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A.A. ILYUSHIN'S FINAL RELATION, ALTERNATIVE
EQUIVALENT RELATIONS AND VERSIONS OF ITS
APPROXIMATION IN PROBLEMS OF ELASTIC DEFORMATION
OF PLATES AND SHELLS
PART 2: ALTERNATIVE EQUIVALENT RELATIONS
OF A.A. ILYUSHIN

Aleksandr V. Starov, Sergei JU. Kalashnikov
Volgograd state technical university, Volgograd, RUSSIA

Abstract: The finite relationship between the forces and moments of plates and shells in the parametric form of the theory of
small elastoplastic deformations is investigated of A.A. Ilyushin, to determine the load-bearing capacity of structures from a
material without hardening. A geometric image of the exact yield surface in the space of generalized stresses is obtained. In the
first part of the article the conclusion of the final relation is given. In the second and third parts, by introducing other parameters,
alternative equivalent dependences of the final relationship have been developed and variants of its approximation for application
in computational practice are considered. In the fourth part, additional properties of the final relationship are considered, the
possibility and necessity of its use in problems of plastic deformation of plates and shells is shown.

Keywords: the plasticity theory, plastic deformation of plates and shells, a surface of fluidity, a plasticity condition.

KOHEYHOE COOTHOIIEHHUE A.A. WJIBIOIINHA, AJIBTEPHA-
TUBHBIE OKBUBAJIEHTHBIE 3ABUCUMOCTHU U BAPUAHTDI
ET'O AIIIPOKCUMALNMU B 3ATAYAX TIVNTACTHYHECKOT'O AE®OP-
MHUPOBAHUA ITJVIACTHH U OBOJIOYEK
YACTD 2: AIBTEPHATUBHBIE DKBUBAJIEHTHBIE 3ABUCHUMO-
CTHU KOHEYHOI'O COOTHOLIEHUA A.A. WJIBIOHIWNHA

A.B. Cmapos, C.IO. Kanrawnukos

Bosnrorpanckuit rocynapcTBeHHBIN TeXHUYECKHH yHUBEpCUTET, I. Bonrorpaa, POCCUA

AHHOTaIUA: BINOIHEHO HCCieJOBaHNE KOHEYHOTO COOTHOIICHHSI MEK/Ty CHIIAMH U MOMEHTAMH IIJIACTHH ¥ 000JI0UEK B Iapame-
TPUYECKOM BHJIE TEOPHUH MAJIBIX YIIPyroIiacTHuecKux aedopmanmii A.A. VnbrommHa, 1uis onpeaeseH st Hecyleit criocoOHOCTH
KOHCTPYKIMH 13 Marepuaia 6e3 ynpouneHus. [loiyden reoMerprueckuii 00pa3 TOUHON OBEPXHOCTH TEKYYECTH B IPOCTPaH-
cTBe 00OOIICHHBIX HANPSDKEHU. B repBoii 4acTH cTaThy MPUBOJAMTCS BBIBOJ KOHEYHOTO COOTHOIIECHHS. Bo BTOpOii 1 TpeTheit
YacTsIX BBEICHHEM JAPYTUX ITapaMeTpoB pa3paboTaHbl aJIbTepHATUBHbIC SKBUBAJICHTHBIC 3aBUCHMOCTH KOHEYHOT'O COOTHOIICHHMS
U pacCMOTPEHBI BAPHAHTHI €T0 anMpoKCUMAaINH JUIsl IPUMEHEHHUS B pacdeTHON IpakTHKe. B ueTBepToll yacTu paccCMOTpEHBI J10-
TIOJTHUTEJIbHBIE CBOWCTBA KOHEYHOTO COOTHOIICHUSI, IIOKa3aHa BO3MOXKHOCTh M HEOOXOAMMOCTh €ro MCHOJIB30BaHMs B 3aadax
IUIACTHYECKOTO 1e(OpMUPOBAHUS [UIACTHH U 000I0UEK.

Kuarwuesble ciioBa: TCOpPUA MIIACTUIHOCTHU, IMJIACTUUICCKOC )Ie(l)OpMI/IPOBaHI/Ie IJIACTHH U 060.]'10‘-161(, MOBEPXHOCTb TCKYUCCTH,

yCiaoBUA MIaACTUIHOCTH.
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A.A. Ilyushin's Final Relation, Alternative Equivalent Relations and Versions of Its Approximation in Problems of Elastic
Deformation of Plates and Shells. Part 2: Alternative Equivalent Relations of A.A. Ilyushin

2.1. Alternative equivalent relations of a final
relation

In the work [9], in integrating the integrals (4.25),
integration over the intensity of the deformations e, is
performed instead of integrating over the coordinate
z. Let us show that we can obtain an alternative
finite relation by calculating the integrals (4.25) with
respect to the coordinate z, and compare the results
of the calculations.

Intensity of deformations, according to (4.7) [9]:

\/P ~2zP +z'P
P:a:81 +8182+82+312: B{:Xf"‘%){z"‘xg"")(fz:

@.1)

Let's consider values of intensity of deformations in
three points disposed on an axis z

1 1
R, =% t&1, +§81'X?_ +§82'X1 + &% n-

h h .
2= S=+§, z=0. Let's designate them
accordingly:

\/_\/P +hE, +

e, = \E\/P hP. +;';P [
2
e{ﬂzﬁ\/ﬁs (::

Considering the last as the equations concerning three

quadratic forms P,P_,P,wecopy them in a kind:

2
}1+th+h;B{ _3
4

o
[l
+

il
(2.3)
I’ 3 2 3 2
P-hP +—P ="¢6}, P="¢}
£ £) 4 i 4 .r £ 4
Solving them with respect to quadratic forms leads

to the following results:

F, = Eefﬂ, hPsy_ = E("3:21 _efzz)=
2 8 2.4)
h
7 = : (Zefl JrZeef2 74350)
We introduce two basic parameters A and
K:ei, u:e*—“. (2.5)
€. e,
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These parametres satisfy to conditions: 0 < A < 1,
0<u<1ase, —thereis a maximum value of intensity
of deformations, if P_ < 0. Then formulas (2.3) can
be copied in a kind:
3
P==
=" we

rl’ il2

hP, z(l—hz)e?’
(2.6)

EP = i(2+27&2 —4u’)é;

4 16 -

In formulas (4.23')-(4.24") [9], there are three types
of integrals that are common in shell thickness:

h
2 g 21
‘Jl_'\/gcsjddl’dg_\/gcsj-:’
2 = 2 =
2 x?

=+c+bz+az’, 7

2

h
2 2
J, = SGI d_
2 7Y
2X

c=P, b——ZP a:PI.

¢

These integrals tabular. According to formulas
(380.001, 380.011, 380.021) [42]
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E X2k
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1
X2 =+Je+bz+az?, c=P, b:_2Pq> a=£:.

As well as in [9], we will consider that tensile
deformation and shift of a middle surface ¢, ¢,, ¢,
are commensurable or small compared with bending
strains of a shell igxl, ig
are dominating if the point z; (minimum) e, does not

fall outside the limits a thickness of a shell, i.e. if

TG igxlz or that the last

b, ta h
2 P2
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Deformations of a middle surface we will name large or
dominating compared with bending strains if the point
z, 1s disposed out of a thickness of a shell i.e. if one of

. .. P P
inequalities takes place -, = = > ﬁ , Ty =< E
P2 P2

Taking into account (2.8) also it is possible to express
an integral J, through integrals J, and J :

1 _g
- 1 2 -
;Xz_ji i_;j d'l
3 a al| a a =
.L—%GS 26 >
_c d=
o 1
| 297 ¢ 1
2
; 2.9
173 )
Jszé B _ij c <, (2.9
2 2a r 4da 2a
a
X2 =+e+bz+a", c=P, b= 2P, a=D.

