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+"��*>*=*EK�(E=E�E>(�?O?=PG?��
)R�9))L(*>E=P?�

Let us introduce on the plane of thin-walled 
section the Descartes rectangular system of
coordinates X�\ with origin of the system 
placed in center of mass of the section 
(Fig. 1.1), direction of the coordinate system
axes coincides with direction of principle axes 
of inertia 
�� .
�

a��
���zJzJ����	;;5;����	��	�����Y��5g�

���C���
g��Y���������	��	���	;�������������	�;�	���	���;�

�����	����;J�

Let us introduce in further consideration the
system of angular position coordinate with
origin of such system in certain (in general case 
randomly selected) sectional point. Each 
considered sectional point can be associated 
with angular position J . The value J  should be 
calculated as geometrical length of the curve
which is constructed from the origin to the 
considered sectional point taken along sectional 
contour. We also assume that increment of the
angular position J corresponds to the positive
direction of section path tracing.�
We assume that integral geometrical properties 
of the section are known: T 3 cross-sectional 
area, X�  and \� 3 second moments of area 
relating to the main axes of inertia which 
coincide with axes of global Descartes system 
of coordinates X�\ ; �� 3 sectorial moment of 

inertia; �� 3 second moment of area for pure 
torsion. We also assume that elasticity module �
and shear module d are constants for the whole 
section of the thin-walled bar.
In general case a thin-walled bar is subjected to 
the action of eight force factors. Axial force Z ,
bending moments Xc  and \c  relating to the 
principle axes of inertia and bi-moment H  are 
applied at the center of mass G (see Fig. 1.1) of 
the section and caused normal stresses in section
! ",� <� J :

! " ! " ! " ! "

! " ! " ! " ! "

, X
� �

X

\
� �

\

c <Z <
< \

T �

c < H <
X

� �K

� J J

J K J


 	 	

	 	

(1.1)

where ! " ! " ! ",  ,  � � �X \J J K J 3 coordinates and
sectorial coordinate of the considered point in 
cross-section of a thin-walled bar.
Shear forces X�  and \� , free torsion moment 

<c  and moment of restrained torsion c�  are 
applied at the shear center ) of the section
(Fig. 1.1) and caused shear stresses in cross-
section, which can be written in terms of shear 
forces flows ! ",`] < J as presented below: 

! " ! "
! "
,

, `
`

`

] <
<

J
� J

- J

 (1.2)

where ! "`- J 3 thickness of considered `th

section element.
An arbitrary section of a thin-walled bar can be 
described by the set of sectional points 

; <; <, | 1,� � � �� X \ � �
 
 
D

( �X and �\ 3 coordinates of �th sectional point 
in global Descartes coordinate system X�\ ) and 
by the set of sectional segments
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�
a��
���zJ{J��T�C�����X���	;;5;����	��	�����Y��5g�

���C��������������	���Y��;����

	��;����	��
��	���;�D �����;���	��;����	��
�;������;�?.�

; <; <, | 1,;� ���
; ; ; ;; � � ; �
 
 
? ,

which connect some two sectional points
(Fig. 1.2), where ��  and ;� 3 numbers of 
sectional points and segments accordingly.
Specified segment thickness

; <| 1,; ;; �-
 
�

corresponds to each sectional segment.
The set of sectorial coordinates

; <| 1,� �� ��
 
�

and the set of normalized sectorial coordinates  

; <| 1,� �� �K K
 


of the section correspond with the set of
sectional points D, assuming that the values of 
the sectorial coordinates and normalized 
sectorial coordinates in each cross-sectional 
point are known [4].
The set of angular positions 

; <; <, | 1, 1;���� ��� �L L L JJ J J L
 
 
 ��

is actually intended to implement numerical 
integration taken along thin-walled section 
contour (for example, when calculating 
geometrical properties of the cross-section,
values of shear forces flows, etc.), where L 3
ordinal number of segment, 1�J � 3 number of 
sectional segments. It should be noted that an
angular positions are attributes of the ends of 
sectional segments.
Initial data about a thin-walled section should be 
mapped onto the set of angular positions  

� , 1, 1�JL 
 � ,

by means of formation corresponded sets of 
sectional segments 

; <; <, : ,;���� ��� ;���� ���; JL L L L LJ J J J
 
 M�? � ,

set of sectorial coordinates 

; <; <, : ,;���� ��� ;���� ���J
L L L L L� � � � �
 
 M�� �

for ends of sectional segments as well as the set 
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of thicknesses

; <J
L-
 M�� �

for segments, 1, 1�JL 
 � .

