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AIMS AND SCOPE 
 

The aim of the Journal is to advance the research and practice in structural engineering 
through the application of computational methods. The Journal will publish original papers and 
educational articles of general value to the field that will bridge the gap between high-performance 
construction materials, large-scale engineering systems and advanced methods of analysis. 

The scope of the Journal includes papers on computer methods in the areas of structural 
engineering, civil engineering materials and problems concerned with multiple physical processes 
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use 
to researches and practitioners in academic, governmental and industrial communities. 
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ОБЩАЯ ИНФОРМАЦИЯ О ЖУРНАЛЕ 

International Journal for Computational Civil and Structural Engineering 
(Международный журнал по расчету гражданских и строительных конструкций) 

 

Международный научный журнал “International Journal for Computational Civil 
and Structural Engineering (Международный журнал по расчету гражданских и строитель-
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ния напряженно-деформированного (и иного) состояния, прочности, устойчивости, надежности 
и безопасности ответственных объектов гражданского и промышленного строительства, энер-
гетики, машиностроения, транспорта, биотехнологий и других высокотехнологичных отраслей. 

В редакционный совет журнала входят известные российские и зарубежные деятели 
науки и техники (в том числе академики, члены-корреспонденты, иностранные члены, по-
четные члены и советники Российской академии архитектуры и строительных наук). Основ-
ной критерий отбора статей для публикации в журнале − их высокий научный уровень, соот-
ветствие которому определяется в ходе высококвалифицированного рецензирования и объ-
ективной экспертизы, поступающих в редакцию материалов. 

Журнал входит в Перечень ВАК РФ ведущих рецензируемых научных изданий, в кото-
рых должны быть опубликованы основные научные результаты диссертаций на соискание 
ученой степени кандидата наук, на соискание ученой степени доктора наук по научным спе-
циальностям и соответствующим им отраслям науки:  

 01.02.04 – Механика деформируемого твердого тела (технические науки), 
 05.13.18 – Математическое моделирование численные методы и комплексы про-

грамм (технические науки), 
 05.23.01 – Строительные конструкции, здания и сооружения (технические науки), 
 05.23.02 – Основания и фундаменты, подземные сооружения (технические науки), 
 05.23.05 – Строительные материалы и изделия (технические науки), 
 05.23.07 – Гидротехническое строительство (технические науки), 
 05.23.17 – Строительная механика (технические науки). 
В Российской Федерации журнал индексируется Российским индексом научного ци-

тирования (РИНЦ).  
Журнал входит в базу данных Russian Science Citation Index (RSCI), полностью инте-
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NUMERICAL SIMULATION OF LAMB WAVE PROPOGATION 
IN ISOTROPIC LAYER  

 
Anna V. Avershyeva 1, 3, Sergey V. Kuznetsov 1, 2 

1 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
2 Institute for Problems in Mechanics, Russian Academy of Sciences, Moscow, RUSSIA 

3 S.P. Korolev Rocket and Space Public Corporation Energia (RSC Energia), Korolev, RUSSIA 
 

Abstract: Propagation of Lamb waves in an elastic isotropic layer is studied by analytical and numerical 
methods. The influence of numerical simulation parameters on the solution stability is analyzed. The results of 
the finite element modeling and the analytical solution are compared. 
 

Keywords: Numerical simulation, finite element model, Lamb waves, isotropic layer, polarization 
 
 

ЧИСЛЕННОЕ МОДЕЛИРОВАНИЕ РАСПРОСТРАНЕНИЯ 
ВОЛН ЛЭМБА В ИЗОТРОПНОМ СЛОЕ 

 
А.В. Авершьева 1, 3, С.В. Кузнецов 1, 2 

1 Национальный исследовательский Московский государственный строительный университет, 
г. Москва, РОССИЯ 
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3 Ракетно-космическая корпорация «Энергия» имени С.П. Королёва (РКК «Энергия»),  

г. Королев, РОССИЯ 
 

Аннотация: С помощью численных методов исследуется распространение волн Лэмба в упругом 
изотропном слое. Исследуется влияние параметров численного моделирования на устойчивость решения. 
Сравниваются результаты конечно-элементного моделирования и аналитического решения. 
 

Ключевые слова: численное моделирование, конечно-элементная модель, волны Лэмба,  
изотропный слой, поляризация 

 
 
1. INTRODUCTION 
 
Acoustic methods are widely used in the NDT 
for determining the physical and mechanical 
properties of materials in aerospace, civil and 
echanical engineering, and geophysics, to en-
sure safety, reliability, and precision. These 
methods allow constructing the dispersion rela-
tions that connect the phase velocity of the wave 
with frequency.  
The first theoretical studies described by Ray-
leigh in [1-4], by Lamb in [5-7]. Later on, theo-
retical and experimental studies are described in 
[8-21]. 
Lamb waves are particular interest. They have 
an elliptical polarization in the sagittal plane and 

can penetrate on all thickness of the layer. The 
three-dimensional formalism [22] and six-
dimensional formalisms [13, 23-26] were de-
veloped for analysing Lamb waves propagating 
in anisotropic plates. Experimental studies of 
Lamb waves propagation are very expensive 
and it requires the participation of high quality 
experts. Available theoretical methods for anal-
ysis the propagation of Lamb waves in the me-
dia are limited. Solution to the problem of Lamb 
waves propagation with using finite-element 
modeling is necessary to study. 
The finite element method (FEM) used in the 
algorithms of numerical complexes, such as 
ABAQUS, ANSYS, NASTRAN and it used in 
various branches of science and technology. 

DOI:10.22337/2587-9618-2019-15-2-14-23
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Figure 1. Schematic representation of the problem. 

