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Abstract: The history of the formation and development of design model concept of a structure accompanied 

structural mechanics at all stages have is analyzed in the paper. The main principles used at constructing design 

models are considered. New problems arisen in the process of computer-aided structural analysis also are speci-

fied in the distinctive paper. 
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СТАНОВЛЕНИЕ И РАЗВИТИЕ ПОНЯТИЯ  
О РАСЧЕТНОЙ СХЕМЕ СООРУЖЕНИЯ 

 
А.В. Перельмутер  

 НПО «СКАД Софт», г. Киев, УКРАИНА 

 

Аннотация: Анализируется история становления и развития понятия о расчетной схеме сооружения, ко-

торое сопровождает строительную механику на всех этапах ее существования. Рассматриваются основ-

ные принципы, используемые при построении расчетной схемы. В настоящей статье также указывается 

на новые проблемы, возникающие в процессе компьютеризации расчетов.  
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The creation of design models of structures is 

simultaneously a task of experts in structural 

mechanics and of those in structures. Various 

approximations of the real physical service of a 

structure may be created only under their joint 

work.  

 I.I. Goldenblat, V.L. Bazhenov 
 

A design model reflects a designer’s idea of the 

real investigation object and peculiarities of its 

behavior. It is a simplified object model de-

prived of insignificant details and closely relat-

ed to a set of some physical notions of laws, 

which control the investigation object behavior. 

Nowadays great experience exists in the design 

model development, and, preceding from this 

experience, in each specific case the following 

“type members” are used: such as shape ideali-

zation (a bar, plate, shell), regularities of mate-

rial behavior (elastic, plastic, etc.), rule of these 

members coupling, etc. This designer’s arsenal 

was developed in the course of the whole histo-

ry of structural mechanics as science and con-

tinues perfecting in the present.  

 
 

1. BEGINNING OF THE PATH. 

ANALYSIS OF CERTAIN 

PROBLEMS 
 

An idea of a design model probably appeared 

simultaneously with science of strength in 1638, 

when the book by Galilei Disputes and Mathe-

matical Proofs Concerning Two New Sciences 

was published, though the term design model 

appeared much later. 

Just first attempts of design analysis of structure 

behavior, the attempts, which were aimed at the 

search of failure load, proceeded from certain 

hypotheses on location of dangerous section and 
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force distribution in it. A set of these hypotheses 

could be called now a design model or design 

diagram. 

Galilei thought rigid bodies to be inelastic and 

studied the problem on the bar strength, consid-

ering it in the state of failure (limit state in terms 

of the present). He attributed failure to two 

types of deformation  tension and bending. 

 

 
 

Figure 1. Bending resistance. 

 

In the first case strength was taken as propor-

tional to the cross-section area, Galilei bound 

the second case with the first one, supposing 

that the cantilever break occurs by crack open-

ing displacement from above and rotation about 

the lower rib, the whole section being uniformly 

extended (Fig. 1,a). A question of the break 

place was not raised in the explicite form, Gali-

lei probably thought it obvious. 

Several laws of stress distribution throughout 

the section height were further offered: Mariotte 

[Mariotte, 1686) and Leibniz [Leibniz, 1684) 

considered the distribution as linear with coor-

dinate origin at the section edge (Fig. 1,b), while 

Parent [Parent, 1713] used the same law, but 

distributed the coordinate origin in the centre of 

the section height (Fig. 1, c). And only Navier 

[Navier, 1826] placed the coordinate origin in 

the centre of gravity (Fig. 1, d). At last Persi, 

Navier’s companion-in-arms at the school of 

bridges and roads, when developing Navier’s 

approach, introduced an idea of the section iner-

tia moment, which becomes and still remains a 

necessary attribute of the description of the 

schemes of bar structures.   

The approach, which was based on the search 

for the break patterns and used a model in a 

form of a set of infinitely rigid blocks (the loss 

of link among them being connected to one or 

another extent with the break) prevailed in the 

problem of arch strain for a long period of time 

[Bernshtein, 1936]. An important point is that 

the shearing schemes appeared among possible 

break schemes (Fig. 2). 

 

 
Figure 2. Coulomb's variants of arch destruction. 
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The problem on the shape of flexible filament 

also belongs to the first period of formation of 

structural mechanics. It developed in two direc-

tions. The first one was connected with the 

problem formulated by Jacob Bernoulli: “to find 

what shape takes a rope freely hanged at two 

points”, and this direction has played the im-

portant part in formation of mathematical analy-

sis.  

Another direction may be connected with the 

name of Varignon, whose major work [Vari-

gnon, 1725] was published after his death and 

dedicated to the theory of funicular polygon  

the design model, which is one of the principles 

of graphostatics.The problem on the funicular 

polygon attracted interest 100 years later in 

connection with the problem of design of sus-

pended bridges, which chains were funicular 

polygons. 

The discovery of Hooke’s law in 1660 and the 

establishing of Navier’s equations in 1821 are 

undoubtedly two important milestones in the 

further development of the theory initiated by 

Galilei. Hooke’s law gave a necessary experi-

mental substantiation of the theory. 

