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Abstract: Numerical solution of the problem of beam analysis (bending analysis of the Bernoulli beam) with the use of B-spline
finite element method is under consideration in the distinctive paper. The original continual and finite element formulations of the
problem are given, some actual aspects of construction of normalized basis functions of a B-spline are considered, the corresponding
local constructions for an arbitrary finite element are described, some information about the numerical implementation and an
example of analysis are presented.
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YU CJIEHHOE PEHIEHHUE 3AJIAYU O IOINEPEYHOM U3I'TBE
BAJIKU HA OCHOBE BEUBJIET-PEAJIU3ALINN
METOJIA KOHEUYHBIX JIEMEHTOB
C UCIIOJB30BAHUEM B-CILTAHOB

I1.A. Akumos "***, M.JI. Mo3zanesa ', T.b. Kaitmykoe '

! HanoHanbHbIHA HCCIeA0BaTENbCKUA MOCKOBCKHI rOCYAaPCTBEHHBII CTPOUTENbHBIN YHUBEPCHUTET,
. Mocksa, POCCH 1
2 ToMCKHH TOCYAapCTBEHHBII apXUTEKTYPHO-CTPOUTENBHBII yHIBepcuTeT, I. Tomck, POCCHUSA
* Poccuiickuii yHHBepCHUTET JpYKObI HapoaoB, . Mocksa, POCCHU A
* Poccuiickast akaJeMusi apXUTEKTYPbl H CTPOUTEIBbHBIX Hayk, I. MockBa, POCCHUA

AHHOTalIl/IﬂI B HaCTOHIIIGﬁ CTAaTbC pacCMaTpruBaACTCAd YMCJICHHOC PCUICHUC 3a/la4u O MMOINIEPEIHOM n3rude Oanku BepHmeM Ha
OCHOBC BeﬁBHeT—peaJ’[H3aL{HH MCTOAAa KOHCUYHBIX 2JICMCHTOB C UCII0JIb30BAHUCM B-cmnaiinos. HpI/IBGZleHI)I HCXOAHBbIC KOHTUHYAJIb-
Has 1 KOHCYHOYJIEMCHTHA ITIOCTAHOBKHU 3a1a4U, paCCMOTPCHBI HCKOTOPBIC AKTYaJIbHBIC BOIIPOCHI IOCTPOCHW A HOPMAJIU30BAHHBIX
0a3HCHBIX (l)yHKIII/Iﬁ B—crmaﬁHa, OIMUCaHbl COOTBETCTBYIOLINE JIOKAJIbHBIC [IOCTPOCHUA JI IPOU3BOJILHOT'O KOHEYHOTI'O 2JICMCHTA,
IpeaACTaBJICHbI HCKOTOPBIC CBEACHUA O YHCIICHHOMN peam3anu U NpuMep pacyeTra.

KuroueBble c10Ba: BelBlIET-peann3anus METOAa KOHEUHBIX YIEMEHTOB, METO/l KOHEUHBIX AIEMEHTOB,
B-crnaiinbl, yncineHHoe penienue, u3rud oanku

INTRODUCTION Compared with commonly used Daubechies wavelets

[2-6] B-spline wavelet on interval (BSWI) has explicit
As is known, the B-spline in a given simple knot expressions, facilitating the calculation of coefficient
sequence can be constructed by employing piecewise integration and differentiation [1]. Besides, the
polynomials between the knots and joining them multiresolution and localization properties of BSWI
together at the knots [1]. can also supply some superiority for engineering
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structural analysis [1]. The early applications of spline
can be found, for instance, in papers of H. Antes [7],
J.G. Han [8, 9, 25], Y. Huang [8, 9], W.X. Ren [8, 9].
The spline wavelet finite element method was further
developed in papers of D.P. Chen [26], X.F. Chen[10,
11, 13-16, 21, 22, 24], H.B. Dong [21], J.G. Han [23],
Y.M. He [15], Z.H. He [16], Z.J. He [10, 11, 13-15,
21, 22, 24], Y. Huang [23, 25], Z.S. Jiang [20], B. Li
[11,13,15,21], M. Liang [17, 19],J.Q. Long [ 18], G.
Ma [18], T. Matsumoto [18, 20], S.T. Mau [28], H.H.
Miao [13], Q,M. Mo [16], T.H.H. Pian [26-28], K.Y.
Qi[21], W.X. Ren [23, 25], K. Sumihara [27], P. Tong
[28], Y.W. Wang [20], J.W. Xiang [10-12, 15-20], Z.B.
Yang [13, 14,22], X.W. Zhang [ 14, 22, 24], Y.H. Zhang
[10], Y.T. Zhong [12].