 
The main ideas of the FEM are given in [27]. 
FEM in problems of solid mechanics is de-
scribed in [28, 29]. 
The use of various finite element complexes for 
solution problems of Lamb waves propagation 
will facilitate experimental diagnostics and pro-
cessing of results. A comparison of the experi-
mental dispersion relations with those found nu-
merically will make to determine the properties of 
any layer. Of course, numerical modeling cannot 
replace experimental studies, but it can to help 
them. FEM integration in experimental diagnos-
tics is an actual scientific technical problem. 
Also the problem of Lamb waves polarization is 
interest since it was not studied in detail before. 
The basic concepts of harmonic waves polariza-
tion are discussed in [30]. The results of  analyt-
ical studies of surface waves polarization are 
given in [31]. In [32] the elastic waves polariza-
tion in the layer-elastic half-space system were 
considered. In this paper, we study the Lamb 
waves polarization in a layer by the finite ele-
ment method. 
 
 
2. FORMULATION OF THE PROBLEM 
 
The isotropic elastic layer thickness in this study 
is 2h  with boundaries hx  (Figure 1). Har-
monic in time concentrate force is applied to the 

layer, as a results  longitudinal and transverse 
waves radiate out from the point of load appli-
cation. Displacements in the x -direction corre-
spond to longitudinal waves with velocity pc  , 
and the displacements in the y -direction corre-
spond to vertical shear waves with velocity sc . 
Movements in the z -direction is not included. 
Finite element modeling and subsequent calcu-
lation has been conducted in finite element 
complex Abaqus®.  
Analytical and finite element calculations were 
performed at density 1  , 1pc  , 1h  cu, 
when the Poisson ratio ranges from 0 to 0.5, 
where cu is conventional unit (here in after it is 
assumed that all physical quantities are dimen-
sionless). 
The finite element model consists of rectangular 
4-node linear elements. Results were obtained 
for 5 observation points  (p.1, p.2, ..., p.5) locat-
ed at intervals of 10 cu. 
 
 
3. MESH CONVERGENCE 
 
Finite element modeling of Lamb waves propa-
gation has certain difficulties associated with 
the stability of difference schemes. So it is a 
very small amount of work on finite-element 
modeling of Lamb wave propagation in lay-



Anna V. Avershyeva, Sergey V. Kuznetsov 

International Journal for Computational Civil and Structural Engineering 16 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 
 

er.Finite-element programs use one of two dif-
ference schemes: explicit  
 

),(1 txFtxx iii  , (3.1) 
 
or implicit 
 

),( 11 txFtxx iii   , (3.2) 
 
where x is unknown variable value, t  is time 
step, i is integration step number l. 
Explicit finite difference schemes used in this 
study, this scheme allows to analyze all the 
main effects that occur during the propagation 
of acoustic waves. For this purpose the module 
Abaqus/Explicit is used in Abaqus®. To obtain 
a stable solution we used an approximate meth-
od, known as the Courant Criterion [33]. 
For this criterion time step must satisfy the con-
dition 
 

pcxt /min , (3.3) 
 
where t  is the time step, x  is the smallest 
element dimension, pc  is longitudinal wave ve-
locity. 
The magnitude of the amplitude of the impact 

0P  is important. For the condition of small de-
formations it is necessary that the value 0P satis-
fies the condition  
 

xEP  4
0 101 , (3.4) 

 
where E – dimensionless modulus of elasticity. 
The study of the influence of 0P  and FEM ele-
ment dimension Δx on the accuracy of the solu-
tion was carried out for two values of the di-
mensionless circular frequency: 
 

397657.0  and 5016813.1 . 
 
Poisson's ratio of the layer was taken to be 

35.0 .  
Results were obtained for 2 observation points 
spaced 10 cu and 20 cu from the point of load 

application. The element dimension ranges from 
0.005 to 0.5. Results for  
 

xEP  3
0 101 , 397657.0  

 
are shown in the Figures 2-a and 2-b. Results 
for  
 

xEP  4
0 101 , 397657.0  

 
are shown in the Figures 2-c and 2-d. 
From the Figure 2 follows that when 
 

397657.0  
 
accurate solution is achieved when 05.0x . 
In Figure 3 results are shown for the following 
cases:  
 

xEP  3
0 101 , 

 xExEP   43
0 101;101 ,

xEP  4
0 101 . 

 
When 05.0x  there are  
 

5
0 101154.3 P , 

 65
0 101154.3;101154.3  P , 

6
0 101154.3 P . 

 
When 01.0x  there are  
 

6
0 1023.6 P , 

 76
0 1023.6;1023.6  P ,  

7
0 1023.6 P . 

 
Results for  
 

xEP  3
0 101 , 5016813.1   

 
are shown in the Figure 3-a.  
Calculation results with  
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Figure 2. Displacement on the free surface when 397657.0  when the element dimension ranges 
from 0.005 to 0.5 a) p.1 when xEP  3

0 101 , b) p.2 when xEP  3
0 101 ,  

c) p.1 when xEP  4
0 101 , d) p.2 when xEP  4

0 101 .
 

 
Figure 3. Displacement on the free surface for p.1 when a) 05.0x , b) 01.0x . 

 
xEP  4

0 101 , 5016813.1  
 
are shown in the Figure 3-b. 
From the Figure 4 follows that when

5016813,1   accurate solution is achieved 

when 01.0x . In Figure 5 results are shown 
for the following cases:  
 

xEP  3
0 101 , 

 xExEP   43
0 101;101 , 
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Figure 4. Displacement on the free surface when 5016813.1  when the element dimension  

ranges from 0.005 to 0.5 a) xEP  3
0 101 , b) xEP  4

0 101 . 
 

