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PASSIVE VIBRATION SUPPRESSION OF STRUCTURES
IN THE VICINITY OF NATURAL FREQUENCIES
USING PIEZOEFFECT

Nelly N. Rogacheva

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA

Abstract: The proposed method of passive vibration suppression of structures is based on the use of the piezoe-
lectric effect, which consists in the ability of the piezoelectric material to convert electrical energy into mechani-
cal energy, and conversely. As it is known if the frequency of forced vibrations tends to the resonant frequency,
all the desired quantities (forcers, moments, displacements and deformations) grow indefinitely. A new idea is
that as we approach the resonant frequency, we change the electrical conditions on the electrodes of piezoelectric
layers, thereby obtaining a different boundary value problem and a different spectrum of natural frequencies.
Thus, we manage to get away from the resonant vibrations of the structure. Using the example of a laminated
beam with elastic and piezoelectric layers the possibility of damping vibrations caused by mechanical load is
studied. In this paper, a mathematically based model is used to solve the problem in question. The calculations
are performed and the results are presented in the form of graphs. It is shown that forcers, moments, displace-
ments and deformations of beam in the vicinity of the natural frequency can be significantly reduced by as a re-
sult of changes in the electrical conditions on the electrodes of the piezoelectric layers.
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INACCUBHOE 'AIIEHUE BUBPAIIMHA KOHCTPYKIIMA
B OKPECTHOCTHU PE3OHAHCHbBIX YACTOT
C UCITIOJIB3OBAHUEM IIBE3OD®®EKTA

H.H. Pozauesa

HauunonaneHelil cenenoparenbCkuii MOCKOBCKHI TOCYIapCTBEHHBIH CTPOUTEILHBIH YHUBEPCHUTET,
r. Mocksa. POCCHA

Annoranns: [Tpennaraemslii METOJ MACCUBHOTO TallIcHUs BUOpaLMii KOHCTPYKLIHH OCHOBBIBAETCS HA MCTIONB30-
BAHHHU TIbe303()(DeKTa, KOTOPBI 3aKMOYAeTCA B CMOCOOHOCTH MBbE303MEKTPHUECKOTO MATepHANa Mpeodpas3oBbI-
BATh NEKTPUYECKYHO 3HCPIHI0 B MCXAHHYECKYHO H HA000pOT. M3BECTHO, YTO €C/IH 4aCTOTA BBIHYKACHHBIX KOJIC-
OaHMii CTPEMHUTCA K PE30HAHCHON YACTOTE, TO BCE MCKOMBIC BEJIMHUHBI (YCHIIMS, MOMCHTBI, IEPEMELICHH U J¢-
(hopmaLHK) HCOrPaHUYCHHO pacTyT. Maes ramcHus 3aKm04acTca B TOM, YTO NMPU NPUOIMIKCHUH K PE3OHAHCHOM
4aCTOTC MbI H3MCHACM 3JICKTPHYCCKHC YCIOBHS HA ICKTPOAAX MbC30NCKTPUYCCKUX CIOCB B PE3YLTATE 4Cro
Moy4aeM APYTYIO KPAcBYH 3a4a4y ¢ APYTHMH PC30HAHCHBIMH 4acToTamu. Takum oOpasom, yaaetcs u30bexarts
pe30HAHCA KOHCTPYKUHU. BO3MOKHOCTE rameHus BUOpALlMy, BeI3BAHHONH MEXaHHYECKOH HArpy3KOH, HCCaeayeT-
Cs HA MPHMEPE CIOUCTOH DANKH ¢ YIPYTHMH H MbE30NCKTPHYCCKUMHU CNOAMH. [t pelueHus npodaeMel HCIOb-
3yercst MATeMaTHYCCKH OOOCHOBAHHAA MOJIE/b. BBITOMHEHBI PACUEThI, PE3YIbTAThI KOTOPBIX MPEACTABICHBI B BH-
ne rpauxos. IToka3aHo, 4TO yCHIMA, MOMEHTBI, MepeMemieHHs U AeopManuu OaTKH MOTYT CYLIECTBEHHO
YMCHBIIATECA B PE3YIbTATC H3MCHCHHS 3CKTPUYCCKUX VCIOBHIA HA 3NEKTPOAAX MbC30ICKTPHYCCKUX CITOCE.