In the period between deducing the Hooke’s law 

and establishing general equations of elasticity 

theory obtained by Navier the interest of re-

searchers was directed to solution and generali-

zation of Galilei’s problem, to allied problems 

which concerned vibrations of bars and plates. 

The first significant research in this field was 

made in 1705 by Jacob Bernoulli. It concerns 

the shape of an elastic curve of a bar and is 

based on the admission that the resistance of a 

bent bar depends on tension and compression of 

its longitudinal fibers. 

When deriving the bar bending equation J. Ber-

noulli used the Hooke’s law, and besides, two 

following hypotheses:  

 the sections, plane and perpendicular to the 

prism ribs before its bending, remain after 

the bending plane and normal to these ribs 

and fibers or longitudinal members that be-

come curvilinear; 

 the fibers, some of them being extended 

others – shortened, resist independently the 

bending, as if they were small isolated 

prisms, taking no effect on one another.  

The same propositions were further taken by 

Euler in his research, which concerned the prob-

lems of elastic line and vibrations of thin bars. 

The Euler-Bernoulli design model of a bar pre-

sented an elastic bar in a form of a linear set of 

particles resisting the bending. 

The successful development of the theory of 

thin bars, based on special hypotheses, led to a 

conclusion that the theory of plates and shells 

may be constructed in the same way. Euler was 

the first, who was concerned with this problem. 

He offered to consider a bell as a set of thin 

rings, each of them behaving as a curved bar. 

This work was followed by the research of Ja-

cob Bernoulli (junior). He considered a shell as 

a double layer of curved bars, the bars of one 

system intersecting with the bars of the other 

system at the right angle [Bernoulli, 1789). Re-

ducing a shell to a plane plate, he obtained an 

equation, which, as we know it today, was in-

correct (he excepted twisting for the bar).  

The attempt of Jacob Bernoulli was, probably, a 

purpose to obtain theoretical substantiation of 

experimental results by Chladni [Chladni, 

1802], as to the figures of nodal lines observed 

under plate vibrations. 

These results remained unexplained, when in 

1809 the French Institute offered the problem on 

the tones of plate vibrations as a bonus theme of 

scientific work. After some attempts there ap-

peared a work by Sophie Germain awarded in 

1815 and published only six years later [Ger-

main, 1821]. 

But a distinct design model of a bending plate 

was proposed only in 1850 by Kirchhoff 

[Kirchhoff, 1850], who based his theory of 

plates on the following two hypotheses, general-

ly recognized nowadays: 

 each straight line, which was first perpen-

dicular to the midplane of a plate, remains 

under bending a straight line normal to the 

middle surface of a bent plane; 

 elements of the plate midplane are not elon-

gated at small plate deflections under trans-

versal load. 
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These admissions are close by content to hy-

pothesis of plane sections taken today in the 

elementary theory of bar bending. 

 

.  

2. ELASTIC BAR SYSTEMS  

 

Before the 30’s of the 19th century structural 

mechanics had in possession the design models 

of bars, arches and plates – the base elements 

composing real structures. All these design 

models were realized separately, while they 

interact in numerous cases, being separate frag-

ments of a more complex structure. If in the 18th 

century the design and technical development of 

civil engineering was concentrated on stone 

arches, than in the 19th century the interest of 

engineers changed and they were oriented to 

analysis of skeleton constructions. In connection 

with a rapid development of railway engineer-

ing the transition from elementary carrying sys-

tems to composed constructive designs was 

much more prompt than in cast-in-place con-

structions (such as masonry and concrete), un-

der these conditions geometrical and physical 

properties of such structures became a logic 

abstraction of the design model in a form of a 

truss.   

Such a design model was used to construct 

bridges with various structural systems, pro-

posed by James Warren, Stephen Harriman 

Long, William Howe and other inventors [Pe-

relmuter, 2015].  

The considerable number of wooden bridges in 

North America was described by Carl Culmann, 

indicating those with the signs of damage and 

failure, in spite of the generous use of materials 

[Culmann, 1851]. Culmann indicated different 

structural systems in those bridges and noticed 

that they could better perform their function on 

condition of correct design. 

He created a theory of braced structure, based 

on the following admissions: 

 a system of filling with bars between the top 

and bottom chords should be made in such 

way that all the bars formed triangles; 

 the bars should have a possibility to turn in 

joints without restriction 

Using the equilibrium conditions Culmann 

could calculate forces in the elements of any 

statically determined girder structure of the 

above type.  

The work by Schwedler [Schwedler, 1851] ap-

peared almost simultaneously, the author indi-

cated (see Fig. 3): 

“If a structure as a whole is considered as rigid, 

small resistances caused by  elastic bending at 

the points a,, d, c, etc. are insignificant com-

pared with resistance of braces, or, in other 

words, it may be taken that separate compo-

nents of the truss can turn at the points a, d, c, 

etc.” 

 

 
Figure 3.  Hinged model of Schwedler frame. 

 

Schwedler has first performed the process of 

abstraction, which is typical of the structural 

theory: from the physical carrying structure (re-

al through system, e.g. wooden truss) through 

the abstract carrying system (model of a through 

structure or girder bar system according to Cul-

mann) to design model (of a hinged truss), de-

scribed with the help of physico-geometrical 

properties. 