 
Figure 5. Displacement on the free surface for p.1 when a) 05.0x , b) 01.0x .

xEP  4
0 101 . 

 
When 05.0x  there are  
 

5
0 101154.3 P ,  

 65
0 101154.3;101154.3  P ,  

6
0 101154.3 P . 

 
When 01.0x  there are  
 

6
0 1023.6 P , 

 76
0 1023.6;1023.6  P , 

7
0 1023.6 P . 

 
It follows from the Figures 3 and 5 that ampli-
tudes 0P  does not have a significant impact on 

the accuracy and stability of the solution.It  
means that in the investigated range of changes 
in external influences, the wave fields are de-
scribed  by linear equations, and the influence of 
geometrically nonlinear distortions can be ne-
glected. 
The dependence of the calculation time on ele-
ment dimension is given in Table 4.1. 
 

Table 4.1. Dependence of the calculation time 
on element dimension. 

Element dimension 
x , cm 

Calculation time,  
T, h. 

0.005 4.4500 
0.01 0.5200 
0.05 0.0120 
0.100 0.0100 
0.250 0.0097 
0.500 0.0070 
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Figure 6. Comparative analysis of analytical (  ) and numerical (  ) solutions. 

 
Thus, the optimal size of the element for this 
study is the size 01.0x . It should be noted 
that for calculations with 0  it is permissible 
to apply the size of the element 05.0x . This 
will not affect the accuracy of the solution, but it 
will significantly reduce the calculation time. 
When the Poisson ratio ranges from 0 to 0.5 
comparative analysis of analytical and numeri-
cal solutions shown in Figure 6. 
Also we studied the effect of element dimension 
on the Lamb waves polarization. The stability of 
the difference scheme was also achieved by ful-
filling the Courant criterion. (3.3). 
Study of the influence of the size of element 
dimension x  on the accuracy of calculations 
and the stability of the difference scheme re-
vealed that with the variation x  in the interval 
 0.005;0.1  item size effect x  on the accuracy 
of the solution is observed only at frequencies 

0.1   and 0.3  . When comparing results 
for 0.005x  , 0.5x   and 1x   item size 
effect x  on the accuracy of the solution is ob-

served only at frequencie 0.1   (Figure 7). 
For this case time, the speed of the solution de-
creases significantly. 
 
 
 5. CONCLUSIONS 

 
It was first proposed the method of generating 
of surface waves using the FEM program com-
plex. For the first time, a comparative analysis 
of the Lamb waves fundamental symmetric 
mode obtained by analytical methods and the 
finite element method. It was found stable finite 
element solution in the vicinity of the second 
limiting velocities. 
Abaqus showed good results for solving prob-
lems of propagation of surface waves. We also 
to determine the range of problems in calcula-
tions by the FEM, the solution of which allowed 
us to minimize the errors caused by:  
 the choice of the magnitude of the impact; 
 selection of the frequency range; 
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Figure 7. Investigation of mesh convergence forelement dimentions  0.005;1x  . 
 
 optimizing the time step using the finite ele-

ment dimension. 
The results of these studies are necessary for the 
application of acoustic non-destructive methods 
for diagnosing plate elements of building struc-
tures using Lamb waves. 
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ESTIMATION OF PEDESTRIAN COMFORT ON THE BASIS  
OF NUMERICAL MODELING OF WIND AERODYNAMICS  

OF BUILDINGS IN THE ENVIRONMENTAL DEVELOPMENT 
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Abstract: The distinctive paper is devoted to the methodology of pedestrian comfort estimation in the nearby ar-
ea of the object under construction. A verification example of the wind flow simulation around and through a po-
rous object is considered in order to select correct permeability parameters of the computational model of green 
spaces. The methodology of pedestrian comfort estimation is tested on the example of a real residential complex 
in Moscow. The results of the numerical simulation of velocity fields are used to calculate the criteria for pedes-
trian comfort specified in MDS 20-1.2006. Numerical results are obtained and compared for two study cases - 
without and with green spaces (bushes),to assess their impact on pedestrian comfort and the possibility of its ad-
justment. 

 
Keywords: numerical simulation, computational fluid dynamics (CFD), pedestrian comfort, porous body,  

wind chill effect 
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Аннотация: Настоящая статья посвящена методике оценки пешеходной комфортности в близлежащей 
территории строящегося объекта. Рассматривается верификационный пример расчета ветрового потока в 
воздушной среде с пористым объектом для подбора параметров проницаемости расчетной модели зеле-
ных насаждений. Методика оценки пешеходной комфортности апробируется на примере реального жи-
лого комплекса в г. Москва. Результаты численного моделирования ветровых потоков используются для 
вычисления критериев пешеходной комфортности, указанных в МДС20-1.2006. Численные результаты 
получены и сопоставлены для двух расчетных случаев – без и с зелеными насаждениями (кустарниками), 
с целью проведения оценки их влияния на пешеходную комфортность и возможность ее корректировки.  
 

