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secures the covariance of  the governing 

equations with respect to the expansion system. 

The further development consists in the 

biorthogonal expansion of the displacement 

vector; it allows the introduction of finite 

element, or finite layer discretization similar to 

[18] into the unified formulation of the shell 

theory ������������*F�"%0� [35].  

The higher-order plate models obtained in terms of 

the variational formalism [35] were validated on 

the background of the well-known Rayleigh-Lamb 

problem of wave dispersion in a plane elastic layer 

[36]. The satisfying convergence of approximate 

solutions given by plate models to the exact one 

[36] was shown for phase frequencies [37, 39] and 

for normal waveforms [38-42]. 

It must be noted nevertheless that the so-called 

>�����!"$�%?� "#���%� [42] allows one to satisfy 

the boundary conditions on the faces of a plate 

only approximately as a result of the 

convergence of a sequence of two-dimensional 

solutions [31, 43], therefore the reflection 

condition on the face of a layer cannot be 

secured for all computed wave forms. This 

 �$.�$�+� �$!� ��� �����!$"� � �!� >�="�! � ?�

higher-order theories; the earliest one was based 

on the use of series residuals as supplementary 

variables [28]. The analytical dynamics 

formalism offer another possibility. Indeed, the 

boundary conditions shifted from the faces onto 

the base surface become constraint equations for 

the Lagrangian system [44, 45]. Thus, the 

dynamic equations can be derived by means of 

the Lagrange multipliers method [44, 45] that 

allows one to obtain asymptotically consistent 

low-order models [46, 47]. On the other hand, 

the spectral problem of the wave dispersion is 

can be solved using the approach [48]; the use 

of this method and the accuracy of extended 

higher-order plate models is shown below. 

,# GD>+Q>*S<�PP�<P=)P)CKD<P
<�P*LO*S=3<�*L)PL

Let us consider a plate as a three-dimensional 

body of thickness 2h , bounded by faces S�  and 

a lateral surface 
BS , and let its two-dimensional 

model be defined on the manifold S ,

corresponding to the mid-plane and furnished 

by the curvilinear coordinates 

2 ,D�
�� � � 1,2� �

[35, 46, 49]. A Lagrangian continuum system 

on S  can be defined within the configuration 

manifold 
N	 , the set of field variables ( )ku� ,

( )

3

ku  being the biorthogonal expansion factors

for the displacement $  with respect to the 

system 
( )( )kp 
 , ( )( )kp 
 [35, 46],  

( ) ( )

( ) 1 ( )( , )m m

k kp p � � ; 

�  �  � �  �  � 
�  � �  �  �  � 

1

1

3

1

0, ;

,

, , ,

, ,,
k k k

k k

k
N

u u p u p

t u k

d

u p

t� � �

� �
�

�

�

�

� � 
 
 �

� 
 � 
 �

� 
�

$ � "

here [ 1,1]
� �  denotes the dimensionless 

normal coordinate. The surface Lagrangian 

densitiy can be written as follows [49]: 
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 (1.1) 

while the contour density is represented as 

�  � �  � 
� 

� 
� 

3S , .
k k k

B k

k

B k
u q u q uu � �
�� � ���  (1.2) 

Here 
( )

( )

m

k� ,
( )

( )

k

nD , ( )kmC����
,

33

( )kmC ��
,

3

( )kmC� ��
, ( )kmC���

,

3

( )kmC ��
,

333

( )kmC �«�are linear operators [31,35,43]:
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�

�

The following constraint equations follow from 

the boundary conditions on S� [44-46]:  
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� 

� 
� 
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� 
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� 
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� � 

3

3

1 3

 3

33 ;

k ki i

k k

k m mi i i

m k k

C u C u

h D C u C u q

�� �
� � �� �

�� �
�� � ��

� � � �

� ��
 (1.3) 

�  �  � 3

1| p 1i j i j

k k
C C� �


��� � � .

Thus, the plate model is defined as a two-

dimensional continuum within the field 

variables ( )ku� , ( )

3

ku  the Lagrangian densities 

(1.1), (1.2) and the constraints (1.3). The 

appropriate equations of dynamics could be 

obtained as generalized Lagrange equations of 

the second kind [44, 45] by means of Lagrange 

multiplier method. They coinside with the 

>�����!"$�%?�"#���%��-A�����"#����!"�$�!"�(1.3) 

are neglected: 
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3 1 333 3

;

;
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D F
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� �

�
�

�

� �
�

� � � � � � �

� � � � � � �
 (1.4) 

The problem statement is closed by the 

boundary conditions (1.5) on the contour S�

�  � �  � 

�  � �  � 33

3
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k

k B k
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k

k B k
S

q u

q u

�

�

�

�

�
�

�� � � � �

� � � � �
 (1.5) 

and the initial conditions (1.6): 
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�  �  �  � 

0 0

0 0
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 (1.6)  
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Let us consider hence a plane isotropic layer: 
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� � �

Let the wave propagate along the axis 1Ox  of 

the Cartesian frame and let us introduce the 

following dimensionless variables: 

�  �  �  �  � 

1 1 1

1 2 2

1
1 2

2

; ; ;

; ,
k k k k

x h x h tc h

u u h c

� � �

��
�� � �� ��

� � 
 � # �

� � � � �
 (1.7) 

1

2c ��  �

is the shear wave velocity. As a result, we 

obtain the following dimensionless dynamic 

equations for the Nth order theory: 
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 (1.8) 
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2 1 1 2 2 2 ,c c� � � � � � �

�  1

1 2c �� � �  �

is the bulk wave velocity. The dimensionless 

constraint equations corresponding to (1.3) can 

be written as 
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 (1.9) 

( ) ( ) 1)(k kp p� � � ,
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pairs of constraint equations on both faces.   

Let us consider normal waves, i. e.  

�  �  � exp ,
k k

u U i� �� %��&#� �! "  (1.10) 

kh% �

is the dimensionless wavenumber and 

2h c& � 	

is the dimensionless phase frequency.

Substituting (1.10) into (1.8) we obtain the 

spectral problem (1.11) for the linear operator 

D given by (1.12) (see [37-42]): 
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 (1.12) 

The linear constraints (1.9) can be hence

formulated for the images ( )k

iU as follows: 
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Here the symmetry conditions for the 

constraints are taken into account. Considering 

hence for (1.13), (1.14), we obtain the solution 

of the constrained stationary values problem for 

two quadratic forms D  and +  accordingly to 

[48]: 

0, 0.. � � � � � �� D � � � G �  (1.15) 

Following [48], let us introduce the QZ 

decomposition for the constraint matrix (1.13) 

� 2 2 4

,
N '

.

�

. ( )
� � � * +

, -

> -
X G W

- -
 (1.16) 

As a result, we obtain the following operator 

accounting for the constraints (1.13): 

,C

.� � �D X D X  (1.17) 

�  � 2 2 2

11 12

21 22 2 N

C

N ' ��

( )
� * +
, -

D D
D

D D

and the stationary values for (1.15) can be found 

from the unconstrained problem: 

� 2

22

T0, .& � � �� �D + 9 9 X �   (1.18) 

The spectrum of the system consists in two 

subspectra S  and A  corresponding to the 

longitudinal and bending waves in the layer: 

1
2

: , {2 , 2 };

: , {2 1, 2 2},

[0,[ ( 1)]] Z.

S k m n N n

A k m n N n

n N

� �

� � � �

� � /

The waveforms can be defined hence in terms 

of the Nth order plate theory as follows [37]: 

�  �  �  ,
1,2, 0 1, 1 ;

n kn

k
u U p

k N n N

� �
 � 


� � � � � � �
 (1.19) 

0 11 2 , 1,2 2 Z.m km kmV V m N� �� � � � 2! "� X
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n

N
1 2 3 4 5 6 7 8 9 10

16 0.00 1.00 3.00 3.81 5.00 7.00 7.62 9.00 11.41 12.19

Ex. 0.00 1.00 3.00 3.81 5.00 7.00 7.62 9.00 11.00 11.43

(a)�                                                                           (b) 

Figure 1. Normal waveforms of longitudinal waves: exact solution [36] (solid line),  

plate theory of 15th order (dots).

The approximate solutions given by the 

extended plate theories converge to the exact 

solutions of the three-dimensional Rayleigh-

Lamb problem [36] at the orders shown in the 

Table 3 (the convergence is estimated by the 

relative error computed at 0%3 as follows: 

� 0 0 0 0,05L L& �& & 4 .

Table 3. The approximate solutions by the 

extended plate theories at various 

orders.

n 2 3 4 5 6 7 8 9

Longitudinal modes

N 3 3 4 6 6 10 10 16

Bending modes

N 3 5 5 9 11 9 15 12

Let us compute the stress profiles corresponding 

to the approximate wave forms obtained from 

the plate theory of Nth order: 

�  � 
� 

�  � 

�  �  � 
� 

� � 

13 1 3

2 2

33 1 3

;

2 .

kn mn kn

m k

kn kn mn

m k

D U i U p

i U D U p� �

� �� 
 � � % 
! "

� �� 
 � % � � �� 
! "

The normalized stress forms corresponding to 

longitudinal waves are shown on the Figure 1. 

It can be seen that for all stress profiles the 

homogeneous boundary condition on the faces 

of the layer are satisfied exactly. 

Q*=QK�>+*=>

The solution of the wave dispersion problem for 

the plane elastic layer is obtained on the 

background of the extended plate theory of Nth

order. This theory allows the exact satisfaction 

of the boundary conditions on the faces of the 

layer, thus, the wave reflection condition on the 

faces is secured. The convergence of the 

approximate locking phase frequencies to the 

exact ones following from the solution of the 
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