The invention of design model in a form of 

hinged truss has become a key concept for devel-

opment of the structural theory in the second half 

of the 19th century. It is important that independ-

ent analysis of topologic structure might be made 

for this model. Such analysis was intensively 

developed in the works devoted to revealing kin-

ematic properties of truss structures and then of 

the bar structures of any other kind. 

Another important achievement, which originat-

ed from the design model of the truss, was the 

development of the conception of a node – a 

hinge joining the truss bars. Then the node 

hinge was considered as a material point, the 

equilibrium equation being formulated for it, 
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and in this quality the node became an integral 

part of design model of the bar (and not only) 

systems. The design model of a truss was rather 

evident, and the truss work proved very posi-

tive. Many engineers tried to construct the truss 

model. Schwedler developed hinged nodes for 

the bridge over the Brache river (now the Brda 

river) near Czersk built by his project in 1861 

(Fig. 4). But nine years later the other bridge 

over the Brache river was constructed near 

Bromberg (today Bydgoczsz), and now by 

Schwedler’s project using riveted joints. 
.  

 
Figure 4. Bridge truss nodes.  

 

Emil Winkler realized that the hinged model of 

the truss did not correspond to real work of met-

al trusses with riveted joint [Winkler, 1872]. 

Some bending moments appear due to the node 

rigidity in the truss bars, and as a result  addi-

tional stresses. The problem of their determining 

that first of all attracted attention of Manderla 

[Manderla, 1880], resulted in the appearance of 

the method of displacements. 

Design models of skeleton structures, where 

most nodal joints are rigid, began quickly ex-

tending in connection with construction of rein-

forced concrete frames. And design model of a 

truss with ideal hinges proved to be a certain 

approximation to reality. 

E.O. Paton estimated the degree of relative in-

crement of stresses that appear at the expense of 

node rigidity [Patton, 1901], and as his studies 

have shown, the more precise is the “truss ap-

proximation” the more is the flexibility of the 

truss bar elements. In essence, there arised an 

important question, which soon arised in other 

situations: the question on usability limits of one 

or another design model, of the necessity of its 

specification or cardinal change, when its pa-

rameters are outside a certain limit. 

For example, S.P. Timoshenko proposed a mod-

el of a bending beam, which difference from the 

Euler-Bernoulli model is that under deformation 

the cross-sections remain plane but not perpen-

dicular to deformable midline of the bar, and 

inertial components connected with a turn of 

cross-sections are accounted in dynamics [Ti-

moshenko, 1916]. E. Reissner proposed an 

analogous perfection of the Kirchhoff model for 

plates [Reissner, 1945]. In both cases the point 

was in the necessity of introducing some speci-

fications, when shearing deformations begin 

playing a considerable part. 

The transition from analysis of truss models to 

investigation of frame systems became a large-

scale one at the end of the 19th century and es-

pecially in the first half of the 20th century. That 

was caused by the intensive use of cast-in-place 

reinforced concrete constructions in civil engi-

neering. 

Formulation of the problem on general rules of 

development of design models belongs to the 

first quarter of the 20th century, and here we 

should note the work of N. Gersevanov [Gerse-

vanov, 1923], who has first formulated that:   

 the design model is constructed proceeding 

from the expected form of failure and de-

formation based on the experience of build-

ing practices;   

 the design model uses only hypotheses con-

cerning the structure properties and actual 

loads, which allow developing the efficient 

methods of calculation.  

The design model substantiation problem itself, 

besides the use of the results of experimental 

studies, developed in the following direction. 

Researchers proposed the ways to transform the 

design model of a more general form, e.g. a 

model of three-dimensional continuum of the 

problem of elasticity theory, to one or another 
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model of the structural unit of a certain type. 

Such an approach was especially often used in 

development of the theory of plates and shells. 

The first attempt of deriving equations of the 

theory of shells from the equations of elasticity 

theory was made by G. Aron [Aron, 1874]. 

Then this trend was developed in the works by 

A. Love [Love, 1888], A. Basset [Basset, 1892], 

H. Lamb [Lamb, 1890], A.I. Lurie [Lurie, 

1947], et al. 

After deriving the resolving equations of the 

shell theory and developing the corresponding 

design models researchers began developing 

various non-classical variants of the theory. 

Here one should recall the theory of shells of 

Timishenko-Reissner type that allow for longi-

tudinal shear deformations. Besides, the theory 

of the ribbed and multilayered shells may be 

referred to non-classical ones. 

First works in this field for the plates reinforced 

by ribs were made by I.G. Bubnov [Bubnov, 

1904]. The theory of ribbed shells of a general 

form was presented in the works by A.I. Lurie 

[Lurie, 1947] and V.Z. Vlasov [Vlasov, 1949]. 

A.I. Lurie considered ribs as the Kirchhoff-

Clebsch bars, while V.Z. Vlasov considered 

them as thin-walled bars. 

Multilayered shells were investigated from dif-

ferent viewpoints in a lot of works mainly in 

two basic directions. The first one includes the-

ories based on design models, where kinematic 

hypotheses were taken for the whole set of lay-

ers. The first-stage researches have demonstrat-

ed nonperceptibility of this approach, if proper-

ties of the layers are essentially different; that is 

why the works of another direction were devel-

oped in recent years; a complicated design mod-

el, where kinematic hypotheses are taken sepa-

rately for each layer, was used in these works. 