Ключевые слова: численное моделирование, вычислительная гидродинамика и газодинамика (CFD), 
пешеходная комфортность, пористое тело, ветровое охлаждение   
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INTRODUCTION 
 
Recently, due to significant growth and compac-
tion of urban buildings in the regions of Russia 
due to the erection of buildings and complexes 
of various architectural forms and original de-
sign solutions, one of the most important factor 
to consider during construction of buildings and 
structures is the type of wind conditions at the 
construction site. Wind loads and impacts in ur-
ban areas are formed taking into account veloci-
ty and temperature fields inside and above urban 
areas due to a wide range of atmospheric pro-
cesses, which in turn are modified to take into 
account the topography and configuration of the 
land surface of the area [1]. The impact of veloc-
ity in urban areas can lead to a negative change 
in the microclimatic conditions of the air envi-
ronment, and can also be a source of unfavorable 
situations [1-5]. The lack of a culture and resi-
dential practices in designing the wind patterns 
of residential areas, taking into account the exist-
ing and future development, has already led to 
the emergence of neighborhoods where the ve-
locity does not decrease, as is usually the case in 
a city, but increases by 20% or more at the end 
gaps between the buildings, there is a strong nar-
rowing of the air flow, and as a result velocity 
acceleration zones and/or high turbulence zones 
are formed, which creates uncomfortable condi-
tions for pedestrians [6]. Wind speeds provided 
by meteorological stations may differ signifi-
cantly from the wind conditions on the ground 
due to the influence of local urban development, 
unique in its kind for each district of the city. 
Modeling of aerodynamic conditions (using nu-
merical and /or experimental methods) allows to 
analyze the occurrence of adverse situations in 
pedestrian areas, considering the specificity of 
the landscape and the surrounding buildings, and 
propose measures to eliminate them or reduce 
their negative impact. 
The aim of this paper is to perform an approba-
tion of the methodology for assessing pedestrian 
comfort with correct consideration of green 
spaces using the example of a real construction 
object, and to determine the design parameters, 

such as required number of wind angles of at-
tack. As an expected result of an assessment, 
recommendations on green spaces arrangement 
that provides pedestrian comfort improvement 
should be formulated. 
 
 
1. NORMATIVE AND ANALYTICAL  

APPROACH TO ASSESS PEDESTRIAN 
COMFORT 

 
According to SP 20.13330.2016 [7], when de-
veloping architectural and planning solutions for 
urban neighborhoods, as well as when planning 
the construction of buildings inside existing ur-
ban neighborhoods, it is recommended to assess 
the comfort in pedestrian areas in accordance 
with the requirements of the standards or tech-
nical conditions. However, any criteria for pe-
destrian comfort in [7] are not formulated. Such 
criteria are described only in MDS 20-1.2006 
[8], according to which the comfort condition 
for pedestrian areas is as (eq. 1):  
 

∀𝑉 < 𝑉𝑐𝑟 ∶ 𝑇𝑐(𝑉𝑐𝑟) < 𝑇𝑙𝑖𝑚 (1) 
 
where V is the velocity in a gust at the level of 
1.5 meters; Tc is the duration of the appearance 
of velocity V, more than a certain critical value 
Vcr; Tlim is Tc limit value. 
The Vcr and Tlim values for the three established 
comfort levels are listed in table 1. 
Usually, when assessing the comfort in pedes-
trian zones with velocity V at a characteristic 
height of zc=1.5 meters, the frequency of its oc-
currence Tc is determined by the relations (eq. 
2): 
 

𝑇𝑐 = ∆𝑇𝑚𝑃(𝑉 > 𝑉𝑐𝑟) (2) 
 
where ΔTm is the interval of measuring velocity 
Vm at meteorological stations (usually ΔTm = 3 
hours); P(V>Vcr) is the probability that the ve-
locity exceeds the critical value Vcr. 
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Table 1. Critical velocity Vcr (m/s) and  
the maximum duration Tlim (hour /year) of their 

appearance. 
 

Comfort level I II III 
Vc, m/s 6 12 20 
Tlim, hour/year 1000 50 5 
 
 
2 METHODOLOGY OF PEDESTRIAN  
COMFORT LEVEL ESTIMATION  
WITH APPLICATION  
OF NUMERICAL METHODS 
 
2.1. Basics of the methodology. 
In [6, 9], the following method for pedestrian 
comfort estimation based on numerical model-
ing of the aerodynamics of buildings in the sur-
rounding buildings is presented. After calcula-
tions performed for all wind directions, the re-
sults are processed using a special computer 
module. The values of the wind gusts at the 
characteristic monitoring points of the urban 
area are summed with the weight coefficients 
corresponding to the frequency of occurrence of 
the wind impact of a given direction and a given 
speed range. 1.5 m is taken as the estimated 
height. 
After numerical modeling for all wind direc-
tions (usually j = 1, ..., 24), the «discomfort time 
of level l» Kcrl (l = 1,2,3) for a representative set 
of points of pedestrian zones is determined by 
the relations (eq. 3): 
 

𝐾𝑐𝑟 = ∑𝑆𝑖𝑗𝑇𝑖𝑗, 
𝑉𝑖𝑗 = 𝑉𝑖/𝑉10(1 + 𝜃 ∙ 𝐼) 

(3) 

 
where Vi, i=1,2,3 is the velocity in the table of 
weather data ("wind rose"); Tij is the duration 
(according to meteorological data, hours per 
year) of wind influence of direction j and mean 
velocity Vi; Vj is the mean wind speed at this 
point according to the calculation for direction j 
at speed V10 at a height of 10 m; Vijis the maxi-
mum velocity at the point in the gusts at the 
wind velocity Vi; θ is the assurance coeffi-
cient(usually in the range from 1 to 3); Sij is an 

indicator (0 or 1) that shows the local wind 
speed exceedance of the critical value Vcrl for a 
given comfort level lat the point Vij; 
I=(ρTKE/abs(P)/3)1/2 is the turbulence intensity  
(standard of velocity pulsations); Р = ρV2/2 is 
the mean pressure; TKE=3/2(IV)2 is the turbu-
lence kinetic energy. 
The wind rose is received according to the 
weather data. To assess the distribution of wind 
speeds inside the rumba, in practice, as a rule, 
the Weibull distribution is used [9-12]. 
Estimation of the standard deviation of the pul-
sation velocity component is based on the 
steady state simulation results using calculated 
values of turbulence kinetic energy TKE and 
considering the θ = 2 (eq. 4): 
 

