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Liudmila I. Kuzmina ', Yuri V. Osipov *

"HSE University, Moscow, RUSSIA
2 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA

Abstract: Modeling the transport and sedimentation of small particles of suspensions and colloids in porous rocks
is an important problem in subsurface hydromechanics. Particles entrained in fluid are transported and retained in
the rock pores. The filtration process is determined by the number and size of pores and is characterized by
porosity—the ratio of the void volume to the total soil volume. In homogeneous materials, porosity can be
considered constant. However, in practical problems describing filtration of suspended particles in multilayered
and heterogeneous soils, the rock porosity is variable, and a constant-porosity model is inapplicable. A one-
dimensional model of suspension and colloid filtration in a porous medium with nonuniform porosity is
considered. The problem includes a mass balance equation accounting for variable porosity and a kinetic equation
for sediment growth. The model describes the injection of a suspension or colloid of constant concentration into a
porous medium containing pure water without suspended or sedimented particles. Unlike the case of uniform
porosity, the transport velocity of suspended particles in pores is variable, and the boundary between the
suspension and pure water, called the concentration front, is curved. Previously, such problems were solved only
numerically. In this article, a system of filtration equations in a medium with variable porosity is solved analytically
using the method of characteristics. An explicit formula is obtained for the curved front of suspended and
sedimented particle concentrations, and exact analytical closed-form solutions are constructed ahead of and behind
the front. An explicit solution is found for a model with a linear filtration function.
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AHHoTamms: MozenupoBaHue epeHoca U 0CaXIeHUsI MEJIKUX YaCTUL] CyCHEH3UH U KOJUIOUI0B B IOPUCTHIX NOPOJAX
SIBISIETCS BAKHOHM 3aqadedl MOA3EMHOM THMIpOMEXaHUKH. YacTHIbI, yBIEKAaeMble KUAKOCTBIO, MEPEMELIAITCI U
3aJIep)KUBAIOTCSL B TIOpax mopoabl. [Iponecc ¢GmibTpalyy OmnpenesnsieTcsi KOMMYEeCTBOM IOp W MX pa3MepamMH 1
XapaKTepHU3yeTCsl TOPUCTOCTHIO —OTHOIICHHEM 00beMa ITyCTOT K 00111eMy 00beMy IpyHTa. B ogHOpOAHBIX MaTeprarax
MOPUCTOCTh MOYKHO CUMTATH IMOCTOSHHOM. OTHAKO B MPAKTHYECKHUX 3a1a49aX, OTMCHIBAIOIINX (DHITBTPALHIO CyCIICH3UH
B MHOT'OCJIOHHBIX M HEOJJHOPOJHBIX IPYHTaX, TIOPUCTOCTH MOPO/IbI HEMOCTOSIHHA ¥ MOJIENb C TOCTOSTHHOM MOPHCTOCTBIO
HenpuMeHHMa. PaccmaTpuBaeTcst oqHOMepHas Mojiesb (GMIBTPAlK CYCIICH3MI M KOJUIOWIOB B NOPUCTOM Cperie ¢
HEOJJHOPOJHOM MOPHCTOCTHIO. 3ajaua BKIIIOYaeT ypaBHEHHE OalaHca MacC, YUHTHIBAIOIEE IEPEMEHHYIO OPHCTOCTb,
U KHHETUYECKOE ypPaBHEHHE POCTa Ocajika. Mozelb ONUCHIBAET BIPHICK CYCMEH3UH WIM KOJJIOWAA MOCTOSHHOM
KOHIIGHTPALIMH B TIOPUCTYIO CPey, COACPIKAIIYI0 YHCTYIO BOLy 0€3 B3BELICHHBIX U OCAXKICHHBIX YacTHll. B oTmmyue
OT ciy4as OJHOPOJHON MOPUCTOCTH, CKOPOCTh MEPEHOCa B3BEIIEHHBIX YACTHI[ B MOpaxX HEMOCTOSIHHA M I'paHHUIa
pasfena CyCleH3MH M YHCTOH BOABI KpUBOJMHEHHas. PaHee Takue 3aaun pellaguch TOJIBKO YMCIEHHO. B crathe
cHCTeMa ypaBHEHWH (WIBTpaMM B cpele C MEPEeMEHHOM IIOPHUCTOCTBIO pEIIeHa AHATUTHYECKH METOJ0M
xapaktepucTuk. [lomyuena sBHast popMyra Uit KpHBOJIMHEWHOTO ()pOHTA KOHIIEHTPALIMI B3BEIICHHBIX M OCAKICHHBIX
YacTul, repes; ppoHTOM U 3a (PPOHTOM TTOCTPOCHBI aHAJIUTUYECKHE TOYHBIC pelIeHHs B 3aMKHYTOH (opme. s
MOJIEIH C JIMHEHHOW (DyHKIMEH (rIbTpaliy HaliJIeHO perieHNe B SBHOM BHUJIE.