-"��(*?=L*Hq=*)>�)R�?pPEL�R)L9P?�
RK)X?�=EMP>�EK)>8�9K)?P(�
9)>=)qL?�)R�E>�ELH*=LELO�
9L)??2?P9=*)>�)R�=p*>2XEKKP(�
HEL�

-"+"�9@! ��#'�&@!� @Q� '@!!6'�6;� I�����
� ; <,
 : L �  @'&��6;�S&��� ��  6'�&@!� @Q� ��&!2
S�%%6;�$��"�
An arbitrary cross-section of thin-walled bar can 
be associated with planar connected non-
oriented graph � determined on the sets of 
� ; <,
 : L , where : 3 finite set of graph 
vertices, L 3 the set of graph edges or the set of 
unordered pairs on :  (see Fig. 2.1) [9]. 
Herewith, for each graph edge 

{ , }
 �
 �� L

we assume that 
 �N .
Vertices of the graph � are associated with
�Y��������;����;����	��
��	���; only, which are:
1) C����Y� �	���; 3 sectional points connected 
with more than two sectional segments,

; <| 1,� �� � �
 
�7 ,

here �� 3 number of these points; 
2) �����	���; 3 sectional points connected with 
only one sectional segment

; <| 1,��� � �� � �
 
�7 ,

here �� 3 number of these points.
Edges of graph � are associated with sectional
parts located between characteristic sectional 

points (with 
�C����Y���;����	��
�����;).
An edge of the graph �, as a rule, may contain
several sectional segments, so full information
about edge `

JL of the graph can be described by
the set of sectional segments

�;
J , 1, �`� �J
 ,

from the array 

; <; <, | 1, 1;���� ���; �J
L L L JJ J L
 
 
 ��? , �;

J � �? ,

belonged to considered graph edge, � `; J �L :

; <: | 1,` � � � ` �`; ; ; � �J J J J
J
 � O � 
�L ? L ,

here �`�J 3 number of segments for `th graph
edge. The set of all graph edges defined on the 
set of segments �? can be expressed as

; <| 1,` �` �J
 
�L L .

We also assume that an arbitrary section of thin-
walled bar may contain some quantity of closed
contours. Each closed section contour is
associated with cycle of graph � or with
vertices cortege 0 1 2,  ,  ,  ...,  W W W W

�� � � � , such that 

1 1
W W W
� � �� � � �	 	P Q R ,

where W� 3 number of closed contours in 
section (number of graph � cycles). 
Some closed section contour �

W
J�  (basic cycle of

the graph �) can be definitely determined by
the set of graph edges `

J � �L L belonged to the 
considered contour

; <| 1,
W

�
W ` �` �J J

JS
 
� L ,

where 
W�� JS 3 number of graph edges belonged

to Wth closed section contour.
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���{JzJ�d���Y�� ; <,
 : L ��;;	�������g��Y���	;;5;����	��	���Y��5g�

���C����
=����Y��������;��� 1� 3� 2� JJJ 10� 3�����Y�����;��� 1� 3� 2� JJJ 13� >J

Besides, itFs convenient to have the mapping of
closed section contour �

W
J� onto the set of

sectional segments

�;
J , �;

J � �? ,

belonged to considered closed contour,
1,

W
� �JSP 
 :

:
:

�
W � �

� W

;
;

;

J
J J

J J J J J J
8 8 8

� F) �� �
 � E'R M M O M� �(� D

�?
�

L L L L �

here
W

�JS 3 number of sectional segments
belonged to Wth closed section contour.
Closed section contours (basic cycles of the
graph �) defined on the set of graph edges �L
and on the set of section segments �?  can be 
described as  

; <| 1,� �
W WW �J J
 
� �

and

; <| 1,W WW �J J
 
� �

accordingly. It should be noted that 
identification of closed contours in the section 

�J� and J� can be easily implemented using
depth-first search algorithms on the graph.
Let us compose incidence matrix � for graph �
with dimensions � �� �T ,

; <| 1, , 1,�` � �� � � ` �
 
 
� .

Components of the matrix take on following
values: 1�`� 
 3 if �th graph vertex is start vertex
for `th edge; 1�`� 
 � 3 if �th graph vertex is end
vertex for `th edge; 0�`� 
 3 otherwise. Let us
also introduce in further consideration matrix

; <| 1, , 1,�` � �� � � ` �
 
 
�

composed using modulus of elements �`�  of 
matrix �.
Next, we can compose the matrix of basic graph 
cycles � with dimension W �� �T ,

� ; <, 1, , 1, �W` W� W � ` �
 
 
 .

Components of the matrix take on following
values: 1W`� 
 3 if `th graph edge belongs to Wth

basic graph cycle ! "` W
J JML � and edge direction 

coincides with the positive direction of path 
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tracing; 1W`� 
 � 3 if `th graph edge belongs to

Wth basic graph cycle ! "` W
J JML � and edge 

direction does not coincide with positive
direction of path tracing; 0W`� 
 3 if `th graph 
edge does not belong to Wth basic graph cycle
! "` W

J J 
 UL � .
�
-"-"�(& ��&$#�&@!� @Q� ��6�  �6��� Q@�'6 � Q%@S �
��B6!��%@!I�'%@ 6;� 6'�&@!�'@!�@#� �
Each `th edge `

JL , 1, �` �
 of graph �
corresponds with a constant 3 ����� g���Y�,

: `; ;J J J
L LLP � O � �L ? :

! " ! "
1

1

1 1

1 .