Corresponding integrals according to (2.8)-(2.9):
1= \/E
X (2.10)

2P B —hP, +—P+hP 2F, -

2( \/P+hP +—P hP, 2P,

hZ
N
24 4 XL ]sz

PRRE +=2LJ, (210)

2 Pr X P

- PsJFhPstFIPx

\/505 1
3= . 2)(

2 4P

K 2.12

(hPI+6PEI)“PE—hPEI+IPI+ 3P PP (2.12)
x T Sl 9 8

I A
+(hPI 76111) P, +hP, +IPI

Taking into account (2.9) also it is possible to present
an integral J; in a kind

hZ
J|P.—hP +--P
g o 1 I\ L ”-++
T2 ap E
’ +y B +hP +—P
& (2.13)
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At change of a sign P_ integrals according
to (2.10)—(2.13) J, = J, J, = ~J,, J, = J,. If

Bo. W
P—0J —>w J >0 J - —c——— ¢
2 4JP

Intensity of deformations (2.1) taking into account
(2.4) becomes

- -2
_ 2 =( 2 2 - 2 2 2
€ _\fef{}_z(erl_eﬂ) h_z(zef1+zefz_4efo)°

(2.14)

According to (2.14) integrals in formulas (4.23')-
(4.24") [9]:

L f f
2 - 2 _d_ 2 _2d_
‘Il_GsJﬁ? ‘]2 G| =71 ‘]3 st 1’
_kx? _h x2 o x2
2X 2X 2 X
R ST 1
X2 =+e+bz+az’, c=é}, b———(e,l—efz),

1
a:h—z(Zeﬁ +2e), —4950). (2.15)

Corresponding integrals according to (2.8)—(2.9)
which can be received also substitution (2.4) in
(2.10)—(2.13):
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Taking into account (2.9) also it is possible to present
an integral J; in a kind

Gshs(eﬂ+efz) 3h(e§—eé).fz
4(26; +2¢), - 4¢y)  4(2¢; +2¢) —4e})
o hzgiz() J

2(2¢, +2¢) ~4€))

Taking into account (2.5) formulas (2.16)-(2.19)
become:

J =

3

(2.19)

J = c.h y
T eoag o
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. Gsh3(1+7x ) 365;13(177&2)
| de, (24200 -4w) 4, (2+20% —ap?)’
" [3(1”‘2 ) - (2020 -4y )] (2.22)
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o o, (1+2 )
> e, (24200 —4y?) -
3h(1-27) e (2.23)

+ Jh= J
a2+207 —4p’) 7 2(2+207 —4p’)
Formulas (4.44) taking into account (4.66)-(4.68) [9]

3 ok’
PSZZ-GSI (nf—n1n2+ﬂ§+3nfz):
3 thZQ
4 1 ="
3 o'k’
PHZE- - (m'1 mlm2+m,+3mu)=
3 o'’
=7 16 & (2.24)
N 1
273 | ¥ FHy ey IR, =y T —
pmzi.csh 2 -
4 4
n,my +3n,m,
3 oﬁhSQ
4 4 mn

Volume 16, Issue 3, 2020

where
4 1 4 16
ST AR
y ‘ (2.25)
4 4
Qnm g'czhg SH -

From here with the account (4.45"), (4.45"), (4.45"")
[9] we receive a required final relation:

4 1
&3
4 1
3

272
c.h

(/iR —2J,J,P, +J;P,].

o’h’

4 16
ST

4 16  , )

= g-ﬁ[gf; ~2J,J,P, +J;B,|.

AsinA.A. Ilyushin’s theory e, — the minimum value
of intensity of deformations e atz =z, and in offered
model e, — value of intensity of deformations e, at
z = 0 also have different physical sense, we will
designate these parametres as follows:

(2.26)

e. . e.

_ _ Ti0.min _ _ i

ceey = Comins Main = s G|y =G0 ="
€ €

The relationship between these parameters is obtained
from (4.34) [9]

2

2 P
Comin = = 4 [P~ (2.27)

£ 3 P}t

Where P, PP according to (2.4):

2 2}
& . =e)— (<) (2.28)
om0 426k v2eh —48d)T
2
1-A?2

Mo =1 (1-») (2.29)

4(2+207 —4p’)
Deciding biquadratic the equations (2.28)-(2.29),

we find
e +e,+2e)  F

i0,min

. (2.30)

1
Go = Al [2_ 2 2, 2 4
+2/e1 — €0 min (351 g 252)4— €0 min
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L[ 1+ 20, F

min

- 4 ?2\/12 = uim (1+12)+p.4

min

Ty

2.31)

In formulas (2.30)-(2.31) upper sign (—) concerns to a
case of a dominating bending of a shell, and lower (+)
to a case of a dominating stretching — compression.

Analysing (2.29), (2.31), we find limits of change of
parametres A, p ., L

For a dominating bending of a shell:

A=L 0=p_, <A, p=p_.;

1-A 1
A<L p,, =0 p=—, 0spu<s—;
v W= w=
J1+32% 1
A<l py, =A p= , —<u<l;
: L 5 Sl
=0, p. =0, M:%_ (232)

For the dominant extension — compression of the
shell:

A=10=p . <A, pu=1
I+ 1
;\‘<]" mn Vs =" "> —< Sl;
n > > H
V143070 1
K{l) = A, U= e <1.,
l‘ll'ﬂl.l'l u 2 2 l‘l
A=0, iy =0, H=>. (2.33)

Another variant of the relation between the
parameters e u is obtained from (4.60)
[9] and (2.4)

2, 2 2 T
1€ teat 2j0 min T

€0 = >

4 $2\/ e - ez'20.111in \/ e~ ez'zO.min
n = i(1+ A +2ul F 2\/1 —ul \/kz —nl, ) (2.35)

In formulas (2.34)-(2.35) upper sign (—) concerns to a
case of a dominating bending of a shell, and lower (+)
to a case of a dominating stretching — compression.
Formulas (2.30), (2.34), (2.31), (2.35) are equivalent.
Product of radicals in (2.34)—(2.35) is equal to
a radical in (2.30)—(2.31). Limits of change of
parametres are naturally identical. Deciding (2.34)
and (2.35) rather e we receive (2.28) and
(2.29).

The right parts of system of the equations (2.26)
are functions only two parametres A, W, in three-
dimensional space with variables O , O , O  they

S o .
i0,min’ "~ i0” “’mm’

(2.34)

i0,min’ l'lmin’
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represent a surface F(Q , O , O ) =0, and (2.26) is
the parametric equation of this surface and coincides
with (4.70") [9].

If to enter new functions by analogy with (4.62)-
(4.65) [9] after enough bulky transformations of the
right parts of the equations (2.26), relation (2.26) can
be resulted in a kind (4.70") [9]

A (R 1), AR, R, w2, u-)a}

Q}J - QH
L)(?L): H

A (R m), A ), w(Rs ),
Qnm - Qnm |:(P(?\‘), i }3
A w) AR p), w(Rs ),

Qm Qm[(p(l), M }a

1-2°
AF =24207 —4p?, A= ~

1

w=J A, p=h-1. (2.36)

It is possible to notice that function X here does not
enter, as and in (4.70") [9] it is not independent and
(r+1)A, (A-1)A

. | B
1s equal X 5 5

Similar transformations are necessary in the absence
of high-power computer facilities. Now in it there
are no necessities and the right parts of the equations
(2.26) are more convenient for calculating directly.
Ratio (2.26) and (4.70") [9] are equivalent.