Kuarouesbie ciioBa: FJ'Iy6I/IHHaH (bHHLTpaHI/IH, nopucTras cpcaa, mopucTocCTb, (prHT KO}HICHTpaHI/Iﬁ, TOYHBIC PCHICHUA

138 International Journal for Computational Civil and Structural Engineering



Model of Deep Bed Filtration in a Porous Medium with Heterogeneous Porosity

1. INTRODUCTION

Flows of fluid with small particles in porous
media are widespread in nature and engineering.
Modeling the transport of tiny particles by fluid
in rock is used in the strengthening of loose soil
and in the design of underground storage
facilities for hazardous waste, for tunnels and for
hydraulic structures [1-4].

Moving particles of suspensions and colloids in
porous media are affected by various forces:
mechanical, electrostatic, hydrodynamic,
gravitational [5-8]. Under the influence of these
forces, some particles settle on the framework of
the porous medium and form a stationary deposit.
The standard macroscopic model of long-term
deep bed filtration of a suspension in a porous
medium includes mass conservation for both
mobile and settled particulate matter, alongside
the formula governing how quickly sediment
accumulates. When the number of suspended
particles is minimal, the rate at which they
deposit is directly linked to their concentration.
The factor that quantifies this relationship
between deposition speed and suspended particle
density is known as the filtration function. Over
a short period of time, the filtration function can
be considered constant [11-13]. During long-
term deep bed filtration, the concentration of
sedimented particles increases and the number of
vacant sites for retained particles decreases.
Consequently, the filtration function depends on
the deposit size and decreases as it increases. If
the filtration function vanishes upon reaching a
certain limiting value, it is called blocking. In
many models, a linear decreasing function, called
the Langmuir coefficient, is used as the filtration
function [14-16].

The capacity of a rock as a reservoir for liquid
and gas is characterized by porosity - the ratio of
the pore volume to the total volume of the rock.
In a homogeneous rock, porosity can be
considered constant. To model the filtration of
suspensions and colloids in multilayered and
heterogeneous soils, one must acknowledge that
porosity varies with spatial position within the
porous medium. This incorporation of variable
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porosity enables the filtration challenge to be
addressed within a non-uniform porous medium.
A similar model was studied in [17], but no
analytical solutions were obtained for the
problem with variable porosity.

This paper fills the gap. The study examines a
large-scale model of deep bed filtration within a
sample exhibiting non-uniform  porosity,
focusing on the process of injecting a suspension
or colloidal solution into a porous medium with
clean water. The transport of particles by an
incompressible carrier fluid in a plane-parallel
channel is described by a one-dimensional
model, including a quasi-linear system of first-
order differential equations, initial conditions
and boundary conditions at the inlet of the porous
medium [18, 19]. For the model in dimensionless
form, analytical and numerical solutions are
constructed, for the linear filtration function, an
explicit solution is obtained.

2. MATHEMATICAL MODEL

In the domain Q={0<x<1,7>0} consider a
quasilinear system

oC oC oS

(P(X)E'i‘g'i‘g 0, (1)
B _AS)C. )
ot

Here the porosity function @(x) and the filtration
function A(x,S) are continuous and non-

negative.

For system (1), (2), the boundary conditions are
established at the filter inlet x=0 and at the
initial time 7 =0:

C(x,t)|x:0 =1;
C(x,0)|_,=0; S(x,0)|_,=0.

