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DEFLECTION AND AXIAL FORCE IN GEOMETRICALLY NON-
LINEAR BEAM WITH PINNED SUPPORTS 

 
Alexander P. Suvorov, Irina A. Makarova 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 
Abstract: The problem of beam bending for large deflections is described in general. The nonlinear 
beam theory is considered for a simply-supported beam subjected to uniform load. The governing equa-
tions for displacements of this beam are derived. Numerical method for solving the governing equations 
is proposed. Convergence of the numerical method is studied. Numerical results are shown in the form of  
figures and formulas. These results suggest that the deflection predicted by the nonlinear theory at a spe-
cific point can be expressed solely as a function of the linear deflection at the same point. It is also 
shown how the axial force in the beam depends on the nonlinear deflection. Analytical expression for the 
axial force in the beam for small deflections is derived without solving the differential equation. For 
larger deflections, another representation for the axial force is obtained in terms of auxiliary functions 
that are defined only in terms of nonlinear and linear deflections. Comparison of the present results with 
the ABAQUS results is given. It is shown that the present theory can quite accurately predict the deflec-
tion and axial force in the beam for large deflections. However, the product of the axial force by the co-
sine of the slope angle at the support rather than the axial force itself will be a more accurate estimate of 
the horizontal support reaction. 
 

Keywords: large deflection, axial force, nonlinear beam theory, finite difference method, 
convergence of iterative method, ABAQUS, nonlinear differential equations, principal of virtual work 
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1. INTRODUCTION 
 
In this paper we analyze a beam of length L  
subjected to the uniformly distributed load q . 
The beam is simply supported at its ends and 
also constrained from the axial movement at the 
supports. When dealing with thin metal sheets, 
we often have the situation when the thickness 
of the sheet t  is small compared to the distance 
between the supports. In this case, it becomes 
important to take into account possible large 
deflections of the beam, which may be compa-
rable with the thickness t  and even larger than 
t . Denote the deflection of the beam by v . 
The elementary beam theory allows us to ac-
count for these large displacements by incorpo-
rating axial strain of the beam into the equa-
tions. This strain is represented as the sum of 

the usual term 
dx
du

 that is linearly dependent on 

the axial displacement u , and the term 
2

2

1

dx
dv

 

that depends on the vertical displacement v  
nonlinearly. This approach is used in almost all 
previous investigations [1-11].  
The axial strain naturally leads to the existence 
of the axial force N . For the theory in its sim-
plest form, the axial force N  is assumed con-
stant along the length of the beam and it is also 
equal to the horizontal reaction at the supports. 
This assumption is very accurate only for suffi-
ciently small displacements. 
Timoshenko and Woinowsky-Krieger [1,2] de-
rived exact solutions for beams with various 
supports. In particular, for a beam with pinned 
supports they obtained a nonlinear equation that 
can be solved for the axial force N  
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2

Et
NL=s 32 . 

Here E  is the Young’s modulus.  
For faster calculations various approximate ex-
pressions were also proposed [1,3]. If we set 
 

,
t
Lv

L
t

qL
N= lin 2/1
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then the axial force N  (and subsequently, the 
horizontal reaction) can be found as a root of the 
cubic equation 
 

,
t
Lv=+ lin

2
2 2/

1
3

1
 

 
where linv  is the known displacement predicted 

by the linear theory, evaluated here at the center 
of the beam, 2/L=x . 
For larger displacements, more accurate formula 
for calculation of the horizontal support reaction 

xR  is desired. It can be obtained by using the 

fact that the axial force will vary along the 
length of the beam and the support reaction is 
equal only to the axial force at the center of the 
beam.  
In this paper, we will obtain certain estimates 
for the axial force that are very simple and don’t 
require solutions of any nonlinear equations. 
The exact solution of the differential equation is 
also not required. In addition, we will obtain a 
simple upper bound for the axial force.  
In our governing equations, we still assume that 
the axial force N  is constant along the length (to 
simplify the equations), but after finding N , the 
deflection v , the beam’s slope v'  at the support, 
we will be able to estimate the horizontal support 
reaction more accurately by evaluating the prod-
uct of the axial force and the cosine of the slope 
angle at the support, i.e., v'N=Rx  cos . By com-

paring xR  with ABAQUS software calculations, 

we have obtained a good match for the horizontal 
support reaction both for smaller and larger de-
flections. The value of the axial force N  slightly 
overestimates the actual value of the horizontal 
support reaction if the displacements become 
large enough. 
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2. METHODS 
 
2.1 Governing equations 
 
Consider a simply-supported beam of length L  
subjected to the uniformly distributed load q . 

