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A.A. ILYUSHIN'S FINAL RELATION, ALTERNATIVE 
EQUIVALENT RELATIONS AND VERSIONS OF ITS 

APPROXIMATION IN PROBLEMS OF ELASTIC DEFORMATION 
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Abstract: The finite relationship between the forces and moments of plates and shells in the parametric form of the theory of 
small elastoplastic deformations is investigated of A.A. Ilyushin, to determine the load-bearing capacity of structures from a 
material without hardening. A geometric image of the exact yield surface in the space of generalized stresses is obtained. In the 
first part of the article the conclusion of the final relation is given. In the second and third parts, by introducing other parameters, 
alternative equivalent dependences of the final relationship have been developed and variants of its approximation for application 
in computational practice are considered. In the fourth part, additional properties of the final relationship are considered, the 
possibility and necessity of its use in problems of plastic deformation of plates and shells is shown.
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Аннотация: Выполнено исследование конечного соотношения между силами и моментами пластин и оболочек в параме-
трическом виде теории малых упругопластических деформаций А.А. Ильюшина, для определения несущей способности 
конструкций из материала без упрочнения. Получен геометрический образ точной поверхности текучести в простран-
стве обобщенных напряжений. В первой части статьи приводится вывод конечного соотношения. Во второй и третьей 
частях введением других параметров разработаны альтернативные эквивалентные зависимости конечного соотношения 
и рассмотрены варианты его аппроксимации для применения в расчетной практике. В четвертой части рассмотрены до-
полнительные свойства конечного соотношения, показана возможность и необходимость его использования в задачах 
пластического деформирования пластин и оболочек.
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2.1. Alternative equivalent relations of a final 
relation 

In the work [9], in integrating the integrals (4.25), 
integration over the intensity of the deformations ei is 
performed instead of integrating over the coordinate 
z. Let us show that we can obtain an alternative 
finite relation by calculating the integrals (4.25) with 
respect to the coordinate z, and compare the results 
of the calculations.
Intensity of deformations, according to (4.7) [9]: 

				     		      (2.1)

Let's consider values of intensity of deformations in 
three points disposed on an axis z

                 Le t ' s  des igna te  them 

accordingly:

						           (2.2)

Considering the last as the equations concerning three 
quadratic forms Pχ, Pεχ, Pε, we copy them in a kind: 
	

						         (2.3)

Solving them with respect to quadratic forms leads 
to the following results:

					     	    (2.4)

We introduce two basic parameters λ and μ:

						         (2.5)

These parametres satisfy to conditions: 0 ≤ λ ≤ 1,
0 ≤ μ ≤ 1 as ei1 – there is a maximum value of intensity 
of deformations, if Pεχ < 0. Then formulas (2.3) can 
be copied in a kind: 
	

						         (2.6)

In formulas (4.23')-(4.24') [9], there are three types 
of integrals that are common in shell thickness:

						         
(2.7)

These integrals tabular. According to formulas 
(380.001, 380.011, 380.021) [42]

 

 
					                   (2.8)

As well as in [9], we will consider that tensile 
deformation and shift of a middle surface ε1, ε2, ε12 
are commensurable or small compared with bending 

strains of a shell                                or that the last 

are dominating if the point z0 (minimum) ei does not 
fall outside the limits a thickness of a shell, i.e. if  
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Deformations of a middle surface we will name large or 
dominating compared with bending strains if the point 
z0 is disposed out of a thickness of a shell i.e. if one of 

inequalities takes place 

Taking into account (2.8) also it is possible to express 
an integral J3 through integrals J2 and J1:

 

  					                    (2.9)

Corresponding integrals according to (2.8)-(2.9):

 						      (2.10)

 
						        (2.11)
					   

						        (2.12)

Taking into account (2.9) also it is possible to present 
an integral J3 in a kind

						       (2.13)

At change of a sign Pεχ integrals according 
to (2.10)–(2.13) J1 = J1, J2 = –J2, J3 = J3. If

Intensity of deformations (2.1) taking into account 
(2.4) becomes 

 						       (2.14)

According to (2.14) integrals in formulas (4.23')-
(4.24') [9]: 

 
					     	

 (2.15)

Corresponding integrals according to (2.8)–(2.9) 
which can be received also substitution (2.4) in 
(2.10)–(2.13):
 

    					                  (2.16)
					   

						        (2.17)
					   

						        (2.18)
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Taking into account (2.9) also it is possible to present 
an integral J3 in a kind

 
 					   
                                     .
						    

