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Abstract: The article presents the derivation of a formula taking into account the coefficient of convexity under 
load, which takes into account the bulging of rubber along the edges of a steel-rubber vibration isolator. The article 
also provides a comparison for a vibration isolator with a hole and a vibration isolator without holes. It also presents 
a formula that allows taking into account the ambient temperature when calculating vibration isolators. Graphs of 
the dependence of the elastic modulus on temperature for a rubber-metal isolator with a hole are given. 
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1. INTRODUCTION 
 
Transportation routes are the circulatory system 
of any state. It is impossible to imagine trade, 
production, and everything that our world is 
based on without transportation routes. But lately 
it is not the quantity of roads, and even not their 
quality, but the quality of human life provided by 
transportation routes that comes to the fore. 

Urban rail transport is an important part of the 
urban transportation system and one of the stra-
tegic vectors of development of megalopolises 
due to its advantages such as high speed, energy 
efficiency, environmental friendliness, as well 
as safety and punctuality. At the same time, the 
vibrations caused by the movement of the train 
on the rails propagate through the ground and 
affect the buildings located near the rail lines. 
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These vibrations have a negative impact on the 
health of peoples. 
Thus, it is critical to study the vibrations caused 
by both rail and subway traffic and their impact 
on human health and the urban environment.  
At the same time, as the need for people to im-
prove their quality of life continues to grow, 
there are increasing demands for protection 
from vibration induced by external factors.  
Although vibration isolation measures applied 
directly to the railroad track can somewhat re-
duce the impact on the building, they are still 
insufficient for full-fledged vibration isolation 
of the structure. 
One of the ways to damp the vibration impact 
arising due to the movement of rail transport is 
the use of rubber-metal vibration isolators in-
stalled in a reinforced concrete deck under the 
lload-bearing structures of buildings, or in the 
walls and columns at different levels. With the 
rapid development of the subway, the require-
ments for the stability of movement and comfort 
of high-speed trains are constantly increasing, as 
well as the requirements for the comfort of 
buildings located near shallow subway lines [1-
4]. Therefore, it is necessary to accurately de-
fine the stiffness of rubber vibration isolators in 
order to effectively design and predict the struc-
ture of buildings. The operating conditions and 
load capacity of vibration isolators are constant-
ly changing. The change of static stiffness of 
vibration isolators depending on temperature 
and load should be expressed by the appropriate 
formula, which will be of great importance in 
the authors' further studies on the analysis of 
dynamic properties [5-7]. The calculation of 
mechanical properties of rubber vibration isola-
tors has always been the focus of research, but 
previous studies have focused mainly on dy-
namic stiffness. Most models consider different 
combinations of elements such as springs, isola-
tors; and the main impact factors are frequency 
and amplitude [8-10]. Currently, there are some 
studies on the static stiffness of rubber vibration 
isolators under deformation conditions at room 
temperature. For rubber vibration isolators with 
different shapes, there are several theories and 