The x -axis is directed along the beam and 
Lx0  (Fig. 1). Let the vertical displacement 

or deflection of beam’s cross-section be denoted 
by v(x)=v . Assume that the height of the cross-

section of the beam is equal to t , the width is 1. 
Then the flexural stiffness of the beam EI  can 
be found as 
 

,tE=EI
12

3

 

 
where E  is the modulus of elasticity, the stiff-
ness in tension or compression is 
 

.Et=EA  
 

 
Figure 1. Beam geometry, applied loads and 

support reactions 
 

If N  is the internal axial force (assumed con-
stant along the length of the beam), and TM  is 
the internal bending moment caused by the ap-
plied load, the differential equation for the 
beam’s deflection v  can be written as 

 
.T

'' M=NvEIv  
 
For uniformly distributed load and for simply-
supported beam the bending moment is given by 

 

.
2

xLxq=MT  

 
Due to the supports the boundary conditions for 
the function v  are 

0.0 =Lv=v  
 
Obviously, for the simply supported beam the 
second derivative of v  at the support points is 
also equal to zero, as the bending moment is 
equal to zero at the supports 

 
0.0 =Lv=v ''''  

 
Let u(x)  be the axial displacement, i.e., the dis-

placement along the x -axis of the axis of the 
beam. It is known from the non-linear strain 
theory that the longitudinal strain for the points 
lying on the axis of the beam can be found as 

 

.
2

1 2v'+u= '
x  

 
Therefore, the axial force is determined from 

 

,v'+uEA=N ' 2

2

1
 

 
where EA  is the stiffness of the beam in tension 
or compression, A  is the cross-sectional area.  
From the equilibrium in the direction of the x -
axis, the axial force must be constant, i.e., 

,=
dx
dN

0  and therefore, the second differential 

equation for the function u  can be written as 

 

0.
2

1 2 =v'+uEA
dx
d '  

 
Since the axial stiffness is constant, this differ-
ential equation can be put in another form 

 
,=vv+u ''''' 0  

 
where we have used the fact that 

 

.
2

1 2 ''' vv=v'
dx
d
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Boundary conditions for the function xu  are 
given by 

 
0.0 =Lu=u  

 
We note that these differential equations can be 
derived from principal of virtual work. Let 

2

2

1 v'+u'  be the virtual axial strain, and 

''  be the virtual curvature. Then the internal 
virtual work can be represented as 
 

dxvEI ''''
b

a

 

dxv'+uv'+uEA+ '
b

a

' 22

2

1

2

1   

 
and the external virtual work is 
 

b

a

vdxq .  

 
Equating these works leads to the final form of 
the equation 
 

dxvEI ''''
b

a

 

.
2

1

2

1 22
b

a

'
b

a

' vdxq=dxv'+uv'+uEA+  

 
Of course, the virtual displacements must satisfy 

 
,=L= 00  

0.0 =L=  
 
When integrating the expression for the axial 
force N  along the length of the beam, we ob-
tain 
 

dxvEA=NL ' 2

2
 

 

since the axial force is constant and 
 

0=dxu' . 

 
Therefore, the differential equation for the de-
flection can also be written as 
 

xLxq=dxv
L

EAvxEIv '''

22

2
. 

 
 

2.2 Numerical solution 
Numerical solutions of two-point boundary val-
ue problems by finite difference method have 
been discussed in [12-15]. Let us describe nu-
merical algorithm for solving the present prob-
lem. To solve the given problem numerically, 
one can proceed with the algorithm that consists 
of the following steps: 
1. Assume first that the axial force N  is equal 
to zero. 
2. Solve equation for the deflection v . The 
right-hand side of this equation is the moment 

caused by transverse loads, namely, x)x(Lq
2

. 