𝜎 = √
4

3
𝑇𝐾𝐸 (4) 

 
2.2. Wind chill effect. 
In the winter season, due to the cold wind cur-
rents and wind gusts, the human body may ex-
perience wind chilling, as a result of which the 
temperature feels completely different than it 
actually is. Scientists and medical experts of the 
Joint Action Group on Temperature Indices [13] 
implemented an index of wind chill. The result-
ing model can be approximately, with an accu-
racy of one degree, formulated as  
equation 5: 
 
𝑇𝑤𝑐 = 13.12 + 0.6215 ∙ 𝑇𝑎 − 11.37 ∙ 𝑉

+0.16

+ 0.3965 ∙ 𝑇𝑎 ∙ 𝑉
+0.16 (5) 

 
where Twc is the wind chill index, Ta is the air 
temperature in Celsius, V is the velocity in km/h. 
 
2.3. Features of green spaces modeling. 
Modeling of the decorative green spaces, both 
in wind tunnels and numerically, is a very diffi-
cult task. This is due, primarily, to the com-
plexity of their form. 
When conducting experiments in wind tunnels, 
trees are modeled simply, or toy models are 
used [14]. 
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In numerical modeling, it is possible to create a 
realistic tree model up to the modeling of leaf 
geometry, but this approach is incredibly re-
source-demanding and time consuming. It is also 
possible to set a tree area in a simplified way - as 

a porous body, and when solving the Navier-
Stokes equations, an additional term is added to 
the equations of motion that characterizes the 
loss of momentum when air passes through the 
porous region (eq. 6): 

 

 

{
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(6) 

 
where μ is the coefficient of dynamic viscosity; 
loss of momentum through the isotropic porous 
region can be formulated based on permeability 
and loss coefficients (eq. 7), 
 

{
 
 

 
 𝑆𝑀,𝑥 = −𝐾𝑙𝑜𝑠𝑠

𝜌

2
𝑢√𝑢2 + 𝑣2 + 𝑤2

𝑆𝑀,𝑦 = −𝐾𝑙𝑜𝑠𝑠
𝜌

2
𝑣√𝑢2 + 𝑣2 + 𝑤2

𝑆𝑀,𝑧 = −𝐾𝑙𝑜𝑠𝑠
𝜌

2
𝑤√𝑢2 + 𝑣2 + 𝑤2

 (7) 

 
Kloss is the loss factor associated with inertial 
losses (m-1). 
The model of porosity allows taking into ac-
count the Darcy Model [15, 16], which is the 
continuity equation for flows in porous regions 
and is characterized by such a parameter as the 
volume porosity γ. 
The volume porosity is the ratio of the volume 
V' of space in the final volume through which 
air can flow, to the entire final volume V (eq. 8): 
 

𝑉′ = 𝛾𝑉 (8) 
 
The Darcy model is summarized as follows  
(eq. 9): 
 

−
𝜕𝑝

𝜕𝑥𝑖
=

𝜇

𝐾𝑝𝑒𝑟𝑚
𝑈𝑖 + 𝐾𝑙𝑜𝑠𝑠

𝜌

2
|𝑈|𝑈𝑖 (9) 

where μ is the dynamic viscosity, Kperm is the 
permeability. 
When modeling a tree in a simple, porous do-
main, the difficulty lies in the selection of an 
adequate loss factor and volume porosity, which 
will reflect the permeability of the real green 
planting. 
 
 
3. VERIFICATION  
OF THE METHODOLOGY 
OF NUMERICAL MODELING  
OF GREEN SPACES AERODYNAMICS 
 
3.1. Problem statement. 
For the numerical simulation of the aerodynam-
ics of green spaces, a group of scientists from 
the Institute of Architecture of Japan (AIJ) [17] 
proposed a benchmark. A tree with a height of 7 
meters in the air flow is considered. At the inlet 
of the air domain the velocity profile obeys the 
vertical power law (eq. 10). Sensors (monitoring 
points) are installed behind the tree, measuring 
the instantaneous velocity at each height in in-
crements of 1.5 meters. The tree model and flow 
direction are shown in Figure 1, the layout of 
the monitoring points is shown in Figure 2.
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Figure 1. Tree model with indication of characteristic dimensions and wind direction 
of the inlet flow. 

Figure 2. Layout of the monitoring points in a given coordinate system with an indication  
of the characteristic dimensions.

The tree was modeled as an isotropic porous 
region. Loss of momentum that occurs when 
passing through a porous body, are formulated 
based on permeability and loss coefficients  
(eq. 7). The loss coefficient Кloss was taken 
equal to 1.75, based on the data obtained [14], 
which proved to be the most accurate result in 
comparison with the experimental data. 
A comparison of numerical and experimental 
results (velocities at monitoring points for dif-
ferent values of volume porosity γ (0.3-0.9 with 
a step of 0.1; 0.99 and 1))was made. Recom-
mendations on the design parameters for model-

ing the permeability of shrubs crowns (as one of
the ways to improve pedestrian comfort) was 
formulated.
All aerodynamic simulations were performed 
using ANSYS CFX 17.0 software package  
[15, 16].  