The distinctive paper is devoted to numerical solution
of the problem of beam analysis (bending analysis of
the Bernoulli beam) with the use of B-spline finite
element method.

1. FORMULATIONS OF THE PROBLEM

The unknown function of the beam deflections y(x),
caused by the load ¢(x), can be defined using the
condition for the minimum energy functional of
the beam ®(y) (i.e. unknown function provides a
minimum value for this functional)'

Dy lf EJ(y P+By*]dx— fq )ydx, (1.1)
where EJ(x) is the bending stiffness of the beam; f is
the coefficient of elasticity of the base (coefficient of
bedding); g(x) is the given load; / is the length of the
beam; x is coordinate along the length of the beam.
Let us divide the interval [o, /], occupied by the beam

V1

into N, parts (elements); 2, = I/N  is the length of the
element. Let us also divide each element into N, parts,
for example, N, = 5 (Figure 1). Let us introduce the
following notation system: i, is the element number;
x (i) is the coordinate of the starting point; x (i ) is the
coordinate of the end point of the element number i ,
respectively. We take y, and y’ as unknowns at boundary
points i = 1,6. We take y, i =2, 3, 4, 5 as unknowns at
the inner points. Thus, the number of unknowns per
element with such discretization is defined by formula
N=N-1+2-2=N +3=8.
The number of boundary points for all elements is
equal to
N,=N,+1.

The number of interior points for all elements is

equal to
N, =N,(N,—1).

The total (global) number of unknowns with such a
discretization turns out to be equal to

N =N +2N..
g P b

Thus, we have
N,
D(y) = Z D, (),

XS(le XS(ie)

@, :% Vepyldx— [ qudx; (1.2)

x4 (i, ) x4(i,)

2.SOMEASPECTS OFTHE CONSTRUCTION
OF NORMALIZED BASIS FUNCTIONS OF
THE B-SPLINE

The construction of B-spline basic functions is
determined by the recursive Cox-de Boer formulas:

Ve

be 2 »3 V4 Vs V6

@ L 4 & ® @ o

X1(ie) X2 X3 X4 X5(ie) X6(ie)
< >

h

e

Figure 1. Finite element discretication (sample).
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S (1) = 1, x <t<x, )1
= Pul= 0,t<x,vi>x,’ @D
[—x)p, .
¢i’k (t) _ ( . 1)¢1,kx1( )+
k>2: ekl (2.2)
4 (xi+k _t)¢i+1,k—1 (t)

Xivk —Xin1

We will consider such a construction for the case X,
= i are integers. Let us note that,

(pi,k (t) = (Po,k (t - l)

and therefore, recursive formulas (2.1)-(2.2) can be
represented in the form

1, 0<t<l
k=1 ¢0’1(t)_{0,t<0\/121’ (2.3)
1
o () = ——1t- £+
k>2: Poi (D) k—l[ P01 (1) 2.4)

+(k=D@o o (1]

The function ¢, (¢) can be represented by formula

Po, (1) = %[sign(t) —sign(z —1)] . (2.5)

Letus denote by A the operator of the first difference.
Then we have

Po1(2) = _%AI sign(7) . (2.6)

We can substitute formula (2.5) into (2.4) in order to
determine ¢, (7):

DPo.» (B)y=1-[z- (/70,1(t) +(2 - t)(/)o.,l(l -D]=
= %{t-[sign(t)—sign(f—l)]+ (2-1)[sign(t —1)—sign(t —2)]} =
= %[t sign(¢) —2(z—1)sign(z —1) +

(t—2)sign(t—-2)] :%[[t|—2|t—1 |+t=2].

Let us denote by A, the operator of the second
difference. Then we have

1 1
®o,(2) :5[|t|—2|t—1|+|t—2]=5A2 [t—1]. (2.7)

We can define function ¢, (7):

¢Mm=%v¢mm+@—n%xrny
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Omitting intermediate calculations, we get

1
Do (1) = Z[P | 2] =3¢ =D [r-1]+
+3(t=2)1=2|—(-3)|t-3]] =
11
S _E!EAIAz((t_l)“_lD.
Based on formulas (2.8) and (2.4), we can define the
function

2.8)

¢Mm=§v¢mm+m—n%xrny

Omitting intermediate calculations, we get

§00,4(t):

=L.1[12~|z|—4(z—1)2|t—1|+
2-3 2

+6(2—2) |t—2| 4¢3 |t-3|+

+(t-4)7|t-4]=

11 20 2y
=577 (=2) [1=2]) . (29)

It can be proved that for even k = 2m we have

1 1

mE(Az)"’((t—m) "2 |t=m]) (2.10)