As well as in the work [9] we consider three special
cases of a final relation.

1. The momentless tension state occurs if the
deformations of the fibers along the thickness of the
shell are the same:

€1 T T 6T ¢ A=p=pg, =L

In the formulas (2.31)-(2.35) it is necessary to take
the lower sign (+). Expanding the uncertainties in
the formulas (2.20)-(2.23) and (2.26), we obtain the
Mizes condition (4.71)-(4.71") [9]

In formulas (2.31)-(2.35) it is necessary to take the
lower sign (+). Opening uncertainty of formulas
(2.20)-(2.23) and (2.26), we receive a condition of
Mizes (4.71)-(4.71") [9]

= = — 2 _ 2 2 —
0 =0 =00 n n1n2+n2+3n12 1. (2.37)

i0,min
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2. Purely moments the tension takes place in the
absence of lengthening of a middle surface. Quadratic
forms P, = PSX =0.

As appears from (4.19) [9], intensity of deformations
e 1s even function z and, according to (4.34) [9], (2.2)
ishad:e, =e, ,e =e =0, A=1,u=p_ =0.

i0 i0,min

In formulas (2.31)-(2.35) it is necessary to take the
upper sign (—). Opening uncertainty of formulas
(2.20)-(2.23) and (2.26), we receive a condition
(4.72)-(4.72") [9]. The final relation (4.70") [9]
becomes:

0,=0,,=0,0, =m —mm,+m+3m’=1. (2.38)

3. The elementary difficult tension of shells at
Py #0,P #0 takes place, if the bilinear form

1 1
F, =gy +&), "'E % ++E£1Xz + Xif2 = 0.

Possible versions:
1 1
F, =1 81+EE;: +Xs EE+EEI + H12812 = 0,

1 1
Psx =g (XI +512J+32(12 +511J+%128u =0.

It can take place in cases (4.74) [9] and in addition:

1

a) 1 #0, %y =% =0, 81*552:&
1

b) %, %0, %, =%, =0, E2*551:0=
1

c) g #0, g,=¢,=0, XI+E)(2:0,

d) e, #0, g,-¢5 =0, xz+%x1:0,

€) X=Xz E1= € J) A= Aas & =8y
From (4.60) [9] - (2.4)itishad:e, =e,>¢e,=¢, ..
A=1,u=p . <1,ie. dominating bending strain.
According to (2.6)

| YR
IP’ = Z(lfp )eﬂ.
Corresponding integrals according to (2.20)-(2.23):

P = %ﬁeﬁ, hP,, =0, (2.39)

J- c.h : hllJmﬂ*hz =0,
Zei.l(lfu ) ]_7\/17],1-2
__oh 2.40
75= 89,-1(1_”'2)(1 g Jl)- R
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The final relation (2.26) becomes:

_ 1,12 hzl—l——\,‘l—}lz —0
& A1) 1o G 0
o - 1 T 11114”#17”2

” -I'Il—],l-z 2(1_}1-2) 1—\,‘1—]12

Considering identity (341.01 [42]

2

(2.41)

1, a++a* —x? 1 a++a’ —x?
-nh— = In— |
a x 2a  g-~Jat —x?

the final relation (2.26) becomes (4.74) [9]:

2 1 ’1* .2
Q = l,l h12 h !'l » Qnm = 0’

"o1-p? 1
2
T 1+4/1-p? 1
Q,= yIn - 7| - (2.41)
I-p u \/1—u

In table 2.1 shows the coordinates of points of a
curve (2.42) and (4.74) [9] for the elementary difficult
tension of a shell are presented.

4. A difficult tension of shells if the bilinear form P,
submits to a relation f:j =P P,

In case of a dominating stretching of a shell at the
lower sign (+) in (2.31) it is had:

A<l,p . =0,u= 1-577» Substituting corresponding

integrals in (2.26), we receive Q =1,0 =0 =0,
1.e. the line p = 0 degenerates in a point.

In case of a dominating bending the upper sign (—)
in (2.31) it is received:

1-A

A<l p. =0 pn=——
3 4 >

Substituting corresponding integrals in (2.26), we

receive (4.79') [9], and excepting parametre A also
(4.77), (4.79), (4.80) [9]

(1-% ¥ _ An(1-n) _
QH(HJ » O ) 0, )

02,=0,0,. 0,=(1-0,). |0,.]=(1-0,)J0, (2.42)

In table 2.2 coordinates of points of a surface (2.26)
and (4.70) [9] on lines A = const for a dominating
bending of a shell are presented A = const.

In table 2.3 coordinates of points of a surface (2.26)
and (4.70) [9] on lines A = const for a dominating
stretching — compression are presented A = const, in
work [9] given table is not presented, is visible that

161.°
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gives small enough quantity of points in a vicinity - hz(% +e{1)

Q. — 1 with ordinates x =y = 0,3876, z = 0,3872. Jy = +

Tables 2.4 and 2.5 is other form of representation (\/ e, —ey _\/ e, —e )

of results of calculation. Table 2.4 corresponds to a

dominating bending of a shell, table 2.5 — to a case Sh( én _eﬂ!)

to a dominating stretching — to compression. ( \/ 2+ \/eé 2 )

In relation (2.26) integrals (4.25) [9] are calculated

under unified (unequivocal) formulas. The account 2 ( _ — Y ]

of a dominating bending of a shell and a dominating B g { \/ e~ +\/ ) + 4 J (2.46)
stretching — compression is executed at level of . ( \/ T gy \/eé ,0) - .

communication of parametres pand p__ .

Let us show that a finite relation can be obtained using
the parameters of A.A. Ilyushin and calculating the
integrals (4.25) [9] along the coordinate z.

Taking into account the introduction of two
basic parameters A and p according to (4.61) [9]

e. e. .
Quadratic forms according to (4.60) [9]: A= e‘—z, o= ei—o, the relations (2.43) take the form
il il
3
WP ==(e: -2 ), 3
&y 8( i 12) hP[—:,f _g(l_}\/z)a

il

( e; —el Fajel, —e; ) +4ef}: _ 3 — 2 )

1 |:\/ 1~ €io \/ 0 P‘a_l6efl |:(\/1 H2+\/;L2 Hz) +4Hz:|’
3502, _ _ h 3 2
_16|:2(er.1+82) (\/e ezD*\/e e ) } IPI'=163_2 (\/l—pzi\/;\‘z—pz) = (247)
" P _i( \/ et —e t \/ e, - ;o) ) (2.43) and the integrals J, J,, J, are expressed in terms of

1?22
4

the basic parameters A and TR
Substituting (2.43) into (2.10)—(2.13), we obtain the . 6,h
integrals J , J., J.: ! e, \/1 i+ \/kz e

1292 %3
l‘\/l—uz i\/kz—pz +

+\/7\,2 -’ -(\/kz -’ i\/l—
x1

3 ! ‘\/l—pz i\/Kz —p?
\/ ’ (\/\/;2 10 —\/ ' ) (2.44) —J1-p ‘(\/l‘“z i‘/?“z_uz)

—\/ei—efo-(x/e% 27 -4) e KO
ez’l(\/l_H2 i\/KZ—MZ)

£

.rl_ .r{]—\/ .r2_er
e, e —e £ e —e

a ) (2.48)

;o 5,1 (e, -e,) . i (1-2) ) . (2.49)
+ 7
(\/e,l—em_\/e,z {0) (\/l—pzi\/Kz—Mz)
+ Wei k) J s (2.45)

2(Jel VB )
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Table 2.1. Coordinates curve Q , Q. (the expanded version of table 4 [9]).