�`

�` `

�` �`

�

`
�

� �

� �

� ��


�

J

J
J

LJ J

L

J J
L

J J
L LJ

J J
- J - J

J
- -

	


 �


 



 
 



 


1/ /

1 1/

L
(2.1)

Let us also compose g���Y����� �����< of
unbranched sectional parts (edges of graph �) 3
square matrix X with dimensions � �� �T and

diagonal elements `� , 1, �` �
 :

1

2

0 0
0 0

0 0 0
��

�
�

�

) &
' $
' $

' $
' $
' $( %

X (2.2)

Besides, each `th graph edge `
JL corresponds

with the increment of sectorial coordinate

; <, | 1,
]

� ` �` �J�
 � 
�
��� ,

: `; ;J J J
L LLP � O � �L ? :

1

,
1

1 1
.

�`

�` �` `

�` �`

�

� `
�

� �

� �

� � �

�

J

J
J

LJ J

L

J

J
J
L

J

� = J � �

� �
	


 �


 


� 
 
 
 



 
 �

1/ / /

1 1/

L
(2.3)

Each closed contour of the section �
W
J� ,

1, WW �
 , corresponds to the following constant 
3 �	��	
��g���Y�, W`� ��,� : �

` W` J JP ML � :

! " ! " 1
.

� W

� �
`W W

�

W W` `
`

� �� � �
J

J J J

J J
- J - J

S


M


 
 
 1/ /
� L �

(2.4)

Let us consider the problem of free torsion for
an arbitrary thin-walled section which consists
of certain number of closed (connected and/or
disconnected) contours as well as of open parts.
In general case the following resolving system
of equation for calculation the distribution
factors W� , 1, WW �
 , of shear forces flows taken
along closed contours of the section has been 
formulated in [2] and presented below:

11 12 1 1 1 1

21 22 2 2 2 2

1 2

1 2

01 2

0
0

0

0

0

W

W

W

WW W W W W W

W

W �

W �

W W WW W� W W

�� � � W � � �

W �

� � � � �
� � � � �

� � � � �

�� � � �
+

� � � V) & ) & ) &' $ ' $ '� � � V' $ ' $ '' $ ' $ '' $ ' $ '� � � V' $T 
' $ '' $ ' $ '' $ ' $ '' $� � � V ' $ '' $ ' $ 'V' $ ( %V V V V ( %( %

$
$
$
$
$
$
$
$
$

; (2.5)
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here diagonal elements of the matrix are weights
of Wth closed contour,

WW W� �
 , 1, WW �
 ;

WV 3 double area embraced by Wth closed
contour W

J� ,

0
1

W�

W
W


V 
 V1 .

Other elements of matrix �8? take on zero
value 0� �8? ?8
 
 , when corresponded closed
contours have no common edges:

J J
8 ? 
 U� � ,

and the sum value of weights for all common 
edges [3]:

,  :  � � �
�

� � � � J J J J
8? ?8 8 ?
 
 P M O M1 L � L � .

Solution of the system of algebraic equations
returns the column vector of factors

; <| 1,W W W� W �
 
E

for distribution of shear forces flows taken 
along closed contours of the section. Based on 

WE  we can generate the column vector of
factors for distribution of shear forces flows
taken along graph � edges:

; <| 1,� ` �� ` �
 
E ,

where each element should be determined as:

1

W�

` W` W
W

� � �




1 , W`� ��, 1, �` �P 
 . (2.6)

Since each graph edge `
JL , 1, �` �
 , is

described by the set of sectional segments
�;
J � �? as:

{ : | 1, }` � � � ` �`; ; ; � �J J J J
J
 � O � 
�L ? L ,

then it is possible to determine for each
sectional segment ;JL �

�? the value of
piecewise constant ��;���C
��	�� �
����	�� �	��
;Y�����
	g;���W����
	���;����	� ! "�J J as the set
of

; <| 1, 1� �J
L JL
 
 ���

as follows:

`� �J
L 
 , : ; J J

LLP NU� ,

and

0�JL 
 ,

otherwise.
�
�

."��LP?)K:*>8�PWqE=*)>?�R)L�E>�
ELH*=LELO�9L)??2?P9=*)>�)R�
=p*>2XEKKP(�HEL�

Search problem of shear forces flows for an
arbitrary cross-section of thin-walled bar
(including open-closed multi-contour cross-
sections) can be transformed into minimization
problem of �$
"�(��$!�Fs functional 9  subject 
to constraints-equalities of shear forces flows 
equilibrium formulated for cross-section branch
points as well as subject to equilibrium equation 
for the whole cross-section relating to
longitudinal axes of the thin-walled bar [2].
Let present the formulated problem as
mathematical programming task, namely as 
searching of unknown values of shear forces
flows at start points of unbranched parts of a
section:
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; <, ,  1,
]