 
 
3. STRUCTURAL ANALYSIS 

 

A detailed analysis of separate problems and 

simple objects led to development of such a 

notion as a material point, absolutely solid body, 

elastic bar, plate, etc. The properties were stud-

ied for them, which are used, when a more 

complex model of the problem required is con-

structed using such parts as of a certain “con-

structor”. And a problem of analysis of the 

composed design model of such kind appeared 

in natural way. Most researches were devoted to 

design models of trusses; they attracted by their 

“homogeneity” and distinct division of topolog-

ic (structure, fixing) and metric (node coordi-

nates, section sizes) data.  

As to the complete system of determining equa-

tions we should say that Alfred Clebsch has 

shown in his work [Clebsch, 1862] that a set of 

equilibrium equations and those of deformation 

compatibility for an arbitrary truss has the solu-

tion [Clebsch, 1883]. But the problem of solution 

possibility was, first of all, considered from the 

viewpoint of equilibrium equations issuing from 

the composed design model – equations of analy-

sis of its statical determinability and invariability. 

Even in 1837 A.F. Möbius proved the theorem 

that to obtain a rigid invariable structure in a 

truss with n hinges it is necessary to have no 

less than 2n-3 bars in a plane system and no less 

than 3n-6 bars in the case of a spatial system 

[Möbius 1837]. In so doing he has probably first 

indicated a possibility of existence of excep-

tional configurations, when one observes infini-

tesimal mobility without bar deformation (a 

case of instant variability in the current terms) 

When studying these cases Möbius has found 

that therewith a determinant of the set of equi-

librium equations becomes zero. The connection 

between the variability criterion and degeneracy 

of the system of resolving equations became 

after a while the basis for computer analysis of 

kinematic properties of design system of any 

(not only truss) type. The results obtained by 

A.F. Möbius, which then remained unknown, 

were found again by P.L. Chebyshev [Cheby-

shev, 1870] and Otto Mohr [Mohr, 1874] and 

only then entered in the design practice.  

Mass enthusiasm as to the method of forces, 

characteristic of the end of the 19th and first half 

of the 20th century, resulted in the appearance of 

various procedures of construction of the basic 

system of this method and in the problems of 
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revealing the redundant constraints in statically 

undeterminable design models. Relations be-

tween the properties of static determinability, 

invariability and ability to realize the pre-stress 

were studied in detail for the bar systems. Re-

searchers indicated methods for determining 

statical-kinematic properties based on reducing 

the system to a certain number of hard discs, 

bound by bars-restraints. They also introduced 

the notions of simple and multiple hinges and 

other idealized elements of the design model. 

Noticeable changes in the concepts of design 

model are connected with the transition to dis-

placement method analysis. In the displacement 

method the system elements are considered to 

be connected with the nodes of the design mod-

el, they are not connected directly with one an-

other. The above peculiarity of the design model 

construction was often disregarded by engineers 

educated on the ideas of design model in the 

style of the   force method, it is not always seen, 

when using the methods of design model repre-

sentation that is traditional for the force method. 

Thus, the design system presented in Fig. 5,a in 

traditional form, inherent in the force method, 

can suggest the point-to-point connection of 

elements with one another, while a more de-

tailed representation in Fig. 5,b allows avoiding 

such conclusion. Note also that in the detailed 

presentation one can also see other peculiarities 

of the design model implementation, in particu-

lar, a possibility to meet similar kinematic con-

ditions with using various sets of constraints 

imposed on the nodes, and conditions of ele-

ments connection with the nodes. 

Neglect of the above difference is not always 

safe. For example, from the viewpoint of kine-

matic properties of the problem two variants of 

the design model, presented in Fig. 6, have 

equal rights (a beam is fastened in its left end 

and hinged in the right one). 

But from the viewpoint of giving forces these 

variants differ – in the scheme of Fig. 6,b the 

moment is transferred to the bar, and node 2 in 

this scheme turns, and in the scheme of Fig. 6,a 

the moment is not transferred, and node 2 of this 

scheme has zero turning angle. 

 
Figure 5. Presentation of design model:  

а – traditional; b – detailed. 

 

 
Figure 6. Two variants of presentation  

of one design model. 

 

For a bending moment to appear in a bar in the 

scheme on Fig. 6,a, it should not be considered 

as nodal, but applied to the bar in the section 

near a node. 

The above division of topologic and metric 

properties of the design model gave impetus to 

the works connected with the use of graph theo-

ry to analyze properties of bar systems. Such 

was the approach in the pioneer publications 

[Fenves & Branin, 1963], [Perelmuter, 1965], 

while in the work by Di Mattio [Di Mattio, 

1963] the degree of static indeterminability is 

studied just as topologic property of the design 

system. Later on there appeared works, where 

topologic connectedness of design model was 

compared with the structure of distribution of 

nonzero elements of rigidity matrix of the sys-

tem that is analyzed, and a possibility of optimal 

enumeration of unknowns [Akyjz & Utku, 

1968], [Clempert, 1973]. Researchers proposed 

some artificial techniques aimed at the im-

provement of the above structure even at the 

expense of increasing the rigidity matrix order 

[Perelmuter, Slivker, 1976]. 
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Practical interest to the analysis of suspended 

and rope systems, characteristic of the works of 

the second half of the 20th century, resulted in a 

detailed study of topologic and metric properties 

of degenerated (instantly variable and instantly 

rigid) systems. There appeared a number of 

fundamental works [Kuznetsov, 1960], a lot of 

researches  were initiated by introduction of the 

systems of “tensegrity” type by Buckminster 

Fuller [Fuller, 1961]. He used this term to indi-

cate the frame structures, involving continuous 

chains of members, which work in tension, and 

inserted members, which work in compression. 