Dok () =

and for odd (uneven) k =2m + 1 we have

1
(2m)! 2

Po () =— AA)" (¢ =m)* e=1]). (2.11)
Note that ¢, (?) is a polynomial of degree k£ — 1 with
bounded support and, as follows from the difference
operator, this support is equal to the interval [0, k].
In addition, we should note the following property
of B-spline basis functions:

Z @, (t—i)=1 for arbitrary ¢. (2.12)

3. LOCAL CONSTRUCTIONS
FOR ARBITRARY FINITE ELEMENT

Let us introduce local coordinates:
(D
h

e

t= Xy SXS Xgy. 0521

In this case, we have the following relations:
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xX=x,, =>t=0 Let us use the following notation system:

x=x, =>t=0.2
x=x, =>t=04
x=x, =>t=06 °
x=x; =>1=0.8

@,(0) = ot +3), 9,(1) = p(t + 2),
@)=t + 1), ¢ (1) = p(2),
o ()= —1),
_ _ P (0) = @t —2), p.(1) = p(t — 3),
X=Xy 1= o ()=p(t—4),0<t<1, (3.3)

-
dx dt dcx h, dt

We represent the unknown deflection function in
dc=h,-dt. (3.1) the form

d’ _L d’ ’
i (x) = (1) Z 0
yx)=wlt)=) a,¢ ,
Since the number of unknowns on the element is =y K
ltoN=28, B-spli fth thd
equal to we use a B-spline of the seventh degree Xy S x<x6(,) 0<r<l | (3.4)

in order to represent the unknown deflection function.

Let us use the following notation:
We can substitute (3.4) into (1.3), taking into account

Pt) = Qo (t+4); relations (3.1).
11
o(t) = %E(Az)“(ﬁ lt]) = | 7ot d'y x6(i,)
| ' qb,.e(y):a I EJ( zj + By? |dx— qudx:
=l a1+ SO e
i 1 1
-8(+3)°|1+3] + :lj W)+ fh,w? | di— [ h,quit =
+28(+2) |t+2|—- 2o\ h )
—56(t+1D)° | t+1|+70¢° | ¢ |- | L&
~56( -1 [1~1|+28¢ -2 [1-2|-  (32) T4 ;a’afx

—8(t=3)°|t=3|+(t—-H°|t-4]]. 1

J| (EJ 0" (00 0))+ Brlp. ()0, (r))] di -
This function is a B-spline, symmetric with respect 0 |
to ¢ =0 and its support is defined by an interval [4, 05, J’ hqo ()t =
4] (Figure 2). il

B-spline 7 =5(K§67,07)—(§;",67)=®a(5), (3.5)

06

where we have

// \\ K j)=
03 j ( gp"(t)(p”(l))-i' ph, ((p (Do, (f))J

0:1 / \ R (i) = | (h.q(e, (1))dt
Y !

05

fi(t)

Let's define the parameters through the nodal

-3 -2 -1 ] 1 2 3 4
. unknowns on the element:

Figure 2. B-spline of the seventh order p(t) = ¢, (t + 4).
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r N Therefor we have
» =w(0)= Zak¢k (0) .
d | =) L a=T"y" (3.7)
yl ! '
dx  h, LA, h, Z‘ak(pk( ) Substituting (3.7) into @ (o), we obtain
N —
¥, =w(0.2)=) a,0,(0.2) D, ()=
5 —(KAT T = (R TS =
y; =w(04)=> a,0,(0.4) 1 B
| 5 = (@KLY P~ () R =
Vi =w(0.6)= > a,0,(0.6) o |
i =S & YLV -RE Y =2, (1), (3.8)
ys =w(0.8) =Y ,9,(0.8)
M where | |
vs =wh) =2 a0, () K- =) K;T”
k=
ci);_s _ L WD) 1: L i o, 0L is the local stiffness matrix;
X he he k=1 . .
R=(T"'Rk
Therefor we have .
is the local load vector.
ye=Ta, (3.6)
where
_ dy dy
ye =y El Yo V3 Vs Vs Vs d—;]TQ
a=le a, a; a, as ag a; ag]T ;
D=diag(l 1/h,1 1 1 1 1 1/h,) ;
i ¢,(0) 9,(0) 9,(0) 9,(0) 95 (0) 95(0) ?,(0) 95 (0) |
0(0)  050)  95(0)  9,(0) 95000  @s(0)  97(0)  5(0)
0,(02) 9,002) 9,02) ¢,002) 9502) 9,02) ¢,(02) ¢,(02)
T-D ?,(0.4) 9,(04) ¢;(04) 9,04 0504) ¢;04) ¢,(04) @3(0.4)
?,(0.6) 9,(0.6) ¢;(0.6) ¢,(0.6) ¢5(0.6) 95(0.6) ¢,(0.6) ¢5(0.6)
9,(0.8) ¢,(0.8) 9;(0.8) ¢,(0.8) 95(0.8) ©4;(0.8) 9,(0.8) ¢3(0.8)
o) o, ) o) o, oD o) o, (D oD
LoD e o) o) s o) er (D) o)
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4. INFORMATION ABOUT NUMERICAL
IMPLEMENTATION

