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Abstract: This article identifies and investigates the errors in the foundations of the modern theory of creep of 

reinforced concrete caused by the use of the principle of superposition, which is an extensive interpretation of 

the principle (scheme) of the linear superposition of Boltzmann. The results of the analysis published by the 

authors in the journal of Structural Mechanics of Engineering Constructions and Buildings No. 6 of 2017 and 

No. 3 of 2016 are supplemented. The article was written in accordance with the recommendations of the round 

table held in the RUDN University on June 9, 2016, under the guidance of D.Sc., Prof. S.N. Krivoshapko. 
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Аннотация: В данной статье отмечаются и исследуются ошибки, имеющиеся в основах современной 

теории ползучести железобетона, вызванные использованием принципа суперпозиции, который 

представляет собой обширную интерпретацию принципа (схемы) линейной суперпозиции Больцмана. 

Результаты анализа, опубликованные авторами ранее в журнале «Строительная механика инженерных 

сооружений и зданий» (№6 за 2017 год и №3 за 2016 год), здесь существенно дополнены. Настоящая 

статья написана в соответствии с рекомендациями круглого стола, проведенного в Российском 

университете дружбы народов (РУДН) 9 июня 2016 года под руководством д.т.н., проф. С.Н. 

Кривошапко. 
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The principle of superposition is the basis of 

both the modern scientific creep theory of 

concrete, which is called the "world harmonized 

format" by foreign scientists, and the 

developments “in recent decades of 

international standardization institutions ... for 

recommendations, norms and technical 

guidance documents” [1, 2, 3]. These works 

also indicate that McHenry in USA (1943) 

“substantiated this trend by experimental studies 

of the creep of hermetic specimens using the 

principle of superposition which is characteristic 

for the theory of Volterra”. 
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We give the basic law of creep of concrete in 

the original notation [1]: 

 

     

   
0

σ 0 0ε σ ,

, σ

t

t

t t J t t

J t t d t

 

  
         (1) 

 

where  tσε  is the complete strain from stress 

σ(t); 

 

 
 

 
 tE

tt

tE
ttJ

cc 







,φ1
,  

 

– compliance function;  tEc   is nonstationary 

modulus of elasticity;  tt ,φ  is nonstationary 

creep characteristic considering ageing. 

In scientific publications (1) is usually 

integrated by parts, thus obtaining 

 

 
 

 

 
 

 

 
0

σ

σ
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c ct

t
t

E t

t t
t dt

t E t E t

 

 
   

    
 .    

(1′) 

 

The term  

 
 
 tE

tt

c 

,φ
 

 

is a measure of the creep of concrete C(t,t') used 

in publications in our country, which is 

preferable to application of the creep 

characteristics in the processing of experiments. 

We emphasize that ageing of concrete is taken 

into account in φ (t, t ') and C (t, t'), and the 

modulus of elastic-instantaneous deformation 

Ec (t ') essentially depends on the age of the 

concrete. 

Equations (1), (1′) are substantiated by two 

fundamental assumptions: the principle of  

linear connection between stresses and strains 

 

     ttJttt  ,σ,εσ ;          (1′′) 

 

the principle of superposition, verbally 

formulated in various versions in numerous 

well-known publications on the theory of creep 

of concrete, reference books, for example in [9]. 

Serious mistakes in (1) make the normative 

theory inconsistent with Eurocode, unreliable 

and uneconomical. Losses from such norms and 

calculations are significant as annual global 

volume of usage of concrete and reinforced 

concrete is 4 billion m
3
. Let us also recall the 

tragedy of the collapse of the Transvaal Park 

(Moscow, 2004), caused by creep problems in 

concrete. 

We note that the article has no relation to the 

“ongoing disputes, ... discrepancies and 

uncertainties” existing in this section of creep of 

reinforced concrete. Also, in this paper we do 

not discuss a different point of view. We, using 

the Eurocode system, identify and analyze the 

errors in that area of creep, where, as the leaders 

and developers of norms indicate, there is a 

“steady consensus” [1, 2, 3]. 

The main mathematical error in (1) lies in its 

basis - the principle of superposition, which 

appeared in the theory of reinforced concrete 

after the work of McHenry. This principle 

incorrectly builds the core of creep, incorrectly 

describes the processes of changing 

instantaneous deformations and creep strains. 