empirical formulas for calculation. Most of 
these formulas assume linear stiffness or con-
sider a certain geometric nonlinear stiffness. In 
addition, the finite element method is widely 
used in the study of rubber behavior. This meth-
od can accurately simulate small static defor-
mation in regard with experiments. These de-
formations are calculated using strain energy 
and tensor function [11, 12], but the parameters 
calculated by computer simulation still depend 
on the experimental data. 
Ogden [13] has already pointed out that the pro-
cedure for modeling vibration isolators at dif-
ferent temperatures is a very difficult task, and 
Destrade [14] proposed mathematical equations 
to describe rubber vibration isolators based on 
commonly available data. 
Cheremisinoff [15] studied the effect of humidi-
ty, temperature on the load carrying capacity of 
rubber isolators. 
Dickens [16] examined the effect of temperature 
on the stiffness of insulators at temperatures 
ranging from 10°C to 60°C. 
Hwang [17] conducted field experiments of iso-
lators at temperatures ranging from 0°C to 28°C 
to validate his fractional derivative model for 
calculation of isolators. 
The insulator developed by Hou [18] was tested 
in the extreme range from -70°C to 300°C and 
confirmed its intended characteristics. 
Gajewski [19] presented the theory of finite el-
ement modeling for large deformations and ana-
lyzed the effectiveness of different models. In 
addition, Gajewski [20] proposed a method to 
estimate the magnitude of energy dissipation of 
elastic materials at large deformations. These 
results are important in the study of large de-
formations. 
Cardon et al. [21] studied the relationship be-
tween rubber properties and temperature. 
They focused mainly on the shear modulus, 
and the temperature ranged from 20°C to 
60°C. But at present there are very few studies 
on the behavior of rubber vibration isolator at 
low temperatures. 
Stevenson [22] studied the relationship be-
tween low-temperature crystallization and the 
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strain modulus of rubber vibration isolator. 
The results showed that the strain modulus 
increases significantly with low-temperature 
crystallization. In addition, the relationship 
between low-temperature deformation and 
crystallization was also studied. Authors of 
the papers [23] and [24] analyzed and studied 
the performance of rubber insulators at low 
temperature. The results showed that low 
temperature has a significant effect on the 
properties of rubber. 
Kari [25] proposed a nonlinear temperature 
model of rubber vibration isolator based on 
shape factor and investigated the effect of tem-
perature on geometric parameters under load. 
To calculate the shape factor, they used the 
equivalent cylinder approximation in the equa-
tion to calculate the shape factor. 
 
 
2. RESEARCH METHODS 
 
For an ideal rubber material, the entropy of the 
molecular chain can be utilized to analyze the 
elasticity. In microscopic theory, the complex 
structure is simplified using some assumptions 
and the ideal structure is considered to facilitate 
calculation and analysis.  
Let us summarize the static theory and derive 
the modulus of elasticity E. According to the 
theory of elasticity, the following equation is 
satisfied for the rubber layer: 
 

= =
3

, (1) 
                        

where E is the rubber modulus of elasticity;  is 
the stress;  is the strain; M  is the mean mo-
lecular weight between cross-linked nodes;  is 
the rubber density; Rair is the Universal gas con-
stant; T is the temperature. 
Due to the complexity of the composition and 
inner structure of rubber materials, Mc is diffi-
cult to measure directly. However, Mc can be 
obtained from the modulus of elasticity at a cer-
tain temperature and small strain. This method 
can be used to derive an expression for Mc. The 

formula for Mc can be used to further derive the 
modulus of elasticity of rubber at different tem-
peratures. 
 

=
3 RTk

, 
(2) 

=
3 RT

=
TEk

, 

 
where k is the room temperature adopted as 
25±2°C; 

k is the rubber density at room temperature; 
Ek is the modulus of elasticity at room tem-
perature. 
The density of rubber varies with temperature 
since its volume varies with temperature. The 
linear coefficient of thermal expansion of rubber 
is denoted as . Since  is extremely small, the 
coefficient of volume expansion can be ex-
pressed as (1 + . Thus the density of 
rubber is as follows: 
 

[1 + 3 ( )] =     > , 
 

= [1 + 3 ( )]     < ,    
 

=         = , (3) 
                         
In addition, the following formula can be de-
rived: 

 

=
1

[1 + 3 ( )]       > , 

 
= [1 + 3 ( )]      < , (4) 

                                                           
= 1  = , 

          
If one accepts T =       <   , 
and multiply the numerator and denominator by 
1 + 3 T, then it follows: 
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   1 + 3 ( ) = 1 + 3  =
(1 3 )(1 + 3 )

1 + 3 = 

=
(1 9 )

1 + 3 =
1

1 + 3 , (5)

 

 
If  is extremely small, we can use an approxi-
mation and simplify equation (2) as follows by 
substituting   : 
 

= (1 + 3 T) , (6) 

 
The formula shows that for a rubber vibration 
isolator, the modulus of elasticity increases 
when the temperature increases in a certain 
range.  Other relationships are also available, 
such as formula (33). 
In addition, due to the nonlinearity of rubber, 
the stiffness will gradually decrease with in-
creasing temperature when the load is relatively 
high. Changes in modulus of elasticity and stiff-
ness do not always correspond to each other. 
This will be discussed in detail: see conclusions, 
Fig. 5b formula (31). 
 
