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Abstract: Filtration of the suspension in a porous medium is important when strengthening the soil and creating
watertight partitions for the construction of tunnels and underground structures. A model of deep bed filtration
with variable porosity and fractional flow, and a size-exclusion mechanism of particle retention are considered.
A global asymptotic solution is constructed in the entire domain in which the filtering process takes place. The

obtained asymptotics is close to the numerical solution.
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AHHOTanusi: 3a71a4 QUIBTPALMN CYCIICH3MU B TIOPUCTON cpelie BayKHBI IIPU YKPEIUICHWH TPYHTA U CO3/IaHUU BO-
JIOHETIPOHMIIAEMBIX TIEPErOPOJIOK U CTPOUTENILCTBA TyHHENIEH M TOJ3EMHBIX COOpYyXeHuH. PaccmMaTpuBaeTcs Mo-
JIeTb JTOJATOBPEMEHHON TIIyOMHHOHM (ribTpaluy ¢ mepeMeHHON MOPUCTOCTBIO M JOCTYITHBIM MOTOKOM, M pasMep-
HBIM MEXaHU3MOM 3a/iepxaHust yactul. CTpouTcs riodalbHOe aCHMIITOTHYECKOE PEeIIeHne BO BCEH 001acTH, B KO-
TOPOH MPOUCXOANT Iporiece GpuabTpauy. HalineHHas acHMITOTHKA BCIOLy OJIM3Ka K YHCIIEHHOMY PEIICHUIO.
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1. INTRODUCTION

Construction of tunnels and underground struc-
tures construction requires strengthening the soil
and creation of watertight partitions protecting
the structures from ground and flood waters.
When pumping a liquefied solution of concrete
into a porous soil, the grout penetrates into the
pores and is filtered by porous rock. After dry-
ing and hardening of grout, the soil becomes
durable and waterproof [1, 2].

When filtering the suspension in a porous medi-
um, part of the solid particles is transferred from
the inlet to the outlet of a porous sample, and
some particles get stuck in the pores and form a

deposit. Particles retention is influenced by dif-
ferent forces depending on the chemical and
physical composition of the porous medium and
suspension. There are many different filtration
models with various mechanisms for the
transport and deposition of particles [3-5]. If the
size distribution of particles and pores overlap,
then the main reason for particle retention be-
comes size-exclusion: solid suspended particles
freely pass through large pores and get stuck at
the inlet of small pores [6].

The classical mathematical model of deep bed
filtration includes the mass balance equation for
suspended and retained particles and the kinetic
equation for deposit growth [7]. With a relative-
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ly small number of solid particles in suspension,
deposit growth is proportional to the first degree
of suspended particles concentration. In the
general case the proportionality coefficient be-
tween the growth rate of the deposit and the
suspended concentration depends nonlinearly on
the retained particles concentration and is called
the filtration coefficient. The exact solution of
this problem was obtained in [8].

More complex filtration models suggest that the
porosity and the fractional flow are not constant,
but depend on retained particles concentration
[9]. For a complicated system of equations, lo-
cal asymptotic solutions were obtained near the
porous medium inlet, on the concentrations
front, and for large time [10-12]. However, it is
not possible to construct a global asymptotics on
the basis of these solutions, since the applicabil-
ity domains of local asymptotics do not cover
the entire zone in which the system of equations
is considered.

In this paper, a new method for constructing a
global asymptotic solution has been developed.
On its basis, the global asymptotics of the deep
bed filtration problem of a monodisperse sus-
pension in a homogeneous porous medium is
obtained. Coordinate transformation leads to a
variable that is small in the entire filtration zone.
The global asymptotic solution is constructed as
a series in powers of the new variable. The as-
ymptotics is compared with the numerical solu-
tion obtained by the finite difference method
[13-15]. The calculations show that the asymp-
totic and numerical solutions are close in the
entire filtration zone.

2. MATHEMATICAL MODEL

A one-dimensional model of deep bed filtration
of suspensions and colloids in a porous medium
with variable porosity and fractional flow in the
domain Q={0<x<1, t>0} is determined by a
quasilinear hyperbolic system of two first-order
equations
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Here g(S), f(S) are smooth positive functions
for S>0; the blocking filtration coefficient
A(S) is positive for 0<S<S__ and turns to

zero for S=S_,; unknown functions

C(x,t); S(x,t) are concentrations of suspended
and retained particles.