Kinouessie ¢j10Ba: nacCHBHOE raumeHue BUOpaLuii, COOCTBEHHBIE YACTOTHI, NbE303((EKT,
CIIOHCTAs 3MEKTPOYNpyTas 0anka

1. INTRODUCTION tion isolation and vibration suppression. For vi-

bration isolation and vibration suppression pas-
Operation of structures and equipment in dy- sive, active systems and their combinations are
namic conditions led to the problems of vibra- used. Active vibration isolation and vibration
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damping systems use external energy sources.
These are pneumatic, hydropneumatic and hy-
dromechanical devices and so on. Recently,
electro-elastic and magneto-elastic systems [1] -
[4] began to be used for vibration isolation and
active vibration suppression. As a rule, the anal-
ysis of the work of such systems consists in the
development of an experimental layout and a
schematic diagram. Passive vibration isolation
usually consists in the fact that the protected ob-
ject relies on extremely dimensional springs and
vibration isolators. Vibration isolation systems
containing only passive elastic and damping el-
ements are called passive. Passive vibration iso-
lation and vibration damping systems do not use
external energy sources. So, for effective pas-
sive vibration damping and vibration isolation,
complex and massive equipment is required.
Here, another quench route is proposed using
the piezoelectric effect. The method 1s based on
the fact that with changing electrical conditions
on the surfaces of the piezoelectric elements, the
natural frequencies of the structure are changed.
We encounter a similar situation in the dynam-
ics of elastic structures: it is known that if we
change the mechanical boundary conditions, for
example, if we replace the free from fixation
edge on the rigidly fixed edge, then the natural
frequencies of the structure will change. Of
course, in a working structure, nobody changes
the mechanical boundary conditions. Another
thing is the electrical boundary conditions: it is
easy to short or break the electrodes. Structures
with different electrical conditions are described
by different boundary value problems, which
correspond to different spectrum of natural fre-
quencies. Our goal is to find the optimal way to
change the natural vibration frequencies and, by
changing the boundary value problem, escape
from resonance. On this way, many questions
arise: what piezoelements to choose from which
material (properties, characteristics, electrome-
chanical coupling coefficient, and so on), what
form, what direction of pre-polarization, where
and how to place them on the structure, how
many electrodes to use, where to place them on
the piezoelectric elements, and so on. The paper
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is the first step of our research of the problem
under discussion.

2. BASIC EQUATIONS

A three-layer beam with one elastic layer and
two piezoelectric layers located symmetrically
with respect to the elastic layer is considered.
The middle layer is elastic, the outer layers are
made of a piezoelectric material. The number of
the elastic layer is 1, the numbers of the upper
and lower layers are+2, respectively. The
thickness of the elastic layer is equal 24, , the
thickness of each piezoelectric layer is equal #,,
the length of the rod is /, the width of the beam

1s g (Fig. 1).
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Figure 1. Schematic representation
of the structure of the layered beam.

The axis x, is directed along the length of the
beam, the axis x, is directed along the width of
the beam, the axis x, is orthogonal to them. It is
assumed that the piezoelectric layers are pre-
polarized in the direction x; [5] - [8].

In [8], we constructed the theory of the multi-
layer electroelastic beams. Here we briefly pre-
sent these results for a particular case - a three-
layer beam.