  (2.19)

Taking into account (2.5) formulas (2.16)-(2.19) 
become:

   						        (2.20)
 

	 					       (2.21)
			    	

						       (2.22)
. 

						        
(2.23)

Formulas (4.44) taking into account (4.66)-(4.68) [9]

						    

						        (2.24)

where

 						        (2.25)

From here with the account (4.45'), (4.45"), (4.45'") 
[9] we receive a required final relation:
				  

						        (2.26)

As in A.A. Ilyushin’s theory ei0 – the minimum value 
of intensity of deformations ei at z = z0, and in offered 
model ei0  – value of intensity of deformations ei at 
z = 0 also have different physical sense, we will 
designate these parametres as follows: 

The relationship between these parameters is obtained 
from (4.34) [9]
	
						        (2.27)

Where Pε, Pεχ, Pχ according to (2.4):
	

						        (2.28)

						       (2.29)

Deciding biquadratic the equations (2.28)-(2.29), 
we find

						      (2.30)
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						        (2.31)

In formulas (2.30)-(2.31) upper sign (–) concerns to a 
case of a dominating bending of a shell, and lower (+) 
to a case of a dominating stretching – compression. 
Analysing (2.29), (2.31), we find limits of change of 
parametres λ, μmin, μ:
For a dominating bending of a shell:

						        (2.32)

For the dominant extension – compression of the 
shell:

						        (2.33)

Another variant of the relation between the 
parameters ei0,min, ei0, μmin, μ  is obtained from (4.60)
[9] and (2.4)

						       (2.34)
					   

					      	     (2.35)

In formulas (2.34)-(2.35) upper sign (–) concerns to a 
case of a dominating bending of a shell, and lower (+)  
to a case of a dominating stretching – compression. 
Formulas (2.30), (2.34), (2.31), (2.35) are equivalent. 
Product of radicals in (2.34)–(2.35) is equal to 
a radical in (2.30)–(2.31). Limits of change of 
parametres  are naturally identical. Deciding (2.34) 
and (2.35) rather ei0,min, μmin, we receive (2.28) and 
(2.29). 
The right parts of system of the equations (2.26) 
are functions only two parametres λ, μ, in three-
dimensional space with variables Qn, Qm, Qnm they 

represent a surface F(Qn, Qm, Qnm) = 0, and (2.26) is 
the parametric equation of this surface and coincides 
with (4.70') [9].
If to enter new functions by analogy with (4.62)-
(4.65) [9] after enough bulky transformations of the 
right parts of the equations (2.26), relation (2.26) can 
be resulted in a kind (4.70') [9]

  

						        (2.36)

It is possible to notice that function χ here does not 
enter, as and in (4.70') [9] it is not independent and 

is equal .

Similar transformations are necessary in the absence 
of high-power computer facilities. Now in it there 
are no necessities and the right parts of the equations 
(2.26) are more convenient for calculating directly. 
Ratio (2.26) and (4.70') [9] are equivalent.
As well as in the work [9] we consider three special 
cases of a final relation. 
1. The momentless tension state occurs if the 
deformations of the fibers along the thickness of the 
shell are the same: 

ei1 = ei2 = ei0 = ei0,min ,  λ = μ = μmin = 1.

In the formulas (2.31)-(2.35) it is necessary to take 
the lower sign (+). Expanding the uncertainties in 
the formulas (2.20)-(2.23) and (2.26), we obtain the 
Mizes condition (4.71)-(4.71') [9]
In formulas (2.31)-(2.35) it is necessary to take the 
lower sign (+). Opening uncertainty of formulas 
(2.20)-(2.23) and (2.26), we receive a condition of 
Mizes (4.71)-(4.71') [9]

 Qm = Qnm = 0, Qn = n2 – n1n2 + n2 + 3n2 = 1.     (2.37)                                 1                            2              12
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2. Purely moments the tension takes place in the 
absence of lengthening of a middle surface. Quadratic 
forms Pε = Pεχ = 0.
As appears from (4.19) [9], intensity of deformations  
ei  is even function z and, according to (4.34) [9], (2.2) 
is had: ei1 = ei2 , ei0 = ei0,min = 0,  λ = 1, μ = μmin = 0.
In formulas (2.31)-(2.35) it is necessary to take the 
upper sign (–). Opening uncertainty of formulas 
(2.20)-(2.23) and (2.26), we receive a condition 
(4.72)-(4.72') [9]. The final relation (4.70') [9] 
becomes: 

 Qn = Qnm = 0, Qm = m2 – m1m2 + m2 + 3m2 = 1.   (2.38)                                 1                                2               12