Study of properties of instantly rigid systems 

and systems of  “tensegrity” type preferred to 

come back to general principles of analysis of 

static-kinematic properties of the composite 

design models [Shulkin, 1977], [Calladine, 

1978], [Connelly, 1980]. The systems with uni-

lateral constraints, possible combinations of 

static and kinematic properties being established 

for them [Perelmuter, 1968], were also consid-

ered. 

 

 
Figure 7. Examples of tensegrity structures. 

 

 

4. DESIGN MODELS OF THE FINITE EL-

EMENT METHOD  

 

The appearance and development of the finite 

element method (FEM) has told essentially on 

the problem of choice and substantiation of the 

design model. Even a description of geometrical 

pattern of the structure became a choice of de-

signer, as it occurs in the problems, where a 

curved shell surface is modeled by a multiface 

set of plane finite elements. However, such a 

problem also appeared before, when they used 

an approximate description of curved bars by a 

certain polygon. 

A possibility to present a design model as a set 

of finite elements, their quantity in configura-

tions being limited by nothing but the library of 

finite elements at designer’s disposal, raised in a 

new fashion the question on the number of basic 

unknowns, degree of kinematic and static inde-

terminability and other still inviolable character-

istics of the design model of the building. The 

number of unknown displacements (the degree 

of kinematic indeterminability) stopped being 

the problem feature and became a subject of 

designer’s self-will.  

Some “standard” approaches to composing the 

finite element design models were developed 

for most types of structural systems. For exam-

ple, at the first stage of using FEM a design 

model of a thin-walled fuselage structures and 

aircraft wings became popular; it was composed 

of shearing panels and a frame of bars, support-

ing them at the edges, able to take up only lon-

gitudinal forces.  

In such wing model (Fig. 8) the bars simulate 

the work of longitudinal members of the wing 

structure under load; these members are sub-

jected to compression and extension under the 

wing bending. Plates simulate the work of walls, 

which prevent shearing, as well as the external 

and internal wing covering. 

This model was propagandized by G. Argyris 

[Argyris & Kelsey, 1954], and though it ap-

peared long before FEM [Ebner & Köller, 

1937], [Umansky, 1950], its implementation 

proved acceptable only in the framework of 

FME, though it existed there just for several 

years. Potentialities of computation complexes, 

which were quickly perfected, permitted even in 

the 70’s of the 20th century specifying the de-

sign model and taking account of bending 

strains of the supporting frame.  

There originated new approaches to design 

model development for the plates and shells 

with ribs. There also appeared competing prop-

ositions as well as the problem of their verifica-

tion.  
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Figure 8.  A thin-wall system model. 

 

 
Figure 9. Possible variants of a ribbed plate modeling. 

 

The corresponding example of the variant of a 

design model composed of solid elements (Fig. 

9, b) and the variant of modeling using plate and 

bar elements connected through infinitely rigid 

inserts (Fig. 9, c) are presented in Fig. 9. 

In industrial and civil buildings, where, e.g. the 

through columns are used, designers often aban-

don presentation of such a column as a solid rigid 

bar, but use a more detailed description of the 

structure. And above all, they practically gave up 

plane design models and resolve all problems 

with the use of three-dimensional models. The 

main trend of development is now the use of 

more outsize design models; the number of un-

knowns of the order of hundreds of thousands 

became ordinary in the design practice; in so 

doing such an extensive detailing is not always 

necessary but connected with formal construction 

of the design model by the data of graphical pro-

gram used for making drawings.   

A possibility of modeling structures of arbitrary 

nature, including those which separate parts are 

presented by bars, others – by plates or shells, the 

third – by three-dimensional bodies, raised ques-

tions as to connection of finite elements of differ-

ent type and arising problems, caused by the dif-

ference of nodal degrees of freedom in different 

type elements. A necessity of using special tech-

niques (Fig. 10), for example, such as the intro-

duction of the bar element into the rigid disc body, 

is indicated [Perelmuter, Slivker, 2001]. 
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Figure 10. Modeling of interconnection of a bar and disc: а – task; b – variant, which does 

not provide a restraint; c – recommended decision. 

But it should be allowed for that the above re-

sult may be lost because of difficulties in analy-

sis and comprehension of excessive infor-

mation. And this so-called revision often leads 

to shading the basic features of the structure 

service, and its simplified variant is considered 

for their analysis in parallel with a detailed de-

sign model. In so doing there sometimes arises a 

nontrivial problem of results comparison; it is 

especially difficult, when there is no exact fit 

between the elements of compared design mod-

els [Perelmuter, Slivker, 2001]. 