The errors in the principle of superposition can 

be determined in various ways: for example, by 

constructing and solving a differential equation 

corresponding to a linear connection (1′′);  

sololving the inverse problem of classical 

mechanics; analysing the value of the total 

strain rate corresponding to (1′′). 

Applying the last method the following is 

obtained: 

 

     

 
 

 
 

σv , σ ,

, ,
σ σ

t t t J t t

J t t J t t
t t

t t

    

  
  

 
.
 

 

From this formula it is clearly seen that four 

terms, caused by the rate of change in the 

compliance factor are lost in the main law (1):  
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   (2) 

 

and the value of these terms is comparable with 

that of the remaining term. These losses cause 

considerable discrepancies between the theory 

and the experiments described in the scientific 

literature, e.g. [7].   

Opposite mathematical actions, first 

differintiation and then integration, are 

performed (and without any need) over the 

known result (1′′) of the classical theory in the 

priciple of superposition.  

Оne term for instantaneous deformations and 

several terms for creep deformations are lost in 

the process of differentiation. After integration, 

the losses are included into the values of 

deformations, and then into the theory of design 

calculations.  

The principle of superposition distorts the 

classical linear connection (1′′), causing three 

types of errors [4, 5, 8], distorting the theory of 

creep of concrete: 

1. incorrectly determines the values of short-

term linear strains; 

2. incorrectly finds the expression of a nucleus 

describing the process of changing linear 

creep strains; 

3. erroneously classifies as instantaneous elastic 

deformations to creep strains. 

Let us consider them in more detail. 

1. The rate of elastic deformation equals 

 

   
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cc 







1
σ

1
σεу  . 

 

Integrating, we obtain 
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Integrating the first term by parts, we find 
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Hence the short-term deformation equals 
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 
 tE

t
t

c

σ
εу  . 

 

It is also clear that the first term under the 

integral sign (1′)  is superfluous, and the use of 

the overlapping principle in (1) and (1′) 
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 (4) 

 

is strongly erroneous. 

The principle of overlapping erroneously 

reconstructs the actual, real elastic linear model 

of concrete with the Ec(t) module; the prinicple 

attaches to it a non-existent and unreal model of 

a linear viscous fluid with a viscosity coefficient  

 

 
 
 tE

tE
tK

c 


 

2
с

1 , 

 

thus forming Maxwell's scheme. 

Let us consider an example, putting 

  constt  0σσ  in (3), (4), we will receive  
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Figure 1. Comparison of εу(t0) and εу(t). 
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 tE

t
c

0
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and  

 

 
 

const
tE

t
c


0

0
0у

σ
ε . 

 

Comparison of these deformations is shown in 

Fig. 1. 

Curve 2 in Fig. 1 corresponds to the VNIIG data 

on the changing of modulus of elasticity with 

time. Errors in the value of elastic deformation 

are about ≈ 300% at t = 360 days. 

2. In the region of creep deformations, the 

number of additional (fictitious) bodies arising 

due to an incorrect scheme for constructing the 

creep kernel (hereditary function of type I) 

increases substantially. It depends on the form 

of the function φ(t,t') describing the 

nonstationary creep characteristic in the main 

law (1). We write this function in a well-known, 

widely used in the scientific literature form 

 

 
 

    
 tE
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tE

tt

c

tt












γ

с

1φ,φ
,        (5) 

 

where  tφ  is a function considering the 

ageing of concrete.  

In the famous monograph of Prokopovich I.E. 

the creep behavior φ(t,t') used by foreign 

scientists has the designation  τ,tC , these are 

identical quantities. 

In case (5), the fundamental law (1) forms four 

extra (fictitious) bodies: two Foigt type bodies 

and two viscous elements connected in series 

with each other. Deformations of these bodies 

are equal 
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where η1ф, ... , η4ф are the viscosity coefficients 

or the coefficients of internal resistance of the 

fictitious bodies; moreover, the bodies (8) of 

Voigt and (9) of the viscous element expand 

under compression. 
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The creep deformations (6) - (9), caused by the 

effect of the superposition principle on the 

classical bond (1′′), are a fiction; they are also 

summed up with a short-term fictitious 

deformation 

 

   
  

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t

td
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0
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
5

1
ффσ εε

i
i tt , 

 

and introduce large errors in the value of the 

total deformation εσ(t) determined by the creep 

law (1′). For example (Recommendations, 

1988), at constant stresses, the error from 

applying the superposition principle for creep 

strains reaches 100%: 
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where Ω(τ) is "the function of the effect of 

ageing on the measure of creep"; 

f(t-τ) is - "a function that takes into account the 

increase in time creep measure". 

