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ANALYSIS OF COMBINED PLATES WITH ALLOWANCE
FOR CONTACT WITH ELASTIC FOUNDATION

Elena B. Koreneva
Moscow Higher Combined-Arms Command Academy, Moscow, RUSSIA

Abstract: The paper covers the problems of combined plates with circular base and consisting of a few sections
with different laws of thickness variation. Analytical methods of analysis of similar structures are not yet devel-
oped. The present work suggests the analytical method for solving of the stated problems, the contact with the elas-
tic subgrade is also considered. The above-mentioned approach is shown on the example of the analysis of the bot-
tom of the cylindrical reservoir, resting on the elastic subgrade. The inner part of this construction is represented by
the ring plate of variable thickness which increases along the direction from the internal boundary. The outer part is
represented by the ring plate of the constant thickness. The influence of the elastic basis and the upper part of the
reservoir is taken into consideration. The solutions for stresses and deflections of the combined plate are given in
closed form in terms of Bessel functions. The conditions of the plate’s sections conjugation are fulfilled.

Keywords: combined plates, bottom of the reservoir, Bessel functions

PACYET KOMBUHHUPOBAHHBIX IIVIUT C YYETOM
X KOHTAKTA C YIHPYT'UM OCHOBAHHUEM

E.b. Kopenesa
MockoBcKkoe BeIciIee 00I11eBoiickoBoe KoMaHgHOe opieHOB JKykoBa, Jleanna u OkTsa6peckoit PeBostoriun
Kpacno3namennoe yuwnmie, r. Mocksa, POCCHU S

AnHoTanusi: B pabote n3yuyarorcs KOMOMHUPOBAHHBIE TUIMTHI, COCTOSIIUE U3 ABYX MM HECKOJIBKUX YU4aCTKOB C
Pa3IMYHBIMH 3aKOHAMHU U3MEHEHUS TOJIIUHBI U UMEIOIINE B TUTaHE KPYTOBYIO (OpMY. AHAIUTHIECKUAE METOJBI
JUIS pacyeTa MmoJ0OHBIX KOHCTPYKIUH MPaKTUYeCKH elle He pa3padoransl. Hibke mpeiaraercs aHaTUTHICCKHMA
MTOJIXO/T K PEIICHUIO TTOJOOHBIX 3aJad, TAKXKE MPOU3BOIUTCS YUET KOHTAKTA U3ydaeMOH KOHCTPYKIIHH C YIPYTUM
ocHOBaHHeM. [1oj00Has MeToIuKa MOAPOOHO HM3JIaraeTcs Ha MpPUMEpe PacCMOTPEHHUS pacdera JHUIIA IHIHH-
JPUYECKOTO pe3epByapa. BHYTpeHHsS 4acTb 3TOH KOHCTPYKIIUH MPEICTABISAET OO0 KOJBLIEBYIO IUTUTY, TOJ-
LIMHA KOTOPOM yBEJIMYMBAETCS 0 HAIMIPABJIEHUIO OT BHYTPEHHETO KOHTYpa, HAPYKHASL YacTh MPEACTABIISIET CO-
0Ol TUIMTY TOCTOSITHHON TOJNINUHBL [IpOM3BOMWTCS y4eT BIMSHUS MOJATIMBOTO OCHOBAaHHUS M JIEHCTBHUS Beca
BEpXHEW YacTu pe3epByapa. Perenus s nepeMenieHuil 1 yCuiauil BHYTPEHHEH U BHEIIHEH JyacTeid KoOMOWHU-
POBaHHOM TUIUTHI MOJYYCHBI B 3aMKHYTOM BHJIC U BhIpaKeHbI B QyHKIMAX beccensi. BRIMOIHIIOTCS YCIOBHS CO-
MPSKEHUS OTAENbHBIX yUaCTKOB.

KaroueBrblie ciioBa: KOM61/IHI/Ip0BaHHa$I IJIiTa, AHUIIE pe3epByapa, q)yHKIII/II/I Beccensa

1. INTRODUCTION

The work considers analytical calculation of
combined plates with circular base and consist-
ing of several sections with different laws of
thickness variation. Their thickness may be in-
creasing or decreasing in the direction from the
plate’s center to the outer boundary. The mate-
rial of the plates under study is isotropic or or-
thotropic. The separate sections of the men-

tioned constructions may be made from differ-
ent materials with various physical characteris-
tics. In the places of the sections conjugation the
construction remains continuous. However, in
some cases the plates’ thickness can have the
break of continuity in these positions. The ana-
lytical methods of the such constructions com-
putation are in practice not yet developed. The
present work covers this lacuna. As an example
we will consider the work of the bottom of the
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cylindrical reservoir. The bottom is represented
by a ring plate, resting on an elastic foundation
and consisting of the two sections. The inner
part has the variable thickness increasing in the
direction to the external boundary. The outer
part of the plate has the constant thickness (Fig-
ure 1). The elastic foundation properties are de-
scribed by Winkler’s model.
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Figure 1. The combined plate
on elastic foundation.

The coefficients of foundation under the inner and
the outer parts of the plate can be both as different
or identical. The loads caused by the upper part of
the structure are distributed along the concentric
circles. Let us assume that the load is applied to
the outer part of the plate and the bottom of the
reservoir is made from the isotropic material.