3.2. Simulation Parameters. 
The problem was solved in a two-dimensional 
formulation. As a turbulence closure model, the 
SST (Shear Stress Transport) model was utilized. 
The following basic physical characteristics of 
the flow for aerodynamic simulations are used: 

X
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<u(z)>=<ub>(z/Hb)0.22

H=7m 5.8m

2m

1.2m

0
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Hb=9[m]
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<u(z)>=<ub>(z/Hb)0.22
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1.2m

0

Z



Estimation of Pedesrtian Comfort on the Basis of Numerical Modelling of Wind Aerodynamics of Building  
in the Environmental Development 

Volume 15, Issue 2, 2019 29 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ρf= 1.184 kg/m3 
 
- air density,  
 

η =1.831 10-5 
 
- the coefficient of dynamic viscosity,  
 

𝑣̅𝑖𝑛
𝑓  = 4.77 m/s 

 
– the mean velocity at the inlet,  
 

Re=2.1609∙106 
 
– the Reynolds number. 
The High Resolution advection scheme and the 
implicit First Order Backward Euler scheme 
were used. Maximum residuals of 10-4 were set 
as an criterion for convergence and termination 
ofsteady state solution.The maximum number of 
iterations was 300. 
 
3.3. Initial and boundary conditions. 
The mean flow velocity profile at the inlet 
obeys the power lawdepending on the tree 
height and turbulence kinetic energy (eq. 10): 
 

𝑢(𝑧) = 𝑢𝑏 (
𝑧

𝐻𝑏
)
0.22

𝑘(𝑧) = 3.02

 (10) 

where ub is velocity at the characteristic height 
Hb, k(z) is the turbulence kinetic energy. 

At the outlet and at the upper boundary of the 
domain, opening boundary conditions with a rel-
ative pressure equal to zero and the same turbu-
lence parameters as at the inlet are assigned. On 
the «ground», «No Slip Wall» (U=V=W=0 m/s) 
boundarycondition is specified, which excludes 
penetration of the fluidthrough the surface. 
On the surface of the tree crown interface «Flu-
id-Porous Domain») is set to ensure the penetra-
tion of air through the porous body (domain). 
As initial conditions, zero velocities  
 

(U=V=W=0 m/s) 
 
and zero relative pressures areset in the entire 
domain. 
 
3.4. Simulation results. 
Figure 3 and Table 2 demonstrate the main re-
sults of the performed computational studies 
and the comparison of the numerical results 
with the experiment data. 
In the Table 2 the relative errors for real veloci-
ty at the monitoring points in comparison with 
the experiment are presented. 
The numerical simulation of hedge aerodynam-
ics showed that the closest to experimental data 
result was obtained for the values of volume po-
rosity from 0.9 to 1.The maximum discrepancy 
from the experiment is 29%, and the minimum 
one is 0.15%. 

 

 
Figure 3. Velocity stream lines, m/s. Volume porosity γ = 1, loss coefficient Кloss = 1.75. 
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Table 2. Comparison of numerical (u) and experimental (u*
exp) velocity simulations  

at the monitoring points for each considered volume porosity value. 

 
 

 
4. APPROBATION OF THE NUMERICAL  
METHODOLOGY OF ESTIMATION  
AND IMPROVEMENT OF PEDESTRIAN  
COMFORT 
 
4.1. Problem statement. 
The application of the developed numerical 
methodology of pedestrian comfort estimation-
was performed on a realresidential building sur-
rounded by existing urban area (Figure 4). As it 
will be shown below, for the considered group 
of buildings, it was necessary to improve pedes-
trian comfort using the above-described meth-
odologyby incorporation of thegreen spaces to 
particular locationswhere pedestrian comfort 
criteria were not satisfied. 
For the correct shrubs arrangement near the 
considered buildings, the results of criterion as-
sessments of pedestrian comfortobtained for the 
model without green spaces were 
used.Decisions on the location of green space 
were made based on an analysis of the most un-
favorable wind attack angles, a planning scheme 
for the land plot near the designed building, as 
well as currently existing planted shrubs (Figure 
5). 
 

 
Figure 4. General view of the building.  

Project proposal (photo montage). 
 

 
Figure 5. Construction site (maps.yandex.ru)  

of the projected residential building  
(South-West Administrative District, Moscow). 
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4.2. Geometric model of the building sur-
rounded with nearby buildings with bushes 
consideration. 
The radius of the nearby building area was tak-
en equal to 600 m.The actual location of the 
buildings relative to the target object, their 
height and cross section in the plan, as well as 
the local terrain relief (elevation differences 
near the target object) were consideredfor the 
geometric model including surrounding buildings. 
Geometric model of the main building sur-
rounded with nearby buildingswas created in 
ANSYS Mechanical 17.0 [18]. The first-
floorlevel was taken as a zero level. The created 
model of the building, taking into account the 
development for a certain perspective, is shown 
in Figure 6-7. 
 

 
Figure 6. Geometric model of the building  

surrounded with nearby buildings. 
 

 
Figure 7. Geometric model of the building  

surrounded with nearby buildings with bushes 
consideration. 

 
4.3. Boundary and initial conditions. 
The simulated area (Figure 8) is assigned the 
Air domain with the following physical parame-
ters: incompressible air at a temperature (25°C) 
and pressure 1 atm. 
The boundary conditions at the inlet correspond 
to the 1st wind region, and the type of terrain B 

«suburb» in accordance with building codes  
[7, 19]. The mean pressure and pulsation pro-
files were converted to theinput data for the 
ANSYS CFX using the developed macro 
CFX_PROFIL_SNIP as a vertical profiles 
(along the height)of mean velocity, turbulence 
kinetic energy and dissipation energy, corre-
sponding to the loads, taking into account the 
load reliability factor of 1.4. The integral turbu-
lence length scale is assumed to be 300 m in ac-
cordance with the recommendations of Euro-
code [20]. 
At the outlet and at the upper boundary of the 
domain, opening boundary conditions with a 
relative pressure equal to zero and the same tur-
bulence parameters as at the inlet are assigned. 
On the «ground» and on all buildings, «No Slip 
Wall»  
 

(U=V=W=0 m/s) 
 
boundary condition is specified, which excludes 
penetration of the fluid through the surface. 
On the surface of the tree crown interface «Flu-
id-Porous Domain» is set to ensure the penetra-
tion of air through the porous body (domain). 
As initial conditions, zero velocities (U=V=W=0 
m/s) and zero relative pressures are set in the 
entire domain. 
 