In the case of thin-walled beams in the equa-
tions of state, the stresses o,, and o,, can be
neglected compared to the stress o,,. In addi-
tion, it is assumed that the electroelastic state
does not depend on the coordinate x, .
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Taking into account the assumptions made, the
equations for the elastic and electroelastic layers
will be written as

Equilibrium equations

doc® ooy oZu®
d = p—— iz j=13 1
ox, Ox i or? J (1)
Strain - displacement formulas
o ou®
e®=-24 p_ 312 )
Ox

1

Equation of state (Hooke's law) for the elastic layer

off = Eel? G)
Equations of state for piezoelectric layers
; | MY d ,
:l_z) :T"):_n _‘_}?E;_z) (4)
11 .5"
D = 63,5 +dy,00,° (5)
e a (£2)
where EM _ 22 (6)
ox

3

In formulas (1)-(6) u, and e, are the displace-
ment and deformation in the direction x,, re-
spectively, £, and D, are the components of
the electric field vector and electric induction
vector in the direction x,, ¢ 1S the electric po-

tential, s;,

is the elastic compliance at zero elec-
tric field, d,, is the piezoelectric constant, &3, is
the dielectric constant at zero voltages. The no-
tation used is the same as that used in [8].
For our purposes, we will consider piezoelectric
layers, in which the faces x; = const are com-
pletely covered with electrodes. Here we will
consider only two kinds of conditions on the
electrodes:
o the electrodes are short-circuited (the electric
potential is zero on the electrodes) and
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e the electrodes are open.
On short-circuited electrodes, the electric poten-
tial is zero

(+2) (42) =0

P Xy=thy i3

= (7

xy=*h

On open electrodes the electric potential is not
zero. It is equal to

(+2) = (£2) (+2)
P =", @

xy=th

= $V(+2)

xXy=th,

(8)

where the values V“? are determined from fol-
lowing integral condition:

I :jaD-‘ dQ =0
2ot

9)
Here the integral is evaluated over the surface Q
of one of the electrodes and 7 denotes the time.
On the surfaces of the beam, the mechanical
surface load is usually specified as

(+2)

(2)
O3

=1q,, oy

xy=%h Xy=#

(10)

— + H
5 ey

The superscript in parentheses indicates the lay-
er number. Hereinafter, each formula with dou-

ble signs &, ¥ contains two formulas. To get

one formula, one should take only the upper
signs, to get the second formula one need to
leave only the lower signs.

2. DERIVATION OF EQUATIONS FOR
ELECTROELASTIC BEAM THEORY

In order to construct the theory of electroelastic
beams, one should accept some assumptions
regarding electrical quantities. As in the con-
struction of the theory of piezoelectric plates
and shells [7], the content of accepted hypothe-
ses depends on the electrical conditions on the
surfaces of the piezoelectric layers. For piezoe-
lectric layers, we accept assumptions that were
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substantiated by the asymptotic method electro-
elastic plates and shells [7].

The mechanical quantities of any layer for
which the Kirchhoff hypotheses are valid can be
written as the following linear functions of the
coordinate x,

Uy =Xy, € =8+XK

(ky _ (k) (k) _
0,," =0, 1,0 + X;0, 112 k= '25172

(1)

where ¢ and «xare the components of the tan-
gential and bending deformations of the midline
of the beam, respectively, k is the number of the
layer

2
ou o"w
= K=—7F, U=U,

_a’ ox

£

w==—u| ,  (12)

xy=0*
1

It was shown in the work [7] that the electric
potential is a quadratic function of the thickness
coordinate x;

(32) _ (32) ¢2) |, .2, (+2)
P =Py TXP, T X0,

(13)

We write out the basic formulas for the beam
with open electrodes. On open electrodes, the
electric potential is non-zero. It is constant at
each electrode. This value is determined from
the condition (9).

If the electric potential is set on the electrodes
(8), then formula (13) can be converted to

V(ﬂ)

$h€0(3)
hy J (14)

qo(ﬂ) =3y +(x; Fh )(
(£2)

+(x; Fhy )2 P,

Taking into account formulas (14) and (6), we get

L

By == +(h+h)ps?