The presented algorithm can be implemented
using MATLAB tools. The MATLAB system has
convenient functions for working with polynomials.
Moreover, the main parameter of these functions is the
vector of coefficients of the polynomial. To determine
the coefficients of basic polynomials ¢, on an interval
[0 1], we can firstly determine their values at eight
points of the interval 1= [z, 7,, ..., £], t,€[0 1],
i=1,2,..,8;
F@)=¢(t),i=1,2,..8,
k=1,2,..,8.

Then, using the polyfit function, we define their
coefficient vector:

pk=polvfit (t,Fk, 7)

This function is used to determine the coefficients
of the optimal polynomial using the least squares
method. In the considering case, we are looking for a
polynomial of the 7th degree (i.e. we have to define 8
coefficients of polynomial, according to its 8 values),
therefore, we get a polynomial passing through the
given values.

In order to calculate the derivatives we can sequentially
use the polyder function:

dpk=polyder (pk)
is the vector of coefficients ¢';
d2pk=polyder (dpk)
is the vector of coefficients gok”.

In order to calculate the product of polynomials we
can use the conv function:

pij=conv (pi, pj)
is the vector of coefficients PP
d2pj)

", n

1s the vector of coefficients ¢"p".
i

d2pij=conv (d2pi,

In order to calculate the antiderivative of a polynomial
we can use the polyint function:

Volume 16, Issue 3, 2020

Pi=polyint (pi)
is the vector of coefficients I pdt,
Pij=polyint (pi7j)
is the vector of coefficients J.goigojdt;
d2Pij=polyint (d2pi7j)
is the vector of coefficients j qoi"gof "dt.

Then the calculation (formula (3.5))
K, j)=
1
EJ n "
=| (h_3 (r0er )+ (o, (00, (r))} dr.
0 e
can be summarized as follows:

; EJ o
Ky, j)= h—3( polyval (d2Pij, 1) -

polyval (d2Pij,0) )+
+PBh,( polyval (Pij,1)-
polyval (Pij,0)),

where the function polyval (p, t) allows
researcher to calculate the values of a polynomial
with a vector of coefficients p at a given point z.

As for the calculation (see (3.5)),

Ry (i) = [ (h.q(t)p, ()t

here, for example, the following options are possible:

— point load setting (using delta functions);

— setting the load averaged on the element,
‘Rg(ﬂzzl%qw(polyval (Pi, 1) -

- polyval (Pi, 0))

’

L

Figure 3. Example of analysis.

If g is represented by a polynomial, then, as in the case
of calculating the elements of a local matrix K ; ,
here researcher can use the function of multiplying
polynomials conv followed by determining the
antiderivative of the product using the polyint
functions and calculating the definite integral using
the polyval function.
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5. EXAMPLE OF ANALYSIS
N=L/h+1=8/04+1=2]
As a model example let us consider a beam on an

elastic foundation with the following parameters: is the total number of nodes.
I Several results of analysis are presented at Figures
q(x)zPﬁ(x—E), P=100kN 4,5,6and 7.

is load given at the midpoint (Figure 3);

L=8m;h,=13m; b, = 1m; 10 e
E=2560 - 10*kN/m* k=175 - 10°%kN / m>. . ! ! : /
FEM beta?
+  bwpdc

0.2

In this case we should consider the following \ /
boundary conditions: -
\ /
{ym) =y"(0)=0 = \ /

W(L)=y"(L)=0 ' \ /
0.8 -

— the beam is hingedly supported on both sides (the

first case); \ /
fro=r@=o N /
y(L)=y'(L)=0 12

— the beam is rigidly fixed on both sides (the second 14
case);

y(0)=y"(0)=0
y"(L)y=y"(L)=0 Figures 4. Comparison of results for the first case.

— the beam is hingedly supported on the left end, the
right end is free (the third case);

{y(O) =y'(0)=0 o
y'(L)y=y"(L)=0

x 16° PROGIB
T T

T
FEM beta?
+  bwdc

the beam is rigidly fixed to the left end, the right end \ /
is free (the fourth case).

Let us set N, = 4 (the number of elements).
Then we have \ / i

N,=N +2N,=4-(5-1)+2 - (4+1)=26;

18 the total number of unknowns; \ /
5

h=L/N=8/4=2

is the length of the element;
h,=h,/5=2/5=04 Figures 5. Comparison of results for the second case.

is the step between the coordinates of the nodes;
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