponded load. The stiffness matrix
and the set of equations are changed under influence of the value of load and the presence of observed nonlinear
properties at this moment.
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HPUMEP ITIOCTEIIEHHOI'O ITPEOBPA3OBAHUA MATPHUIbBI
"KECTKOCTU U OCHOBHOM CUCTEMBbI YPABHEHUI
METOLA JOITOJHUTEJBbHBIX KOHEYHbIX 9JIEMEHTOB

A.B. Epmakosa

FOxHO-Ypanbckuii rocyjapcTBeHHbINH yHUBEpeuTeT, Yensonnck, POCCUS

AuHoTanusi: B craree paccmarpuBaeTcsi HpUMEpP IMOCTENEHHOTO MpeoOpa3oBaHKsi MATPHUIbI JKECTKOCTH U
OCHOBHOM CHICTEMBI YpaBHEHHI METO/a JOTOTHUTEIBHBIX KOHEUHBIX deMerToB (MJIKD). Oto nmpeobpa3oBanue
MPOUCXOJUT B COOTBETCTBUHM C POCTOM HArpy3KH M HACAIBHON MOJICIbI0 pa3pyllieHHs KOHCTpyKimu. Jlis
BBINTONTHEHHST 3Toi omeparmu MJIKD UCHONb3yeT JOMONTHUTEIFHBIC PACYCTHBIC CXEMBI U3 JOMOJHHTEIBHBIX
KOHEUYHBIX AnmeMeHTOB ([IKDJ). [y minirocTpayu 3TOro mpolecca pacCMOTPEHO W3MEHCHHE PACUYETHON CXEMBI
n3rubaeMoli OETOHHOM KOHCOJIM OT Hayalia Harpy>KCHUs J0 pa3pylIcHHs. DTa KOHCTPYKIUS MPOSBIISICT YSThIPE
(u3NYecKy HEJIMHEHHBIX CBOWCTBA K MOMCHTY OCTHIKCHUS €0 MPEACIbHOr0 coctosiHus. Kaxoe HelnnHeiHoe
CBOWCTBO TOSBJISICTCS MPH JCHCTBUH COOTBETCTBYIOIICH HArpy3Kku. MarTpuiia ;KeCTKOCTH U CUCTEMa YpaBHCHHI
MEHSIFOTCS B 3aBHCUMOCTH OT BEJIMYMHBI HATPY3KU U HAJTUYUS TEX HETMHCHHBIX CBOMCTB, KOTOPBIC HAOIOIA0TCS
B OTOT MOMEHT.

KaroueBbie ciioBa: METO AOTIOJTHUTCIIbHBIX KOHCUHBIX 3JICMEHTOB, METOJ KOHCYHBIX 3JIECMCHTOB, MaTpHulla
KCCTKOCTH, CUCTCMA ypaBHeHHﬁ, JONOJIHUTECJIbHAaAd pacy€THasd cxema, JIOTIOJTHUTEIbHBINA KOHEUHBIN QJICMCHT,
nacajibHad MOACIIb pa3pyliCeHUA

INTRODUCTION

Some characteristics are necessary when Addi-
tional Finite Element Method (AFEM) is used
for analysis at limit states of structures with sev-
eral physical nonlinear properties:
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1)
2)

3)

4)

The number of all nonlinear properties;

The sequence of its appearance before ulti-
mate limit state;

The way of taking into account for each non-
linear property;

The stress-strain state when each nonlinear
property is appeared.
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These factors act at the initial design diagram,
the stiffness matrix and the main set of algebraic
equations. Also they determine of the way of
nonlinear analysis. Thus, the problem of mathe-
matic description of this process is appeared.
This description must correspond to the logic of
AFEM and FEM, the character of observed non-
linear properties and the requirement of limit
state analysis. The developed AFEM is destined
for decision of this problem. The examples are
necessary for verification and realization of its
algorithms.

1. GENERAL INFORMATION OF AFEM

Additional Finite Element Method (AFEM) [1]

is suggested by author as the variant of the de-

velopment of Finite Element Method (FEM) |2,

3]. It is destined for analysis of structures with

several (n) nonlinear properties at ultimate limit

state (state of ultimate equilibrium). It adds the
some elements of the Method of Limit States

(Ultimate Equilibrium) [4, 5] and the Method of

Elastic Decisions [6, 7] to the usual sequence of

solving problems by FEM. AFEM is numerical

method for combination and development of
three science directions:

1) The mathematic basis for several (n) trans-
formations of main set of equations and ex-
tension of possibilities of FEM for solving of
n-nonlinear problems;

2) The decision of the problems of structural
mechanics for analysis of structures at limit
states as n-nonlinear systems;

3) The analysis of real structures at limit states
as n-nonlinear systems.

