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DEEP BEAM ANALYSIS WITH THE USE  
OF DISCRETE-CONTINUAL FINITE ELEMENT METHOD  

IN THE PRESENCE OF A VERTICAL CRACK 
 

Marina L. Mozgaleva, Pavel A. Akimov 
National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 

 
Abstract: Deep beam analysis with the use of discrete-continual finite element method in the presence of verti-
cal crack is under consideration in the distinctive paper. The operational formulation within discrete-continual 
approach is given, examples of analysis are presented. Cases of different lengths of the corresponding vertical 
crack are analyzed. The presented examples demonstrate the advantages of the discrete-continual finite element 
method used in comparison with the conventional finite element method (the use of the latter is associated with a 
significant increase in the number of nodes in the grid domain and, consequently, with an increase in the order of  
the resolving system of equations). 
 

Keywords: discrete-continual finite element method, numerical solution, deep beam, structural analysis,  
crack, finite element method 
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INTRODUCTION 
 
Deep beam analysis with the use of discrete-
continual finite element method (DCFEM) has 
been already considered in [1-9, 13]. Corre-
sponding systematic literature review has been 
presented in [1-9, 13] as well. In this regard, let 
us immediately move on to the main material of 
the distinctive paper in case of presence of a 
vertical crack. 

1. FORMULATIONS OF THE PROBLEM 
 
Let the constancy of the parameters of the prob-
lem be in the direction corresponding to 2x  
(main direction). The operational formulation of 
the problem with the use of so-called method of 
extended domain [2], taking into account the 
selection of the main direction, is determined by 
the equation [3]: 
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where we have 
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1 2,  are corresponding dimensions of extended 

domain (linear dimensions of considering struc-
ture) [2]; 1 2( ,  )x x x ; 1 2,  x x  are Cartesian 
coordinates;  and  are Lame parameters [14, 
15];  is the domain, occupied by structure;  
 

1 2
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x x
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(1.12) 
 

1 2( , )x x  is characteristic function of domain 
; 1 2( , )x x  is the delta function of 

boundary ; 1 2[    ]Tn n n  is boundary 
normal vector; F  is the load vector in domain 

; f  is the corresponding boundary load vec-
tor; u  is the vector of displacements (unknown 
vector function), 
The system of equations (1.1) is supplemented 
by boundary conditions, which are set in sec-
tions with coordinates  
 

1
2 2 / 2x ;   2

2 2 / 2x . 
 
The discrete component of the numerical solu-
tion is represented by direction along the axe 1x . 
 
 
2. EXAMPLES OF ANALYSIS 
 
2.1. The first example. 
Let us consider the analysis of a deep beam, 
fixed along the lateral faces in both directions, 
under the action of an external load concentrat-
ed at a point 2 0x , directed along an axis par-
allel to 1x  (Figure 1). 
Let us consider the following geometrical pa-
rameters of structure:  
 

1 1m,   2 10 m. 
 
Let us consider the following parameters of the 
material of the structure: 
 

42650 10E  kN/m2 
 
is the elasticity coefficient; 
 

0.15  
 
is the Poisson's ratio. 
Let us consider the following external load 
 

100P kN. 
 
Let's consider the dependence of the results of 
analysis on the gap length. 
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Figure 1. Example of analysis 
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Figure 2. Design model

 
Let us consider the original problem in the form 
of a combination of two boundary problems 
(Figure 2).
The interface passes along the axis of the load 
action. In this case, the interface boundary equa-
tions at the nodes outside the gap line represent 
the conditions of ideal contact. The equations at 
the nodes in the gap zone represent the free edge 
conditions. The load is specified on both sides 
of the interface at a distance of 72 10 m. The 

discrete component includes 33n  nodes (32 
finite elements).  
A graphical comparison of the numerical solu-
tion at the interface nodes for different values of 
the gap length dl ( 0dl (no gap), 1 / 8dl , 

1 / 4dl , 1 / 2dl ). Besides, we consider the 
case when we have 11L and 22L .
As can be seen, as the length of the gap increas-
es, its opening increases (Figure 4), and the ex-
pansion stresses in the immediate vicinity of its 
beginning also increase (Figures 5, 6). 
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Figure 3. Displacements U2 
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2.2. The second example. 
Let us consider the analysis of a deep beam 
(Figure 7), fixed along the lateral faces in both 
directions, under the action of equal external 
loads concentrated symmetrically relative to the 
point 2 0x , directed along the axis parallel to 

1x . The loads are concentrated at points with 
coordinates 2(0, (1))x f  and 2(0, (2))x f  respec-
tively. 
Let us consider the following geometrical pa-
rameters of structure:  
 

1 1m,   2 10 m. 
 

Let us consider 1 / 2dl  is the crack length. 
Let us consider the following parameters of the 
material of the structure: 

 
42650 10E kN/m2 

 
is the elasticity coefficient; 
 

0.15  
 
is the Poisson's ratio. 
Let us consider the following external load 
 

100P kN. 
 
Let us consider the dependence of the results of 
analysis on the distance between the points of 
application of loads ( 2 2(2) (1)x f x f ). 
Let us consider the initial problem in the form 
of joining two boundary problems (Figure 8). 

 

 
Figure 7. Example of analysis 
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Figure 8. Design model 

The joining boundary line passes along the axis 
2 0x  (divides the structure in half). In this 

case, the joining boundary equations at the 
nodes outside the gap line represent the condi-
tions of ideal contact. The equations at the 
nodes that fall within the gap zone represent the 
free edge conditions. The discrete component 
includes 33n  nodes (32 finite elements). 
A graphical comparison of the numerical solu-
tion at the joint nodes for different values of the 
distance 2 2(2) (1)x f x f  between the points of 
application of loads is presented below. 

In this case we have 
 

2 ( 3.75, 3.75)x f ,   2 ( 2.5, 2.5)x f , 

2 ( 1.25, 1.25)x f ,   7 7
2 ( 2 10 , 2 10 )x f . 
 

From the graphical comparison it follows that 
the smaller the distance between the points of 
application of loads, the greater the gap opening 
(Figure 10), and the expansion stresses in the 
immediate vicinity of its beginning also increase 
(Figures 11, 12). 
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Figure 9. Displacements U1 
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CONCLUSION 
 
In the presented examples of analysis, there is a 
significant excess of the size of the structure along 
the axis 2x  compared to the size along the axis 1x . 
In this case, the numerical solution of the problem 
with the use of discrete-continual finite element 
method is the most effective, since the traditional 
finite element method would lead to a significant 
increase in the nodes of the mesh domain and, 
consequently, to an increase in the order of the 
resolving system of equations. 
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