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Abstract: The generalized axisymmetric model of fluid motion in a porous medium in the presence of a non-
stationary external source or absorption is studied by methods of group (symmetry) analysis of differential
equations. All its invariant submodels of rank 1 are studied. They are specified by invariant solutions of rank 1
of the equation of the original model. These solutions are obtained either explicitly, or their search is reduced to
solving systems of ordinary differential equations of the first order. For explicit solutions at specific values of the
parameters included in their expressions, graphs of the pressure distribution in the porous medium are
constructed. The remaining solutions are used to study physically meaningful boundary value problems for
which, at the initial moment of time, the pressure and either the rate of its change along the axis of symmetry or
the radial rate of its change are specified at a fixed point of the medium. These boundary value problems are
solved numerically for some specific values of the parameters included in them. Graphs of the functions
determining these solutions are obtained. The conducted research is relevant in many areas of applied science
and technology: filtration, soil mechanics, rock mechanics, oil field engineering, construction engineering,
petroleum geology, biology and biophysics, materials science.

Keywords: axisymmetric model of fluid motion, porous medium, non-stationary external source,
non-stationary external absorption, symmetry analysis, invariant solutions, invariant submodels
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AnHOTanusi: MerojaMy TpynioBoro (CHMMETPUHHOI0) aHann3a JuQQepeHIMaNIbHbIX YPaBHEHNH N3ydaeTcst
00001IeHHasT OCeCUMMETpPHYHAsT MOJEIb JIBIDKCHHS JKHAKOCTH B TOPUCTOH cpele MpH  HAIUYUH
HECTAllMOHAPHOr0 BHEIIHEro MCTOYHMKA WK NoroneHus. M3yuaroTes Bce ee MHBapUaHTHBIE TIOAMO/EIH PAHTa
1. OHn 3agaroTcsi MHBAPHAHTHBIMU PEUICHUSIMH paHra | ypaBHEHMS HCXOIHOW MOJENH. DTH peIeHHs JM0o
MOJTy4aroTcsl B IBHOM BHJIE, JIMOO MX MOUCK CBOANTCS K PEHICHUIO CHCTEM OOBIKHOBEHHBIX AN PEepeHIINATBHBIX
YpaBHEHUH NepBOro mopsinka. [lyist sIBHBIX PEIICHUH MU KOHKPETHBIX 3HAYCHUSX BXOJSMIMX B MX BBIPAYKCHUS
apaMeTpoB CTPOSITCS TpaUKHU paclpeielCHUs] JAaBlIe€HHs B MOPUCTOM cpexe. OcraBmivecss peLICHUS
UCTIONB3YIOTCS AJIsl UCCIECJOBAaHMS (PM3MUECKH COJECPIKATEIbHBIX KPAEBBIX 3ajad, A KOTOPBIX B HadaJIbHBIH
MOMEHT BPEMEHH B (PMKCHPOBAHHOW TOYKE CPEJIbl 3aJJAI0TCs AABJICHUE M JINOO CKOPOCTh €ro U3MEHEHHs BIIOJIb
OCH CHUMMETpPUH, JH00 pajualibHas CKOPOCTb €ro M3MEHEHUs. DTH KpaeBble 33JayM PEeIIaloTCs YHCICHHO MpH
HEKOTOPBIX KOHKPETHBIX 3HAYCHUSIX BXOAAIIMX B HHUX mapamerpoB. [lomydensl rpaduku QyHKUuUi,
OIIPEJICTISIIONINX ATU penieHus. [IpoBeleHHbIE WCCIEIOBAaHMS aKTyaJdbHbl BO MHOTHMX OOJACTSX IMPUKIAJHOM
HayKd M TEXHUKH: (QWIbTpanys, MeXaHWKa TPyHTOB, MEXaHHKa TOPHBIX MOpPOJ, HEPTEHPOMBICIOBOE IO,
CTPOUTENBCTBO, HEPTSHASI T€0JIOTHsl, OMOJIOTHS ¥ OMO(H3HKa, MaTepHAIOBEICHHUE.
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INTRODUCTION

The classical model of fluid motion in a porous
medium has been studied in many works (see,
for example, [1 — 7] and the large bibliography
provided there). However, the study of this fluid
motion within the framework of the classical
model does not always adequately describe real
processes. First of all, this applies to processes
with an external non-stationary source or
absorption.