 
3. CALCULATION OF VIBRATION 
ISOLATOR WITH A HOLE 
 
Based on extensive experience, researchers have 
developed a simplified method for calculating 
the stiffness of vibration isolators with a certain 
accuracy. For a rubber vibration isolator with a 
round shape, at small deformations, the empiri-
cal formula for the static stiffness K is as fol-
lows: 
 

=
µ

, (7) 
 
where Ac is the support area, E is the elasticity 
modulus, H is the height of the vibration isola-
tor,  is the form factor.  
 

µ = 1 + 2S . (7.1) 

This factor accounts for the ratio between the 
height and width of the vibration isolator, which 
directly affects its stiffness and deformation 
properties [26]. 
Let us assume the area factor S, which can be 
obtained from the following formula: 
 

= =
( )

2 (R + r)H = 2H  , (8) 

 
where Af is the free area, which is a sum of in-
ner and external areas of vibration isolator with 
a hole, R is the outer radius of the vibration iso-
lator, r is the inner radius of the vibration isola-
tor.  
Based on formulas (7) and (8), the empirical 
expression for the stiffness of the vibration iso-
lator is as follows: 
 

=
( + (1

2) )
= H + 2  , (9) 

 
As a vibration isolator is compressing, the size 
of the rubber gasket is continuously changing. 
The stiffness K is related to the deformation and 
is not a fixed value. Thus, the static stiffness of 
the vibration isolator is nonlinear. In the calcu-
lation of the free area, we assume that the vibra-
tion isolator is compressed uniformly, but it has 
convex edges after deformation. Assuming that 
the change of the inner radius is the same as the 
outer radius, we obtain, 
 

= = , (9.1) 
 
where R1 is the outer radius of the vibration iso-
lator, r1 is the inner radius after compression, R 
is the outer radius of the vibration isolator be-
fore compression, r is the inner radius of the vi-
bration isolator before compression, d is the 
change in the radius. Since the volume remains 
constant, we get: 
 

( )(H ) = ( ) , 
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2) )
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= = , (9.1) 
 
where R1 is the outer radius of the vibration iso-
lator, r1 is the inner radius after compression, R 
is the outer radius of the vibration isolator be-
fore compression, r is the inner radius of the vi-
bration isolator before compression, d is the 
change in the radius. Since the volume remains 
constant, we get: 
 

( )(H ) = ( ) , 
 

=
1
2

( )
H , 

 

= +
1
2

( )
H , (10) 

 

=
1
2

( )
H , 

 
Where H is the initial height of the vibration 
isolator, and hdef is the deformation. Formulas 
(8) and (9) are modified as follows: 
 

= =
( )

2 ( + ) H
=

=
2 H

, (11)
 

 

=
µ

H =
1 + 2

H =

=
( )E

H  1 +
( )

2 H
, (11)

 

 
where S1 is the ratio of areas, Af1 is the free ar-
ea, K1 is the stiffness, Ac1 is the support area, 1 
is the form factor. 
Static force F1 is defined as follows: 
 

= =
( )E

H   

  1 +
( )

2 H
, (12) 

 
Usually, the end friction causes the area change 
of the vibration isolator after deformation to be 
smaller than the calculated value, but the free 
area change is larger in the presence of the sup-
porting steel plate. 
 

= = ( ), (13) 
 
As for rubber, the compression behavior of the 
sample between bonded surfaces can be esti-

mated quantitatively by means of the elastic 
modulus. This parameter is related to the geom-
etry of the rubber sample. In the case of com-
pression without bonded surfaces, the rubber 
block exhibits axial and uniform lateral defor-
mation as shown in Figure 1(a).  
The deformation of the vibration isolator is non-
uniform in compression. Therefore, the assump-
tion of cylindrical deformation of the rubber 
gasket is unfeasible. It should be close to ellipti-
cal deformation because the lateral surface will 
take the shape of an ellipse. Figure 1(a) shows 
the initial state of the vibration isolator, and 
Figure 1(b) shows the hypothetical half-
elliptical state, which is obtained in practice. 
During deformation, the steel plate is treated as 
a rigid body, and hence the bearing area of the 
vibration isolator is not changed. However, the 
free area of the rubber gasket is changed. When 
the rubber pad is deformed, the side surface 
takes the shape of a semi-ellipse. It is assumed 
that the convex part is a semi-ellipse in the ver-
tical section, and that the semi-axes of the inner 
and outer semi-ellipses are equal, as shown in 
Figure 1(b). By taking the center of the vibra-
tion isolator as the origin of the rectangular co-
ordinate system, we denote the axis of the con-
vex part as a and the axis to the steel plate as b. 
 

