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Abstract: This article identifies and investigates the errors in the foundations of the modern theory of creep of
reinforced concrete caused by the use of the principle of superposition, which is an extensive interpretation of
the principle (scheme) of the linear superposition of Boltzmann. The results of the analysis published by the
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OIIWBKHU B TEOPUMU ITO3JTYYECTH KEJIESOBETOHA
N COBPEMEHHBIE HOPMBbI

P.C. Canxcapoeckuii UT.H. T ep-IMMAHYUIbAH 2, M.M. Manuenko®
! Epasuiickuit HanpoHanbHbli yansepeutet uM. JLH. ['ymunesa, r. Actana, KASAXCTAH
2 Poccuiickuii YHHMBEPCHUTET ApY>KOBI Hapo0B, T. MockBa, POCCHUA
KprimoBckuii rocyaapcTBeHHBINH Hay4HBIH HeHTp, T. CankT-IletepOypr, POCCUA

AnHOTanusi: B maHHOW cTaThe OTMEYAIOTCS M MCCIEMYIOTCS OIMIMOKHM, UMCEIOIIHEecS B OCHOBaX COBPEMEHHOU
TEOPUH TIOJN3YYECTH IKEIe300€TOHA, BEI3BAHHBIC WCIIOJNH30BAaHUEM IMPHHIUIIA CYIEPIO3UIUHN, KOTOPHIH
MpeacTaBiseT coO0K OOMMPHYIO HMHTEPIIPETAINIO MPHHIUNA (CXeMBl) TUHEWHOW Cyreprno3unun bomsivmana.
Pesynbratel aHanmm3a, omyOIMKOBaHHBIE aBTOPaMH paHee B jkypHaie «CTpoHWTelbHAs MEXaHWKA WH)KCHEPHBIX
coopyxenuii u 3qanuii» (Ne6 3a 2017 rox u Ne3 3a 2016 rox), 31ech CYIIECTBEHHO IOMOMHEHBI. HacTosimas
CTaTbd HaIMCaHa B COOTBETCTBUH C PEKOMEHMAIMSIMH KPYTJIOro CTOJa, MpoBeAeHHOro B Poccuiickom
yHuBepcurere Apyx6br HapomoB (PYJIH) 9 wuroms 2016 roma mom pykoBoicTBOM ma.T.H., npod. C.H.
Kpusomarnxo.

Kuarouesble cjioBa: ynpyromiactiudeckue nedopmaru 6eToHa, TeopHs TOI3y9IecTH OeToHa,
JIOJITOBPEMEHHOE COMPOTHUBJIEHHE YKeJIe300€TOHA, COBPEMEHHBIE CTPOUTEIILHBIE HOPMBI

The principle of superposition is the basis of
both the modern scientific creep theory of
concrete, which is called the "world harmonized

format” by foreign scientists, and the
developments  “in  recent  decades of
international standardization institutions ... for

recommendations, norms and technical

140

guidance documents” [1, 2, 3]. These works
also indicate that McHenry in USA (1943)
“substantiated this trend by experimental studies
of the creep of hermetic specimens using the
principle of superposition which is characteristic
for the theory of Volterra”.
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We give the basic law of creep of concrete in
the original notation [1]:

g, (t)=0(ty) I (t.t,)+
+jJ (t,t")do(t') @

t

where ¢ (t) is the complete strain from stress

o(t);

— compliance function; E.(t') is nonstationary
modulus of elasticity; ¢(t,t') is nonstationary
creep characteristic considering ageing.

In scientific publications (1) is usually
integrated by parts, thus obtaining
o(t)
t)= —
80( ) EC (t)
1"

The term

is a measure of the creep of concrete C(t,t") used
in publications in our country, which is
preferable to application of the creep
characteristics in the processing of experiments.
We emphasize that ageing of concrete is taken
into account in ¢ (t, t ") and C (t, t'), and the
modulus of elastic-instantaneous deformation
Ec (t ') essentially depends on the age of the
concrete.

Equations (1), (1') are substantiated by two
fundamental assumptions: the principle of
linear connection between stresses and strains

g6(t,t)=o(t")I(t,t); (1
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the principle of superposition, verbally
formulated in various versions in numerous
well-known publications on the theory of creep
of concrete, reference books, for example in [9].
Serious mistakes in (1) make the normative
theory inconsistent with Eurocode, unreliable
and uneconomical. Losses from such norms and
calculations are significant as annual global
volume of usage of concrete and reinforced
concrete is 4 billion m®. Let us also recall the
tragedy of the collapse of the Transvaal Park
(Moscow, 2004), caused by creep problems in
concrete.