3. Find the first and second derivatives of the 
deflection v  denoted by v'  and 'v' . 
4. Solve equation for the axial displacement u . 
The right-hand side of the equation becomes 
equal to  'v'v'– . 
5. Find the first derivative of u  denoted by u' . 
6. With the knowledge of the displacements u  
and v , find the new estimate for the axial force as 

 

.
2

1 2v'+uEA=N '
new  

 
This force should be independent of x  coordi-
nate, and it does not matter at which point this 
quantity is evaluated. 
7. Check for convergence if newN  is sufficiently 

close to N . If not, set newN=N  (update the 

axial force) and go to step 2. 
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Although this algorithm seems to be harmless it 
actually diverges when the load q  gets large 
enough and deflections grow. To remedy the 
situation, we propose using in step 7 a different 
way of updating the axial force, namely, 

 

.
22
newN+NN  

 
Thus, we take the average of the previous value 
of the axial force N  and the new value of the 
force newN . With this important correction, this 

algorithm works well even for large values of 
the load q , and it converges in a smaller num-
ber of iterations. 
We use standard finite difference scheme to 
solve differential equations for the displace-
ments v  and u . We divide the beam length into 

1n  small intervals, where n  is the number of 
points chosen to be sufficiently large. The 
length of each interval .1/ nL=h  Then, if we 

denote iv  and iu  as the displacements evaluat-

ed at point i , ni1 , the differential equations 
can be written in finite difference form as   
 

Tii
1+iii M=Nv

h
v+vvEI

2
1 2  

.
2

2

2
2

111
2

1

h
v+vv

h
vv=

h
u+uu 1+iiii+i1+iii  

 
In the first equation the axial force N  is as-
sumed constant, chosen as described in the algo-
rithm presented above. To evaluate accurately 
the second and first derivatives at the boundary 
points 1=i  and n=i , we introduce ghost points 
with the coordinates h=x 0  and h+L=x . 
We give them numbers 0=i  and 1+n=i , re-
spectively. Then, the system of linear equations 
for finding iv  or iu  will comprise of 2+n  

equations because there are now 2+n  points. 
The first equation in this system of equations 
will correspond to the finite difference equa-
tions evaluated for the left support with 1=i , 
i.e.,  

T11
2 M=Nv

h
v+vvEI

2
10 2  

.
2

2

2
2
1002

2
10

h
v+vv

h
vv=

h
u+uu 22  

 
Similar expressions can be formed for the last 
equation in the system of linear equations. They 
are the finite difference equations evaluated at 
right support point with n=i . 
 
2.3 Axial force for small displacements 
Let us consider the limit of small vertical dis-
placements and obtain estimate for the horizon-
tal support reaction N  in this case. In the limit 
of small deflections, the deflection predicted by 
the nonlinear theory is approximately equal to 
the displacement predicted by the linear theory. 
In the linear theory, the vertical displacement is 
given by 
 

xqLxLxq=xEIv
3

241262

43

 

 
and the slope can be found as 
 

 
24322

32 3
' qLxLxq=xEIv . 

 
The axial force can now be evaluated from the 
relationship 
 

dxv
L

EA=N ' 2

2
. 

 
After substitution of the derivative of the linear 
displacement into this equation and subsequent 
evaluation of the integral, the axial force can be 
found as 
 

2

5040

17

8 EI
qLEA=N

3

. 

 
Now consider a beam with a cross-section of 
height t , and the unit width. The area of this 
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cross-section t=A  and the moment of inertia 
12/3t=I . In this case, the axial force becomes 

 

5

6
21

280

17

t
Lq

E
=N . 

 
and thus the axial force depends on the applied 
loading quadratically.  
It is also known that the deflection v  at the cen-
ter of the beam can be found as 
 

.
32

52/
4

4

Et
qL=

t
Lv  

 
Using this expression, the above formula for the 
axial force can be transformed to 
 

t
L

t
Lv=

t
L

t
Lv=

qL
N 2/

0.777
2/

175

136

2/
. 

 
This is our estimate for the axial force in the 
case of small deflections. This formula gives the 
ratio of the horizontal support reaction force to 
the vertical support reaction force. 
 