3.0 kz 1 2 (] 5)
ESP =-20%"

where
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(X2) _ p(£2) " (£2)
Ey7 =Eyy +x,E5,

(16)

As a result of the simple transformations the
equations of state for the piezoelectric layers
with open electrodes can be rewritten as

2
(#2) _ L8+ 2d, p ) - (h+h, )k, K
1o — " F _h T F—
S 2511 25, (1—k,, )
(2) _ 1
11,1 _ﬁk
su(l1—Fky ")
o = offy + 0
2
£y _ d31 (+2) _ k3,
2T 70w = 5. K (]?)
255 2d,,(1-k,,°)
2 2
E;T:} :_ZV( 2) " (h-'—hl )knz 4
h, 2d,(1-k,")
; k.’
B =-—3A—x
d,(1-k;")
DY = Ty (1~ kyy ) ESD + 421
St
j‘aD” dQ
ot
s : ()
= —j(fii(l—kslz)EE?’ +33L 540 =0
Ha h SILI

We write out the basic formulas for the beam
with short-circuited electrodes taking into ac-
count formulas (7) (¥“* =0) in equations (17)

h+h)k,’
= dor SR
St 251}(1_""751 )
, 1
i =K
su(l_ku ) (19)

E;_"nz) =x(h+h, )(0_:;2}
(+2) 53}; 2 2
D :iF((‘k*‘hl)kﬂ k+2k, &)

31

We apply the notations of beam theory to our
equations. Integrating the stresses in thickness
of the beam, we find the resulting tangential
force 7 and bending moment G
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+h

= Io'“das, G=- Jcr”x dx, (20)

Having integrated the equations of motion and
the equations of state for each layer, we obtain
one-dimensional equations for a three-layer elec-
troelastic beam. As an example, we consider the
damping of harmonic vibrations of a three-layer
beam (all values vary according to the variable
by the law e™, where the variable 7 is the time,
wis the circular frequency of vibrations). In the
future, we will write down all the equations and
boundary conditions with respect to the ampli-
tude values of the unknown quantities.

The equations of the theory of layered electroe-
lastic beams of a symmetric structure have ex-
actly the same form as in the case of elastic
beams. The problem in question, as in the theo-
ry of elasticity, is divided into two problems - a
plane problem and a bending problem.

Note that the electric potential is odd function in
plane problem

=V =y

P

V(Z}

Plane problem for beam with shot-circuited
electrodes (V, =0,)

dr 2
—+ X +2hpou=0, T=Ae, e =—
. P & @D
9] 1 +2 12
G =—7x6¢ B =000 = - (22)
=11 =1
) 2,
XZQ] +q15‘4 2hF+ E ? p_ (p]hl_i_pzhj)

s\II
Plane problem for beam with open-electrodes

£+ X 4+2hpo’u=0

dx,

L
dx,

.

s 1 j=led, iAR

T=Ae+P9, ¢ (23)

~

P(d! 2 h" k;]
1‘

=

o)
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(2) _ 1 e+ Zdjl _ 2

2 i ds,
DY =sn =k, JES, 2)+5

11

(24)

h k?
P :ﬁ 1 _‘:_f; (Hl.r,—f - ul_\_}_u)

We determine the value V¥, by equation (18).

The electric potential is an even function of the
variable x; in bending problem

VO =@y,

- I ]

Bending problem for beam with shot-circuited
electrodes (¥, =0)

il +Z +2hpo*w=0, N = -
dx, dx,
i (25)
G=Mk, k= =
dx;
Z=(q; +95)
2h, “E Z(h3 Sh (h?

M:

h )K 2 _hlz)k;l
3 3511(1 ksl) 4('{?3 _h]j)

e g (et hky”
T e )
o — 1
11(1 kjl)
ECD (h+hl)k,,z .
2d,, -k, ")
2
F;'Z} - _kn P
“31
d.n(l_k.uz)

Dgfon :g; (1 —ky )hw}

(26)

Here N is the shear force

N = —]{ra, Ldx,

h

Bending problem for beam with open-electrodes

129



d—N+Z+2h,0m2w=0, N = dG,
dx, dx,
z. .,
G=Mx+0Q, sz 1;
dx,
Q__hzmm,)z e 27)
2/ Sﬁ(l_k.uz)
(2 ]
dx|._, dx|._,
d, B -h?
=—— 2V
Q Sl;._; hz b
‘ 2d (h+h)k,*
Ous =t—ehF oo nE (28)
2511 25, (1= ky,")
g 2o o (hth)ky”
“30 =

h,  2d,(1-k')

The quantities Z, M, o,7,D\y, ES are de-
termined by formulas (26).