 
 

Figure 1a. Vibration isolator with a hole before 
loading 

 

 
 

Figure 1b. Vibration isolator with a hole after 
loading 
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Figure 2. Diagram of geometrical characteris-

tics of the vibration isolator 
 
( )

+
z

= 1    + , 
= ±    < < < < , 
( )

+
z

= 1    , (14) 

( + )
+

z
= 1   + , 

( + )
+

z
= 1   , 

 
In the present paper, a vibration isolator with 
one central hole is considered. For further stud-
ies, the authors aim to derive formulas for a rec-
tangular isolator with multiple holes. 
The volume enclosed in the outer elliptic curve 
is represented as Vout, and the volume inside the 
elliptic curve is represented as Vin. Considering 
the right half, the following can be derived: 
 

= ( ) = = 

= 2 ( ) =

= 2  +  

a
=  (15) 

= 2 (R b +
2
3 a b +

1
2 ab ) 2 (r b + 

+
2
3 a b

1
2 ab ) = 

= 2 ( ) + ( + ), 
 
Thus, we have  
 

=
( )( 2 )

, (16) 
 
Since b satisfies 
 

=
H

2 , (17) 

 
then 
 

=
( )

, (18) 

 
The free area of the vibration isolator, denoted 
as Af2, can be calculated as follows: 
 

= 4 ( ) = 4  +

=  
= 4 + + ( 4 ) =
4 ( + ) = 2 ( + ) , (19)   

Considering the free area in the cases of the el-
liptic deformation hypothesis, it can be seen 
that: 
 

= = 2 ( + ) , (20) 
 
Formula (20) is based on the assumption that 
the internal and external deformations are of the 
same elliptic shape. If this assumption is not ful-
filled, then Af2 f1. However, the difference 
between Af2 and Af1 is always extremely small. 
In practice, the stiffness of rubber increases as 
the load increases. This is because an increase in 
load leads to a change in both the geometric 
shape and nonlinearity of the material. When 
the rubber element is compressed, the sample 
becomes anisotropic since the molecular chain 
is more oriented in the transverse direction. 
As the compression ratio of the vibration isola-
tor increases, the greater the degree of rubber 
bulging and the greater the change in rubber 
properties. This change can be expressed by the 
convexity factor bul, which can be defined as 
follows: 
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µ = 1 +  , (21) 
 
where a and b are accepted in accordance with 
(16) and (17). 
Then the stiffness of the vibration isolator, K2, 
taking into account the convexity coefficient, is 
defined as follows: 
 

=
1 + 2

H µ =

=
(R r )E
H  1 +

(R r )
8b (R + r) 1 + = 

=
(R r )E
H  

 1 +
(R r )

2 H
1 + , (22) 

 
The applied force F2 is determined by the for-
mula: 
 

= =
(R r )E

H z   

 1 +
(R r )
2(H z) 1 + , (23) 

 
where hdef = z 
During operation, the temperature of the vibra-
tion isolators may change, usually between -
10°C and +10°C. If the temperature changes, 
the volume of the rubber will change due to 
thermal expansion and contraction. 
Considering the room temperature TK as the 
standard condition, when the temperature 
change is T, the volume of the round rubber 
part expands to 
 

(1 + T) 3 (R r ), (24) 
  
 and the height is as follows 
 

(1 + T) , (25) 
  
However, because of the restraint imposed by 
the steel plate, the bearing surface is assumed to 

remain unchanged since the thermal expansion 
of steel is much lower than that of rubber. The 
lateral changes are limited to a certain extent. If 
the temperature increases, the rubber will pro-
trude outward. Otherwise it will become con-
cave inward. 
Then equation (15) can be modified as follows: 
 