We note that the article has no relation to the
“ongoing  disputes, discrepancies and
uncertainties” existing in this section of creep of
reinforced concrete. Also, in this paper we do
not discuss a different point of view. We, using
the Eurocode system, identify and analyze the
errors in that area of creep, where, as the leaders
and developers of norms indicate, there is a
“steady consensus” [1, 2, 3].

The main mathematical error in (1) lies in its
basis - the principle of superposition, which
appeared in the theory of reinforced concrete
after the work of McHenry. This principle
incorrectly builds the core of creep, incorrectly
describes  the  processes of  changing
instantaneous deformations and creep strains.
The errors in the principle of superposition can
be determined in various ways: for example, by
constructing and solving a differential equation
corresponding to a linear connection (1");
sololving the inverse problem of classical
mechanics; analysing the value of the total
strain rate corresponding to (1").

Applying the last method the following is
obtained:

From this formula it is clearly seen that four
terms, caused by the rate of change in the
compliance factor are lost in the main law (1):
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NE() 1 do(tt)
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and the value of these terms is comparable with
that of the remaining term. These losses cause
considerable discrepancies between the theory
and the experiments described in the scientific
literature, e.g. [7].
Opposite mathematical actions, first
differintiation and then integration, are
performed (and without any need) over the
known result (1”) of the classical theory in the
priciple of superposition.
One term for instantaneous deformations and
several terms for creep deformations are lost in
the process of differentiation. After integration,
the losses are included into the values of
deformations, and then into the theory of design
calculations.

The principle of superposition distorts the

classical linear connection (1”), causing three

types of errors [4, 5, 8], distorting the theory of
creep of concrete:

1. incorrectly determines the values of short-
term linear strains;

2. incorrectly finds the expression of a nucleus
describing the process of changing linear
creep strains;

3. erroneously classifies as instantaneous elastic
deformations to creep strains.

Let us consider them in more detail.

1. The rate of elastic deformation equals

o 1
o' Eq(t')

+o(t')

Integrating, we obtain

142

G(t) G(tO)
sAU—%QOZEJQ_Eﬁﬂ_
t N 1 '
icﬁkwaﬁ7m+
t N\ O 1 '
1 OzEm

Hence the short-term deformation equals

oft)
£ ()

It is also clear that the first term under the
integral sign (1) is superfluous, and the use of
the overlapping principle in (1) and (1")

gy(t):

)= o(ty) _j- 1

E(t) §E(t)

(4)

is strongly erroneous.

The principle of overlapping erroneously
reconstructs the actual, real elastic linear model
of concrete with the E.(t) module; the prinicple
attaches to it a non-existent and unreal model of
a linear viscous fluid with a viscosity coefficient

thus forming Maxwell's scheme.
Let us consider an example, putting
o(t)=0q =const in (3), (4), we will receive
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Figure 1. Comparison of &,(to) and &,(t).
e ()= oo In case (5), the fundamental law (1) forms four
Y Ec(t) extra (fictitious) bodies: two Foigt type bodies
and and two viscous elements connected in series
with each other. Deformations of these bodies
e, to) = 0 _ cong are equal
Ec(to)
e1plt)- }<> Lol
Comparison of these deformations is shown in 10 mq)(t') ,
Fig. 1. N E(t) .
Curve 2 in Fig. 1 corresponds to the VNIIG data N1g (t')= t)’ (6)
on the changing of modulus of elasticity with ) Pe
time. Errors in the value of elastic deformation £2¢(t) = [olt') 1 4,
are about ~ 300% at t = 360 days. f N2¢ (t)
2. In the region of creep deformations, the 20,
number of additional (fictitious) bodies arising nzq)(t')= E.C (t,) L < (7)
due to an incorrect scheme for constructing the Ec(t') 0o (t')
creep kernel (hereditary function of type I) t o1 (t=t") e
increases substantially. It depends on the form 83<1°(t): J olt )113 q,(t’) dt
of the function ¢(tt) describing the fo
nonstationary creep characteristic in the main (t):_ECZ(t’) 1 ©)
law (1). We write this function in a well-known, N3d Ec(t) oot
widely used in the scientific literature form t 1
szl(lj(t)zjcs(t')n (t’)dt”
oftt) o -] o M
Ec(t') EC(t’) , 114(1)( ) _(.Pc(i,)’ (9)

where ¢, (t") is a function considering the

ageing of concrete.
In the famous monograph of Prokopovich L.E.
the creep behavior ¢(t¢) used by foreign

scientists has the designation Cf(t,), these are
identical quantities.
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where 714, ... , 74 are the viscosity coefficients
or the coefficients of internal resistance of the
fictitious bodies; moreover, the bodies (8) of
Voigt and (9) of the viscous element expand
under compression.
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The creep deformations (6) - (9), caused by the
effect of the superposition principle on the
classical bond (1"”), are a fiction; they are also
summed up with a short-term fictitious
deformation