� � ` �] ] ` �
 

r

, (3.1)

which ensure the least value of optimum 
criterion 3 �$
"�(��$!�Fs functional 9 :

! "* *( ) min
; ]

� �]
] ]

�W

 
9 9 9 , (3.2)

on hyperplane of feasible decisions ]W
described by the follow system of constraints-
equalities:

! " ! "; <
! "

 0 | 1, 1 ;

0;

� � � �

< �

] � ] � �

� ]

� 
 
 
 ��
�


��

Q
(3.3)

where �]
r
� vector of design variables (searched

shear flows); �� 3 number of unknown shear

flows; *
�] 3 optimum decision of the problem;

*9 3 minimum value of �$
"�(��$!�Fs
functional; �� � function of the vector argument

�]
r

; �� � general number of constraints-

equalities ! "� �� ] and ! "< �� ]  which define 

hyperplane of feasible decisions ]W  in search 
space. 
���� �$
"�(��$!�Fs functional 9 in further we 
will consider EulerFs equations only which 
define strain compatibility conditions and are 
expressed depending on shear forces flows

; <, ,  1,
]

� � ` �] ] ` �
 

r

.

So it is well known that in case of quadratic 
functional EulerFs equations donFt depend on
boundary conditions, then kinematic boundary
conditions can be accept as homogeneous. As it 
was shown by V. Slivker in [2, p. 405], 
�$
"�(��$!�Fs functional in this case can be 
identified with expression for strain energy
formulated in terms of stresses as presented 
below:

! "! "
! " ! " ! "! "

! " ! "
2 2

1
,

2 2

�

` `

�

`
� �

�� d�
� J � J

- J J - J J
J J


� �
� �
 	
� �
� 


1 / /9
l l

or for isotropic material:

! "! " ! " ! "! " ! "
2 2

1

1
2

�

` `

�

`
� �

� d
� J � J

- J J - J J



� �� �
� �� �
 	
� �� �

� 
� 

1 / /9

l l

;

! "! "
! " ! " ! "! " ! "

2
2

1

1
2 2 1

�

` `

�

`
� �

d �
� J

- J J � J - J J



� �� �
� �� �
 	
� �� �	

� 
� 

1 / /9

l l

; (3.4)

Let rewrite �$
"�(��$!�Fs functional 9  (3.4)
with replacement normal stresses ! "� J  by the 

expression (1.1), and shear stresses ! "� J 3 by 

the dependence from shear forces flows (1.2) as 
presented below:

! " ! "
! " ! " ! " ! " ! ", , , ,

1` X\
` � ` 	X ` 	\ ` 	 `

` ` X \

] � c�] � � �
� � �

K
K

K

J
� J J J J

- J - J
� �


 
 � � �� �� �
� 


; (3.5)
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! "

2

1

2

2
, , , , , , , , , ,

1 1
2 2 1

2 2 2 .

�

`

`

�
X \

` ` ` `
` X \

X X\ \
� ` � ` 	X ` � ` 	\ ` � ` 	 ` 	X ` 	\ ` 	 `

X \ X \ `

c cZ H\ X �
d � T � � �

� �c c� � �] ] � ] � ] � � � �
� � � � � �

K

K K
K K

K K

K - J

J
-




�� � � ��� �
 	 	 	 	� �� ��� � 	� � 
���
����� � � ����	 � � � 	 	 	� � �� � � ���� ��� � 
 
 




1 /

/

9
l

l

(3.6)

here we omitted functional dependence from
angular position J  (to simplify presented 
formulas):
Let us leave in (3.6) those summands which are
dependent from shear forces flows values

; <, ,  1,
]

� � ` �] ] ` �
 

r

,

and also denote by the symbol K  all other 

���$! 
� "#$"� $���  �!F"� dependent from the 

vector �]
r

. In this way we have obtain 
expression for �$
"�(��$!�Fs functional 9 in
terms of shear forces flows [2]

; <,

]

� � `] ]

r

as presented below:

2

1 2

�

`

�
� 3 ` X\

� 3 ` 	X 3 ` � 3 ` 	\ 3 ` � 3 ` 	 3 `
` X \ `

] � c� �] � ] � ] �
d d� d� d�

K
K

K

J
-


� �� �
� �
 � � � 	� �� �� �� 
� 


1 /9
l

K ; (3.7)