1l 0.0 0.1 02 0.3 0.4 0.5 0.6 0.7 0.8 09
0.00 er 0.0000 |0.0905 (02190 03473 (04676 |0.5781 (06789 (07706 |0.B541 09303
Qm 1.0000 09502 |0.8558 (0.7447 |0.6283 [0.5122 (03995 02014 (0.1887 |0.0916
0.01 er 0.0028 [0.1028 (02320 03597 04791 |0.588B6 (06885 (0.V793 |0.8621 09378
Qm 09000 [09421 |(0.8452 |0.7332 (06166 |0.5008 (03884 (02809 |0.1787 |0.0822
0.02 er 0.0085 |0.1153 (02450 03721 (04905 |0.5990 06980 (0.78B0 |0.B699 00448
Qm 09967 |0.9336 (0.8344 07216 (06049 04894 03774 (02704 |0.1688 |0.0728
0.03 er 0.0159 [0.1280 (02580 (03843 05018 |0.6094 (07073 (07965 (08777 09519
Qm 09933 |09248 (0.8236 |0.7100 (05933 |04780 03665 (02600 |0.1590 00635
0.04 er 0.0245 [0.1409 (02710 03965 05130 |0.6196 (07166 (0.BOSD |0.BE54 09580
Qm 09891 |09156 (0.8125 (06984 (05816 04666 (03556 (02497 |0.1492 00543
0.05 er 0.0341 [0.1538 (02839 04086 (05241 |0.6297 07258 (08134 |0.8931 09659
Qm 09841 |09062 |(0.8014 06867 (05700 04553 03448 (02394 (01395 00451
0.06 er 00444 |0.1667 (02967 (04206 (05351 |0.6397 |0.7350 (08217 |0.9007 09720
Qm 09784 |0.8966 (0.7902 06751 (05584 (04441 03340 (02201 |0.1298 |0.0360
0.07 er 0.0553 [0.1798 (03094 (04325 05460 |0.6497 (07440 (08299 (09082 09797
Qm 09721 |0.8867 (0.7790 06634 (05468 (04328 03233 (02189 |0.1201 |0.0269
0.08 Qm 0.0667 |0.1928 (03221 (04443 (05568 |0.6595 (07530 [0.B3BD |0.9156 |0D.9865
Qm 09653 |0.8766 (0.7676 (06517 (05353 (04217 03126 (02088 |0.1106 |0.0179
0.09 er 0.0784 |02059 (03347 (04560 (05675 |0.6693 |0.7618 [0B461 |0.9230 09933
Qm 09580 |0.8663 (0.7562 |0.6400 (05237 (04105 (03020 (01987 |0.1011 |0.0089
1.00 er 1.0000
Qm 0.0000
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_ Crsh3 ()\, +1) _ J = G;h3 (eiz +ei1) 4+
e, (it 207 ) #(Vei = - Jet e )
3h(1-27) L 3h(ef-e)

- 2 - J -
4(J1—p2 £ 02— )2 4(\/631 —¢, —Jen—eh )2 2
3?2 |:(\/1_H2 1\/7L2 _? )2 AU h* |:(\/efl -el +\/eiz2 -e’ )2 + 43;20:|

2 } (2.50) . "l
3(Vi-p £ ) ’ INEEEEN Y = G359

In case of dominating bending strains of the formula  Taking into account introduction of two key
(2.44)-(2.46) become parametres A and p according to (4.61) [9] in case of

dominating bending strains of the formula (2.51)-
\/ e + \/e _ez (2.53) become:

J =

J = c.h
s T
xIn s (251) .
& (1+J1—],L2 )(?L +4/A7 —u.z) @37)
o,k (ei2 —ei.]) xIn 2
= + u

2

(Ve =ch+er=h ) L ok
.

+
h(ezzl 8122) (\/1_“-2"‘\/?\2—],[2)2
+ J, s (2.52) , > (2.58)
(\/e —e +\/e —ez ) + h(l—l) J.
2(\/171-1.2+\/12*I-L2 )2 1
3
g = U”’(e ve) P
Vet V] ]
. %h( €; 62) - ‘ X 3]1(1712)

4(\/651 B em N \/efz - efzo ) 4(\/1— 1,1.2 +-\/K2 — 1,1.2 )2 no

2 > 2 2 2V 2
_h |:(\/ei1 € \/eiz efo) ':4eio:|‘]l. (2.53) ) P [(\/l_uz _\/7\2 _u )2 +4I~l‘2:|
8(\/31.2] —e +\/e’f2 —efo) 8(\/1—[.1-2 +\/?Lz 0 )2

In case of dominating lengthening of a middle surface
from formulas (2.44)-(2.46) it is found:

J.  (2.59)

In case of dominating lengthening of a middle surface
from formulas (2.54)-(2.56) it is found:

= o.h (e”Jr e"zz_ef”) o, (l +ﬂ)‘
Jl—\/ﬂ = m(ﬁ\/:) (2.54) | ) | (2.60)
oo e) o)
J, = + J,= s ]
(V= ei=at) (v
h(et-ed) ’ (2.55) R = 2.61)
i I N 2z 2 T\ !
+2(\/gf]—efo—\/efz_efo )2 ! z(ﬂfﬂ)
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A.A. llyushin's Final Relation, Alternative Equivalent Relations and Versions of Its Approximation in Problems of Elastic
Deformation of Plates and Shells. Part 2: Alternative Equivalent Relations of A.A. Ilyushin

o, (A +1) The relations (4.45) [9] — (2.26) can be given a
— 0\ - different form if we introduce the new integral
( S L ) according to (4.28) [9]
3n(1-27) J X i
+ =
4( o m)z Jo = DB =20 Ry TP = J;Gse,.d::
2

s [(Jluz +4/A - )Z+4pz} g
- —J. @) N S
w o w) s fonrann,
2

Intensity of deformations (2.1), taking into account
(2.43) it is possible to present in a kind:

h
2
Jo—fd J-de:, X?=+Je+bzra?,

2
i[(\/efl—efo$\/ei—e§)) +49f20}_ ‘%
ef = ) . (263) c= P b——ZPE),, L‘J:])}E. (267)
—i(ei —e )+ (\/ € —\/ €n ,o) This integral tabular. According to the formula
. 380.201 [42]
According to (2.63) integrals in formulas (4.25) [9]: i
h h h 2
2 2 .2 \/5 2az+b) .t (4ac-b* d= ?
dz t zdz z°dz —— 2
legs A JEZGSJ. = Jo 5 O [ e JX S J.X; -
e e g E

1 -
2 _ /c+bz+azz, X?=+e+bz+az?, ¢c=P, b= -2F,, a=P,. (2‘68)

From here follows

1 > 2 - 2 3\
C‘z[(\/eﬁ % e - ef‘o)*“%} 5, =Y 1

= X
1), . 2 : 2 4P
b=—(éi-i), a=— (Ve i) . .60 f -
Considering (2.8)-(2.9), transformations become less (hPx - 21Dax) i P+
bulky and to receive (2.44)-(2.46) it is possible much X _ +
more fast. Jr(}:uvaf +2P87) PaJtha?Jrh_pT
The relations (2.44)-(2.46) are equivalent to (4.38), (4.59), : : 47
(4.60) [9]. This can be seen if (4.38) [9] leads to the form . PEPZII: P, 7 (2.69)
P )
‘]1: \/51 3 zzijl—i_iA: . . ’ . . .
5 p2 ” 4P, Cons1der1ng (2.8?, (2.68) it is possible to express an
\;’_ ) (2.65)  integral through integrals J,and J,:
3 2
Ji= 3 1 i . 1 72
53 - 1 2 -
8};{_— r x Zoyr Xt b Id-l N
and to consider identities J = ﬁ - 2 Ha 24 43 _
hP_ = 3 _¢ R cr d-
£y g(efl € ) + 5 J. T