 
Figure 8. Simulated area (ANSYS CFX) with 

designated boundary conditions.  
Wind angle of attack 0°. 

 
4.5. Simulation Parameters. 
All aerodynamic calculations were carried out 
in a three-dimensional steady-stateformulation 
using the RANS SST turbulence model. 
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The internal parameters for the shrubs are fol-
lowing: the surface porosity is isotropic; the 
volume porosity is 1. An isotropic model with a 
loss coefficient of 1.75 m-1was set as the loss 
model. 
Maximum residuals of 10-4 were set as a criteri-
on for convergence and termination ofsteady 
state solution. The maximum number of itera-
tions was 500. 
 
4.6. Results of steady state aerodynamic sim-
ulations. 
Pedestrian comfort levels (repeatability of 
meanvelocity, hr/year) according to the 3rd reg-
ulatory criteria (Kcr1, Kcr2, Kcr3) were calculated 
using the data from weather stations named after 
Michelson [6, 14]. 

It was necessary to get a set of results for differ-
ent wind angles of attack was in order to calcu-
late the pedestrian comfort level criteria. The 
comparisonof the simulation results for 24, 12 
and 6 wind directionsevenly distributed in a cir-
cle was conductedin order to determine the min-
imum required number of windangles of attack. 
The convergence study resultsfor thepedestrian 
comfort level criteria depending on the number 
of wind directions considered, and the determi-
nation of the optimal number of simulationcases 
excluding bushes are presented below (Table 3). 
As it can be seen from the results, the difference 
is insignificant with the number of 12 and 24 
wind angles of attack. This allows usto consider 
only 12 wind attack angles to perform accurate 
estimation of the pedestrian comfort level.

 
Table 3. The results of criterion assessments for different number of wind angles of attack. 

Number 
of 

angles 

1st level of pedestrian comfort, 
exceeding Vcr1=6 m/s, not 
more than Kcr1=1000 hours 
per year in the pedestrian zone 
at a height of 1.5 m 

2nd level of pedestrian 
comfort, exceeding Vcr2=12 
m/s, not more than Kcr2=50 
hours per year in the 
pedestrian zone at a height of 
1.5 m 

3st level of pedestrian 
comfort, exceeding Vcr3=20 
m/s, not more than Kcr3=5 
hours per year in the 
pedestrian zone at a height of 
1.5 m 

24 

   

12 

   

6 
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A comparison of the criterion assessment of pe-
destrian comfort based on numerical modeling 
of the building surrounded with nearby build-
ings without bushes consideration and numeri-
cal modeling of the building surrounded with 
nearby buildings and bushes consideration is 
presented below (Figure 9-11). Results compar-
ison show the significant decrease in the 
occurrence frequency of winds exceeding 6 m/s 
for the first criterion, 12 m/s for the second 
criterion and 20 m/s for the third criterion for 
the case where bushes were incorporated in to 
the model. 
 

The results allow us to conclude that bush-
esplaced near the building help to improve pe-
destrian comfort. 
Pictures of wind speeds amplification at the lev-
el of the pedestrian zone of 1.5 m for some wind 
directions with and without bushes are shown in 
Figure 12-14. Comparison of the meanvelocity 
amplification at 1.5 m shows significant im-
provements in pedestrian zones where highve-
locities were observedfor the study cases with-
out bushes. 
 
 
 

  
Figure 9. 1st level of pedestrian comfort Vcr1=6 m/s  

exceeding no more Kcr1=1000 hours per year in the pedestrian zone at a height of 1.5 m  
(on the left - without bushes, on the right - with bushes). 

 
 

  
Figure 10. 2nd level of pedestrian comfort Vcr2=12 m/s  

exceeding no more Kcr2=50 hours per year in the pedestrian zone at a height of 1.5 m  
(on the left - without bushes, on the right - with bushes). 
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Figure 11. 3st level of pedestrian comfort Vcr3=20 m/s  

exceeding no more Kcr3=5 hours per year in the pedestrian zone at a height of 1.5 m  
(on the left - without bushes, on the right - with bushes). 

 
 

  
Figure 12. The meanvelocity amplifications in the pedestrian zone at a height of 1.5 m.  
The wind angle of attack is 0° (on the left - without bushes, on the right - with bushes). 

 
 

  
Figure 13. The meanvelocity amplifications in the pedestrian zone at a height of 1.5 m.  
The wind angle of attack is 90° (on the left - without bushes, on the right - with bushes). 
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Figure 14. The mean velocity amplifications in the pedestrian zone at a height of 1.5 m.  

The wind angle of attack is 240° (on the left - without bushes, on the right - with bushes). 
Comparison of the results of numerical model-
ing of the buildings aerodynamics taking into 
account wind chill effect in the winter season at 

a temperature of - 20°C for some wind direc-
tions with and without shrubs is presented be-
low (Figure 15-18). 

  

  
Figure 15. Comparison of the results of numerical modeling of the buildings aerodynamics 

taking into account wind chill effect in the winter season at a temperature of -20 °C,  
wind angle of attack 0° (on the left - without bushes, on the right - with bushes). 

 

  
Figure 16. Comparison of the results of numerical modeling of the buildings aerodynamics  

taking into account wind chill effect  n the winter season at a temperature of -20 °C,  
wind angle of attack 120° (on the left - without bushes, on the right - with bushes). 