1

e5(t) = j ati )t': (10)

&t (t)=_§8iq) (t),

and introduce large errors in the value of the
total deformation &,(t) determined by the creep
law (1'). For example (Recommendations,
1988), at constant stresses, the error from
applying the superposition principle for creep
strains reaches 100%:

J'Q f(t—1)de
€co (t)omn61<1/1 -1- t

Qlty)f(t—tg)dt’

€ Co (t )l‘[pI/IHLlI/IH

where Q(t) is "the function of the effect of
ageing on the measure of creep";

f(t-t) is - "a function that takes into account the
increase in time creep measure".

3. The fact of appearance of a single short-term
strain

Ec(t)

in the nucleus of creep of the integral equation

(17:
9 e, (1)+C(Lt)]=
G ’

B

led to the temptation of erroneous substitution
of the properties of short-term deformation
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gy,1(t) by the properties of deformations of the
hereditary type &,1(t,t").

The error is corrected by making new mistakes.
Concrete has essentially non-linear properties at
short-term and long-term loading. The short-
term load diagram has a falling section and a
limited extent, see figure 2. In the main law (1),
(1" only linear deformation

Sﬂ(t) :gy(t)

is taken into account, and the nonlinear
deformation ¢4(t) is ignore, see figure 2.
Aleksandrovsky S.V. indicates the reason for
this circumstance: It is very difficult to take
into account the dependence of the modulus of
elasticity on stresses and age of concrete
simultaneously. Therefore, the modern theory of
creep of concrete takes into account only a
change in the modulus in time ... .

Let us consider two types of such substitution.
The first substitution. A representative forum
poses the erroneous task of "taking into account
the influence of the pre-history of deformation
on the modulus of elastic-instantaneous
deformations”. The basic equation of the creep
theory takes the form (in the original notation):

(11)

—j.c(r)%{Ec (1m)+c(t,r)}dz

An “experimentally valid” expression appears
for the modulus of elastic deformation of
concrete
An “experimentally valid" expression appears
for the modulus of elastic deformation of
concrete

Etr =Et +an0tEq,

where o; is characteristic of creep of concrete.
And other erroneous forms of the main creep
law appear
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Figure 2. Distortion of the o-¢ diagram of concrete.
x(t,7) has the name "reducing correction ... to the
o(t) | P current specific elastic-instantaneous
e(t)= E(t)+-[0 T)@Mtﬂ?d“ deformations".
&(t)= E(t)+ (’(T)ar%(tﬂ)df— The second substitution. The nonlinear short-
0 0 i term strain g,(t) is erroneously attributed to the
B G(T)arc (t’f)dt’ o . 12 deformation properties of the hereditary type
T —|o(t)=C"(t,7)d, (12) . L .
ot eq(t,t), the erroneous overlapping principle is
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used, and, instead of the simple algebraic
formula

eu(t)=Ba(t)o” (1)

(B2 is a known coefficient), the
following is contrived:

integral
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o 0 & (0Y)
aH(t)_t[c(t)at, o) dt "
=jc(t’)%€( Nt

where Cy(t,t") is called the measrue of fast-
flowing creep.

C(t,t')+C,(t,t")=
o(tt)+o,(tt)] (14)

£l

taken into account in (1'). The gross errors in
the theory from such a substitution of the short-
term nonlinearity of concrete we considered in

[4] and [8].
Famous foreign scientists renamed “fast-
flowing creep” into "minute creep"”, and the

erroneous idea of the Second substitution is
presented as their important achievement.

The principle of superposition in the theory of
creep of concrete is a mathematical error
committed in the exptensive interpretation of
the principle of the linear superposition of
Boltzmann. In international norms of reinforced
concrete, it is estimated incorrectly: it is
supposedly “a tendency to study creep
according to the principle of superposition
peculiar to Volterra's theory”. Let us consider
this in more detail.