3. The fact of appearance of a single short-term 

strain  

 

 tE с

1

 

 
in the nucleus of creep of the integral equation 

(1′): 
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led to the temptation of erroneous substitution 

of the properties of short-term deformation 

εу,1(t′) by the properties of deformations of the 

hereditary type εу,1(t,t′). 

The error is corrected by making new mistakes. 

Concrete has essentially non-linear properties at 

short-term and long-term loading. The short-

term load diagram has a falling section and a 

limited extent, see figure 2. In the main law (1), 

(1′)  only linear deformation  

 

)(ε)(ε ул tt 
 

 

is taken into account, and the nonlinear 

deformation εн(t) is ignore, see figure 2. 

Aleksandrovsky S.V. indicates the reason for 

this circumstance: ”It is very difficult to take 

into account the dependence of the modulus of 

elasticity on stresses and age of concrete 

simultaneously. Therefore, the modern theory of 

creep of concrete takes into account only a 

change in the modulus in time ... “. 

Let us consider two types of such substitution. 

The first substitution. A representative forum 

poses the erroneous task of "taking into account 

the influence of the pre-history of deformation 

on the modulus of elastic-instantaneous 

deformations". The basic equation of the creep 

theory takes the form (in the original notation): 
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   (11) 

 

An “experimentally valid” expression appears 

for the modulus of elastic deformation of 

concrete 

An "experimentally valid" expression appears 

for the modulus of elastic deformation of 

concrete 

 

ττ,τ, φ EaEE tntt  , 

 

where φt  is characteristic of creep of concrete. 

And other erroneous forms of the main creep 

law appear 
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Figure 2. Distortion of the σ-ε diagram of concrete. 
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where 

 

            
 

 

















τ,

τ

1

τ
τ,

τ

* tC
E

tC ; 

 

χ(t,τ) has the name "reducing correction ... to the 

current specific elastic-instantaneous 

deformations". 

The second substitution. The nonlinear short-

term strain εн(t) is erroneously attributed to the 

deformation properties of the hereditary type 

εн(t,t′), the erroneous overlapping principle is 

used, and, instead of the simple algebraic 

formula 

 

     ttBt 2
2н σε   

 

(B2 is a known coefficient), the integral 

following is contrived: 
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     (13) 

 

where Cн(t,t′) is called the measrue of fast-

flowing creep. 

 

   
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taken into account in (1′). The gross errors in 

the theory from such a substitution of the short-

term nonlinearity of concrete we considered in 

[4] and [8]. 

Famous foreign scientists renamed “fast-

flowing creep” into "minute creep", and the 

erroneous idea of the Second substitution is 

presented as their important achievement. 

The principle of superposition in the theory of 

creep of concrete is a mathematical error 

committed in the exptensive interpretation of 

the principle of the linear superposition of 

Boltzmann. In international norms of reinforced 

concrete, it is estimated incorrectly: it is 

supposedly “a tendency to study creep ... 

according to the principle of superposition 

peculiar to Volterra's theory”. Let us consider 

this in more detail. 

We investigate the essence and the secondary 

nature of the Boltzmann scheme for the theory 

of creep of concrete on the example of concrete 

considered in the well-known paper of Maslov 

G.N. No. 4. Here the concrete has stationary 

properties corresponding to the classical theory. 

In the notation of Maslov G.N. the compliance 

function has the form 

 

     τβτΦ  tbeatttJ , 

 

where   

 

00

00

EC

EC
a


 ; 

 

E0 is an elastic modulus; 

 

0

1

E
b  ;   

β
η 0C
 , 

 

η is a stationary coefficient of linear viscosity. 

In the theory of creep, the fundamental solution 

of the corresponding differential equation is 

known to have the form 

 

 
 

 
 

 





t

t

td
t

tt

E
t

E

t
t

0

φ1
σ

σ
ε

00
σ ,       (15) 

 

where  

 

    tte
C

Ett
 β

0
0 1

1
φ  

 

is characteristic of creep. 