=

o X: _h
3 R T > - -3
Pg[(\/ea—e;o T e e ) +4e;o} :

16 5 R
3 - c
3 2, 2 2 2 2 7V =—o,|=-X? Shed Ly e b
:El:z(enJrexz)(\/eue:o +‘\/exze:0):|= 2 S|:2 i|_[_1 477 27!
2
K 3 2 2 2 7Y : 3
4 B,(_:E(\/eﬂ*eio J—r\/eizfeio) . (266) X?=~Jc+bz+az", c=P, b= 72}::_7, ] P)r (270)
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Then (2.69) becomes (2.71)

\/505 1

-— X

2 4

W W
X \/PE—hPEﬁ—P}, +\/PE+hPE;,+—P; =
h 4 h 2 4 h

P, P
LT, +—=J,
2 2

0

2.71)

Integral (2.69) taking into account (2.4)

2 2 2
(ei1 +3e, —4eﬁ0)eﬁ2 +
c.h

5

2 2 2
+(3.ef.1 +e, —4e ) e,

4(2¢; + 2, 4ep)

2
2 2
1 (ei—€3)
N S W J.

2| 7 4(26} 26, - 4e})

J, = +

(2.72)

According to (2.5) formula (2.72) for an integral J,
becomes

) o, bl (14307 —4p )i +(3+07 - 4*) |

= de, (2+22° —4p?) N
(12
oy p?— 4(2+273 _4}1_2) (2.73)

The final relation (4.45) [9] — (2.26) taking into
account (2.67) takes the form:

Py=JJ,~(JJ,~J)P,
P,=JJ,~(JJ,~ )P,
Py, =JJ,~(JJ,— )P, .

(2.74)

The relations (2.74), (2.26) and (4.70") [9] are
equivalent.

2.2. Approximate dependencies of the final relation

The integrals J |, J,, J,, J, can be found by the Simpson
formula, performing integration within each half of the
section, since the intensity of deformations e, function
can lose monotonicity at z = 0. According to (2.14—

2.15), (2.67), the approximate values of the integrals:

1 1 2 16
—+——+—+
c,h| % G2 o \/12230 +6e; —2e,
SR 16 ’

+
J12¢ +6el, —2¢

Aleksandr V. Starov, Sergei JU. Kalashnikov

11 8
—— +
L _op| e e J12¢2 + 662 —26%
P24 8 ’
+
J12¢2 +6¢% —2¢
11 4
—t—+
J_(TSSF"A3 € G \/123520"'63521_2332
=g A . (2.75)
+
J1262 + 66 —2¢
3 c.h
Ozi. ><
4 12
(2.76)

e, +e,+2e,+

X .
2 2 2 2 2 2
1126}, + 662 —2e2 +,12¢%, + 6e?, — 2

Taking into account (2.5) formulas (2.75)-(2.76)
become:

1 2 16
I+ —+—+ +
L _oh| Mo V12n +6-22
' 12e, 16 ’
+
J12u? +6A% -2
,1+l, 8 +
o, A \/12p3‘+6—2l2
? 24e, 8 ’
+
JI2p2 602 -2
1 4
1+—+ +
o I AooJ12p? +6-227
7 48, 4 (277
il 4
J12u? + 607 -2
3 o[ 1+A+2u+ 1202 +6-20% +
J -3.9 i . 278

=2
4 12¢4| 4 121 +60 -2

Believing that within each half of section intensity of
deformations e, changes under the linear law

e —e. +E e, —e OS:Sﬁ
i i0 A ( i2 !0)5‘ 2’ .

) , , According to
€; :ef{l_?(en_em)v _ESZSO

formulas (90.1, 91.1, 92.1) [42]
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o, 3 c.h
J,=—=|Inla+bz| %, Jy==-—"(1+2+2 2.83
7 :cs_[(a%‘ _aln \a+bs\]g Integrals J, Jz, . J, (2.80) and (2.83) also can be
> p? —g ’ found under Simpson's formula, executing integration
h within each half of section
, L
+bz : '
JBZG—; u—Za(aer:)Jrazln‘aer:‘ , Ghl 1 1 2 8 8
b . = —+—+—+ -~ .
= 121 e, e, e (erl+ef0) (9124'9;0)
a=e,, b—l(eﬂ—em), OSSSE, J _Ushz o1 4 " 4
h 2 2T P
1 h 24 € €n (e:l+ef0) ( 12+eIO)
b=——(e1—e,), ——<z<0. (2.79) ; -
h 2 ookl 1, 2 2 2.84)
From here follows P48 ) (%1"‘%) (er'?, +ef-o)_ ’ .
J = c.h I &2 c.h lnﬂ, 3 o
2(9,2 em) € 2(9,1 em) € .,."O:Z T(e +e, +2e, ) (2.85)
hz
Jy=- % 2 {(en _em)_em In }"
4(ex —e0) o ch(. 1 8§ 8
”? D e M e e )
c
- 2 |:(e!2 em) €0 lﬂi], 1
4(9;'2_9;0) €io Gshz[ 1 4 4 ]
27 A >
5 (Se%Jrefl —4eme,.1)+ e, Aol+p A+
T fesP(i 1,2, 2
16(e, —e,) +2efglne—” 48\ A 1+p Adp)
i0
3 ch
) . Jy==-——(1+A1+2p). :
+L3{(Se§] +e, —4eme,.2)+29§1 lnei}, ° 4 4e, ( },l) (2.86)
16(9{.2 —&, €io

2.80
. On the basis regression the analysis of a curve (2.41)
Jy = 3 o.h (en te,+ 2%)_ (2.81) (the minimum line Q , table 2.1) are received
4 4 versions of its approximation by polynoms of the
second, third and fourth degree and its first derivative

Taking into account (2.5) formulas (2.80)-(2.81)

become: is found:
J, = G h 2 G h ]ni“ Polynom of the second degree.
2h=n)en b 2(1-u ), n O =1.0099235-0.642635-Q, —0.3718551- 07,
n 1
J2=—0572|:(1_u)_”_]n_:|+ y=1.0099235-0.642635x—0.3718551x",
4(1_”') € ay
, & o _0.642635-2-0.3718551x,
c_h s ox
+————|(A—p)-pl=|,
Ar-n)e = D o626 P —_ 1386
i Ox| _ Ox|,_
Jo=— % (e s1-ap)e2im b ’ 1
16(1—p) e, i
G

A
— = |(3pt+ A —4p +2p.2h1—],
16(2—n) e, {( M (2.82)
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Polynom of the third degree.
Q. =1.0037431-0.5575663-Q, —0.586892- O’ +
+0.1423386-0’,
¥ =1.0037431-0.5575663x —0.586892x” +
+0.1423386x°,

% =—0.5575663—2-0.586892 x +3-0.1423386 x~,
X

@ =-0.5576, @ =-1.3043.