2.4 Representations using dimensional theory 
Let us obtain representations for the axial force 
and displacements using dimensional theory. 
Again consider a beam with a cross-section of 
thickness t  and unit width. Introduce dimen-
sionless (normalized) deflection as 
 

.
t
v=w  

 
Denote the deflections predicted by the linear 
and nonlinear theories as linw  and w=wnl . It is 

well known that in the linear theory the dimen-
sionless deflection w  at the center is given by 

 

.
32

5
4

4

lin Et
qL=w  

 
By analyzing numerical results (presented be-
low) we can discover that the nonlinear vertical 

displacement at a particular point of the beam 
can be expressed solely in terms of linear verti-
cal displacement evaluated at the same point. 
Let the function that relates nonlinear and linear 
displacements be denoted as g . Then 
 

linnl wg=w . 

 
This function is, of course, varies from point to 
point of the beam, but it is remarkable that in 
this relationship there is no dependence on tL / .  
Let us prove this fact. Recall that our differen-
tial equation for the deflection has this form 
 

xLxq=dxv
L

EAvxEIv '''

22

2
. 

 
Let us write this equation in dimensionless 
form. We introduce dimensionless coordinate 

1x  as Lx=x /1 . Then, again using definitions 
for the area and the moment of inertia, we can 
derive 
 

11

22

166 xx
Et
qL=dx

dx
dww

dx
wd

4

4

1
1

2
1

. 

 
Therefore, 

 

lin4

4

w=
Et
qL=p

5

32
 

 
is a dimensionless parameter that the deflection 
will depend on. But this parameter can be relat-
ed to the displacement linw  predicted by the lin-

ear theory. Therefore, we proved that upon fix-
ing a point on the beam with the normalized co-
ordinate 1x , the nonlinear deflection will de-
pend only on the linear deflection at the same 
point. 
The axial force can also be written in terms of 
dimensionless deflection w  as follows 
 

1
1

dx
dx
dw

L
tEt=N

2

2

2

2
. 
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But Young’s modulus can be expressed in terms 
of linear displacement at the center 
 

432

5

tw
qL=E

lin

4

. 

 
Substituting this result into the equation for the 
axial force we obtain 
 

1
1lin

dx
dx
dw

wt
LqL=N

2
1

232

5
. 

 
Thus, the axial force N  admits the following 
representation 
 

nlwf
t
LqL=N

2
. 

 
Here f  is some function of nonlinear displace-
ment, the shape of which will be established be-
low, and 2/qL  is the vertical reaction force 

yR . This representation for the axial force was 

obtained by using dimensional analysis on the 
equation for the deflection v(x). It follows that 
for a fixed value of nonlinear vertical displace-
ment, the ratio of the axial force to the vertical 
support reaction force 2/qL  will depend only 

on tL / , and therefore, will be twice larger for 
the beam with 20/ =tL  compared to the beam 
with 10/ =tL . Remember, however, that the 
nonlinear displacement will also depend on tL /  
in some nonlinear fashion. 
Another important observation can be made 
from the fact that the nonlinear deflection can 
be expressed solely as a function of the linear 
deflection. The loading q  can be found in terms 
of the linear deflection at the center as follows 
 

  linw
L
tE=q

4

5

32
. 

 
For the same loading q  and for the same geom-
etry of the beam, the nonlinear deflection can be 

found. Using the connection between the linear 
and nonlinear displacements, this nonlinear de-
flection is therefore related to the magnitude of 
the loading by  
 

nlwg
L
tE=q 1

4

5

32
. 

 
Thus, for the nonlinear theory, similar to the 
linear theory, the loading will also vary as 

4/ Lt  for a fixed nonlinear deflection. This 
tells us, for example, that to produce the same 
nonlinear (normalized) deflection in the beam 
that is twice longer it is required to apply the 
loading that is 16 times smaller. 
Let us obtain representation for the axial dis-
placement in terms of vertical displacement. 
Since the first part of the axial force is given by 

 

dx
duEA=N1  

 
we can obtain, using the representation for the 
axial force, that  
 

nlwf
t
L

E
q=

dx
du 2

2
. 

 
Thus, using our representation for the loading 
q , we obtain 
 

nlnl wgwf
L
t=

dx
du 1

2

5

16
. 