The example is given for application AFEM to

nonlinear analysis of plane reinforced concrete

structure with four nonlinear properties. It corre-

sponds to normative requirements [8 - 10].

2. PROBLEM AND WAY OF DECISION

The nonlinear analysis at limit state is consid-
ered for the bended console.
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This structure reaches its limit state under in-

creased load gradually.

It gradually reveals four nonlinear properties:

1) The plasticity;

2) The partial unload due to the redistribution of
stresses after the cracking;

3) The presence of the cracking;

4) The ultimate limit state before the collapse.

The realization of nonlinear analysis at limit state

demands one linear analysis and four nonlinear

ones depending on the number of nonlinear prop-
erties at this step of loading. The way of these
analyses is:

1) The initial linear analysis without any non-
linear properties;

2) The plastic analysis with one nonlinear prop-
erty;

3) The analysis with taking into account of two
nonlinear properties: the plasticity and the
partial unload due to redistribution of
stresses after cracking;

4) The analysis with taking into account of three
nonlinear properties: the plasticity, the par-
tial unload due to the redistribution of
stresses and the presence of the cracking;

5) The analysis with taking into account of four
nonlinear properties: the plasticity, the par-
tial unload due to the redistribution of
stresses, the cracking and limit state.

3. GROWTH OF LOAD AND FORM
OF MAIN SET OF EQUATIONS

The growth of load P and appearance of nonlin-
ear properties are the main factors for realization
of analysis of structure at limit state.

These factors influence over transformation of
the design diagram, the stiffness matrix of struc-
ture and the main set of algebraic equations.

3.1. Growth of load and nonlinear properties
There is the condition of analysis at first limit state

for guarantee the bearing capacity of structure:
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Where P = maximal value of external static
load which is equal to minimal kinematic one.
Piim=minimal internal resistance of the structure
to this external load.

The external load P changes from 0 to Pji» grad-
ually (P — Piinm):

PI:O<P2:P3<P4:Pmaxzplim- (2)

Where P; = the intermediate value of load P
when i-th nonlinear property is appeared (i
changes from 1 to n =4).

The first nonlinear property is plasticity (i = 1).
It is observed from load P= 0 to load P = Piim,
i.e. all time of loading. It is only nonlinear prop-
erty under load P;= 0<P<P,. The second nonlin-
ear property is the partial unload (i = 2) due to
redistribution of stresses after the cracking. It is
appeared under load P=P>=P; together the crack
simultaneously. It is manifested from load
P=P>=P3 to load P=P, i.c. interval of load
P>=P3<P<P4=Pjim. The third nonlinear property
is the existence of crack (i = 3). It is observed
during interval of load P3<P<Ps=Pijin. The last
nonlinear property is ultimate limit state (i = n =
4). It is occurred under load P=Ps=Puax=Piim.
Thus, the way (2) of the growth of load P is:

P;=0— P>=P3 > P;s= Punax = Piim. (3)

The condition (3) is the first for the formation of
the main set of equations.

3.2. Transformation of design diagram

The condition (3) demands the gradual transfor-

mation of the design diagram of structure in the

nest sequence:

1) The initial linear design diagram of structure
without nonlinear properties (i = 0) under
load P=P;=0;

2) The design diagram of structure with plastic
property (i=1) only under load P,/=0<P< P>;

3) The design diagram of structure with two
nonlinear properties under load P = P>= Pj:
plasticity (i = 1) and the partial unload (i=2)
due to redistribution of stresses after the
cracking;
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4) The design diagram of structure with three
nonlinear properties under load P; < P < Py:
plasticity (i = 1), the partial unload (i =2) due
to redistribution of stresses and the
cracking (i = 3);

5) The design diagram of structure with four
nonlinear properties under load P = Ps= Ppax
= Pun: plasticity (i = 1), the partial unload (i
= 2) due to redistribution of stresses, the ex-
istence of crack (i = 3) and limit state (i = 4).