The study of rank O invariant submodels for a
general three-dimensional model of fluid motion
in a porous medium in the presence of an
external non-stationary source or absorption was
started in [8, 9].

In [10], rank 1 invariant submodels were
studied for a general two-dimensional model
of fluid motion in a porous medium in the
presence of an external non-stationary source
or absorption.

In our work we will study an axisymmetric
model describing the motion of a fluid in a
porous medium in the presence of an external
non-stationary source or absorption. This
model is obtained from the classical model by
adding a term describing the presence of an
external source or absorption. It is specified
by the following partial differential equation

atq = (ﬁf +i8r +8§)(q’1)+g(t)q, (1)

where ¢ = ¢(t,x) is a pressure, ¢ is a time,

r=\lx2+y2; A

(/1(/1 - 1) #0) 1s arbitrary real number,

X = (x,y,z) IS R3;

characterizing the nonlinearity of the process, a
function g (t) defines a non-stationary external

source or absorption. For each real process, this
function is specified empirically. The case
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g(t) >0 corresponds to the presence of an

external source. The case g (t) < 0 corresponds

to the presence of external absorption.
Let

g(t) _ (lnf'(f))'

A-1

3

where  f(t) # k1 exp’ + k2 (k, k, are

arbitrary real numbers). The prime denotes, as
everywhere below, the derivative of a function
with respect to its argument.

Each solution of equation (1) defines a certain
submodel of the general model. Our goal is to
study all invariant submodels of rank 1.

METHODS

The main method of studying equation (1) is
group (symmetry) analysis of differential
equations. Group analysis is one of the most
effective  ways of obtaining maximum
information about the properties of solutions of
differential equations. The basic concepts and
algorithms of modern group analysis of
differential equations can be found, for
example, in [11-15] and the references provided
there.

RESULTS AND DISCUSSION
The following mathematical results were
obtained by group (symmetry) analysis

methods:

1. The main Lie group of transformations of
differential equation (1) was found.

2. Using the obtained group of internal
automorphisms, optimal systems of subgroups
of the main group were constructed.
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3. For each subgroup of these optimal systems,

. . . . . 4
its universal invariant in the space R (¢,7,z,u)

was found. This allows us to write down a
representation of each invariant solution of
equation (1).

For the convenience of the reader, we omit all
the indicated calculations.

Using all the obtained representations of
invariant solutions of rank 1, we investigate
these solutions. These solutions define 4 sub-
models of the main model.

The first submodel
This submodel is defined by a solution having
the representation

1

p=(=r () ule) &=L,

where « is arbitrary real number.
After substitution (2) into (1) we obtain the
following  equation for the function

U =U(£):
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1. At @ =2 the solution of this equation has a
form

A
U=|¢ +c, \/§2+1+ln§2 ., 4
1+4/E7+1
where ¢

> €, are arbitrary real numbers.
From (2) and (4) it follows that the pressure is
determined by the formula
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At each fixed moment in time, the pressure is
the same at all points on each conical surface

r=cz (c=const>0).
When ¢, =0, ¢, =1, 1=2, f(t):2t2 +2t+1,
r =2, z>0 the pressure distribution is shown

in Fig. 1.
P

20007

15007

Figure 1. Pressure distributions at r = 2

In this case, the pressure increases
monotonically over time under the influence of
an external source and tends to infinity at
! —> 0.

2. At a#2 the solution of equation (3) is
equivalent to the following system

;1 ( (1
W' = V- +(2,B—1)§)W),
2
&7+l 4 ©
V’=—(ﬂ2+3ﬂ—2+;)W.
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Namely: 1) for any solution (W(f ).V (& )) of According to the formula
1

system (6) the function U =W *satisfies to )

equation (3), 2) conversely, for any solution p= ( 2 f'(;)) w A (5), £= ~. 9)

U (5 ) of equation (3) pair of the functions

B we obtain a unique solution of equation (1)
w(E)=U"(¢), satisfying to conditions (7), for which the value

v(&)=2(& +1)ur (Hur(e)+

1
-2
(za_zh(t)) p(t,r,z) is constant along each
1 Y

+(§ * 2(13_1)98)1] () conical surface 7 = cz (c=const>0).