The Boltzmann case is obtained from the 

solution of (15) by means of a number of its 

transformations mathematically valid only 

under the conditions of stationary properties 

 

   

   
0

σ 0 0

0 0

0 0

1 1
ε σ φ

1 1
φ σ

t

t

t t t
E E

t t d t
E E

 
    

 

 
    

 


      (15′) 

 

Unlike (15), the compliance function is used in 

the transformation (15'), which attracted the 

attention of scientists. However, the 

transformation (15′) is possible only with 

substantial and very strong restrictions. In the 

exptensive interpretation of compliance, these 

restrictions were not taken into account, and the 

theory of creep of concrete proved to be deeply 

erroneous. 

Here, firstly, the property of the process that 

creates the temptation to expand the theory and 

transforms into the above-mentioned gross error 
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for nonstationary E(t′) accompanying the 

normative linear creep theory of concrete is 

imposed on instantaneous deformation with an 

extremely simple physical meaning for an 

arbitrary t. In scientific literature there is even 

an authoritative statement that "elastic-

instantaneous deformations strictly obey ... the 

principle of superposition". 

Secondly, it is necessary to integrate (15) by 

parts, that in the exptensive interpretation of the 

compliance function under the conditions of 

ageing of concrete (1) creates another 

temptation, traditionally leading to another 

gross error in finding the core of the integral 

equation. As it is known, for non-stationary 

properties of concrete, the creep strain is 

obtained from another solution of differential 

equation, a solution written in a more complex 

form 

 

     
 

 














 


t

t

tF
c

tF
cc dte

t
tet

0
η

1
σεε 0 , 

   
t

t

dtttF

0

β , 

 

where the parameters η(t) and β(t) in (15) are 

functions of time. 

In the concrete of Maslov G.N. the rate of 

deformation degenerates due to the difference 

kernel. In the case of an extensive interpretation 

of the compliance factor, the application of the 

Boltzmann principle usually becomes incorrect. 

The nonstationary model of Maslov concrete 

with a coefficient of viscosity  

 
    βη 0 tCt   

 

and a time-dependent module E0(t) 

demonstrates this: 

– it satisfies experiments with simple loading 

at low levels пр1,0σ R ; 

– it satisfies the requirements of classical 

mechanics; 

– it does not satisfy the conditions of the 

Boltzmann principle. 

The Boltzmann principle distorts the essence of 

the nonstationary Maslov model. It replaces one 

classical body of creep of concrete with a chain 

model of successively connected bodies with a 

set of erroneous properties. 

In the theory of creep of concrete, there is a case 

when extensive interpretation of the compliance 

function is unacceptable even with a difference 

kernel. For example, the nucleus of creep in a 

number of known works is represented in the 

form (the second case) 

 

 
 

  1α

β








tt

Ae
ttK

tt

. 

 

Certain forces correspond to this kinematic 

equation of motion in connection with the 

solution of the inverse problem of mechanics. 

The analysis of the differential creep equation 

reveals that in this nucleus there is a resistance 

force with a coefficient of viscosity of the linear 

model equal to  

 

    1α1
,η

 tt
A

tt , 

 

which is impossible by the same reasons as in 

the above-mentioned case of applying the 

hereditary properties of the elastic modulus 

E(t,t′). 

The third case corresponds to the extensive 

interpretation of the compliance function in the 

“chain model”. This case is present in 

theoretical rheology, and as a repetition – in the 

norms of reinforced concrete. 

We preliminarily write the Boltzmann scheme 

for the Maxwell body in the form 

 

   

   
0

σ 0 0

0

0

1 1
ε σ

η

1 1
σ

η

t

t

t t t
E

t t d t
E

 
    

 

 
    

 


        (16) 

 

where η is a stationary coefficient of viscosity. 

With a variable viscosity coefficient  
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 t

E
t

φ
η 0


 , 

 

we obtain the theory of ageing of concrete 

(Dischinger, Whitney);  

 

   btet 
  1φφ , 

 

which by series expansion gives the function of 

Freudenthal  

 

 
t

t
t

b


 

1

φ
φ , 

 

substantiated by the experiments of Davis and 

Glanville. 

In the "chain model", by successively 

connecting bodies (15) and (16), we have an 

extension record of the compliance function 

 

   

 

0 0

1 1
φ

1

η

J t t t t
E E

t t

     

 

     (17) 

 

A pair of integral equations corresponding to the 

expansion hypothesis (17), and solved either 

with respect to deformations εσ(t), or relative to 

the stresses σ (t), in theoretical rheology are 

called "Boltzmann-Volterra equations"; It is 

also indicated that this pair "represents a 

complete mathematical formulation of the 

principle of linear superposition." 

