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ANALYSIS OF COMBINED PLATES WITH ALLOWANCE 
FOR CONTACT WITH ELASTIC FOUNDATION 
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Abstract: The paper covers the problems of combined plates with circular base and consisting of a few sections 
with different laws of thickness variation. Analytical methods of analysis of similar structures are not yet devel-
oped. The present work suggests the analytical method for solving of the stated problems, the contact with the elas-
tic subgrade is also considered. The above-mentioned approach is shown on the example of the analysis of the bot-
tom of the cylindrical reservoir, resting on the elastic subgrade. The inner part of this construction is represented by 
the ring plate of variable thickness which increases along the direction from the internal boundary. The outer part is 
represented by the ring plate of the constant thickness. The influence of the elastic basis and the upper part of the 
reservoir is taken into consideration. The solutions for stresses and deflections of the combined plate are given in 
closed form in terms of Bessel functions. The conditions of the plate’s sections conjugation are fulfilled. 
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РАСЧЕТ КОМБИНИРОВАННЫХ ПЛИТ С УЧЕТОМ 
ИХ КОНТАКТА С УПРУГИМ ОСНОВАНИЕМ 
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Аннотация: В работе изучаются комбинированные плиты, состоящие из двух или нескольких участков с 
различными законами изменения толщины и имеющие в плане круговую форму. Аналитические методы 
для расчета подобных конструкций практически еще не разработаны. Ниже предлагается аналитический 
подход к решению подобных задач, также производится учет контакта изучаемой конструкции с упругим 
основанием. Подобная методика подробно излагается на примере рассмотрения расчета днища цилин-
дрического резервуара. Внутренняя часть этой конструкции представляет собой кольцевую плиту, тол-
щина которой увеличивается по направлению от внутреннего контура, наружная часть представляет со-
бой плиту постоянной толщины. Производится учет влияния податливого основания и действия веса 
верхней части резервуара. Решения для перемещений и усилий внутренней и внешней частей комбини-
рованной плиты получены в замкнутом виде и выражены в функциях Бесселя. Выполняются условия со-
пряжения отдельных участков. 
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1. INTRODUCTION 
 
The work considers analytical calculation of 
combined plates with circular base and consist-
ing of several sections with different laws of 
thickness variation. Their thickness may be in-
creasing or decreasing in the direction from the 
plate’s center to the outer boundary. The mate-
rial of the plates under study is isotropic or or-
thotropic. The separate sections of the men-

tioned constructions may be made from differ-
ent materials with various physical characteris-
tics. In the places of the sections conjugation the 
construction remains continuous. However, in 
some cases the plates’ thickness can have the 
break of continuity in these positions. The ana-
lytical methods of the such constructions com-
putation are in practice not yet developed. The 
present work covers this lacuna. As an example 
we will consider the work of the bottom of the 
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cylindrical reservoir. The bottom is represented 
by a ring plate, resting on an elastic foundation 
and consisting of the two sections. The inner 
part has the variable thickness increasing in the 
direction to the external boundary. The outer 
part of the plate has the constant thickness (Fig-
ure 1). The elastic foundation properties are de-
scribed by Winkler’s model. 
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Figure 1. The combined plate  

on elastic foundation. 
 
The coefficients of foundation under the inner and 
the outer parts of the plate can be both as different 
or identical. The loads caused by the upper part of 
the structure are distributed along the concentric 
circles. Let us assume that the load is applied to 
the outer part of the plate and the bottom of the 
reservoir is made from the isotropic material. 
 
 
2. THE COMPUTATION OF THE INNER 
 PART OF THE CONSTRUCTION 
 
Let us consider the work of the inner part of the 
bottom of the cylindrical reservoir when 

10 xxx  , which is represented by a ring plate 
with varying thickness, resting on an elastic 
Winkler’s foundation. The construction is sub-
jected to an action of the axially symmetric 
loads. The differential equation describing the 
similar plate bending has the following form: 
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where D  – cylindrical rigidity,   – Poisson’s 
ratio, 1c  – coefficient of elastic foundation for 
the section where 10 xxx  . 
Let us assume that the variable rigidity of the 
plate to be approximated by the power law 
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here 0D , m  – constants. 
Substituting (2) into (1) we get the following 
equation: 
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The analysis shows when 4m  (3) is Euler’s 
equation integrating in elementary functions. 
However, it is not possible to obtain the solution 
of (3) in terms of elementary functions when 

4m . To receive the result we compare the 
coefficients of (3) with the coefficients of Niel-
sen’s equation [3]: 
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where we have 
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The equation (4) is integrated in terms of Bessel 
functions. When comparing the coefficients of 
(3) and (4) we determine that the mentioned 
equations are similar when the following pa-
rameter relations are 
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The solution of axially symmetric problem of a 
circular plate with varying thickness, resting on 
an elastic Winkler’s foundation, can be written 
in terms of Bessel functions: 
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The solution (6) can be written in the form: 
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Since the Poisson’s ratio for all materials is  
 

5.00  , 
 
the above-mentioned solution (7) may be used 
only for the cases when 20 m . This fact cor-
responds to the case when the thickness increas-
es in the direction from the inner boundary to 
the outer one (Figure 1). The stresses are deter-
mined by the use of the certain formulae [1]. 
Further we introduce the dimensionless coordi-
nate cbrx  . 
 
 
3. THE CALCULATION OF THE OUTER 
 PART OF THE CONSTRUCTION 
 
We pass to consideration of the outer part of the 
bottom with the constant thickness. Let us as-
sume that the load caused by the upper part of 
the structure is subjected along the circumfer-
ence with the radius 2x . The plate’s thickness 
when 1xx  is continuous and equal to  

 
3

10
m

xhh   when 20 m . 
 

Here the conditions of the two parts conjuga-
tions are fulfilled; the deflections, angles, bend-
ing moments, transverse forces remain continu-
ous. We denote the mentioned values respec-
tively as Aw , A , AM , AQ . 
The solution of the homogeneous differential 
equation for axially symmetric bending of the 
similar plate, resting on elastic foundation, is 
expressed in terms of Bessel functions [4-7] in 
the following form: 

 
       ,04030201 xgAxfAxAxuAw     (8) 

 
where 1A , 2A , 3A , 4A  – constants;  
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2c  – modulus of the foundation relevant to the 

outer part. 
To write the expression for the plate’s elastic 
surface we introduce the fundamental functions 

);( 11 xxw , );( 12 xxw , );( 13 xxw , );( 14 xxw , which 
properties are described in [1]. We have 
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Thus, when 2xx  , we can write 
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The influence of the construction upper part can 
be represented by the moments 2M  and forces 

2Q  distributed along the circumference with the 
radius 2x . Then the expression for the deflec-
tions of the combined plate by taking into ac-
count the inner and the outer parts is: 
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The coefficients incoming in the expression for 

Iw  are determined from the boundary condi-
tions and the conditions of the sections conjuga-
tion. The values of modulus of subgrade may be 
either different or similar. 
 
 
4. CONCLUSION 
 
The analytical method for computation of the 
combined plate consisting of a few sections with 
different laws of the thickness variation is pro-
posed. This techniques is stated for the example 
of the bottom of the cylindrical reservoir exami-
nation. The influence of the upper part of the 
construction under study is considered. The so-
lutions are obtained in the closed form in terms 
of Bessel functions. 
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