 
Introduce the dimensionless axial displacement 
and coordinate x  as follows 
 

t
u=u1 ,  

L
x=x1 . 

 
It is easy to show that 
 

nlnl
1

1 wgwf
L
t=

dx
du 1

5

16
. 
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or 
 

nlnl11 wgwf
L
tdx=du 1

5

16
. 

 
Therefore, for the same increment in the coordi-
nate 1dx  starting from the support (take, for ex-
ample, quarter of the beam length) and for a 
fixed value of nonlinear deflection, the incre-
ment in the axial displacement will depend only 
on Lt / , and therefore, the dimensionless axial 
displacement will be twice larger for the beam 
with 10/ =tL  compared to the beam with 

20/ =tL . This result will be illustrated below. 
 
 
3. RESULTS AND DISCUSSION 
 
Consider a simply-supported beam of length L  
subjected to the uniformly distributed load q . 
The height of the cross-section of the beam is 
denoted by t  (thickness), while the width of the 
cross-section is assumed equal to 1. 
Introduce dimensionless (normalized) deflec-
tions as 
 

.
t
v=w  

 
Denote the deflections predicted by the linear 
and nonlinear theories as linw  and nlw . In the 

linear theory the dimensionless deflection w  at 
the center can be found as 
 

.
32

5
4

4

lin Et
qL=w  

 
In what follows we investigate beams with two 
different geometries with tL /  equal to 10 and 
20. The beams are subjected to the same load q . 
On the following plots the results for the shorter 
beam with 10/ =tL  are shown with solid lines. 
For the longer beam with 20/ =tL  the results 
are shown with dashed lines. The size of the 
markers correspond (approximately) to the 

magnitude of the applied load q  applied – the 
marker with the larger size corresponds to the 
larger magnitude of the load. 
Figure 2 shows how the nonlinear displacement 
(normalized with respect to the thickness of the 
beam) depends on the linear displacement (also 
normalized).  
 

Figure 2. Dependence of the nonlinear dis-
placement at the center of the beam on the line-

ar displacement 
 

The displacement is evaluated at the center of 
the beam, and thus it is maximum, and at a 
quarter of the total length of the beam. It is clear 
that the results for the two beam geometries 
overlap and thus the function that relates non-
linear and linear displacements at a specific 
point is independent of tL / , i.e., 
 

.linnl wg=w  

 
We see clearly that the nonlinear displacements 
are significantly lower than the linear displace-
ments. For example, for the linear displacement 
equal to 1, the nonlinear displacement is about 
0.52; for the linear displacement equal to 4, the 
nonlinear one is only 1. 
Figure 3 is central in our presentation. This fig-
ure shows by how much the horizontal support 
reaction N  is smaller or larger than the vertical 
support reaction 2/qL . Let us call the ratio of 
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the horizontal support reaction to the vertical 
reaction as the support reactions ratio. The fig-
ure shows how this ratio depends on the value 
of the normalized nonlinear displacement (at the 
center of the beam) for two geometries of the 
beam with 10/ =tL  and 20/ =tL . Size of the 
circles in the figure corresponds approximately 
to the magnitude of the applied load q .
Initially, of course, when the displacements are 
very small and the load is small, the horizontal 
support reaction is smaller than the vertical sup-
port reaction. It was shown in the previous sec-
tion that for small loads the support reactions 
ratio can be well fitted with the function 

tvtL //0.777  where tv /  is normalized deflec-
tion at the center (linear or nonlinear deflections 
are about the same). It is seen from the graph 
that this approximation can be used with good 
accuracy when the deflection tv /  is smaller 
than 0.2. 
The point where the support reactions ratio be-
comes exactly equal to 1 depends on the ratio 

tL / : for more flexible beams with larger tL /  it 
happens earlier, at smaller loads and at smaller 
displacements. After this point the horizontal 
support reaction quickly becomes larger than 
the vertical support reaction. It is interesting to 
observe that the point where the support reac-
tions ratio reaches maximum does not depend 
on tL / : it happens when the nonlinear deflec-
tion at the center is about 0.59. For this value of 
nonlinear displacement the support reactions 
ratio can be evaluated approximately as 

tL /0.22 . Therefore, the maximum of the sup-
port reactions ratio for 20/ =tL  is twice larger 
than for 10/ =tL . 
In addition, the figure shows the ratio of xR , 

defined as 0cos 'vN , to the vertical support 

reaction. It is seen that xR  is about the same as 

N  except for very large displacements when it 
becomes somewhat smaller than N . This im-
plies that the angle of slope of the deflected 
shape of the beam 0'v  remains small even for 
large displacements. 