)
(4)

According to condition (3), equation (2) at the
inlet x =0 has the form
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oS
— =A(S). )
ot
Divide both parts of equation (5) by A(0,S)and
integrate with respect to the variable #:

j S/at

A S) (6)

0

Using condition (4), transform the integral on the
left side of (6)

T ™
0 AS)
The concentration of particles entering the
porous medium Sy(¢#)=S(0,7) is given by
Formula (7).
The interface between the suspension and pure
water is marked by a concentration front. This
front migrates from the inlet to the outlet as the
injected suspension displaces the water. Because
conditions (3) and (4) are not met at zero, the
concentration solution C is discontinuous at the
front, while the solution § is continuous. The
domain Qg ={0<x<1,72>x} behind the front,
containing suspended and settled particles, has a
positive solution, whereas the pure water domain
={0<x<1,0<7<x} ahead of the front has
a zero solution.

A non-uniform porosity ¢(x) results in a
curvilinear concentration front. To find the front
line 7. (x), we pass to the characteristic variables

in equation (1) [20]. Let
'=o(x), x'=1, (8)

where the apostrophe (') denotes the derivative
with respect to the “internal time” the
characteristic variable t.

Substitute (2) into (1) and pass to the
characteristic variables in equation (1):

= A(S)C. (9)
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In the suspension domain €, the initial
conditions for equations (8) and (9) are

10)=1,, x(0)=0, C(0)=1.  (10)

Here ¢,>0 is the starting point of the

characteristic on the OT axis.
Solution of equations (8) with conditions (10) are

= [o)dy+1,, x=t.
0

In Cartesian coordinates, the characteristics in
the domain () are given by the relation

X

t=[o()dy+1,. (1)

(=1

The concentration front is a characteristic that
emerges from the origin of coordinates:

() = [ o(y)dy .

From the continuity of the deposit concentration
follows the condition on the concentration front

=0. (12)

=t (x)

According to condition (12), on the concentration
front, equation (1) takes the form

oC oC

O(0) =+~ =+ AO)C =0. (13)
ot ox

Equation (13) with the initial condition (3)
determines the solution on the concentration
front:

C=e MO, (14)
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3. EXACT SOLUTION TO MODEL WITH
NON-UNIFORM POROSITY

Consider the problem (1)-(4) in the suspension
domain €, where the solution is nonzero.
Express the unknown C from equation (2):

_0S/ot
A’

(15)

and substitute it into equation (1)
0 oS/ot oS/ot
o) | BLo), LA B g 45
ot\ A(S) 8x A(S) 6t

Using the ratio

(17)

o (as/ot)_
ox| AS) )
equation (16) takes the form
( x )6S/8tJ (as/ax}a_szo.
A(S) ) ot A(S) ) ot

Integrating equation (18) with respect to the
variable 7 from 0 to ¢ yields

A(S)

(18)

oS/ ot
—
A(S)

oS/ ox

o(x) AGS)

+§=K(x). (19

Substitute 7 =0 into (19), and from the initial
condition (4) obtain the integration constant:
K(x)=0. Equation (19) takes the form

oS/ ox
A(S)

oS/ ot
——
A(S)

+S5=0.

o(x) (20)

Pass to the characteristic variables in equation
(20):

S!
A(S)

+5=0.

(22)

The initial condition for equation (22) is set on
the OT axis:

S(T)L:O =Sy(), (23)

where the function S, is given by formula (7).
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0’S/otex  aS A'(S) 6S _ 0 ( aS/ex
or A*(S) ox

A(S)

The solution to equation (22) with condition (23)
has an implicit form:

SO ds
sA(s)

=—7. (24)

So(t9)

Express the initial characteristic coordinate ¢,
from equation (11):

ty=1=[o(y)dy. (25)

In Cartesian coordinates, the solution (24) is
given by the formula

S(x.0) ds

A(s)
]s

= —x. (26)

So[tjw(y)dy
0

If S(x,7) is known, the solution C(x,¢) can be

obtained from the formula (15). Let us derive
another relation that does not use derivatives of
the solution and specifies the relationship
between the solutions on the characteristics (11).
Differentiate the equality (26) with respect to the
variable #:

as/or  as,/or

27)
SA(S)  SyA(S,)
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Substituting the formulae (2) and (5) into
equation (27) yields

c_1_ (28)
S S,
Express the solution C from (28):
I ) (29)

Sy [z-fcp(ywa

Relation (29) is called the Riemann invariant
[21].