3. DYNAMIC PLANE PROBLEM

We will consider the forced harmonic vibrations
of the beam under the action of a constant dis-
tributed load with the following boundary con-
ditions:

ul_\'}—l] i 0, l‘l.\'l—.l‘ = 0 (29)

For numerical examples, we introduce dimen-
sionless coordinates and dimensionless sought
quantities

Let the beam electrodes be short-circuited.
Submitting the formulas (30) in the equations
(21), we obtain the following system of equa-
tions

130

Nelly N. Rogacheva

dr. +X.+/1fu.=0, =g, & :ﬁ
ds dé
7= 2hpp 1
A

(1)

where A} is the dimensionless frequency pa-

rameter.
The resolving equation is

(32)
Its solution is

. 1
u. =c¢,smi,§+c, cosdé ——X.
A (33)

T. = A4, (¢, cos 4,& —c, sin 4,¢&)

Arbitrary integration constants ¢, and ¢, are
determined from the conditions at the ends of
the beam

U,

=0, T.

L (34)

£=0

Satisfying conditions (34), we get

in A
¢ _sm—lxn

= A, cosA, A (35)
The natural frequencies are determined from the
equation cos4, =0 and they are equal to

1,23

nr+m2, n=0,123, ... (36)

Consider the plane problem for beam with open-
electrodes. The system of equations according
to the sought quantities has the form

&_}_X' +i|2“' — 01 T" =g, + R, £ = d“t
dg dé

oh, K a2 0
P=ru|,, r="2"—, k,=—"%

=) ASIEI l_kszl,
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After solving the problem (37), (34), the follow-
ing desired quantities can be calculated by the
formulas:

. 2d d
=+ iV, P45,
11 11 Sll
— kZ k.fl' — ZVP
V= 2dg 1—-K2, o Har=— h, (38)

(+2) _ T 2y o(42) d.‘]
Dyy =e53(1-kyy )E;, + oE €
1

The solution resolving equation has the form
(33). The force T. is determined by formula

1. =A(c,cosA4, & —c,sm A E)+ P (39)

Arbitrary integration constants ¢, and ¢, are

determined from the conditions at the ends of
the beam (34)

A, sin A, —r(cosd, —1) o - X.

A, COsA, +rsind, ?

(40)

X.
R
The natural frequencies are determined from the
equation

A, cosA, +rsind, =0 (41)

The first natural frequency for different values »
is 1.602 (r=0.05), 1.630 (r=0.1), and 1.689
(r=0.2).

Let a beam with short-circuited electrodes vi-
brates with a frequency close to the first reso-
nant frequency 4, =1.56. In order to reduce the
amplitudes of vibrations of the desired quanti-
ties, we will open the electrodes of the piezoe-
lectric layers. Perform a numerical calculation
using formulas (33), (35), (39), (40). Figs. 2, 3
show the displacement ». and the force 7.as

function of the longitudinal coordinate &. The

dashed line represents the same values for a
beam with short-circuited electrodes. Thick

Volume 15, Issue 2, 2019

(thin) line represents the same values for a beam
with open electrodes at r = 0.05 (r=0.1).

40
. -
30 -
4 /
20 .
- /
10 7
P

0 0,2 0,4 0,6 0.8 1
Figure 2. Distribution of dimensionless

displacement u. along the length of a beam.

60
T. —~
\ L
40 N
N
20 N
— N
0 \
0 05 ¢ 1

Figure 3. Distribution of dimensionless force T.
along the length of a beam.

From the graphs it can be seen that the vibration
amplitudes for a beam with open electrodes are
substantially less than for a beam with short-
circuited electrodes.

4. DYNAMIC BENDING PROBLEM
Consider the case when only constant distribut-
ed load Z.acts on the beam. We assume that the

edge x; =0 rigidly fixed, and the edge x; =/ is
free from fixings

We introduce the dimensionless sought values
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d’*w,
gzijw*:E’K':lK: M;
1 I dé
N.=—N, G.=—¢, (42)
M
r’ /
Z.=—7,Q.=Q—
M Q QM

Let the beam electrodes be short-circuited. Tak-
ing into account the formulas (42), the system of

equations (25) will be rewritten as
(Vb :09 QZO)

dN* +Z* _/’C‘,w. :0) Nt = dG*

dé - d.