We note that both the horizontal support reac-
tion and vertical support reaction always grow 
with the increase of the load and the nonlinear 
displacement, but this figure shows that the rate 
of growth of the horizontal support reaction al-
ways changes during the loading. Indeed, for 
very large displacements the support reactions 
ratio decreases and again reaches the value of 1 
and lower. Let us predict the support reactions 
ratio for large deflections from the elementary 
theory of flexible cables. Neglecting bending 
moment at the center we can obtain from the 
equilibrium of the half of the beam that this ra-
tio is equal to tvtL nl //1 4/ , where tvnl /  is 

normalized nonlinear displacement at the center. 
Thus, this formula shows that the support reac-
tions ratio for cables will eventually approach 
zero with the growth of nonlinear displacement, 
and thus also with the growth of vertical support 
reaction 2/qL . This approximation for the sup-
port reactions ratio can be used with the good 
accuracy when tvnl /  is larger than 2. 

But to use this graph for prediction of the axial 
force N  or support reactions ratio, we must also 
remember that for different tL /  ratios, the non-
linear displacement tvnl /  will also be different. 

 

 
Figure 3. Ratio of the horizontal reaction force 
to the vertical reaction force as a function of the 
nonlinear displacement for two geometries with 

tL /  equal to 10 and 20. 
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Figure 4 shows how f  depends on the nonline-
ar displacement evaluated at the center of the 
beam. The function f  is obtained by dividing 

the axial force N  by 2/qL  and tL / , i.e.,  
 

.

2 t
LqL

N=wf nl  

 
The results shown in Figure 4 do not depend on 

tL / , as expected.  
We see that the maximum value of the function 
f  is about 0.22. This maximum is achieved 

when the nonlinear displacement is 0.59.  
 

Figure 4. Dependence of the function f  on the 
nonlinear displacement at the center of the 

beam 
 

Using this maximum value, we can always ob-
tain an upper bound for the axial force N , 
 

,
t
LqL=Nu 2

0.22  

 
although it will not be accurate if the nonlinear 
deflection is very different from 0.59. 
The function f  can also be expressed in terms 
of the linear displacement since we know from 
Figure 2 how the nonlinear deflection depends 
on the linear one. This dependence )f(wlin  is 

shown in Figure 5. To avoid skewed graph, we 

plot logarithm of the linear displacement on the 
horizontal axis of the graph instead of the linear 
displacement. We clearly see that the maximum 
of the function f  is equal to about 0.22 and it is 
achieved when the normalized linear displace-
ment is equal to about 1 ( 01log10 = ). Instead of 

using Figure 5 to find the value of the function 
f  for a given linear deflection, one could use 

another option for determining the value f . 
Namely, find first the nonlinear displacement 
from Figure 2, and then determine the value of 
the function f  from Figure 4. 
Figure 6 shows maximum horizontal displace-
ment (normalized with respect to thickness) ver-
sus vertical displacement for two beam geome-
tries with tL /  equal to 10 and 20.  
 

 
Figure 5. Dependence of the function f  on the 
logarithm of the linear displacement at the cen-

ter of the beam 
 

The vertical displacement is evaluated at the 
center of the beam, but the maximum of the hor-
izontal displacement occurs at L=x 4/3  and 

L=x 4/1 . It is seen that the horizontal dis-
placement is much smaller than the vertical dis-
placement. Also, for the same value of the verti-
cal displacement, the horizontal displacement 
for the beam with 10/ =tL  is twice larger than 
that for the beam with 20/ =tL . Since the hor-
izontal displacement is maximum at L=x 4/3  
and L=x 4/1 . it follows that the horizontal dis-
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placement has extremums exactly at these 
points. This fact, however, requires a strict 
proof. 
Comparison of the numerical results obtained 
using the present technique with the ABAQUS 
software results is presented in Figure 7.  
On the top figure we plot dependence of xR , 

computed as product LvN 'cos , on the vertical 

reaction force 2/qL=Ry . On the bottom figure 

we plot the axial force N , computed using the 
present method, versus the vertical reaction 
force. On both figures we compare these quanti-
ties with the horizontal reaction force computed 
in ABAQUS program (aba)Rx .  