And finally note that the analysis of design 

models of the finite element method is closely 

connected with the problem of method conver-

gence. Mathematical proofs of the correspond-

ing facts (for example, a demand of compatibil-

ity of the fields of displacements) require their 

interpretation in terms of design models, which 

are successively “concentrated”. In particular, in 

the case of incompatible elements it should be 

remembered that the solving of design problem 

is equivalent to minimization of full potential 

energy of the system (Lagrange functional), and 

approximation of the displacement field by a 

certain finite set of preset functions narrows a 

possibility of arbitrary deformation, that is it 

may be treated as the imposing of some con-

straints. If elements are incompatible, some dis-

placements are possible at their boundaries; 

these displacements do not exist in the continual 

design model (for example, mutual rotation an-

gles of plates), and correspond to the absence of 

some constraints. 

When the number of finite elements increases 

and their sizes decrease, the total number of the 

structure degrees of freedom grows, and thus, 

the effect of the imposed nodal constraints is 

reduced. This process, certain conditions being 

fulfilled, provides the method convergence for 

compatible finite elements. On the other hand, 

the same process leads to the decrease of mutual 

displacements at interelement boundaries in 

incompatible elements that may be treated as a 

certain locking of the preliminarily left con-

straints. Thus the convergence of incompatible 

elements can take place only when positive 

tendencies of overcoming the imposed con-

straints prevail over this negative tendency of 

imposing the constraints at interelement bound-

aries. 

Other approximations are sometimes realized 

simultaneously with approximation of the dis-

placement field; those are connected with a ne-

cessity of using a finite-element model that is 

the substitution of the structure geometry by that 

similar to it. In the system geometry approxima-

tion, both the geometry and boundary conditions 

may change, since the latter belong now to the 

boundaries with other configuration. Here one 

can run across the reefs, since the passage to the 

limit of the outline form is not necessarily ac-

companied by passage to the limit of kinematic 

properties. That is evidenced by well-known 

Sapondzhyan paradox for a freely supported 

polygonal plate [Panovko, 1985]. 

At the outset of FEM use they discussed a so-

called problem of “small length” of the bar fi-

nite element, when a stress was made on the fact 

that a bar was defined (in courses of material 

resistance or structural mechanics) as the object, 

which one size (length) exceeded considerably 
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other ones that defined cross-section dimen-

sions. But in the design model in use the bar as 

the design model element may be found to be 

very short. There seemingly appears a violence 

of agreements concerning a bar definition. In 

fact, there is no violation, since the admission 

on a sufficient length of the bar was only re-

quired to substantiate the type of the corre-

sponding differential equation. As to the method 

of its solution, when a bar is divided into rather 

small parts (read interval of integration), this 

has no effect on the equation form. 

 
 
5. SOME NEW TENDENCIES 

 

In recent decades there appeared a branch of 

structural mechanics based on probabilistic 

analysis, which started its intensive develop-

ment. The approaches to the design system itself 

and to development of the corresponding design 

model have undergone considerable changes. 

The whole identity of parameters of all similar 

structure elements is foreseen in a determined 

variant. It is considered that all the headers of a 

three-dimensional framework have equal spans, 

all the columns of these headers – similar sec-

tions, etc. In so doing all such type elements are 

reduced to one representative, and sometimes to 

its one section. Such an approach is acceptable 

under the approach to design contained in the 

design norms. The approach is based on the 

half-probabilistic method of limiting states. 

Then all the probabilistic characteristics are 

formulated and estimated beyond the design 

model, and a design contains only some guaran-

teed the worst statistical estimates of means, 

standards, quantiles, etc., which are really the 

same for all identical elements, since one of 

definitions of their “identity” is the identity of 

the distribution law. 

The transition to really probabilistic design was 

connected with the fact that one has not to oper-

ate on distribution parameters of random values 

but on distributions themselves, when random 

parameters operate not outside but inside the 

design model. And in such a model each of 

“identical” substructures should be defined in a 

form of a set of mutually independent (or corre-

lated) random values (probably functions) with 

the same distribution laws [Bolotin, 1971]. In 

such formulation one cannot imagine a design 

model, e.g. of a plane problem, which provides 

identity (or rigid correlation with correlation 

coefficient equal to one) of all plane subsystems 

distributed in parallel.  

The following should be noted: a further detail-

ing of the models, when passing to analysis of 

multielement structures (a building as a whole), 

requires the involvement of the great number of 

parameters, used for the model description. If 

these parameters are random values, which 

probabilistic properties are statistically justified, 

the degree of design model indeterminacy as a 

whole increases with the number of such pa-

rameters. Thus, if a certain result of analysis is 

in linear relationship with N independent ran-

dom parameters (e.g. external loads in the sys-

tem nodes), the standard of this result is propor-

tional to that of the input data (here loads) with 

a multiplier of (N)1/2 order. It is simple to esti-

mate what is the probability of the results of 

analysis at very high N values.  