(1 + ) = (1 + ) 3 ( ) = 

= = 2 ( ) =
  

 

= 2 (R r ) + a ( + ),                    (26) 
 
From the equation (26) we can conclude that 
 

=
( )[(1 + T) 2 )]

, (27) 

 
where  
 

=
(1 + T)H

2 , (28) 

 
then   
 

= 2 ( + ) (1 + T)H , (29) 
 
Form factor µ2 is defined as follows 
 

µ = 1 + 2 = 1 + 2 =

1 +
(R r)

2 (1 + T)H  
, (30)

 

 
As the temperature changes, equations (22) and 
(23) can be further modified as follows: 
 

= = 

(R r )E
(1 + T)H z

 1 +
(R r )

2 (1 + T)H z
1 +   
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=
1 + 2

(1 + T)H µ =

=
(R r )E

(1 + T)H

 

1 +
(R r )

2 (1 + T)H
1 + ,   (31)

 
 
4. RESULTS AND DISCUSSION 
 
At high temperatures, the degree of rubber 
crosslinking gradually increases with tempera-
ture, resulting in an increase in the hardness and 
elastic modulus of the rubber. If the temperature 
increases even further, the polymer molecular 
chain will fracture. There is no need to consider 
the role of material degradation, as the range of 
engineering applications is usually less than 60 
°C. When the rubber temperature is lower, the 
molecular activity is weakened and the rubber 
crystallizes. This condition leads to an increase 
in the elastic modulus of the rubber at low tem-
peratures. 
When the rubber is above 0 °C, the crystalliza-
tion effect is significantly weaker. 
The elastic modulus and stiffness of the rubber 
increase significantly with decreasing tempera-
ture when the temperature is below 0 °C. There-
fore, in some theoretical studies, 0 °C is chosen 
as the transition point. In this study, it is as-
sumed that at temperatures above 0 °C, the 
modulus of elasticity changes according to 
equation (6), and at temperatures below 0 °C, 
the modulus of elasticity has a certain depend-
ence on the ambient temperature. 
To account for temperature as a variable, a coef-
ficient  is adopted. This coefficient is the ratio 
of the modulus of elasticity of rubber at low 
temperature to the modulus of elasticity at 0°C , 
which can be expressed as follows: 
 

= , (32) 

 
=  , (32.1) 

where E is the elasticity modulus at 0°C, and T0 
is the temperature at 0°C. 
Thus, we get: 
 

= (1 + 3 T)    273 , 

= (1 + 75 )    < 273 , (33) 

 
where (1 + 75 ) have been previously derived 
in the study [27]. 
Consider the vibration isolator of the following 
sizes with and without hole. 
 
 
 
 
 
 
 
 
 
 

Figure 3a. Adopted vibration isolator with an 
aperture 

 
 
 
 
 
 
 
 

Figure 3b. Adopted vibration isolator without 
hole 

 
The modulus of elasticity E is 2.28 MPa at room 
temperature [28].  
For the isolator under consideration, the coeffi-
cient of thermal expansion is as follows 
 

= 6.6  10 , (34) 
 
Using equation (33), the modulus of elasticity E 
can be calculated at different temperatures, 
which is shown in the diagrams below.  
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=
1 + 2

(1 + T)H µ =

=
(R r )E

(1 + T)H

 

1 +
(R r )

2 (1 + T)H
1 + ,   (31)
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= 6.6  10 , (34) 
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Figure 4a. Plot of elastic modulus versus tem-
perature for a rubber-metal isolator 

 

 
Figure 4b. Plot of elastic modulus versus tem-
perature for a rubber-metal isolator without a 

hole 
 
These figures show that at temperatures above 
0°C, the modulus of elasticity E increases slow-
ly with increasing temperature, and when the 
temperature drops below 0°C, the modulus of 
elasticity E increases rapidly with decreasing 
temperature. Although there are some uncertain-
ties, the main trend of this curve reflects the 
theoretical analysis and the results of tests con-
ducted by other authors [29].  
These plots show the variation of stiffness ob-
tained from formula (31) with convexity fac-
tor, as well as formulas (11) and (12) without 
convexity factor at T=25°C under different 
load. 