However, such a chain model, with its extensive 

interpretation of the compliance coefficient, is 

essentially erroneous; This is evidenced by its 

reduction to a differential form: 

 

     

   

σ σ

0

0 0

η η
ε ε η σ

β β

η 1 η
σ σ

β

t t t
E

t t
E C

  

 
    

 

     (17′) 

 

It can be seen from (17 ') that there is a 

resistance force  

 

 
β

η
εσ t

 

 
proportional to the acceleration, which is 

incompatible with classical mechanics, and, in 

connection with Art. 5.1.1 (3) P Eurocode 0, the 

chain model is an inappropriate design model. 

The components of the force of the 

computational model can be a function of 

position  tσε , speed  tσε , time and other 

quantities. If there is (among others) a force 

proportional to acceleration  tσε , then the 

fundamental principle of mechanics about the 

independence of the action of forces is violated. 

The well-known scientist Pare L. has 

established the unacceptability of such forces in 

both problems of mechanics and in applications 

[6]. 

Unfortunately, in the scientific literature on 

concrete, in international norms, there are a 

number of errors analogous to those described, 

and consisting in an extensive interpretation of 

the compliance function in the form of a chain 

model [1], including for taking into account the 

rapidly flowing creep. 

Thus, in the case of consistent merging of 

Maslov's theory and the theory of ageing of 

concrete (McHenry, Yashin A.V., Hansen T., 

Prokopovich I.E. and Ulitsky I.I.), the creep 

equation has the form 

 

     

 

 

0

0 0 0

0 0

1
ε βε σ

φ β β
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φ φ
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t t

t t t
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t
E E C

t
E E

  

 
    

 

 
  

  . 

 

If another viscous element with viscosity  

 

  t
et 1αΔη

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is added to this chain in order to take into 

account the rapidly flowing creep, that was 

previously assumed by the Eurocode developers 

before its approval, then we get another 

erroneous version of the theory (written without 

averaging) 
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 
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 

 
     
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      (*) 

 

When Eurocode 2 was adopted, the theory of 

ageing and the viscous element were removed 

from this model, the error was annulled. In the 

Eurocode rules, only classic concrete Maslov 

G.N. is left; from its creep characteristics, a 

normative coefficient of creep development is 

obtained 

 

 
3,0

0н

0
0

β
,β 














tt

tt
ttc , 

where            

 

β1βн  . 

 

It is obtained by decomposing  

 
 0β tt

e
  

 

in a series using two terms. The exponent 0.3 of 

the power function takes into account on 

average the ageing of the concrete. 

In the case of nonlinear creep and short-term 

non-linearity in Eurocodes, the use of the 

Boltzmann scheme is also erroneous. For 

nonlinear creep of concrete of Maslov G.N. (the 

fourth case) within the framework of generally 

accepted hypotheses, the rate of deformation is 
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
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which is not taken into account in the traditional 

theory. Here   ttF  ,μ  is a non-linearity 

function, in which the voltage  

 
   tt  σμ  

 

is usually taken (after the work of Leaderman) 

as a nonlinearity parameter, which is incorrect: 

the methods of classical mechanics show that 

such an assumption is a very superficial 

assumption. We will devote a separate article to 

this problem. 

For example, under this assumption, a series of 

multiple Volterra-Frechet integrals 
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is a nonintegral form [10] 
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Recently, some papers have appeared that 

develop "a modification of the principle of 

superposition of deformations for nonlinear 

creep" in the form 
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 
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          (18) 

where              

 
    τστσс S  

 

is the known stress function σ[τ]. 

The error of this formulation is similar to that 

used in (1). The total strain rate here is 

 

   
 
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d E

S C t

S C t
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 
      

 

   


    


    

 

 

From this it is clear that the last three terms in 

(18') are lost in (18). The significance of these 

terms is identical to the significance that we 

described in paragraphs 1-3 above. We must 

additionally pay attention to the fact that the 

identity of the nonlinear function S[σ(τ)] for 

short-term and long-term deformations is also 

incorrect. But even if another function Sg[σ(τ)] 

is used for creep strains, then, as it is noted 

above, this assumption is a very superficial 

assumption that does not correspond to the real 

nonlinear creep theory of concrete, which will 

be published later. This theory has nothing to do 

with the principle of superposition. 
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