2. THE COMPUTATION OF THE INNER
PART OF THE CONSTRUCTION

Let us consider the work of the inner part of the
bottom of the cylindrical reservoir when
xy £x <x;, which is represented by a ring plate

with varying thickness, resting on an elastic
Winkler’s foundation. The construction is sub-
jected to an action of the axially symmetric
loads. The differential equation describing the
similar plate bending has the following form:

pldw 2dw 1dw 1adw],
ar* T drr Pt P dr
dD[ . d*w ,(2+0) d*w 1 dw
+—2 —— |+
dr d]/' r drz ]/2 dr
d*D[d*w o dw
+—|—+—
dar* | dr*  rdr

(1)

i|+clw q,
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where D — cylindrical rigidity, o — Poisson’s
ratio, ¢, — coefficient of elastic foundation for
the section where x, <x<x,.

Let us assume that the variable rigidity of the
plate to be approximated by the power law

D =Dy", (2)
here D,, m — constants.

Substituting (2) into (1) we get the following
equation:

4 3
r4d—+r (2m+2)d—?}+r2(—l+m(l+a)+
pt dr
2
+m )d—+r((1 m)+0(m m))d—w— (3)
dr’ dr
_aW am 4" Amm
Dyn, Dy

The analysis shows when m=4 (3) is Euler’s
equation integrating in elementary functions.
However, it is not possible to obtain the solution
of (3) in terms of elementary functions when
m=#4 . To receive the result we compare the
coefficients of (3) with the coefficients of Niel-
sen’s equation [3]:

d*w d*w d*w dw
4 3 2
r + Ay + Ar" —+ Ar——+
dr? 3 dr’ 2 dr’ "dr 4)
+ Ayw =0,
where we have
A;=6-4a—4c,

A, =2(a* — tF P+ 4a+c—1) +4(a—1)(c-1)-1,
= 212 —a*) - 2a—D)2c-D)|2a +2¢-1),
Ay = (a* = P c*)(a® +dac+4c* — i) -bietr.

The equation (4) is integrated in terms of Bessel
functions. When comparing the coefficients of
(3) and (4) we determine that the mentioned
equations are similar when the following pa-
rameter relations are
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a=m/4; c=@4-m)/4; u=-m/(4—m);

4 ¢l m
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The solution of axially symmetric problem of a
circular plate with varying thickness, resting on
an elastic Winkler’s foundation, can be written
in terms of Bessel functions:

W= r_l%[ClJy(bVC‘/;)"‘ CzYﬂ(brC\/;)+

(6)
+ Gl (br Vi )+ CK (b Vi )}
The solution (6) can be written in the form:
w=r " [Blu# (brc )+ By, (brc )+ )

+ B3f/1(brc)+B4g,u(brc)]
Since the Poisson’s ratio for all materials is
0<o<05,

the above-mentioned solution (7) may be used
only for the cases when 0<m<2. This fact cor-
responds to the case when the thickness increas-
es in the direction from the inner boundary to
the outer one (Figure 1). The stresses are deter-
mined by the use of the certain formulae [1].
Further we introduce the dimensionless coordi-

nate x=>br¢.

3. THE CALCULATION OF THE OUTER
PART OF THE CONSTRUCTION

We pass to consideration of the outer part of the
bottom with the constant thickness. Let us as-
sume that the load caused by the upper part of
the structure is subjected along the circumfer-
ence with the radius x,. The plate’s thickness

when x=2x, is continuous and equal to

h:hoxl% when 0<m<2.
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Here the conditions of the two parts conjuga-
tions are fulfilled; the deflections, angles, bend-
ing moments, transverse forces remain continu-
ous. We denote the mentioned values respec-
tivelyas w,, 9,, M,, Q,.

The solution of the homogeneous differential
equation for axially symmetric bending of the
similar plate, resting on elastic foundation, is
expressed in terms of Bessel functions [4-7] in
the following form:

w= Aty (x) + Ay (x) + 4 fo(x) + 4,80(x), (8)

where 4,, 4,, 4;, A, —constants;

xzz, EZP’
! ¢y

¢, — modulus of the foundation relevant to the

outer part.
To write the expression for the plate’s elastic
surface we introduce the fundamental functions

Wy (3300, Wy(x;30), w3 (3,3), Wy (35%), which
properties are described in [1]. We have
W (x15) = =" () o () — ' ()
% fo(¥)+ ' (x)0g(X)+ &' (kg (1))
Wy (35) = [0y ()20 () = U () X
% fo(¥)+ fy(e)0p () + o g ()],
w0300 = Sy (1) fo () = 0y’ (1) %

x go(x) = fo' (xug(x)+ g4 (x)vy (1)),

©)

wa (030 = St (1) 15 ()~ 0 (1)

x go(x) = fo(xJug (x)+ go (x)vg (x) ]
Thus, when x > x,, we can write

w=wy =w,w (x;x)+8,0w,(x;;x)—

(10)
- MAfzws (x5x) = QA£3W4(X1 5X).
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The influence of the construction upper part can
be represented by the moments M, and forces

O, distributed along the circumference with the
radius x,. Then the expression for the deflec-

tions of the combined plate by taking into ac-
count the inner and the outer parts is:

W= wy +wy + M, wy(x,;x) +

&y

+0, 07wy (x5 ).
The coefficients incoming in the expression for
w; are determined from the boundary condi-

tions and the conditions of the sections conjuga-
tion. The values of modulus of subgrade may be
either different or similar.

4. CONCLUSION

The analytical method for computation of the
combined plate consisting of a few sections with
different laws of the thickness variation is pro-
posed. This techniques is stated for the example
of the bottom of the cylindrical reservoir exami-
nation. The influence of the upper part of the
construction under study is considered. The so-
lutions are obtained in the closed form in terms
of Bessel functions.
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