In nonlinear analysis of structure at limit state the
initial design diagram gradually takes the three
intermediated forms and fifth at last: 1) > 2) —»
3) > 4) — 5). The fifth last form is ideal failure
model or design diagram of structure at limit
state. It 1s necessary for realization of nonlinear
analysis by AFEM [11].
Also, when AFEM is used for nonlinear analysis,
all five forms of design diagram must have the
identical characteristics, for example the same
number of nodes points, view and number of fi-
nite elements (FE’s). It is necessary for the defi-
nition of stiffness matrixes of all forms of design
diagram.

3.3. Transformation of stiffness matrix

The fulfillment of the condition (1) requires the
definition of minimal value of internal resistance
Piim. Usually this minimum corresponds to the
minimum stiffness of structure due to negative
influence of each i-th nonlinear property. For
considered example i changes from 1 to n = 4.
The stiffness matrix is changed gradually from
initial value K to its minimal value K., due to
these defects:

K— K;— K> > K3 = Ks= Kpin = Kiim.  (4)

Where K = stiffness matrix of structure without
nonlinear properties (i = 0) under the load
P=P;=0;

K; = stiffness matrix of structure with plastic

property (i=1) under the load P;= 0<P<P>;

K> = stiffness matrix of structure with plastic

property (i=1) and the partial unload (i=2)
due to redistribution of stresses after crack-
ing under the load P = P> = P3;
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K3 = stiffness matrix of structure with plastic
property (i = 1), the partial unload (i = 2) due
to redistribution of stresses and the cracking
(i = 3) under the load P3<P<Pjy;

K4 = stiffness matrix of structure with plastic
property (i = 1), the partial unload (i = 2) due
to redistribution of stresses, the existence of
cracking (i = 3) and limit state (i = 4) under
the load P = Py;

Knin = stiffness matrix of structure with n=4
nonlinear properties at moment of its mini-
mal internal resistance to external load
P:P4:Pmax;

Kiim = stiffness matrix of structure at limit state
under the load P=P+=Pax=Piim, When its de-
sign diagram is ideal failure model.

The condition (4) is the second for the formation

of the main set of equations. All matrices K, K,

K>, K3, K4 (Kmin, Kiim) must have the equal di-

mensions and the same filling for computer real-

ization of analysis by AFEM.

3.4. Required transformation of the set of al-
gebraic equations

The main operation of analysis by FEM and
AFEM is the solving of the set of equations:

Knon[V = P . (5)

Where P = matrix of external load;

V' = matrix of unknown node displacements;
Knon = stiffness matrix of structure with nonlin-
ear properties. This matrix is changed in accord-
ance with the degree of its influence. The stift-
ness matrix K,on 1s formed from coefficients of
stiffness matrices of the separate finite elements
(FE’s).

The set of equations (5) solves one time in linear
analysis because of matrix K,on = K = const due
to the absence of nonlinear properties.

In nonlinear analysis this set of equation must be
solved by iterative process because of Kyom # K
# const. In this process matrix K turns into ma-
trix Kyom gradually. The transformation of the set
of equation (5) is connected with difficulties in
presence of several (n) of physical nonlinear
properties due to its different causes. When n =
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4 this transformation must go under the condition
(3) for right part and the condition (4) for the left
one of the set of equations (5):

Under the load P=P;=0and i=0

KV=P. (6)
Under the load P; = 0<P<Prandi=1:
KV =P (7)
Under the load P = P>=Psand i =2
K>V =P. (8)
Under the load P; <P <Psandi=3
K3V=P. 9)
Under the load P = P4s= Puax = Piimand i =4
K4V =P. (10)
Thus the initial form of the set equations (6)
takes the requirement forms (7), (8), (9) and (10)
gradually according to the value of load P.
In limit state of structure (see (1)) the set of equa-
tions (10) must became
KiimV = Plim . (11)

This description (11) corresponds to the next
view of expression (1)

Piim= Ppax . (12)

Method of Limit States guarantees the appear-
ance the equality (12) for formula (1) in one case
from million ones (see s. 3.1).