The unique solution to the system (1), (2) is de-
termined by the initial and boundary conditions

C|x:0 =1 (3)
C|t:o =0; S|t:0 =0. (4)

Condition (3) means that a suspension of con-
stant concentration is injected at the inlet of the
porous medium; condition (4) corresponds to
the absence of suspended and retained particles
in the porous medium at the initial moment.

The concentrations front of suspended and re-
tained particles moves in a porous medium from
the inlet to the outlet at a constant velocity
v=f(0)/g(0) and is determined by formula
t=ax, a=g(0)/ 1(0).

Before the front in  the  domain
Q, ={0<x<1 0<t<ax}, the porous medium
is empty, and the problem has a zero solution.
Behind the concentration front in the domain
Q, ={0<x<Lt=ax}, the porous medium
contains suspended and retained particles, and
the solution is positive. Since conditions (3) and
(4) are not consistent at the origin, the solution
C(x,t) is discontinuous on the concentration

front; the solution S(x,t) is continuous in the
domain Q and vanishes on the front

S|t=0[X =0. 5)
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In the domain Qg , the solution of the original

problem (1) - (4) coincides with the solution of
problem (1) - (3), (5).
For constant coefficients g=g,, f =1, of

equation (1) and linear blocking filtration coef-
ficient (Langmuir coefficient)

A(S)=a-bS; a>0,b>0, (6)

the simplified problem (1) - (3), (5) in the do-
main €4 has an exact solution

gb(t-ax)

b(t-ax) +eax/f0 _1’

C(x,t)= -
a gblt-ax) _q (7)
S(x,t)=—- blt—ax) | ~ax/f :
b e +e™h —1

In the general case, the exact solution of prob-
lem (1) - (3), (5) cannot be written down by ex-
plicit formulas [16]; therefore, asymptotics are
constructed.

In characteristic variables 7 =t—ax, y=X, the
concentration front is given by the equation
7=0. In the half-strip Q'={0<y<1, >0},
problem (1) - (3), (5). takes the form

o((99)-at($)C) a(f(S)C) a5 . o
or oy or
B _AG)C: 9
or

c|y:0 =1 3|,:o =0. (10)

b(l—T)eS(G(S)—aF(S))Z—$+a(1—z)(1+gSFf—(S)ja—C+

+[g(se(3) —aSF(S)) A(S)C +£(SF(S)) f3(1— z)%H\(S)jC =0;

0S
b1-T)—
( )8T

C|Z:O :l; S|T:0 :O

(a—bS+&S?A(S))C

Near the concentration front, the local asymptot-
ic solution of the problem (8) - (10) is con-
structed using the small parameter t.

3. ASYMPTOTIC SOLUTION

A change of variables in the system (8) - (10)

z=1-e¥'"; T=1-¢" (11)
allows to use z as a small parameter, because for
(y,7) €)' the variables z, T belong to the do-

main Q"={0<z<1-e¥" <1, 0<T <1}.

In the new variables, the solution (7) of the sim-
plified problem takes the form

1-z a 1-2)T1
Cen =i Se-p

(12)

Assume that the coefficients of equation (8) are
almost constant, and the filtration coefficient
differs little from a linear function:

9(S) =g, +&SG(S);
f(S) = f, +&SF(S);
A(S) =a—bS +&S2A(S)

(13)

Here £ >0 is a small parameter.
In the domain Q" the problem (8)-(10) takes
the form

0z

0

(14)

(15)
(16)

A solution of equations (8)-(10) is obtained in the form of a double series in powers of &, z:
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The coefficients c,

From conditions (16): ¢, =0; s;|  =0.
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Cle,2,T)=14> ¢, (T)e'?! [ jl=1+1z(Cy, +£Cpy +£7C,y +..) +
ic0 1 ' ' ’
, 17)

z 2 .
+?(C°'2 +EC, +&°Cy, o)+

S(6,2,T)=D.>5 ()2 1 j1=(Sy0 +ESp+E°S,0+..) +
i20 j0 ' ' ’ (18)

ZZ
2 2
+2(Sy, + €Sy, +&°S,, +...)+?(SQ2 +ES,+E°S,, +..)+...