There are more detailed propositions as to de-

termining the effect of output data accuracy on 

the results of analysis (see, for example, [Po-

dolsky, 1984]. They evidence that the infor-

mation on the input parameters being insuffi-

cient, it is expedient to use simple design mod-

els.  Such a peculiarity of design modeling is 

connected with the fact that the loss of infor-

mation because of incompleteness of output 

data can exceed information accumulation at the 

expense of refinement of the design model.  

The foregoing should be never considered as a 

panegyric to “good old days”, when everything 

was solved using the formula qL2/8 and counted 

using a slide rule. The thoughtless complication 

of design models would be substituted by new 

culture of their use that includes also the estima-

tion of possible uncertainty of solution. Now, 

having the modern means for analysis of com-

plex and supercomplex systems, we study them 
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in formulation of the problem, which rather cor-

responds to the 19th than to the 21st century. 

At last, it should be mentioned that the above 

problem of output data influence on the   design 

model form is inherent not only in the probabil-

istic problems.The choice and justification of 

the design model cannot be separated from the 

level of information as to the structure, which is 

designed as well as from the method of solving 

the mathematical problem, formed as a result of 

using the chosen design model. 

And what is more, a lot of mathematical opera-

tions used, when solving a problem, often have 

a mechanical interpretation, which use helps 

understand the features of calculation process. 

As an example, we can refer to the interpreta-

tion of Gaussian algorithm for solving a canoni-

cal system of linear algebraic equations, as to 

the sequence of imposing (force method) or 

taking off (displacement method) constraints 

[Gantmacher, 1967]. Such illustration favors a 

better understanding of the problem. 

 

 

6. DESIGN MODEL JUSTIFICATION  

AS A SCIENTIFIC PROBLEM  

 

The justification of using a certain theoretical 

model is usually based on the following consid-

eration. It is assumed that the result observed in 

a series of consistent experiments is always 

close to that predicted by theory. Hence, it can 

be concluded that the design model is applicable 

to the conditions similar to the experimental 

ones. 

However, in order to decipher the concepts of 

“consistent experiments” and “the result is close 

to”, and to assess the degree of similarity be-

tween the conditions of the problem and those 

of the experiments we have to use the theory 

which actually has to be justified by the experi-

ment. For example, in order to make sure that 

there is no systematic error in the experimental 

data, it is necessary to compare the parameters 

of the experimental sample with the parameters 

of the model, and the justifying decision has to 

be made concerning the meaning and the num-

ber of these parameters. There are two ways to 

break this vicious circle: 

 to ignore these logical contradictions (the 

conventional, so-called, “engineering” ap-

proach); 

 to make an attempt towards an axiomatic 

theory [Truesdell, 1975]. 

The latter approach [Truesdell, 1975] makes the 

theory of structures a logically coherent science 

(mathematics in a sense), but it poses untypical 

requirements to a practicing engineer. Namely, 

he has to think like a mathematician, referring to 

axioms in obscure cases and repeating the entire 

chain of reasoning that led him to the consid-

ered case.  

Therefore, the first approach is commonly used 

in practice. Its applicability is formulated as 

follows [Kosmodemyansky, 1969]: “…when 

designing and building new structures (bridges, 

dams, airplanes, missiles, buildings) on the ba-

sis of tremendous experience, experts are so 

confident in the validity of the laws of mechan-

ics that all the conclusions derived from the 

calculations are considered to be absolutely 

true. Any discrepancies between theory and 

practice are explained after a subsequent rigor-

ous and thorough analysis either by inaccuracy 

of the initial data or by arithmetic errors”. 

Starting with the first quarter of the 20th centu-

ry, the problem of justifying a design model 

began to be considered as a general scientific 

methodological problem, the authors of the cor-

responding papers put forward various rules for 

creating design models. For example, three 

principles for creating design models of struc-

tures are put forward [Gersevanov, 1923]: 

 calculation methods should be based on the 

failure and deformation modes confirmed by 

the construction practice experience; 

 the design hypothesis should subject the 

model to harder conditions than those the 

actual structure is subjected to; 

 the set of design hypotheses should provide 

cost-effectiveness of the structure in addi-

tion to its strength and stability. 

According to the authors [Goldenblat et al., 

1979] these principles, however, are not com-
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plete, and they should be supplemented as fol-

lows: 

 it is reasonable to have a system of approx-

imating models of the structural behavior 

with their respective limits of applicability 

rather than a single model (for example, one 

model can be used to describe the elastic 

behavior of a structure and the other to de-

scribe the elastic-plastic stage); 

 a model approximating the structural behav-

ior should not only correctly and fully re-

flect the behavior of the real structure, but it 

should also be simple enough, so that the 

calculation does not become excessively 

cumbersome. 

General modeling issues were developed and 

refined in the following works: [Buslenko, 

1968], [Dickson, 1969], [Kartvelishvili and Ga-

laktionov, 1976], [Perelmuter and Slivker, 

2001], [Perelmuter and Kabantsev, 2015]. J. 

Dickson describes the process of creating design 

models (Fig. 11) and indicates that “a model is 

an idealized approximation to the real situation. 

Creating a good model involves making as-

sumptions that take into account relative im-

portance of various elements of the problem”. 

  

 
Figure 11. Logic flowchart for creating a design model. 