Gx =0 ax x=1

Polynom of the fourth degree.
Q. =1.0019337-0.5128967-Q —
—0.7948953- 07 +0.4669156 -0’ —
-0.1613785-0",
y=1.0019337—-0.5128967 x — 0.7948953 x* +
+0.4669156x° —0.1613785x",

;ﬁ =—0.5128967—-2-0.7948953 x +
x

+3-0.4669156 x> —4-0.1613785x°,

@ =-0.5129, @ =—-1.3475.
ox| o Ox

x=1

Infig. 2.1-2.3 the curve (2.41) (table 2.1) (the minimum
line O )is presented, the variants of its approximation
by polynomials of the second, third and fourth degree
(the lines merge) and its first derivative on the basis of
regression analysis. As you can see from the graphs, a
polynomial of the second degree is sufficient.

~
08
06
04
02 =N
c ~
S o0
I
8 02
g o4
- 06
S .
o 08
o T~~~
“E’_ -1
T .42 —
o —
14
16
18
2

“0 01 02 03 04 05 06 07 08 09 1

Ta6nuua: 101 anemeHTOB(a)
Y(x)=-0.3718551*x"2-0.642635"x+1.0099235
Y(x)=-0.3718551*2*x-0.642635

Figure 2.1. Curve (2.41) (table 2.1, a minimum line
Q ), version of approximation by a polynom of the
second degree and its first derivative on the basis
regression the analysis.
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Perpeccus, regression

“0 01 02 03 04 05 06 07 08 09 1

Tabnuua: 101 anemeHTOB(a)
Y(x)=0.1423386"x" 3-0.586892"x" 2-0.5575663"x+1.0037431
Y(x)=0.1423386"3"x" 2-0.586892*2"x-0.5575663

Figure 2.2. Curve (2.41) (table 2.1, a minimum line
Q. ), version of approximation by a polynom of
the third degree and its first derivative on the basis
regression the analysis.

1
08
06
04 I~
02

0

02

04

06 ™

08

-
a2

14

16

18

P~

Perpeccus, regression

2
0 01 02 03 04 05 06 07 08 09 1

Ta6nuua: 101 anemeHToB(a)
Y(x)=-0.1613785"x"4+0.4669156"x" 3-0.7948953"x" 2-0.5128967*x+1.0019337
Y(x)=-0.1613785"4*x" 3+0.4669156*3*x" 2-0.7948953"2"x-0.5128967

Figure 2.3. Curve (2.41) (table 2.1, a minimum line
0 .), version of approximation by a polynom of the
fourth degree and its first derivative on the basis
regression the analysis.

. 09 \‘

s AN N

£ o0s N

ol 1IN\

\\ N

g 02 \\\ \\

£ 02 SNSRI
NN
O \\

0
0O 01 02 03 04 05 06 07 08 09 1

Ta6nuua: 101 anemeHToB(a)
—_— 3120
— y+x"0.5386-1=0

y-(1%)"2=0

Figure 2.4. Curve (2.41) (table 2.1) (the minimum line
Q. ), variants of its approximation by a power law, and
also the surface cross section (2.26) with a parabolic
cylinder O —(1-Q )’ = 0 (maximum line Q ).
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Table 2.2. Coordinates of points of a surface Q , QO , Q onlines /. = const for a dominating bending of
a shell (the expanded version of table 5 [9]).

L 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
A

0 1.0 0.00000 |0.09050 |(0.21897 |0.34726 |0.46759 |0.57813 |0.67891 |0.77062 |0.85414 |0.93033 (1.00000

7

Q 1.00000 (0.95024 |0.85582 |0.74470 |0.62830 [0.51225 |0.39946 |(0.29140 |(0.18871 |0.09159 |0.00000

Rl

0 0.00000 |0.00000 |(0.00000 |0.00000 |0.00000 |0.00000 (0.00000 |0.00000 |0.00000 |0.00000 [0.00000

ik

0 0.9 0.00277 |0.09967 0.23533 |0.36942 |0.49421 |0.60812 |(0.71152 |0.80540 |0.89130 |0.98296

A7

Q 0.99447 10.94107 |0.84032 |0.72261 |0.60010 |0.47868 |0.36119 |0.24887 |0.14161 |0.02263

AN

0 -0.05249 |-0.04451 |-0.03491 |-0.02663 |-0.01984 |-0.01434 |-0.00989 |-0.00627 |-0.00330 |-0.00049

ik

0 0.8 0.01235 |0.11627 |0.25958 |0.39974 |0.52919 |0.64683 |0.75362 |0.85192 |0.96525

i

Q 0.97546 |0.91947 |0.81312 |(0.68917 |(0.56061 |0.43347 |0.31025 |0.19067 |0.04585

Rk

0 -0.10974 |-0.09179 |-0.07067 |-0.05278 |-0.03831 |-0.02672 |-0.01740 |-0.00979 |-0.00212

ik

0 0.7 0.03114 |0.14275 |0.29415 |0.44066 |0.57518 |0.69753 |0.81067 |0.94710

B

0 0.93869 |0.88187 |(0.77115 |0.64145 |0.50666 [0.37264 (0.23984 0.06914

i

0 -0.17098 |-0.14060 |-0.10576 |-0.07681 |-0.05374 |-0.03540 |-0.02056 |-0.00522

ik

Q 0.6 0.06250 |0.18247 |0.34238 |0.49568 |0.63638 |0.76701 |0.92891

i

0 0.87891 |0.82409 |0.71076 |0.57572 |0.43364 |0.28818 |0.09161

Rk

0 -0.23438 |-0.18858 |-0.13757 |-0.09607 |-0.06339 |-0.03727 |-0.01015

ik

0 0.5 0.11111 |0.24010 |0.40897 |(0.57016 |(0.72111 |0.91146

7

0 0.79012 |0.74153 |0.62771 |0.48690 |0.33257 |0.11168

AN

0 -0.29630 |-0.23153 |-0.16178 |-0.10618 |-0.06235 |-0.01731

ik

0 0.4 0.18367 |0.32224 |0.50097 |0.67432 |0.89616

-1

0 0.66639 |0.62989 |0.51718 |0.36587 |0.12669

Rk

0 -0.34985 |-0.26211 |-0.17111 |-0.09927 |-0.02699

ik

0 0.3 0.28994 |0.43862 (0.63097 |0.88572

7

0 0.50418 |0.48669 (0.37210 |0.13201

AN

0 -0.38234 |-0.26757 |-0.15260 |-0.03900

il

0 0.2 0.44444 |0.60511 |0.88564

B

0 0.30864 |0.31363 |0.11966

AN

Q -0.37037 |-0.22529 |-0.05138

ik

0 0.1 0.66942 |0.90868

-1

0 0.10928 |0.07641

Rk

Q -0.27047 |-0.05552

S iiiid

0 0.0 1.00000

7

0 0.00000

AN

Qm 0.00000

Volume 16, Issue 3, 2020 91



Aleksandr V. Starov, Sergei JU. Kalashnikov

Table 2.3. Coordinates of points of a surface Q , Q , Q on lines 4 = const for a dominating stretching
— compression.