3. The elementary difficult tension of shells at
Pχ ≠ 0, Pε ≠ 0 takes place, if the bilinear form 

Possible versions:

 
It can take place in cases (4.74) [9] and in addition:
 

From (4.60) [9] – (2.4) it is had: ei1 = ei2 > ei0 = ei0,min, 
λ = 1, μ = μmin < 1, i.e. dominating bending strain. 
According to (2.6)

						      (2.39)

Corresponding integrals according to (2.20)-(2.23):

						        (2.40)

The final relation (2.26) becomes: 

						        (2.41)

Considering identity (341.01 [42]
,

the final relation (2.26) becomes (4.74) [9]: 

						      (2.41')

In table 2.1 shows the coordinates of points of a 
curve (2.42) and (4.74) [9] for the elementary difficult 
tension of a shell are presented.
4. A difficult tension of shells if the bilinear form Pεχ 
submits to a relation P2 = Pε · Pχ.                                   εχ

In case of a dominating stretching of a shell at the 
lower sign (+) in (2.31) it is had: 
λ < 1, μmin = 0, μ = 1+ λ . Substituting corresponding 
                                2
integrals in (2.26), we receive Qn = 1, Qnm = Qm = 0, 
i.e. the line μ = 0 degenerates in a point.
In case of a dominating bending the upper sign (–) 
in (2.31) it is received:

.
Substituting corresponding integrals in (2.26), we 
receive (4.79') [9], and excepting parametre λ also 
(4.77), (4.79), (4.80) [9]

 

					                   (2.42)

In table 2.2 coordinates of points of a surface (2.26) 
and (4.70) [9] on lines λ = const for a dominating 
bending of a shell are presented λ = const. 
In table 2.3 coordinates of points of a surface (2.26) 
and (4.70) [9] on lines λ = const for a dominating 
stretching – compression are presented λ = const, in 
work [9] given table is not presented, is visible that 
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gives small enough quantity of points in a vicinity 
Qn → 1 with ordinates x = y = 0,3876, z = 0,3872.
Tables 2.4 and 2.5 is other form of representation 
of results of calculation. Table 2.4 corresponds to a 
dominating bending of a shell, table 2.5 – to a case 
to a dominating stretching – to compression.
In relation (2.26) integrals (4.25) [9] are calculated 
under unified (unequivocal) formulas. The account 
of a dominating bending of a shell and a dominating 
stretching – compression is executed at level of 
communication of parametres μ and μmin.
Let us show that a finite relation can be obtained using 
the parameters of A.A. Ilyushin and calculating the 
integrals (4.25) [9] along the coordinate z.
Quadratic forms according to (4.60) [9]:

						        (2.43)

Substituting (2.43) into (2.10)–(2.13), we obtain the 
integrals J1, J2, J3:

 						      (2.44)

						        (2.45)

						        (2.46)

Taking into account the introduction of two 
basic parameters λ and μ according to (4.61) [9]

                          the relations (2.43) take the form

						      (2.47)

and the integrals J1, J2, J3 are expressed in terms of 
the basic parameters λ and μ:

					                ,   (2.48)
 	

						       (2.49)
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Table 2.1. Coordinates curve Qn, Qm (the expanded version of table 4 [9]).
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						        (2.50)

In case of dominating bending strains of the formula 
(2.44)-(2.46) become: 

						       (2.51)
 	

						       (2.52)

						       (2.53)

In case of dominating lengthening of a middle surface 
from formulas (2.44)-(2.46) it is found: 
 			    

						         (2.54)

 
  

						       
  (2.55)  

						    

						        (2.56)

Taking into account introduction of two key 
parametres λ and μ according to (4.61) [9] in case of 
dominating bending strains of the formula (2.51)-
(2.53) become: 
 

       					      	   (2.57)

					     	   (2.58)

						         (2.59)

In case of dominating lengthening of a middle surface 
from formulas (2.54)-(2.56) it is found: 

 						       (2.60)

						       (2.61)
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						        (2.62)

Intensity of deformations (2.1), taking into account 
(2.43) it is possible to present in a kind: 

 					                    (2.63) 

According to (2.63) integrals in formulas (4.25) [9]: 

 

						         (2.64)

Considering (2.8)-(2.9), transformations become less 
bulky and to receive (2.44)-(2.46) it is possible much 
more fast.
The relations (2.44)-(2.46) are equivalent to (4.38), (4.59), 
(4.60) [9]. This can be seen if (4.38) [9] leads to the form
	