2

1 2

�

` ` ` `

�
� 3 ` X\

� 3 ` 	X 3 ` � 3 ` 	\ 3 ` � 3 ` 	 3 `
` ` X ` \ ` `

] � c�� � � �] � ] � ] �
d d� d� d�

K
K

K

J J J J
- - - -


� �
� �
 � � � 	
� �
� 


1 / / / /9
l l l l

K (3.8)

where integral

` `

�J
-/l

can be calculated according to (4.5), and 
integrals

`

	X 3 `
`

�� J
-/

l

,
`

	\ 3 `
`

�� J
-/

l

and
`

	 3 `
`

�� K
J
-/

l

3 using following equations (3.9), (3.10) and
(3.11) accordingly presented below,

: `; ;J J J
L LLP � O � �L ? :

! "
! "

! "

,
,

, , ,
, , ,

1
4 ;

6

�`

�`

	\ `
Y\ `

�
;���� ��� ���

	\ 	\ 	\

� �
�


 � � �
J

J

J
J J JL
L L LJ

L L

J J
- J

-



 


� �

 	 	� �

� 


/

1
� (3.9)

! "
! "

! "

,
,

, , ,
, , ,

1
4 ;

6

�`

�`

	X `
YX `

�
;���� ��� ���

	X 	X 	X

� �
�


 � � �
J

J

J
J J JL
L L LJ

L L

J J
- J

-



 


� �

 	 	� �

� 


/

1
� (3.10)

! "
! "

! "

,
,

, , ,
, , ,

1
4 .

6

�`

�`

	 `
Y `

�
;���� ��� ���

	 	 	

� �
�


 � � �
J

J
K

K

J
J J JL
K L K L K LJ

L L

J J
- J

-



 


� �

 	 	� �

� 


/

1
� (3.11)

Let us define the following column vectors
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consisting of ��  elements, 1, �` �P 
  (according 
to the number of edges of graph �):

,1

,2

, �

Y\

Y\
Y\

Y\ �

�
�

�

�

) &
' $
' $

' $
' $
' $( %

;

,1

,2

, �

YX

YX
YX

YX �

�
�

�

�

) &
' $
' $

' $
' $
' $( %

;

,1

,2

, �

Y

Y
Y

Y �

�
�

�

�

�

�
�

�

) &
' $
' $

' $
' $
' $( %

;�

(3.12)

Using weighting matrix of unbranched sectional
parts X  (2.2) introduced above as well as 
column vectors Y\� , YX� and Y� K  presented 
above (3.12) we can rewrite �$
"�(��$!�Fs
functional (3.8) as the following vector-matrix
equation:

1.�

1
2

X] ]
� � � Y\

\

] ]\
� YX � Y

X

�
] ] ] �

d d�
c�] � ] �

d� d�
K

K
K


 � �

� � 	

9 X
rr r r

r rr r
K

(3.13)

Next, for each section branch point we can work
out equation of shear forces flows equilibrium
in terms of projections on the longitudinal axis 
of the thin-walled bar. In order to obtain general 
view for these equations (the system of 
equations by the number of branch points in the 
section) we can use incidence matrixes � and �
introduced above which reflect topological
structure of considered cross-section of the thin-
walled bar:

! " ! "� �] ]	 � � 
� � � � , , (3.14)

where ; <, ,  1,
]

� � ` �] ] ` �
 

r

3 vector of shear
forces flows at start points of unbranched

sectional parts; ; <, ,  1,
]

� � ` �] ] ` �
 

r

3 vector of
shear forces flows at end points of unbranched
sectional parts:

� �] ] ]
 ��
r r r

; (3.15)

here ; < , 1,
]

` �] ] ` �� 
 � 

r

3 vector of shear
forces flows increments for each unbranched
sectional part:

, , ,
X \

` \ ` X ` `
\ X

� c�] � � �
� � �

K
K

K

� 
 	 	
r r rr

; (3.16)

where vectors , , ,,  ,  \ ` X ` `� � �K
r r r

are presented 
below:

,1

,2

, �

\

\
\

\ �

�
�

�

�

) &
' $
' $

' $
' $
' $( %

;

,1

,2

, �

X

X
X

X �

�
�

�

�

) &
' $
' $

' $
' $
' $( %

;

,1

,2

, ��

�
�

�

�

K

K
K

K

) &
' $
' $

' $
' $
' $( %

;�

(3.17)

and components of vectors , , ,,  ,  \ ` X ` `� � �K
r r r

can 

be calculated as follow, : `; ;J J J
L LLP � O � �L ? :

! " ! ",

,

1

1 ;
2

�`

�`

\ `

�
;����

� X �


 X X
J

J

J J J J
L L L L

L

J - J J

-




 


� �� �
 	 �� �� �
� 
� 


/

1
� (3.18)

! " ! ",

,

1

1 ;
2

�`

�`

X `

�
;����

� \ �


 \ \
J

J

J J J J
L L L L

L

J - J J

-




 