For convenience, we show absolute (not nor-
malized) quantities for some specific choice of 
geometrical and physical parameters. But as be-
fore, solid line corresponds to 10/ =tL , and 
dashed line corresponds to 20/ =tL . 
 

Figure 6. Maximum horizontal displacement 
versus maximum vertical displacement 

 
The horizontal reaction force computed via 
ABAQUS (aba)Rx  is shown with circles for 

10/ =tL  and diamonds for 20/ =tL . A good 
match is observed between the results on the top 
figure, but on the bottom figure we see some 
discrepancy between the results for larger val-
ues of the load .q  Thus, the axial force multi-
plied by the cosine of the slope angle at the sup-

port LvN ' cos  is a better estimate for the hor-

izontal reaction force than simply N . 
Note that this graph shows that the horizontal 
support reaction always increases with in-
creasing load q  although the rate at which 
the horizontal support reaction grows dimin-
ishes.  
 

 
 

Figure 7. Comparison of  xR  and the axial 
force N , computed using the present method 

(lines), with the horizontal reaction obtained in 
ABAQUS (dots). ABAQUS results are shown 
with markers – circles for 10/ =tL  and dia-

monds for 20/ =tL . 
  
 
4. CONCLUSIONS 
 
In this paper we have considered a well-known 
problem of determining deflection and horizon-
tal support reaction for the simply-supported 
beam constrained from axial movement at the 
supports and subjected to the uniformly distrib-
uted load along the length. The axial strain of 

the beam included not only the usual term 
dx
du

 

linearly dependent on the axial displacement u , 

but also the term 
2

2

1

dx
dv

depending on the 

vertical displacement v  nonlinearly.  
We have presented numerical procedure for 
solving the governing system of equations for 
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the displacements u  and v . This procedure is 
iterative in which on each step the axial force 
N  is updated. In order to ensure convergence of 
this scheme, we have come up with the rule for 
updating the axial force N , namely, the value 
of the axial force for the next iteration is taken 
as the average of the axial force used at the cur-
rent iteration and the predicted value of the axial 
force also evaluated at the current iteration. 
With this update, the iterative scheme was con-
vergent even for large loads and displacements. 
Convergence was achieved within a small num-
ber of iterations.  
We have shown on the plots that the nonlinear 
deflection can be represented as a function of 
the linear deflection only. Also we have pre-
sented the graph for the function f  that enables 
us to evaluate the axial force according to 
 

.
2

f
t
LqL=N  

 
The function f  can be represented as the 
function of the nonlinear displacement or as 
the function of the linear displacement. The 
maximum of the function f  is equal to 0.22, 
and this allows us to obtain an upper bound on 
the axial force N  for any magnitude of the 
load q : 
 

.
2

0.22
t
LqLN  

 
The maximum of the function f  is achieved 
when the normalized nonlinear displacement is 
equal to about 0.59, and the normalized linear 
displacement is equal to about 1. 
We have also obtained an expression for the 
axial force in the limit of small displacements 
and it was shown that for small displace-
ments the axial force depends on the loading 
quadratically. The support reactions ratio was 
shown to be a linear function of the vertical 
displacement. These approximations work 
well when the normalized deflection at the 

center does not exceed 0.2. We have also es-
tablished that when the normalized deflection 
exceeds 2, the bending moment can be ne-
glected in the beam and the cable approxima-
tion can be used to predict the axial force. 
By comparing our results with more accurate 
ABAQUS finite element results, we have ob-
served a very good match for the axial force 
N . However, the horizontal support reaction 
can be more accurately predicted by using the 
formula 
 

.cos0cos LvN=vN=R ''
x  

 
This formula becomes more accurate for larger 
displacements and our calculations allow us to 
obtain xR  by using this formula since the 

beam’s slope v'  is available at each point. 
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