						         (2.65)

and to consider identities

						          (2.66)

The relations (4.45) [9] – (2.26) can be given a 
different form if we introduce the new integral 
according to (4.28) [9]
	

 

	 					       (2.67)

This integral tabular. According to the formula 
380.201 [42]

				      	               (2.68) 
From here follows

						        (2.69) 

Considering (2.8), (2.68) it is possible to express an 
integral through integrals J1 and J2:

 

						         (2.70)
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Then (2.69) becomes (2.71)
				  

 

						       (2.71)

Integral (2.69) taking into account (2.4)

 

						        (2.72)

According to (2.5) formula (2.72) for an integral J0  
becomes

 

						        (2.73)

The final relation (4.45) [9] – (2.26) taking into 
account (2.67) takes the form:
                    PS = J1J0 – (J1J3 – J 2)Pχ 		   

 (2.74)
                                                   2

                   PH = J3J0 – (J1J3 – J 2)Pε                                                   2

                  PSH = J2J0 – (J1J3 – J 2)Pεχ .                                                   2

The relations (2.74), (2.26) and (4.70') [9] are 
equivalent.

2.2. Approximate dependencies of the final relation

The integrals J1, J2, J3, J0 can be found by the Simpson 
formula, performing integration within each half of the 
section, since the intensity of deformations ei function 
can lose monotonicity at z = 0. According to (2.14–
2.15), (2.67), the approximate values of the integrals:

 				  

					                   (2.75)
  

 
					                  (2.76)

Taking into account (2.5) formulas (2.75)-(2.76) 
become:

						        (2.77)

					      	   (2.78)

Believing that within each half of section intensity of 
deformations ei changes under the linear law

 				            According to 

formulas (90.1, 91.1, 92.1) [42]
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					       	   (2.79)

From here follows:
 

					                    (2.80)

						        (2.81)

Taking into account (2.5) formulas (2.80)-(2.81) 
become:
	
 

						        (2.82)

		
						        (2.83)

Integrals J1, J2, J3, J0 (2.80) and (2.83) also can be 
found under Simpson's formula, executing integration 
within each half of section
				  
 

						       (2.84)

				    		    (2.85)

						        (2.86)
 

On the basis regression the analysis of a curve (2.41) 
(the minimum line Qnm, table 2.1) are received 
versions of its approximation by polynoms of the 
second, third and fourth degree and its first derivative 
is found:
Polynom of the second degree.
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Polynom of the third degree.

Polynom of the fourth degree.

In fig. 2.1-2.3 the curve (2.41) (table 2.1) (the minimum 
line Qnm) is presented, the variants of its approximation 
by polynomials of the second, third and fourth degree 
(the lines merge) and its first derivative on the basis of 
regression analysis. As you can see from the graphs, a 
polynomial of the second degree is sufficient.

Figure 2.4. Curve (2.41) (table 2.1) (the minimum line 
Qnm), variants of its approximation by a power law, and 
also the surface cross section (2.26) with a parabolic 
cylinder Qm –(1 –Qn)2 = 0 (maximum line Qnm).

Figure 2.1. Curve (2.41) (table 2.1, a minimum line 
Qnm), version of approximation by a polynom of the 
second degree and its first derivative on the basis 
regression the analysis.

Figure 2.2. Curve (2.41) (table 2.1, a minimum line 
Qnm), version of approximation by a polynom of 
the third degree and its first derivative on the basis 
regression the analysis.

Figure 2.3. Curve (2.41) (table 2.1, a minimum line 
Qnm), version of approximation by a polynom of the 
fourth degree and its first derivative on the basis 
regression the analysis.
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Table 2.2. Coordinates of points of a surface Qn, Qm, Qnm on lines λ = const  for a dominating bending of 
a shell (the expanded version of table 5 [9]).
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Table 2.3. Coordinates of points of a surface Qn, Qm, Qnm on lines λ = const for a dominating stretching 
– compression.
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In fig. 2.4 shows the curve (2.41) (table 2.1) (the 
minimum line Qnm), variants of its approximation 
by a power law, and also the surface cross section 
(2.26) with a parabolic cylinder Qm – (1 – Qn)2 = 0 
(maximum line Qnm). Other variants of approximation 
are given in part 3 of the article.

CONCLUSIONS

Alternative dependences of the finite relationship 
are developed, their equivalence to the relations 
A.A. Ilyushin is proved, approximate dependences 
of the final relationship are obtained. Based on the 
regression analysis of the minimum line , variants 
of its approximation by algebraic polynomials are 
obtained. 
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