) (43)
3 dw,
G, =k, K,=——
dé*

The resolving equation for the bending problem
is written as

4 274
AW g g gho MPOT gy
det v M
The solution of equation (44) is
w, =c¢,chA,& + c,shA,& +c,cosA,&
(45)

+c,sin /?,_,§+%Z.

-

Arbitrary integration constants ¢, and ¢, are

determined from the conditions at the ends of
the beam

dw,

W.EDZO, :0$ G‘:|:0$ N*:lzo
5 ddf - B 5
Find arbitrary integration constants ¢, , c,, ¢,, ¢,
. VA Ze (cc+ss+1)
C,==—C,——L,=— CC + 5§
! ol - 2146
(46)

4
2 "4_2-.4
Aa

(cs + s¢)
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o=cc+1 47

The new notations are introduced in formulas (46)

cc=chi,cosA,, ss=shi,sini, 48)

s¢ = shi, cosi,, ¢s=chi,sin4,

We calculate the natural frequencies of the
beam using the equation (47). The first three
natural frequencies are 1.875, 4.694, 7.855.
Consider the bending problem for beam with
open-electrodes V'® =-y* =y, The system of
equations according to the dimensionless sought
quantities has the form

dN, da,
+Z,—Aw, =0, N.=—
2 e
d’w,
G.=x,+Q., k.= T
dc”
Q’:{dw' , {:_hz(hi‘hl)z "":slz7
a< |, 25y M 11—k,

Satisfying the boundary conditions, we obtain
arbitrary integration constants and the equation
for determining the resonant frequencies

¢, =—C— 2—4 =- 24 (A, (cc + 55 +1)+ 21 cs)
Ay o]
“ 7 ) (49)
C; =—C, = —T(}Lz(cs +sc+1)+2t .s‘.s')
O =, (cc+1)+1(cs +sc) (50)

In formulas (49), (50), the notation (48) is used.
We calculate the natural frequencies of the
beam using the equation (50). The first three
natural frequencies are 1.8891; 4.705; 7.8611
for =005 and 1.9022; 4.7563; 7.8673 for
r=01.

The results of the calculations are presented in
the form of graphs. Figures 4-6 show the de-
pendence of the deflection, the shear force and
the bending moment on the longitudinal coordi-
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nate of the beam in the vicinity of the second
resonant frequency of the beam with short-
circuited electrodes.

) N 0/5 / ¢
1 NG A
h -#
5

Figure 4. The deflection w. as a function of the
coordinate & near the second resonance of the

beam at A, =4.693.

In all figures, the dashed line represents the
quantities of a beam with short-circuited elec-
trodes and the solid line represents the quantities
for a beam with disconnected electrodes.

200 g
N. \

100 N

0 1

A

-100 S

Figure 5. The shear force N, as a function
of the coordinate ¢ near the second resonance
of the beam at A, =4.693 .

G \\
d -/ N

/

-30 /

Figure 6. The moment G, as function
of the coordinate & near the second resonance
at A, =4.693.

The performed -calculations confirm that a
change in the electrical conditions on the elec-
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trodes of the piezoelectric layers makes it possi-
ble to avoid resonance and, as a consequence,
an increase in the amplitude values of the de-
sired values.

CONCLUSION

A study was carried out on the new method of
vibration damping of a structure at resonance
using the example of a multi-layer beam. Ana-
lytical solutions of the problem of beam passive
vibration suppression are obtained. Numerical
calculations were performed confirming the ef-
fectiveness of using the piezoelectric effect for
passive vibration control. It is shown that forc-
ers, moments, displacements and deformations
of beam in the vicinity of the natural frequency
can be significantly reduced by as a result of
changes in the electrical conditions on the sur-
faces of the piezoelectric layers.
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