4. SET OF EQUATIONS AT AFEM
The Additional Finite Element Method (AFEM)
was suggested by author [1] as the variant of the

Finite Element Method (FEM) for analysis of
structures with several nonlinear properties at
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limit states. It is numerical combination of the
three effective methods of structural analysis:
FEM, Method of Elastic Decisions and Limit
State Method. It solves the problem of analysis
of structure at limit states according to failure
model, when nonlinear properties and defects
are revealed due to increase of load. AFEM uses
the additional finite elements and additional de-
sign diagrams for gradually transformation of
main set of equations [12].

4.1. Transformation of design diagram by

means of additional design diagrams

The example is illustrated the action of addi-

tional design diagrams at the initial design dia-

gram for bending console in plane stress-state

(see table 1). The initial design diagram consists

of 8 triangular deep beam finite elements with

liner properties (p.1 table 1). AFEM uses four
additional design diagrams for transformation of
the initial design diagram into ideal failure

model of console (see s. 3.2):

1) The initial design diagram of structure with-
out nonlinear properties (i = 0) under load P
= P; = 0 transforms into the design diagram
of structure with first (i = 1) nonlinear prop-
erty (plasticity) by means of the first addi-
tional design diagram under load P;=0 <P
< P>(p. 2 table 1);

2) The design diagram of structure with one
(i=1) nonlinear property (plasticity) under
load P;= 0 < P < P> transforms into the de-
sign diagram of structure with two (i = 2)
nonlinear properties (the plasticity (i=1) and
partial unload (i = 2) due to redistribution of
stresses after cracking) by means of the sec-
ond additional design diagram under load P=
P>=Ps (p. 3 table 1);

3) The design diagram of structure with two
(i=2) nonlinear properties (the plasticity
(i=1) and the partial unload (i=2)) under load
P=P>=P; transforms into the design diagram
of structure with three (i=3) nonlinear prop-
erties (the plasticity (i=1), the partial unload
(i=2) and the cracking (i=3)) by means of
the third additional design diagram under
load P3<P<Py (p. 4 table 1);
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4) The design diagram of structure with three
(i=3) nonlinear properties (the plasticity
(i=1), the partial (/=2) unload and the crack-
ing (i=3)) under load P3; < P < P,transforms
into the design diagram of structure with four
nonlinear properties ((the plasticity (i=1), the
partial (7=2) unload, the cracking (i=3) and
limit state (i=4)) or ideal failure model by
means of the fourth additional design dia-
gram under load P = Ps= Ppax = Piim (p. 5 ta-
ble 1).

Every additional design diagram may be com-

pared with empty space imbedded in the initial

design diagram. It is filled negative stiffness for
taking into account of only one nonlinear prop-
erty. It consists of corresponding additional finite
elements (AFE-s) (see s. 4.5). Additional design
diagrams are basic for realization of nonlinear
analysis at limit state due to fulfillment of condi-
tions (3) and (4).

4.2. Transformation of initial stiffness matrix
by means of stiffness matrices of additional
design diagrams

The condition (4) is realized due to using of stift-
ness matrices of additional design diagrams.
Under application of AFEM the next equation is
correct at the moment of limit state of structure
with four nonlinear properties:

Kiim= K+AK;+ AK>+ AK3 + AKy. (13)
Where 4K, AK>, AK3, AK4 = stiffness matrices
of the first, the second, the third and the fourth
additional design diagrams consisting of addi-
tional finite elements (AFE’s) for taking into ac-
count the first, the second, the third and the
fourth nonlinear property respectively.

The stiffness matrices of additional design dia-
grams are destined for fulfillment of condition

(4) and may be defined according to next formu-
las (see s. 3.3):

4K =K; - K , (14)
AK>=K> - K; (15)
AK;=K3 - K> (16)
AKs =Ky — K. 17)
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The next way is used for the gradual transfor-
mation of the stiffness matrix K of initial design
diagram of structure without nonlinear proper-
ties into stiffness matrix Kjin = Knin = K4 of ideal
of failure model or design diagram of structure
at limit state (see table 1):

Under the load P; = 0<P<Prandi=1

Ki= K+A4K; . (18)

Under the load P = P>=Ps;and i =2
K> = K+AK;+ AK>. (19)

Under the load P3 <P <Pyandi=3
K3 = K+AK;+ AK>+ AK3.  (20)