3
For example, when to =0, A= 5 a =1,

satisfies to system (6).

Let us find the pressure distribution if at the . _1 , _ p =16, p =-1, z>0
o . o 7 “o 7 Fo > ’ ’
initial moment of time ¢ = to >0 at a fixed

f (t) — 1 +1+1 for the Cauchy problem (6),

(8) the numerical solution by the Runge-Kutta-
derivative are given Felberg method [16] (with an order of accuracy
of'4) is shown in Fig. 2.
From this graph, by virtue of formula (9), it
% follows  that the  pressure  increases

point (ro,zo) the pressure and its radial

p(an’”OsZo) =P, > 0, p, (foJo:Zo) =D,

>0, 2. >0 monotonically over time under the influence of
o Tem an external source and tends to infinity at
! —> 0.
where p, > 0, p, are arbitrary real numbers.
W
In this case the initial data for system (6) have
the form -
/J 180
2-a 2 A
W(§0)2<ZO f(lo)) p07 ﬂ:m’ ::
_ P ( ))ﬂ Al i
V(é()) - ZO (f to po .
® .
1
(ﬂ,(ro +ZO)pl+,,.0 (2(ﬂ—1)r0 +20)p0), "
_To "
0z .
" 11 12 13 14 15 15 17 18 19 gﬁ
Due to the smoothness of the right-hand sides of Figure 2. Graph of the function W (&)

system (6), the solution to the Cauchy problem
(6), (8) exists and is unique in the neighborhood

From this graph, by virtue of formula (9), it
of the point 50'

follows  that the  pressure  increases
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monotonically over time under the influence of
an external source and tends to infinity at
t— 0.

The second submodel
This submodel is defined by a solution having
the representation

p=(r )" exp(zJU(r) . (10)

1-2

Substituting (10) into (1) yields the equation

(01 <L) o) v -0

whose general solution is

U = (C3J0[ 2{1 7"]+C4Yb[

=
where J 0 (x) is the Bessel function of the first

1

)

v

kind of the zero order, and ¥, (x)is the Bessel

function of the second kind of the zero order,

c,, ¢, are arbitrary real numbers.

4
The pressure is determined by the formula

1
p=(r )" exp( - ]
1-4
1 (1D

c3J0 r +c4Y0 r

A-1 A-1

On each cylindrical surface r =const >0 the
pressure is distributed according to the formula
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p =c(f’(t)) B exp{l_l].

For example, at ¢c; =1, ¢, =0, A=—,r =2,
4

the

z>0, f(t):(t+1)2

distribution is shown in Fig. 3.

pressure

p

200

Figure 3. Pressure distribution on a cylindrical
surface r =2

In this case, the pressure on the cylindrical
surface » =2 decreases monotonically over
time under the influence of external absorption
and tends to zero at 1 — .

The third submodel
This submodel is defined by a solution having
the representation

1

p=(r"(0))U(s). &=

1)z
. (12)

Substituting (12) into (1) yields the equation
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(o0 -2 ) o

1V (13)
+ 2| Ut =o.
A-1
Equation (13) is equivalent to the system
U =U"w,
1 1 - A
W' = U - vt 14
g+ 4 (2-1
A+1
+ EW |.
A-1

Let the pressure and its rate of change along the
axis Oz are given at the initial moment of time

t=1, >(0 at a fixed point with coordinates

r=r >0, z=2z_:
0 0

p(thFOJZO) =p,>0, p, (foJo’Zo) =p,» (15)

where P, > 0, p, are arbitrary real numbers.

The initial data for system (14) have the form

(16)

Due to the smoothness of the right-hand sides of
system (14), the solution of the Cauchy problem
(14), (16) exists and is wunique in the

neighborhood of the point &, .