� �� �
 	 �� �� �
� 
� 


/

1
(3.19)
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! " ! ",

,

1
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�`

�`

`

�
;����
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J

J
K

J J J J
L L L L

L

K J - J J

- K K




 


� �� �
 	 �� �� �
� 
� 


/

1
(3.20)

Let us rewrite the equation (3.14) taken into 
account the equation (3.15), we obtain the 
following:

! " ! " ! "� �] ] ]	 � � T � � 
� � � � , ;

! " ! " ! "� �] ] ]	 � � 	 � � 
� � � � � � , ;

! "2 �] ]	 � � 
� � � , ;

or taken into account the equation (3.16):

! "

, , ,

2

.

�

X \
\ ` X ` `

\ X

]

� c�� � �
� � �

K
K

K

	 � T

� �
T 	 	 
� �� �
� 


� � �

,
(3.21)

The system of equation (3.21) has ��
equilibrium equations. The last equation is
linear-dependent or a linear combination from 
the previous equations. Let us rewrite the
system of equations (3.21) excluding the last 
equilibrium equation:

! "

, , ,

2 �

X \
\ ` X ` `

\ X

]

� c�� � �
� � �

K
K

K

X X X	 � T

� �
T 	 	 
� �� �
� 


� � �

,
; (3.22)

where X� 3 incidence matrix of the graph �
truncated by the last row with dimensions

! "1� �� �� T , X� ; <| 1, 1, 1,�` � �� � � ` �
 
 � 
 ;

X� 3 matrix composed using modulus of 

elements �`� of truncated matrix X� as

X� ; <| 1, 1, 1,�` � �� � � ` �
 
 � 
 .

We also can work out the last equilibrium
equation relating to the longitudinal axes < <�
of a thin-walled bar as condition of static
equivalence of torsional moment caused by the 
shear forces flows to the free torsional moment 

<c  acting in the cross-section of the thin-
walled bar:

! "
1

0
�

`

�

< `
`

c ] �J �



� 
1 /
l

; (3.23)

where ! "`] J 3 shear forces flow at some point
of the cross-section which can be expressed
depending on shear forces flow ! ",� `] J at start
point of the corresponded unbranched part of
the section as follow:

X \
` � 3 ` 	\ 3 ` 	X 3 ` 	 3 `

\ X

� c�] ] � � �
� � �

K
K

K


 � � � ; (3.24)

here we omitted functional dependence from
angular position J  (to simplify presented 
formulas).
Then:

, , , ,
1

, , , ,
1

0;

0.

�

`

�

` ` ` `

�
X \

< � ` 	\ ` 	X ` 	 `
` \ X

�
X \

< � ` 	\ ` 	X ` 	 `
` \ X

� c�c ] � � � �
� � �

� c�c ] � � � � � � �
� � �

K
K

K

K
K

K

= J

= J = J = J = J







� �
� � � � 
� �� �

� 


� �
� �� � � � 

� �
� 


1 /

1 / / / /

l

l l l l

;
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��!$��%��/�F+����"$�!� [2]:

, , , ,
1

0
�

` ` ` `

�
X \

< � ` 	\ ` 	X ` 	 `
` \ X

� c�c ] � � � � � � �
� � �

K
K

K

= J = J = J = J



� �
� �� � � � 

� �
� 


1 / / / /
l l l l

;

, , , ,
1 1 1 1

0
� � � �

` ` ` `

� � � �
X \

� ` 	\ ` 	X ` 	 ` <
` ` ` `\ X

� c�] � � � � � � � c
� � �

K
K

K

= J = J = J = J

 
 
 


� � � � 
1 1 1 1/ / / /
l l l l

(3.25)

here integrals

,
1

�

`

�

	\ `
`

� �= J


1 /

l

, ,
1

�

`

�

	X `
`

� �= J


1 /

l

, ,
1

�

`

�

	 `
`

� �K = J


1 /

l

can be calculated using equations (3.26), (3.27)
and (3.28) accordingly as presented below,

: `; ;J J J
L LLP � O � �L ? :

! "

! "

,
1

, , ,
, , ,

1 1
4 ;

6

�

�`

�`�

�

\ 	\ `
`
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;���� ��� ���
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`

� � �

� � �
J

J
=

J
J J JL
L L L

L
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� ��

 	 	� �� �
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1 /

1 1
� (3.26)
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,
1

, , ,
, , ,

1 1
4 ;

6

�

�`

�`�

�
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`
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;���� ��� ���
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� � �
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J

J
=

J
J J JL
L L L
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(3.27)
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1

, , ,
, , ,

1 1
4

6

�

�`

�`�

�

	 `
`

��
;���� ��� ���

	 	 	
`

� � �
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J

J
=K K

J
J J JL
K L K L K L

L
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� ��
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1 /

1 1
(3.28)

Let us rewrite the constraints-equality (3.25)
using vector representation taken into account 

equations (3.26), (3.27) and (3.28) as presented 
below:

0.