Under the load P = Ps= Ppax = Piimand i = 4

Ky = K+AK+ AK>+ AK3+ AKy . (21)
The initial stiffness matrix K transforms gradu-
ally according to formulas (18) -— (21) by means
of stiffness matrices of AK;, AK>, AK3, AK4. The
main characteristics of matrices K, K;, K>, K3,
Ky, 4K, AK>, AK3 and 4K are: the same dimen-
sions; the same filling positions; the square; the
symmetry; the linearity; the positivity of matri-
ces K, K;, K>, K3, Ky; the negativity of matrices
4K, AK>, AK3, AK4. These characteristics are
necessary for application of matrix theory [13].
The fulfillment of the condition (4) demands
these characteristics for mathematic realization.
Thus steps (18) — (21) are developed on the base
of Method Elastic Decisions when the nonlinear
stiffness matrix is divided into linear and nonlin-
ear component [14].

4.3. Transformation of the set of algebraic
equations

AFEM suggests the using of additional design
diagrams consisting of additional finite elements
(AFE-s) (see s. 3.4 and s. 4.2). In this case the
sets of equations (7) — (10) are formed according
to the formulas (18) — (21) under conditions (3)
and (4):

Under the load P/ <P <P; andi=1
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(K+ 4KV =P. (22)

Under the load P,=P=P;and i =2
(K+A4K; +AK)V =P.  (23)

Under the load P3 <P <Psandi=3
(K+ 4K+ AK +AK3) V=P . (24)

Under the load P = P4= Pyax = Piimand i =4

(K+ 4K+ AK> +AK;+4K)V = P. (25)
Thus, the algebraic equations (22) — (25) are cor-
responded to requirement forms for numerical
realization of analysis at limit state of structure
with four nonlinear properties.

Also the Method of Elastic Decision (Method of
Additional loads) may used for the solving of
these sets of equations. In this case the formulas
(22)—(25) are formed according to the next way:
Under the load P; <P <P;andi=1:

KV =P—AK;V. (26)
Under the load P>=P =Pz and i = 2:
KV =P —AK;V - AK,V. (27)

Under P3<P<P;i=3:
KV =P—AK;V—-AK>; V-AK3V . (28)
Under P = Ps= Ppax = Piimand i = 4:
KV=P —AKV - AKV — AK3V — AK4V . (29)

In relations (26)—(29) values (—4K,V), (—4K>V),
(-4K3V) and (-4K4+V) determines the influence
of the first, the second, the third and the fourth
nonlinear property respectively. For example the
term (—4K;V) of the right-hand part of these
equations is the additional load which with the
main load P must be applied to linear structure to
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reach the displacements corresponding to its dis-
placements with the first nonlinear property un-
der the action of the only external load P.

In nonlinear analysis at limit state the sets of al-
gebraic equations (7) — (10) take the forms (22)
— (25) or (26) — (29). These forms provide the
taking into account the influence of each of four
nonlinear property of structure. This way allows
the using of different theoretical data [15 — 17]
for nonlinear analysis [18 —20] according to nor-
mative rules [8 — 10].

Thus logic of AFEM is corresponded to FEM.

4.4. Two ways for realization of iterative pro-
cess at AFEM
Solution of the set of algebraic equations by it-
erative methods is the main step for nonlinear
analysis of structures. AFEM suggests two ways
for creation of this process [21]. Both ways are
based on the decision of the set (6):
V=K'P , (30)
Where K-/= inverse stiffness matrix K.
Operations connected with obtaining of this in-
verse matrix K”’are the most laborious. They
take roughly three quarters of time for solving of
the set of equations (1). In the first case iterative
process is based on (21)—(25) and (30):
Under the load P;<P<P;andi=1

VW = (K +AK, %Dy 1p (31)
Under P,=P=Ps;andi=2
VW = (K +4K,*V + AK*Vy P (32)

Under P3<P<Psandi=3
V0 = (K +AK; % + AK* D +AK ;% Dy 1P (33)
Under the load P = P4= Pax = Piimand i = 4

VO =(K+AK %D+ AK %D+ AK %D+ AK F VY1 P,
(34)
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Where k, (k-1) = moving and previous iterations. This
way is very laborious due to the obtaining of in-
verse matrix K/ at everyone iteration.