Volume 21, Issue 3, 2025

Applying formula (12), we obtain a unique
solution to equation (1) that satisfies to the
conditions (15), for which the value

b
(rf'(t))l_/1 p (t,r,z) is constant along each
Trajectory z = f(t) —cr (c=const).

For example, at tO:O, p=2, r =1,

0
z, =1, P, =4, P, =1, z>0 the Cauchy
problem (14), (16) is solved numerically by the

Runge-Kutta-Felberg method [16] (with an
order of accuracy of 4). The graph of the

function U (&) is shown in Fig. 4.

U

25

245

22

¢
Figure 4. Graph of the function U (f )

From this graph, by virtue of formula (12), it
follows that the pressure increases monotonically
over time under the influence of an external
source and tends to infinity at 1 — oo.

The fourth submodel
This submodel is defined by a solution having
the representation

) f’(t)Zz A-1
)

ue), e=2. A
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After substitution (17) into (1) we obtain the
following  equation for the  function

U=U(<):

() o[-

22(32-13) ,

A-1

This equation is equivalent to the system

U =u"w,

1 _ A
= Lot=2y_ ut+ o (18)
E24\4 1

If at the initial moment of time ¢ = to >0 ata

fixed with

r=ro> 0, z= zy > 0 the pressure and its

radial derivative are given by formulas (7), then
the initial data for system (18) have the form

point coordinates

1

f’t 1-1 r
U(§0)=(Z§f((t§))] Py §O=ZO,
0

i (19)
A+1 —
_ | L) | e
W(go)_zéﬂ(f(t(?)J Py Py

Due to the smoothness of the right-hand sides of
system (18), the solution of the Cauchy problem
(18), (19) exists and is unique in the

neighborhood of the point &, .

Applying formula (17), we obtain a unique
solution of equation (1) satisfying to conditions
(7), for which the value
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(f(’))ﬂ p(tr.2)

/(1)
is constant along each conical surface
r=cz (c=const>0). For example, when

to =0, a=1.8, o= 1, z> 0 for the Cauchy

problem (18), (19) the numerical solution by the
Runge-Kutta-Felberg method [16] (with an
order of accuracy of 4) is shown in Fig. 5.

U

11 12 13 14 15 16 17 18 19 f
Figure 5. Graph of the function U (f)
From this graph, by virtue of formula (17), it
follows  that the  pressure  decreases

monotonically over time under the influence of
external absorption and tends to zero at 1 — .

CONCLUSION

By the methods of group (symmetry) analysis of
differential equations we used to study the
generalized axisymmetric model of liquid or gas
motion in a porous medium in the presence of a
non-stationary external source or absorption,
defined by equation (1).

All invariant submodels of rank 1 were
obtained. They are defined by five invariant
solutions of rank 1 of equation (1). These are
solutions (5) and (11), found in explicit form,
and solutions (9), (12) and (17), the search for
which is reduced to systems of ordinary
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differential equations of the first order (6), (14)
and (18), respectively.

For solutions (5) and (11) for some specific values
of the parameters included in them, pressure
distribution graphs are constructed. These graphs
are shown in Figures 1 and 2. The physical
meaning of these solutions is indicated. Solutions
(9), (12) and (17) were used to study physically
meaningful problems for which at the initial
moment of time at a fixed point of the medium the
pressure and either the radial rate of its change or
the rate of its change along the axis of symmetry
are specified. These problems are solved
numerically for some specific values of the
parameters included in them. Graphs of the
functions determining these solutions are obtained.
These graphs are shown in Figures 3, 4 and 5.

The significance of the solutions found is as
follows:

1. They describe specific physical processes.

2. These solutions can be used as tests in
numerical calculations when studying the
motion of liquid or gas in a porous medium in
the presence of a non-stationary external source
or absorption.

3. The solutions found in the work depend on 5
arbitrary numerical parameters and one arbitrary
function, which are determined empirically
depending on the physical process under study.
This allows using the submodels determined by

these solutions to study other physically
meaningful problems different from those
considered in this work.
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