X] \
� \ X

\ X

<

� �] � �
� �

c � c
�

= =

K
=K

K

� � � �

� � 


rr

(3.29)

Thus, the formulated problem is presented as
mathematical programming task, namely as 
searching of unknown values of shear forces
flows at start points of unbranched parts of a
section:

; <, ,  1,
]

� � ` �] ] ` �
 

r

(3.30)

which ensure the least value of the following 
�$
"�(��$!�Fs functional 9 (3.13):

1
2

X] ]
� � � Y\

\

] ]\
� YX � Y

X

�
] ] ] �

d d�
c�] � ] � ���

d� d�
K

K
K


 � �

� � 	 9

9 X
rr r r

r rr r
K

(3.31)

subject to the following equilibrium conditions
(3.22) and (3.29):

! " , , ,2 ;

0.

X \
� \ ` X ` `

\ X

X] \
� \ X <

\ X

� c�] � � �
� � �

� c�] � � � c
� � �

K
K

K

K
= = =K

K

�

� � �
X X X	 � 	 	 
� � �� �� � 
�

� � � � � 
�
�

� � � ,
(3.32)
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Method of Lagrange multipliers can be used to 
reduce the mathematical programming task
(3.30) 3 (3.32) to the searching of stationary 

point of the following modified 
functional ! "�]

� �] 3 3+ +�
rr

:

! "

! "

1
2

      2

�

�

X] ] ] ] ]\
� � � � � Y\ � YX � Y

\ X

X] \
� \ 3 ` X 3 ` 3 `

\ X

X] \
� � \ X <

\ X

� c�] 3 3 ] ] ] � ] � ] �
d d� d� d�

� c�] � � �
� � �

� c�] � � � c ��� J
� � �

K
K

K

K
K

K

K
= = =K

K

+ +

+

+ �


 � � � 	

) &� �
X X X	 	 � 	 	 	' $� �� �' $� 
( %
) &

	 � � � � 9' $
' $( %

� X

� � �

r r r rr r r r r r

r r r rr

rr

(3.33)

here

; <�+ +

r

, 1, 1�� �
 �

3 vector of Lagrange multipliers consisting of 
1�� �  elements;

��
+ 3 additional Lagrange 

multiplier. 

Stationary conditions of the modified functional 

! "�]
� �] 3 3+ +�

rr
 (3.33) can be transformed into

the system of � �� �	  linear algebraic equations
and presented using vector-matrix form as 
follow [2]:

! "
! "1, 1 1 1

1

1 2

2

10

�

� � � �

�
�

Y\]

��
X

� � � < � \
\] ] � \�

�
] dd �

c �
�

�=

+
+

� � � �

�

) &) & ' $X ) &' $ ) & ' $' $' $ ' $ ' $X X XT 
 T 	 T � 	' $' $ ' $ ' $' $' $ ' $ ' $' $ ( %( %' $ ' $( % ( %

�
�

�
�

X � �� ,

� � , , � �

�� ,

! " ! "

YX Y

\
X

X

X

� �
d d

c� � �
� �

� �

K

K
K

K

= =K

) & ) &
' $ ' $
' $ ' $
' $ ' $X X X X	 T � 	 T �
' $ ' $
' $ ' $
' $ ' $
' $ ( %( %

� � � � .

where:

! "
1, 1 1

1

1 2

2

0

� � �

�

]
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] ]
�

d
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�

) &X' $
' $X

' $
' $
( %

�
�

�
�

X � ��

G � � ,

�� ,

;

(3.34)
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G 3 square matrix with dimensions
! " ! "� � � �� � � �	 T 	 , here �� and �� 3 number
of edges and vertices of the graph �
accordingly; �

��� 3 column vector of sectorial
coordinates increments

; <, | 1,
]

� ` �` �J�
 � 
�
���

consisting of ��  components calculated 

according to (2.3); X� , \� , �K 3 column
vectors (3.17) with �� components calculated
according to (3.18), (3.19) and (3.20) 
respectively; YX� , Y\� , Y� K 3 column vectors
(3.12) with �� components calculated according
to (3.9), (3.10) and (3.11) respectively; X�= ,

\�= , �=K 3 integral section properties calculated
according to (3.26), (3.27) and (3.28) 
respectively.
Solution of the system of equations (3.34)
determines column vector of shear forces flows

; <, ,  1,
]

� � ` �] ] ` �
 

r

,

at the start points of unbranched cross-section
parts. The vector �]

r
can be also presented as

follow:

X \
� < < \ X

\ X

� c�] c C C C C
� � �

K
K

K


 	 	 	
r r r rr

. (3.35)