We investigate the essence and the secondary
nature of the Boltzmann scheme for the theory
of creep of concrete on the example of concrete
considered in the well-known paper of Maslov
G.N. No. 4. Here the concrete has stationary
properties corresponding to the classical theory.
In the notation of Maslov G.N. the compliance
function has the form

J(t-t) = oft—7)= a—be Pl

where
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_C0+E0_

CoEo

Ey is an elastic modulus;

n is a stationary coefficient of linear viscosity.

In the theory of creep, the fundamental solution
of the corresponding differential equation is
known to have the form

- }o(t')%o%dt’, (15)

where
e L b Btt)
ot —t')=Eq Cob e ]

is characteristic of creep.

The Boltzmann case is obtained from the
solution of (15) by means of a number of its
transformations mathematically valid only
under the conditions of stationary properties

0

+j[Eio+Ei(p(t—t’)} do (t')

t 0

gc(t):o{EiO+Ei(p(t_to)J+
(15)

Unlike (15), the compliance function is used in
the transformation (15'), which attracted the
attention  of  scientists.  However, the
transformation (15) is possible only with
substantial and very strong restrictions. In the
exptensive interpretation of compliance, these
restrictions were not taken into account, and the
theory of creep of concrete proved to be deeply
erroneous.

Here, firstly, the property of the process that
creates the temptation to expand the theory and
transforms into the above-mentioned gross error

International Journal for Computational Civil and Structural Engineering
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for nonstationary E(t") accompanying the
normative linear creep theory of concrete is
imposed on instantaneous deformation with an
extremely simple physical meaning for an
arbitrary t. In scientific literature there is even
an authoritative statement that “elastic-
instantaneous deformations strictly obey ... the
principle of superposition”.

Secondly, it is necessary to integrate (15) by
parts, that in the exptensive interpretation of the
compliance function under the conditions of
ageing of concrete (1) creates another
temptation, traditionally leading to another
gross error in finding the core of the integral
equation. As it is known, for non-stationary
properties of concrete, the creep strain is
obtained from another solution of differential
equation, a solution written in a more complex
form

ecc(t)= e_F(t){sco + }G(t)ie F(t)dtJ ,

where the parameters n(t) and B(t) in (15) are
functions of time.

In the concrete of Maslov G.N. the rate of
deformation degenerates due to the difference
kernel. In the case of an extensive interpretation
of the compliance factor, the application of the
Boltzmann principle usually becomes incorrect.
The nonstationary model of Maslov concrete
with a coefficient of viscosity

n(t)=Co(t)/B
and a time-dependent  module
demonstrates this:

— it satisfies experiments with simple loading
at low levels ¢ ~01R

Eo(t)

p

— it satisfies the requirements of classical
mechanics;

— it does not satisfy the conditions of the
Boltzmann principle.
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The Boltzmann principle distorts the essence of
the nonstationary Maslov model. It replaces one
classical body of creep of concrete with a chain
model of successively connected bodies with a
set of erroneous properties.

In the theory of creep of concrete, there is a case
when extensive interpretation of the compliance
function is unacceptable even with a difference
kernel. For example, the nucleus of creep in a
number of known works is represented in the
form (the second case)

Ae_B(t_t,)

K(t-t')

Certain forces correspond to this kinematic
equation of motion in connection with the
solution of the inverse problem of mechanics.
The analysis of the differential creep equation
reveals that in this nucleus there is a resistance
force with a coefficient of viscosity of the linear
model equal to

nltt)= -0,

which is impossible by the same reasons as in
the above-mentioned case of applying the
hereditary properties of the elastic modulus
E(t,t).

The third case corresponds to the extensive
interpretation of the compliance function in the
“chain  model”. This case is present in
theoretical rheology, and as a repetition — in the
norms of reinforced concrete.

We preliminarily write the Boltzmann scheme
for the Maxwell body in the form

ga(t):o{Eio+%(t—to)J+ -

+£{Ei+i(t—t')}dc(t’)

o M

where 1 is a stationary coefficient of viscosity.
With a variable viscosity coefficient
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we obtain the theory of ageing of concrete
(Dischinger, Whitney);

olt) = 0o (1— e )

which by series expansion gives the function of
Freudenthal

substantiated by the experiments of Davis and
Glanville.

In the “chain model”, by successively
connecting bodies (15) and (16), we have an
extension record of the compliance function

(17)

A pair of integral equations corresponding to the
expansion hypothesis (17), and solved either
with respect to deformations &,(t), or relative to
the stresses o (t), in theoretical rheology are
called "Boltzmann-Volterra equations™; It is
also indicated that this pair "represents a
complete mathematical formulation of the
principle of linear superposition.”