18 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
A
Q 1.0 1.00000 |1.00000 |1.00000 {1.00000 |(1.00000 |1.00000 |1.00000 {1.00000 [1.00000 |(1.00000 |1.00000
Bl
Q 0.00000 |0.00000 |(0.00000 |(0.00000 |0.00000 |0.00000 (0.00000 [0.00000 |(0.00000 |0.00000 |0.00000
R
Q 0.00000 |0.00000 |0.00000 |0.00000 |0.00000 |0.00000 |0.00000 |0.00000 |0.00000 |0.00000 |0.00000
B il
Q 0.9 1.00000 [0.99999 ]0.99996 |0.99990 (0.99980 |0.99964 |0.99938 |0.99889 |0.99766 |0.98296
Sl
Q 0.00000 [0.00001 |(0.00006 |(0.00014 |0.00027 |0.00048 |(0.00082 |0.00149 |0.00312 |0.02263
| =m
Q 0.00000 [0.00000 |0.00000 |0.00000 |-0.00001 [-0.00001 |-0.00002 |-0.00003 |-0.00007 |-0.00049
o
Q 0.8 1.00000 |0.99995 |0.99978 |0.99947 |0.99896 |0.99810 |0.99653 |0.99302 |0.96525
B
Q 0.00000 [0.00007 |0.00029 (0.00070 |0.00138 |0.00253 |[0.00461 |0.00927 |0.04585
(==n
Q 0.00000 [0.00000 |-0.00001 |-0.00003 |-0.00006 [-0.00011 [-0.00021 [-0.00042 |-0.00212
(==
Q 0.7 1.00000 |0.99985 [0.99936 [0.99843 |0.99683 (0.99392 |0.98772 |0.94710
47
Q 0.00000 |0.00020 |0.00085 |0.00207 |0.00420 |0.00802 |0.01619 |0.06914
i
Q 0.00000 [-0.00001 |-0.00006 |-0.00015 |-0.00030 |-0.00058 |-0.00118 [-0.00522
B il
Q 0.6 1.00000 |0.99964 |0.99846 [0.99614 |(0.99182 |0.98274 |0.92891
Erl
Q 0.00000 |0.00048 |0.00202 |0.00506 |0.01069 |0.02253 |0.09161
| =m
Q 0.00000 |[-0.00005 |-0.00021 |-0.00053 |-0.00111 |-0.00237 |-0.01015
B il
Q 0.5 1.00000 |0.99920 [0.99654 [0.99099 (0.97904 |0.91146
47
Q 0.00000 [0.00103 |0.00446 |(0.01160 |0.02693 |0.11168
==l
Q 0.00000 |[-0.00015 |-0.00063 |-0.00166 |-0.00390 |-0.01731
(R i
Q 0.4 1.00000 |0.99826 |0.99223 |0.97781 |0.89616
7
Q 0.00000 [0.00219 |0.00977 |(0.02780 |0.12669
i
Q 0.00000 [-0.00042 |-0.00188 |-0.00542 |-0.02699
(==
Q 0.3 1.00000 |0.99604 |0.98065 |0.88572
Erl
Q 0.00000 [0.00479 |0.02327 |(0.13201
il
Q 0.00000 |-0.00124 |-0.00612 |-0.03900
Rl
Q 0.2 1.00000 |0.98930 |0.88564
Sl
Q 0.00000 [0.01197 |0.11966
=il
Q 0.00000 |-0.00440 |-0.05138
(R i
0.1 1.00000 |0.90868
9,
Q 0.00000 [0.07641
(==n
Q 0.00000 |[-0.05552
o
0.0 1.00000
9,
0.00000
Q-H.I‘
0.00000
Q-H}H
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Table 2.4. Coordinates of points of a sur- Table 2.5. Coordinates of points of a sur-
face O, O,., O, on lines A=const for| tace O,, O,, O,, on lines A=const for
a dominating bending of a shell. a dominating stretching — compression.