In this case the system of algebraic equations
(3.34) disintegrates and transforms into the four 
systems of � �� �	 algebraic equations relating 

to the column vectors ,  ,   and < X \C C C CK
r r r r

consisting of �� elements [2] as presented 
below:

1

1

�

�

�

�<

< �

� <

C

+
+

�

) & ) &
' $ ' $

T 
' $ ' $
' $ ' $

( %' $( %

,

  , ;

! "
�

YX

X

X X

� X X

�
C d

�

�=

+
+

) &
' $) & ' $' $ ' $X XT 
 � T' $ ' $' $ ' $' $( % ' $
' $( %

G � � ;

! "
�

Y\

\

\ \

� \ \

�
C d

�

�=

+
+

) &
' $) &
' $' $
' $X XT 
 � T' $
' $' $
' $' $( % ' $
( %

G � � ;

! "
�

Y

�

�
C d

�

�

K

K

K K

K =K

+
+

) &
' $) &
' $' $
' $X XT 
 � T' $
' $' $
' $' $( % ' $
( %

G � � ;

(3.36)

where

; <,

]

< < �+ +
 , ; <, ,
]

X X �+ +
 ; <, ,
]

\ \ �+ +


; <,

]

�K K+ +
 , 1, 1�� �
 �

3 unknown column vectors of Lagrange 
multipliers consisting of 1�� � elements;

�� <+ ,
�� X+ ,

�� \+ ,
�� K

+

3 additional Lagrange multipliers. 
Projection of the vector

; <, | 1,< < ` �C C ` �
 


defined of the set of �� unbranched sectional
parts into the set of sectional segments
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; <, | 1, 1< <C C �J J
L JL
 
 �

can be written as:  

, ,< < `C CJ
L 
 : `; J J

LLP M L ;

and
, 0<C
J
L 
 : `; J J

LLP 
UL .

By analogy column vectors

; <, | 1,X X ` �C C ` �
 
 , ; <, | 1,\ \ ` �C C ` �
 


and ; <, | 1,` �C C ` �K K
 
  can be also projected 

into the set of sectional segments obtaining 
corresponded column vectors  

; <, | 1, 1X XC C �J J
L JL
 
 � ,

; <, | 1, 1\ \C C �J J
L JL
 
 � ,

; <, | 1, 1C C �J J
K K L JL
 
 � .

The following transformations for the first
moments of inertia and for the sectorial moment 
of inertia should be performed, 1, 1�JLP 
 � :

; <, , ,	\ 	\ \� � CJ J J
L L LY � ;

; <, , ,	X 	X X� � CJ J J
L L LY � ;

(3.37)

; <, , ,	 	� � CJ J J
K L K L K LY � ;

, ,
0

	 	
�� � �J J J K

K L K L L

� F
Y �� EV� D

.
(3.38)

�"��?pPEL�R)L9P?�RK)X?�E>(�?pPEL�
?=LP??P?�

�
Let us define the sets of shear forces flows 
values for the start, middle and end points at the 
middle line of the sectional segments

; <,st ,st]J J
L
= , ; <,mid ,mid]J J

L
= ,

; <,end ,end]J J
L
= , 1, 1�JL 
 � ,

consisting of 1�J � elements (by the number of 
sectional segments) as presented below [5]:

,start ,start
,

0

,start ,start
, , ;

X
	\

\

\
	X 	

X

�I] � �
�

c� � �
� �

J J J
L L L

J JK
L K L

K

Z

 � �
V

� �
(4.1)

, ,
,

0

, ,
, , ;

X��� ���
	\

\

��� ���\
	X 	

X

�I] � �
�

c� � �
� �

J J J
L L L

J JK
L K L

K

Z

 � �
V

� �
(4.2)

, ,
,

0

, ,
, , ;

X��� ���
	\

\

��� ���\
	X 	

X

�I] � �
�

c� � �
� �

J J J
L L L

J JK
L K L

K

Z

 � �
V

� �
(4.3)

here the first moments of inertia , ,,	\ 	X� �J J
L L  and 

sectorial moment of inertia ,	�
J
K L should be

calculated using transformations (3.37) and 
(3.38) accordingly.
Shear stresses for each L th sectional segment 

; <; <,start ,mid ,end, ,J J J J J
L L L L� � � �
 
¡ , 1, 1�JL 
 � ,

can be calculated as presented below:

! "

! "

! "

,start
,start

,mid
,mid

,end
,end

1

1

1

W

W

W

I]
�

I]
�

I]
�

JJ
LJ L

L J
L

JJ
LJ J L

L L J
L

JJ
LJ L

L J
L

-
�

-

-
�

-

-
�

-

� F�Z

 �� �

� �
� ��Z� �
 
 �� E
� �
� ��Z� �
 �
� �� D

¡ , (4.4)

here torsion moment of inertia <� and parameter
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