s,; depend only on T. Substituting the expansions (17), (18) into equa-
tions (14), (15) and equating the terms with the
same degrees of ¢, z, implies a recurrent system
of differential and algebraic equations

i

e°2° 1 b(1-T)s;, =(a—bsy)-1;

e°2°: acy, +(a—bs,,)-1=0;

£°7": b(1-T)s;, =—bs, -1+ (a—bsy)c, ;

71 ac,, —ac,, —bs,, -1+ (a—bs,,)c,, =0;

£'2°: b(L-T)s;, =(—bs,, +55,4(S55) )- 1+ (a—bs, ) -0;

g7’ ac, +a

+(SF(S))

£'7°:b(L-T)s], = -bs,, +(SA(S))

SO,O F (SO,O)

Cos +(SG(S)—aSF(S))|  -(a—bs,,)-1+

0 S=sp0

a
o1 (b3, + 550 A(S5,0) ) -1+ (@ —bs, ) -0 =0;

S=s00 '0

’ S0,1 - bsl,oco,1 + (a - bso,o )01,1 + Sg,oﬂ(so,o)co,l :

S=S00

Solving equations sequentially, the coefficients 4. NUMERICAL CALCULATION
of expansions (17), (18) are obtained

The calculations were performed for the

a.. B ) ! ) coefficients calculated in the laboratory of the

S0 =5 Tr Con=T =L Sou = T(T—D); University of Adelaide (Australia) in the study

c,, = 2T(T —1); of deep bed filtration of a monodisperse suspen-
02 = e

Since the parameters ¢, z are small in the entire

sion with particles of radius r=2.179 um in a
homogeneous porous medium [10]

domain Q", the expansions (17), (18) determine
the global asymptotic solution of problem (14) -
(16) in the domain Q" .
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g(S)=0.9743-8.88-10 ™5 +1.27-101S2 —1.24.10°S*;
f(S)=0.9947 +6.27-10°S ~2.9-10°S? +6.21.10°S?; 19)
A(S)=0.51-5.956-10°5 +2.29-10°5% +1.35.10°°S°.
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In expansions (17), (18) of the nonlinear prob- solution (7) of the simplified problem with a
lem (14) - (16), terms were calculated up to g*  linear filtration coefficient. _
and z°. The asymptotics was compared with a  Figures 1-5 show graphs of global asymptotics
numerical calculation performed by the finite (ed line), numerical solution (blue line), and
difference method. The equations (1), (2) was €xact solution (7) (green line). Full graph imag-
approximated by an original second-order ©S are in the center of Fig. 1-4; the_lr enlarged
scheme using the trapezium method [17]. The fragments are shown on the left and right.
obtained solution was compared with the exact

Figure 1. Graphs of suspended particles concentration C(1,t) at the porous medium outlet.

Figure 2. Graphs of retained particles concentration SL1) at the porous medium outlet.
\
\
\
\

Figure 3. Graphs of suspended particles concentration C(x,100) at the fixed moment £ =100

Figure 4. Graphs of retained particles concentration S(x,100) at the fixed moment £ =100
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Figure 5. Graphs of suspended and retained particles concentration at the fixed moment t =800.

Graphs of global asymptotics and numerical so-
lutions are close to each other, the discrepancy
increases with increasing coordinate x. The
greatest deviation is observed at the outlet x=1
at time t=200: 1,6% for C and 1,1% for S. The
graphs of the exact solution (7) for the linear
case are further away from the numerical solu-
tion than the asymptotic graphs.

5. CONCLUSION

A mathematical model of deep bed filtration
with variable porosity and fractional flow does
not have an exact solution in explicit form. As-
ymptotic and numerical methods are used to ob-
tain the solution.

The global asymptotics approximates well the
solution in the entire domain in which the sus-
pension or colloid is filtered. Deviation increas-
es with time.

The exact solution (7) of the simplified problem
is not suitable for approximating the solution of
a complex system.

The global asymptotics extends the possibilities
of solving the inverse filtration problem — de-
termining the coefficients (19) of system (1) -
(4) from a known suspended particles concen-
tration at the porous medium outlet

[18-20].

The obtained asymptotic solutions can be used
to fine-tune laboratory experiments [21], which
significantly reduces the amount and cost of re-
search.
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