A Moo M 9, 9, O A (LI L 0, 9, O

10 0.0 0.00000 [0.00000 [1.00000 [0.00000 1.0 0.0 1.00000 [1.00000 0.00000 [0.00000
1.0 0.1 0.10000 [0.09050 [0.95024 [0.00000 1.0 0.1 1.00000 [1.00000 [0.00000 [0.00000
10 0.2 0.20000 [0.21897 [0.85582 [0.00000 1.0 0.2 1.00000 [1.00000 0.00000 [0.00000
1.0 0.3 0.30000 [0.34726 [0.74470 [0.00000 1.0 0.3 1.00000 [1.00000 0.00000 [0.00000
1.0 0.4 0.40000 [0.46759 [0.62830 [0.00000 1.0 0.4 1.00000 [1.00000 [0.00000 [0.00000
1.0 0.5 0.50000 [0.57813 [0.51225 [0.00000 1.0 0.5 1.00000 [1.00000 [0.00000 [0.00000
1.0 0.6 0.60000 [0.67891 [0.39946 [0.00000 1.0 0.6 1.00000 [1.00000 [0.00000 [0.00000
1.0 0.7 0.70000 [0.77062 [0.29140 [0.00000 1.0 0.7 1.00000 [1.00000 [0.00000 [0.00000
10 0.8 0.80000 [0.85414 [0.18871 [0.00000 1.0 0.8 1.00000 [1.00000 [0.00000 [0.00000
1.0 0.9 0.90000 [0.93033 [0.09159 [0.00000 1.0 0.9 1.00000 [1.00000 [0.00000 [0.00000
1.0 1.0 1.00000 [1.00000 [0.00000 [0.00000 1.0 1.0 1.00000 [1.00000 0.00000 [0.00000
0.9 0.0 0.05000 [0.00277 [0.99447 |[-0.05249 0.9 0.0 0.95000 [1.00000 [0.00000 0.00000
0.9 0.1 0.11190 [0.09967 [0.04107 |-0.04451 0.9 0.1 0.95000 [0.99999 [0.00001 0.00000
0.9 0.2 0.20640 [0.23533 [0.84032 |-0.03491 0.9 0.2 0.94990 [0.99996 [0.00006 [0.00000
0.9 0.3 0.30460 [0.36942 [0.72261 |-0.02663 0.9 0.3 0.94990 0.99990 [0.00014 0.00000
0.9 0.4 0.40380 [0.49421 [0.60010 |[-0.01984 0.9 0.4 0.94970 [0.99980 [0.00027 |-0.00001
0.9 0.5 0.50350 [0.60812 [0.47868 |-0.01434 0.9 0.5 0.94950 [0.99964 [0.00048 |0.00001
0.9 0.6 0.60350 [0.71152 [0.36119 [-0.00989 0.9 0.6 0.94910 [0.99938 [0.00082 |-0.00002
0.9 0.7 0.70390 [0.80540 [0.24887 |[-0.00627 0.9 0.7 0.94840 [0.99889 [0.00149 |0.00003
0.9 0.8 0.80550 [0.89130 [0.14161 |[-0.00330 0.9 0.8 0.94670 [0.99766 [0.00312 |0.00007
0.9 0.9 0.92600 [0.98296 [0.02263 |-0.00049 0.9 0.9 0.92600 [0.98206 [0.02263 |-0.00049
0.8 0.0 0.10000 [0.01235 [0.97546 |-0.10974 0.8 0.0 0.90000 [1.00000 [0.00000 0.00000
0.8 0.1 0.14190 [0.11627 [0.91947 [-0.09179 0.8 0.1 0.89990 [0.99995 [0.00007 [0.00000
0.8 0.2 0.22480 [0.25958 [0.81312 [-0.07067 0.8 0.2 0.89970 [0.99978 [0.00020 |-0.00001
0.8 0.3 0.31820 [0.39974 [0.68917 [-0.05278 0.8 0.3 0.89930 [0.99947 [0.00070 |-0.00003
0.8 0.4 0.41530 [0.52919 [0.56061 |-0.03831 0.8 0.4 0.89860 [0.99896 [0.00138 |-0.00006
0.8 0.5 0.51440 [0.64683 [0.43347 [-0.02672 0.8 0.5 0.89740 (0.99810 [0.00253 |-0.00011
0.8 0.6 0.61510 [0.75362 [0.31025 |[-0.01740 0.8 0.6 0.89540 [0.99653 [0.00461 |-0.00021
0.8 0.7 0.71880 [0.85192 [0.19067 [-0.00979 0.8 0.7 0.89070 [0.99302 [0.00927 |-0.00042
0.8 0.8 0.85440 [0.96525 [0.04585 |-0.00212 0.8 0.8 0.85440 [0.96525 [0.04585 [-0.00212
0.7 0.0 0.15000 [0.03114 [0.03869 [-0.17008 0.7 0.0 0.85000 [1.00000 [0.00000 0.00000
0.7 0.1 0.18120 [0.14275 [0.88187 [-0.14060 0.7 0.1 0.84980 [0.99985 [0.00020 |-0.00001
0.7 0.2 0.25270 [0.29415 [0.77115 [-0.10576 0.7 0.2 0.84920 0.99936 [0.00085 [-0.00006
0.7 0.3 0.34030 [0.44066 [0.64145 [-0.07681 0.7 0.3 0.84800 [0.99843 [0.00207 |0.00015
0.7 0.4 0.43500 [0.57518 [0.50666 |[-0.05374 0.7 0.4 0.84600 [0.99683 [0.00420 [-0.00030
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0.7 0.5 0.53420 ]0.69753 |0.37264 |-0.03540 0.7 0.5 0.84240 0.99392 1|0.00802 |-0.00058
0.7 0.6 0.63900 |0.81067 [0.23984 |-0.02056 0.7 0.6 0.83470 (0.98772 |0.01619 [-0.00118
0.7 0.7 0.78580 10.94710 |0.06914 |-0.00522 0.7 0.7 0.78580 (0.94710 1|0.06914 |-0.00522
0.6 0.0 0.20000 ]0.06250 |0.87891 |-0.23438 0.6 0.0 0.80000 [1.00000 |0.00000 (0.00000
0.6 0.1 0.22510 |0.18247 |0.82409 |-0.18858 0.6 0.1 0.79960 (0.99964 |0.00048 [-0.00005
0.6 0.2 0.28790 |0.34238 |0.71076 |-0.13757 0.6 0.2 0.79820 (0.99846 (0.00202 [-0.00021
0.6 0.3 0.37040 |0.49568 |0.57572 |-0.09607 0.6 0.3 0.79550 (0.99614 |0.00506 [-0.00053
0.6 0.4 0.46370 |0.63638 |0.43364 |-0.06339 0.6 0.4 0.79050 (0.99182 |0.01069 [-0.00111
0.6 0.5 0.56690 [0.76701 |0.28818 |-0.03727 0.6 0.5 0.78010 (0.98274 0.02253 [-0.00237
0.6 0.6 0.72110 |0.92891 |(0.09161 |-0.01015 0.6 0.6 0.72110 (0.92891 (0.09161 [-0.01015
0.5 0.0 0.25000 |0.11111 |0.79012 |-0.29630 0.5 0.0 0.75000 |[1.00000 |0.00000 (0.00000
0.5 0.1 0.27160 ]0.24010 [0.74153 |-0.23153 0.5 0.1 0.74910 (0.99920 |0.00103 [-0.00015
0.5 0.2 0.32860 |0.40897 |0.62771 |-0.16178 0.5 0.2 0.74630 (0.99654 (0.00446 [-0.00063
0.5 0.3 0.40830 |0.57016 |0.48690 |-0.10618 0.5 0.3 0.74050 (0.99099 (0.01160 [-0.00166
0.5 0.4 0.50500 ]0.72111 |0.33257 |-0.06235 0.5 0.4 0.72800 (0.97904 (0.02693 [-0.00390
0.5 0.5 0.66140 [0.91146 |(0.11168 |-0.01731 0.5 0.5 0.66140 (0.91146 (0.11168 [0.01731
0.4 0.0 0.30000 |0.18367 |0.66639 |-0.34985 0.4 0.0 0.70000 (1.00000 |0.00000 (0.00000
0.4 0.1 0.31990 ]0.32224 |0.62989 |-0.26211 0.4 0.1 0.69830 (0.99826 (0.00219 [-0.00042
0.4 0.2 0.37460 |0.50097 |0.51718 |-0.17111 0.4 0.2 0.69260 (0.99223 |0.00977 [-0.00188
0.4 0.3 0.45700 [0.67432 |0.36587 |-0.09927 0.4 0.3 0.67910 (0.97781 (0.02780 [-0.00542
0.4 0.4 0.60830 |0.89616 [0.12669 |-0.02699 0.4 0.4 0.60830 (0.89616 (0.12669 [-0.02699
0.5 0.5 0.66140 [0.91146 |(0.11168 |-0.01731 0.5 0.5 0.66140 0.91146 (0.11168 [-0.01731
0.4 0.0 0.30000 [0.18367 |0.66639 |-0.34985 0.4 0.0 0.70000 (1.00000 |0.00000 (0.00000
0.4 0.1 0.31990 [0.32224 |0.62989 |-0.26211 0.4 0.1 0.69830 (0.99826 (0.00219 [-0.00042
0.4 0.2 0.37460 |0.50097 |0.51718 |-0.17111 0.4 0.2 0.69260 (0.99223 1|0.00977 [-0.00188
0.4 0.3 0.45700 |0.67432 |0.36587 |-0.09927 0.4 0.3 0.67910 0.97781 [0.02780 [-0.00542
0.4 0.4 0.60830 |0.89616 [0.12669 |-0.02699 0.4 0.4 0.60830 (0.89616 (0.12669 [-0.02699
0.3 0.0 0.35000 ]0.28994 |0.50418 |-0.38234 0.3 0.0 0.65000 |[1.00000 |0.00000 (0.00000
0.3 0.1 0.36980 |0.43862 (0.48669 |-0.26757 0.3 0.1 0.64670 0.99604 [0.00479 |-0.00124
0.3 0.2 0.42770 ]0.63097 [0.37210 |-0.15260 0.3 0.2 0.63410 (0.98065 (0.02327 |-0.00612
0.3 0.3 0.56350 |0.88572 |0.13201 |-0.03900 0.3 0.3 0.56350 (0.88572 |0.13201 [-0.03900
0.2 0.0 0.40000 |0.44444 |0.30864 |-0.37037 0.2 0.0 0.60000 |[1.00000 |0.00000 (0.00000
0.2 0.1 0.42290 ]0.60511 |0.31363 |-0.22529 0.2 0.1 0.59260 (0.98930 1(0.01197 [-0.00440
0.2 0.2 0.52920 ]0.88564 [0.11966 |-0.05138 0.2 0.2 0.52920 (0.88564 |0.11966 [-0.05138
0.1 0.0 0.45000 |0.66942 |0.10928 |-0.27047 0.1 0.0 0.55000 |[1.00000 |0.00000 (0.00000
0.1 0.1 0.50740 |0.90868 [0.07641 |-0.05552 0.1 0.1 0.50740 (0.90868 (0.07641 [-0.05552
0.0 0.0 0.50000 |1.00000 [0.00000 |0.00000 0.0 0.0 0.50000 |[1.00000 |0.00000 (0.00000
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In fig. 2.4 shows the curve (2.41) (table 2.1) (the
minimum line Q ), variants of its approximation
by a power law, and also the surface cross section
(2.26) with a parabolic cylinder O — (1 -Q )*=0
(maximum line Q). Other variants of approximation
are given in part 3 of the article.

CONCLUSIONS

Alternative dependences of the finite relationship
are developed, their equivalence to the relations
A.A. Ilyushin is proved, approximate dependences
of the final relationship are obtained. Based on the
regression analysis of the minimum line , variants
of its approximation by algebraic polynomials are
obtained.
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