 
Figure 5a. Stiffness of the vibration isolator 
with a hole under different load at t=25C 

 
Figure 5a shows that the difference between the 
original formula (11) and the formula with con-
vexity factor (31) becomes more significant with 
increasing pressure. The maximum error is about 
10.86% and the RMS error is 7.71%. The error 
increases with increase in pressure, but the accu-
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and Fig.5b are taken from [27] and [29]. 
 

 
Figure 5b. Stiffness of vibration isolator with 

hole at different t under 57kN load 
 
Figure 6 shows that formula (31) with the con-
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12% and the RMS error is 9%. Although the 
error gradually increases when the temperature 
is above 60°C, it is usually ignored. If the tem-
perature is below 0°C, the maximum error with 
formula (31) is 5% and the RMS error is 3%. 
The maximum error with empirical formula (12) 
is 16% and the RMS error is 10%. From the 
above analysis, it can be seen that formula (31) 
can reflect the change in stiffness depending on 
temperature [28]. 
The stiffness of the vibration isolator changes as 
the pressure or compression amplitude changes. 
This is due to the nonlinearity of the stiffness. In 
particular, the stiffness decreases slightly with 
increasing temperature when the temperature is 
above 0°C and the preload is below 45 kN. The 
stiffness increases slightly with increasing tem-
perature when the temperature is above 0°C and 
the preload is above 45 kN. This is mainly be-
cause the temperature affects not only the elastic 
modulus but also the geometric nonlinearity of 
the vibration isolator. When the temperature is 
below 0°C, changes in pressure have little effect 
on the stiffness trend. The stiffness hardly 
changes with temperature at the same load when 
the temperature is above 0°C. If the temperature 
is below 0°C, the greater the load, the more 
dramatic the change of stiffness with tempera-
ture [30, 31]. 
 
 
5. CONCLUSIONS 
 
This study has examined the relationship be-
tween modulus of elasticity and rubber tempera-
ture. At low temperature, a more efficient for-
mula for determining the modulus of elasticity 
(33) is proposed. The formula (31) with the 
convexity coefficient con for more accurate cal-
culation of the stiffness and modulus of elastici-
ty of rubber vibration isolator is obtained.  
There is a strong relationship between the mod-
ulus of elasticity and the temperature of the rub-
ber. If the temperature is above 0°C, the modu-
lus of elasticity gradually increases with in-
creasing temperature. While the temperature is 
below 0°C, the modulus of elasticity increases 

significantly with decreasing temperature due to 
the effect of partial crystallization. Therefore, it 
is effective to use variable modulus of elasticity 
in calculations.  
Thus, formula (31) with the correction by the 
convexity coefficient bul has a good applied 
value. Formula (31) can also be applied to rub-
ber vibration isolators of other sizes and types. 
The modified formula (31) with convexity coef-
ficient con takes into account the effect of tem-
perature and load simultaneously. The calculated 
values are close to the actual ones, and the calcu-
lation error under normal operating conditions is 
less than 10%. Therefore, it can be considered 
that formula (31) with convexity coefficient con 
is effective for stiffness calculation. Considera-
tion of the influence of temperature in formula 
(31) significantly increased the accuracy of the 
results compared to the original formula (11). 
Different loads have the same effect on the 
stiffness trend at low temperature, and the stiff-
ness increases significantly with decreasing 
temperature. However, the stiffness is less tem-
perature dependent when the temperature is 
above 0°C, but still increases slightly with in-
creasing temperature. 
Theoretically, the elastic modulus increases 
with increasing temperature as can be seen from 
(6) and Fig. 4a. However, in most cases, the 
measured stiffness decreases with increasing 
temperature Fig. 6. This seemingly contradicto-
ry phenomenon is explained in the derived 
equation (31). 
The theory of the static stiffness of rubber vibra-
tion isolator is of great importance in the study 
of the dynamic performance of rubber and pro-
vides a method for further derivation of the dy-
namic stiffness formula. The dynamic properties 
of rubber under temperature and pre-pressure 
will be given more attention in future research. 
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