The second way for realization of iterative pro-
cess is based on the next views of the formulas
(26) — (29):

Under the load P;<P<P; andi=1

KV® = p—AK, ®VykD  (35)
Under the load P>=P=P;andi=2
KVW=p — AK,*DykD) _ AK,EDp*D —(36)

Under the load P3 < P < Psand i =3)

KV®=p_AK,&Dykl)_ARK,EDykl)_gR 6D ykl)
(37)

Under the load P = P4= Pyax = Piimand i =4

Ky® :P_AKj(k-J) V(k—])_AKZ(k-I) V(k—])_AK3(k-1) k1)
—AK, &Vl (38)

The iterative process goes in accordance to for-

mulas (35) — (38) and (30):
Under the load P;<P<Prandi=1

VW = KNP —AK; ®Vp*RDy - (39)
Under the P>=P = Ps;and i = 2:

VW= K1(P-AK; &V y*l_gg,&DytDy — (40)
Under P; <P <Psandi=3:

V=K (P-AK,* DV DA KDyt
—AK*FDYy DY (41)
Under the load P = P4= Pax = Piimand i = 4

V=K (P-AK,* VDA KDyt

—AK;®Vy D AR, DY EDY - (42)
The formulas (39) — (42) are the results of solu-
tion of the sets of equations (35) — (38). They al-
low the obtaining of inverse stiffness matrix K

20 International Journal for Computational Civil and Structural Engineering
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Tat the first iteration only when k = 1. This ad-
vantage is useful when set of equations is solved
by means of Gauss Elimination. The second way
for creation of iterative process of AFEM is less
laborious then the first one.

4.5. Additional finite elements

The condition (4) requires the fulfillment analo-
gous one for every finite element. Due to nonlinear
properties the its stiffness matrix gradually de-
creases from initial value K. to its minimal value
Kemin. Usually this minimum corresponds to limit
state, when the carrying capacity of finite element
18 lost and Ko min=Ke 1in= 0 or close to 0.

If the number of nonlinear properties i changes
from 1 to n = 4, the next condition is correct

K. ﬁKe,I ﬁKe} 9Ke,3 ﬁKe, 4:Ke,min: e,lim:O
(43)

Where K. = stiffness matrix of finite element
without nonlinear properties (i = 0);

K. ;= stiffness matrix of finite element with plas-
tic property (i = 1);

K., = stiffness matrix of finite element with
plastic property (i = 1) and the partial un-
load (i = 2) due to redistribution of
stresses after cracking;

K. 3 = stiffness matrix of finite element with
plastic property (i = 1), the partial unload
(i = 2) due to redistribution of stresses
and the cracking (i = 3);

K.+ = stiffness matrix of finite element with
plastic property (i = 1), the partial unload
(i = 2) due to redistribution of stresses,
the existence of cracking (i= 3) and limit
state (i =n=4),

Kemin = stiffness matrix of finite element with
n=4 nonlinear properties at moment of
its minimal value;

Ke 1im = stiffness matrix of finite element at limit
state, when its value is closed to 0.

Four additional finite elements (AFE-s) are nec-

essary for fulfillment of the condition (43). They

transform gradually the initial finite element
with linear properties into the same finite ele-

ment with all nonlinear ones [1].
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The stiffness matrix AK, ; of the first additional
finite element for taking into account the plastic
property (i = 1) is equal

AKe,] = Ke,[ - Ke. (44)
The value AK.; depends on the level of stress-
strain state under load P; = 0<P< P4=Puaux=Piim.
These additional finite elements are formed the

first additional design diagram for taking into ac-
count the plasticity in formulas (22) — (25).

The stiffness matrix AK, > of the second addi-
tional finite element for taking into account the
partial unload (i = 2) due to redistribution of
stresses after cracking has next formula:
AK@,Z = Ke,Z — Ke,]. (45)
The value AK, > depends on the stress-strain state
under load P=P> when crack is appeared.
These additional finite elements are formed the
second additional design diagram for taking into

account the partial unload due to redistribution of
stresses after cracking in formulas (23) — (25).