However, such a chain model, with its extensive
interpretation of the compliance coefficient, is
essentially erroneous; This is evidenced by its
reduction to a differential form:
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It can be seen from (17 ') that there is a
resistance force

£6(t)

proportional to the acceleration, which is
incompatible with classical mechanics, and, in
connection with Art. 5.1.1 (3) P Eurocode 0, the
chain model is an inappropriate design model.

The components of the force of the
computational model can be a function of
position e, (t), speed &.(t), time and other
quantities. If there is (among others) a force
proportional to acceleration .(t), then the

fundamental principle of mechanics about the
independence of the action of forces is violated.
The well-known scientist Pare L. has
established the unacceptability of such forces in
both problems of mechanics and in applications
[6].

Unfortunately, in the scientific literature on
concrete, in international norms, there are a
number of errors analogous to those described,
and consisting in an extensive interpretation of
the compliance function in the form of a chain
model [1], including for taking into account the
rapidly flowing creep.

Thus, in the case of consistent merging of
Maslov's theory and the theory of ageing of
concrete (McHenry, Yashin A.V., Hansen T.,
Prokopovich LE. and Ulitsky I.I.), the creep
equation has the form

g(t)+gs(t):a(t)Eio+

+6(t)[%+E£+C£j+
+G(t)(2—t+%J

If another viscous element with viscosity

n(t)= e~

International Journal for Computational Civil and Structural Engineering
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is added to this chain in order to take into
account the rapidly flowing creep, that was
previously assumed by the Eurocode developers
before its approval, then we get another
erroneous version of the theory (written without
averaging)

é(t)+Bé(t):6(t)E—o+
- po B 1 *

+G(t)(%o+E_o+@j+ (*)

ts LBo B ﬁ(t)
o2 )

When Eurocode 2 was adopted, the theory of
ageing and the viscous element were removed
from this model, the error was annulled. In the
Eurocode rules, only classic concrete Maslov
G.N. is left; from its creep characteristics, a
normative coefficient of creep development is
obtained

03
| _t-Tto
NN

~1/B.

where

It is obtained by decomposing
e—B(t—to)

in a series using two terms. The exponent 0.3 of
the power function takes into account on
average the ageing of the concrete.

In the case of nonlinear creep and short-term
non-linearity in Eurocodes, the use of the
Boltzmann scheme is also erroneous. For
nonlinear creep of concrete of Maslov G.N. (the
fourth case) within the framework of generally
accepted hypotheses, the rate of deformation is

Volume 14, Issue 4, 2018

G F L] -

5(t)-Flu(t) ’]Eiw(t—t’)
+o (1)t )GF[Ma t] =
o) T oy,
+o(t')-Fp(t ,t]o
o3[ =]

which is not taken into account in the traditional
theory. Here F[u(t’)t’] is a non-linearity
function, in which the voltage

is usually taken (after the work of Leaderman)
as a nonlinearity parameter, which is incorrect:
the methods of classical mechanics show that
such an assumption is a very superficial
assumption. We will devote a separate article to
this problem.

For example, under this assumption, a series of
multiple Volterra-Frechet integrals

g, (t)= ijl (t—t")do(t')+

t ot

+[ [3,(t-t"t=t")do(t')do(t") +

is a nonintegral form [10]

e, (t)=J,(t)o+J,(t,t)o" +
+J,(t.t,t)o’ +
Recently, some papers have appeared that
develop "a modification of the principle of

superposition of deformations for nonlinear
creep" in the form
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where
o (t)=S[o(7)]

is the known stress function o|[t].
The error of this formulation is similar to that
used in (1). The total strain rate here is

v, () S[cs(r)]{ (T)+C(t,r)J+
+S[0(1:) %E:(Lr)

+s[o(1) %C(t,r)+
+s[o(1)]2c(tr) (18)

From this it is clear that the last three terms in
(18" are lost in (18). The significance of these
terms is identical to the significance that we
described in paragraphs 1-3 above. We must
additionally pay attention to the fact that the
identity of the nonlinear function S[o(t)] for
short-term and long-term deformations is also
incorrect. But even if another function Sy[o(t)]
is used for creep strains, then, as it is noted
above, this assumption is a very superficial
assumption that does not correspond to the real
nonlinear creep theory of concrete, which will
be published later. This theory has nothing to do
with the principle of superposition.
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