The formulae (24), (26) and (29) generalize the
known solution of the filtration model with
constant porosity [22].

In the case where the filtration function is equal
to the Langmuir coefficient

S(x,t) ds S(x,1)

sA(s) -

Sy tj[w(y)dy
0

Substitute the formula (32) into (26) and obtain
the solution:

Si{r—fcpu)dy]
m 0 _1
S(x,1) = S;"(ex L33
| (p(y)dyJ
eS'"[ ° +e -1
S”[sz(y)dy]
S le™ ? -1
C= s |1-

m

Skm[r— [otay

e 0 J+eM—1

The formulae (31), (33) and (34) define an
explicit solution to problem (1)-(4) in the

suspension domain Qg for the filtration function
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A(S)zk[l—sij, A>0, S >0, (30)

m

the solution of (26) and (29) can be obtained in
explicit form. Calculate the integral in the
formula (7):

SO dS SO

ds S, S,
R (1 S]:Tn{lij'

s

S

m

Now we can find the solution at the porous

medium inlet:
M
S,(tH)=S, Ll—e S ]

Calculation of the integral on the left-hand side
of (26) gives

€2))

(32)

m

Substitute the solutions (31) and (33) into the
Riemann invariant (29):

m

(34)

;[rj q»(y)dy]
e ° +e™ -1

(30). At constant porosity ¢(x)=1, the solution

to the filtration problem is known [23]. The case
of linear porosity was studied in [24].
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4. NUMERICAL SIMULATION

The numerical calculation of the model was
performed at A=1 S =1, ¢(x)=1.1-0.2x.

X

L L - L 1
0.0 0.2 0.4 0.e 0.g 1.0

— 075 |
— t=1 0el
— =15
— =2

I t=3 0z}

The solution profiles (how the solution changes
with position at a specific moment) are shown in
Fig. 1.

I t= 025 1_30_

t=0.5

t=5

0.0 0.z 0.4 0e 0e 1.0

Figure 1. Profiles a) retained particles concentration S b) suspended particles concentration C

Since the suspension spreads in the porous
medium from the inlet x =0 to the outlet x=1,
the profiles decrease monotonically. At 7 <1 the
profiles vanish before the concentration front.

Figure 2 shows the evolution of the solution (the
dependence of the solution on time for a fixed
spatial coordinate).

0 1 2 3 4 5 o 1

Figure 2. Evolution a) retained particles concentration S b) suspended particles concentration C

Before the front, the concentrations of suspended tuning of laboratory experiments and

and retained particles are zero, behind the front
the evolution increases and tends to the limiting
values: S—>S§,=1, C>C0,r)=1. The

discontinuity in the concentration of suspended
particles at the front is indicated by a vertical line.

5. DISCUSSION

The analytical solutions found for the problem
of filtration with variable porosity allow fine-

Volume 22, Issue 2, 2026

predicting the behavior of particles carried by
water in rock [25-27].

Comparison of solutions of models with variable
and constant porosity makes it possible to
estimate the averaging errors when replacing
variable porosity with constant porosity.

Exact solutions allow us to correctly solve the
inverse filtration problem — finding the porosity
and filtration function from a known solution
[28, 29].
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The general model of filtration in a
heterogeneous porous medium assumes the
dependence of porosity and filtration function on
the spatial variable. In the general case, the
analytical solution of the problem in closed form
is unknown; numerical solutions are used to
analyze the model [30-32].

The problem of particle migration in a porous
medium is of interest [33, 34]. The displacement
of a suspension by pure water from a sample with
variable porosity will be considered separately.

6. CONCLUSIONS

The study of particle transport in a porous
medium with variable porosity leads to the
following conclusions.

— A model of filtration with variable porosity
was studied.

— A new analytical solution to the model is
constructed, generalizing the solution of the
standard filtration problem with constant
porosity.

— For the linear filtration function (Langmuir
coefficient) a solution in explicit form is
obtained.
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