The stiffness matrix AK, 3 of the third additional
finite element for taking into account the exist-
ence of cracking (i = 3) is defined
AKe,_? = Ke,j’ _Ke,Z . (46)

The value 4K, ; depends on the level of stress-
strain state under load P3 < P < P4=Puax=Pijim.
These additional finite elements are consisted the
third additional design diagram for taking into
account the existence of cracking in formulas
(24) and (25).
The stiffness matrix AK, 4 of the fourth addi-
tional finite element for taking into account the
limit state (i = 4) is equal

AKe,4 - Ke,4 — Ke,j’. (47)
The value AK.4 depends on the level of limit
stress-strain state under load P =P4=Pax=Plim.
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= Table 1. Transformation of initial design diagram of bended console with four nonlinear properties to its ideal failure model be means of additional design m
m diagrams under gradual growth of load P from starting value Py = 0 to maximal one P o= P mo
. Required design diagram Transformation of initial design diagram S
> Number o - - = - - =
= . . Used additional design diagrams, its stiffness matrices and nonlinear 3
= of nonlin- View and P ) N
g Value . Initial linear properties N
< N ear prop- . . stiffness . . — - - — S
of load P Design diagram . design diagram Plasticity Partial un- | Existence of Limit state N
erty matrix . . . . =
i=1 load i=2 cracki=3 i=n=4 Y
Tr s}
v S
H—— S
! 0 P =0 Initial linear s ) =
0= design diagram | | [’ O
3 L - s S
N
K 2
Tr N Tr N Ty N m
far jud e 3
Design diagram | | 0| RN IRNEN g
2 1 P1=0<P<P; with plasticity | SRS = Gt e S
1 L F 4 1 N £ X 1 = x ANy
R , L ' pud L
K K AK; 3
Tr N T N T N Tr N =
o it T ae Tag— 3
3 2 P =P,=P; Design diagram ) BN N ) N
with plasticity | Ormrs| = o]+ o + U= lm
and partial un- | (lr e ] - skt S e R el B
o — o o : ——, S
oad due to K> K AK; 4K g
cracking 3
Tr N T N Tv N Ty N Ty N <
3 P3;<P<Py Design diagram N RN DN ) A
4 with plasticity, | tF | = T + ool Sal & oot S (NS S & S o §
artial unload Y T ERENEEN B LN EN oy RN LN
p d K T 1 7 poE G v fag E T 7 fag
and crac K; K AK; AK 4K3
Design diagram v : s, o - N - S : Ny :
with plasticity, N IS NS ; N ’ N T
5 4 P=P~ partial unload, | " : o = T t e + o]+ SR+ YR
=Pna=Pii crack and limit A s T ERENEEN B LN EN oy I LN RN RN
max—1" lim tate. i ideal g 1 7 poE G fag ; T 7 fag ; Ean ;
state, i.e. ideal |x g . —g,. K AK; AK; AK; 4Ky
failure model

Comment: 1) Number of nonlinear properties 7 is changed from 1 to 4. 2) Load P grows from starting value Py = 0 to maximal one Puu= Piim. 3) K — stiffness matrix of initial
linear design diagram; K;, K>, K3, K4, — stiffness matrix of design diagram with taking into account of one, two, three and four nonlinear properties respectively; AK;, AK>, AK3, AK4
— stiffness matrix of the first, the second, the third and the fourth additional design diagram consisting of additional finite elements (AFE’s) taking into account the first, the second,

thee third and the fourth nonlinear property respectively; Kui» and Kji,— stiffness matrix of structure at limit state (ideal failure modal of structure)
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Example of Gradual Transformation of Stiffness Matrix and Main Set of Equations at Additional Finite Element

Method

If stiffness matrix of finite element at limit state
Ke 4= Ko min = Ke iim= 0 the stiffness matrix of its
additional finite element AK. 4 = — Ko 3.

These additional finite elements are consisted
the fourth additional design diagram for taking
into account the limit state in formula (25).

The initial design diagram of bended console is
transformed to its ideal failure model due to four
additional finite elements (table 1).

CONCLUSIONS

Considered example proves the possibility of re-

alization the nonlinear analysis at limit state for

bended console according to its ideal failure
model by means of Additional Finite Element

Method (AFEM).

Additional design diagrams and additional finite

elements are used for gradual transformation of

the stiffness matrix and the main set of equa-
tions.

Next conditions are fulfilled for this process:

1) the correspondence to algorithmic logic of
nonlinear analysis due to conservation of
main mathematic characteristics of stiffness
matrix of structure under the numerical var-
1ation of its coefficients;

2) the orientation at gradual achievement of cri-
terion of limit state before collapse;

3) the guarantee the allowance for each of four
nonlinear properties at stress-strain state;

4) the creation of iterative process for solving
of the main set of equations by two ways:
usual manner and use the advantages of
Method of Elastic Decisions.
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