A special role belongs to general models of typ-

ical structural elements (a bar, a plate, a shell 

etc.), which are used to create full design mod-

els of structures or parts of design models of 

other more complex structures. Such models 

should be studied as rigorously as possible and 

serve as a basis for further consideration of oth-

er design models. After such investigation, hav-

ing a complete knowledge about these models 

makes their use quite attractive to an engineer, 

who can then anticipate the result of the analysis 

(or at least its qualitative features).  

The transition from a structure to its design 

model made up of basic models is usually per-

formed intuitively, and the geometric considera-

tions (“similar” shape) are the first motive be-

hind this transition. Though, there is room 

enough for a maneuver even here. The design 

process often involves such operations as the 

replacement of a lattice structure with a contin-

uous one which has a shape only vaguely re-

sembling that of the original structure, or 

“smearing” the ribs and other structural parts. 

There are opposite examples as well, when a 

continuous body is replaced with its bar ana-

logue. Some knowledge about the peculiarities 

of the behavior of the selected basic models is 

used here in addition to their geometric shapes. 

For instance, if a plane section of the design 

model is described by purely flexural plate ele-

ments, we should keep in mind that the mem-

brane components of the stress field cannot be 

determined in this case. If these components can 

be significant (e.g., they can cause buckling), it 

is more reasonable to use shell elements.  

The second motive, which also plays a funda-

mental role in the transition to a design model, 

is a choice of one of the standardized idealiza-

tions of material properties (elastic, plastic, 

loose, etc.). These properties are also represent-

ed by previously studied basic models, and they 

would not be worth mentioning, if not for the 

following consideration: their choice requires an 

experimental justification even more than that 
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of the geometric shape, but this stage is usually 

omitted. 

The designer usually operates with the available 

data about the physical models of the material 

behavior obtained from experiments performed 

on other structural elements and samples. At 

best, such actions are justified by the fact that 

the results of these studies can be used in the 

created design model based on certain ideas 

about the possible nature of deformations and 

about the expected stress level caused by the 

loads of a certain level. The main role however 

is usually played by the tradition and the actual 

computational capabilities of the designer.  

The use of computers has significantly expand-

ed these capabilities, but has not made them 

limitless, although the finite element method 

implemented in the structural analysis software 

often creates the illusion that it is now possible 

to solve any problem. Quite late was it realized 

that the capabilities depend on the result repre-

sentation methods, since the limitations of the 

human ability to analyze and perceive large vol-

umes of information play an important role 

here. 

Unfortunately, there is not system of clear inte-

gral characteristics that would alone enable to 

understand the structural behavior in structural 

mechanics. We somewhat resemble a group of 

imaginary experts in gas dynamics that track the 

movement of individual molecules without con-

sidering temperature and pressure. We can hard-

ly expect to obtain universal design parameters 

like in gas dynamics, but this type of character-

istics might be obtained for individual classes of 

problems. 

The finite element method raised a new struc-

tural mechanics problem of justifying design 

models: creating and optimizing different types 

of mesh generation mechanisms. 

Considerable attention was drawn to the fact 

that the problems of the analysis of load-bearing 

structures focusing on the refined prediction of 

the peculiarities of the behavior of the system at 

all stages of its operation including the stages 

prior to the failure cannot be usually solved by 

the methods of the linear structural mechanics.  

Educational literature [Rudykh et al., 1998] and 

the majority of researchers [Novozhilov, 1958], 

[Lukash,1978] consider the following “set of 

nonlinearities”: deviation from Hooke's law 

(physical nonlinearity), failure to consider the 

equilibrium conditions in geometrical terms of 

the non-deformed state (geometric nonlinearity), 

accounting for the possible changes in the de-

sign model during the deformation process 

(structural nonlinearity). However, this set is not 

complete. It does not include the consideration 

of the effects caused by rheological processes in 

the material (for example, creep) and nonlinear 

effects of resistance to movements of the dry 

friction type or of other nature, and it does not 

take into account nonlinearity related to the ac-

cumulation of stress and strain during the 

changes of the structure as it is created (genetic 

nonlinearity [Perelmuter and Kabantsev, 2015]). 

Numerous studies focusing on justification of 

the design models used here were actively car-

ried out throughout the second half of the 20th 

century. 

The fact that it is impossible to perform a de-

tailed justification of all parameters of a com-

plex design model for an arbitrary structure (es-

pecially in the case of a nonlinear analysis) does 

not mean that we should not perform this type 

of analysis at all. Apparently, the most powerful 

strategy is to perform a thorough computer 

analysis of some typical models, and to compare 

the results of this calculation with a simplified 

one. This computational experimentation will 

let us determine (for a particular class of prob-

lems) whether a considerable discrepancy be-

tween the calculation and the experiment is a 

result of unsatisfactory idealization. In fact, we 

are dealing here with a kind of experimental 

justification of the design models, with the only 

difference being that a numerical experiment is 

used instead of a physical one. 

Finally, it should be noted that applied research 

including the analysis of design models is not 

always mathematically rigorous, and is often 

based on credible assumptions [Morris, 1971]. 

In any case, you should keep in mind that a non-

rigorous solution and an incorrect solution are 
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fundamentally different things. And most im-

portantly, as is customary in the natural sciences 

and in engineering, the results are verified by 

experiment or observation. 
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