Alexander M. Belostotsky, Irina N. Afanasyeva, Irina Yu. Lantsova 

International Journal for Computational Civil and Structural Engineering 36 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

  
Figure 17. Comparison of the results of numerical modeling of the buildings aerodynamics 

taking into account wind chill effect in the winter season at a temperature of -20 °C,  
wind angle of attack 240° (on the left - without bushes, on the right - with bushes). 

 

  
Figure 18. Comparison of the results of numerical modeling of the buildings aerodynamics 

taking into account wind chill effect in the winter season at a temperature of -20 °C,  
wind angle of attack 300° (on the left - without bushes, on the right - with bushes). 

 
 
The results of numerical modeling of the build-
ings aerodynamics taking into account wind 
chill allow us to conclude that the human body 
feels the temperature 1.5 times lower than the 
actual temperature that equal to – 20 C. Calcula-
tions have shown that the temperature reaches 
the mark - 30 ° С. This gives a tangible contri-
bution to a comfortable stay of people in these 
areas. The correct location of green spaces in 
pedestrian areas has contributed to the narrow-
ing of areas where the minimum (minus) tem-
peratures occur. 
 
 

5. CONCLUSION 
 
The presented results showed a wide applicabil-
ity of the pedestrian comfort assessment meth-
odology and the possibility of its adjustment by 
planting green spaces. The solved model prob-
lem allowed to findthe right parameters of the 
tree model. Comparison of the results for differ-
ent numbers of windangles of attack showed 
that 12 angles are sufficient for obtaining the 
required accuracy.Further development of this 
methodology may include a more detailed anal-
ysis of wind flows (especially maximum veloci-
ty amplification) for each individual angle of 
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attack, namely using the results of non-
steadysimulationsobtained using more accurate 
(and also resource-demanding) turbulence mod-
els such as DES and LES.The results showed 
the practical importance of conducting suchkind 
of research, and therefore there is a need to in-
clude amethodology for pedestrian comfort as-
sessment in Russian building codes. 
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Abstract: The distinctive paper discusses the possibility of obtaining methods of the highest quality and correct 
calculations for assessing the transport and operational status of a particular road using corresponding mathemat-
ical model. 
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КОМПЛЕКСНОЕ МОДЕЛИРОВАНИЕ  
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Аннотация: В статье рассматривается возможность получения методики наиболее качественных и кор-
ректных расчётов, для оценки транспортно-эксплуатационного состояния участка автомобильной дороги 
с помощью математической модели. 
 

Ключевые слова: математическое моделирование, автомобильные дороги, САПР,  
современные технологии диагностики автомобильных дорог 

 
INTRODUCTION 
 
The road is a set of structural elements intended 
for movement with established speeds, loads 
and dimensions of cars and other land vehicles 
transporting passengers and (or) cargo, as well 
as land plots provided for their placement [1]. 
In order to determine as accurately as possible 
the stability of the road bed and the strength of 
the pavement, a complex of calculations is nec-
essary, the outcome of which determines the 
characteristics and design parameters affecting 
all the structural elements of the road. The relia-
bility parameters of the pavement determine the 
security of its working condition during the es-
tablished service life, which is the basis for de-
termining the period between repairs. 

In Russia, the period between repairs was de-
veloped by the «Soyuzdornii» in the period 
1950-1955. and approved by the Resolution of 
the Council of Ministers of the RSFSR 7.03.61 
No. 210 as standards for capital and medium 
repair, respectively, of road pavements and 
coatings. These standards were valid until 1988, 
regardless of the estimated service life taken in 
the design of road pavements (Instructions DBC 
46-60, DBC 46-72, DBC 46-83). According to 
these standards, the estimated service lives were 
approximately 20% less, which could be one of 
the reasons for poor quality repairs of roads. In 
1988, regional and sectoral norms for the period 
between repairs of non-rigid pavements and 
coatings, developed by «Giprodornii» with the 
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participation of research, design and other or-
ganizations, were put into effect [2]. 
Capital and lightweight pavement with an im-
proved coating is designed so that over the peri-
od between repairs there are no damage and in-
admissible, in terms of the violations of the re-
quirements for flatness of coverage, residual 
deformations provided by the existing regulato-
ry documents, and that the impact of natural fac-
tors does not lead to unacceptable changes in its 
elements [3]. 
In all cases, solutions of the theory of elasticity are 
used to estimate the stress state of a structure [3].
The assessment of the overall stability of the 
roadbed and slopes is to compare the calculated 
values of the indicators of sustainability with 
their normative values. For the standard indica-
tor of overall sustainability should be taken as a 
generalized sustainability factor, determined 
taking into account the following factors, taking 
into account [11]: 
 reliability of data on the strength and de-

formative characteristics of the soils of the 
considered array; 

 road category; 
 degree of responsibility of the projected object; 
 compliance of the design scheme with natu-

ral engineering and geological conditions; 
 type of soil and its purpose; 
 features of the calculation method. 
The roadbed is subject to dynamic and static 
loads from the rolling stock; own weight of the 
canvas and the complex of natural factors (cli-
matic, hydrological, hydrogeological). 

1. EXPERIMENTAL PART 

The purpose of the study is to determine the 
transport and operational (taking into account 
the climatic characteristics) and the strength pa-
rameters of the road to create a mathematical 
model that reflects the current state of the struc-
ture. 
The task of the study is to build a mathematical 
model for the construction of a highway, its au-
tomation, for the operational determination of 

the transport performance indicators of this road 
and period between repairs.
The research technique is a complex of models, 
including calculations of dynamic and static 
loads from rolling stock, soil mechanics and a 
complex of natural factors. 
The object of study: public road. 
The subject of study: transport and operational, 
strength and climatic parameters of the road. 
The graphical user interface of the control pro-
gram of such a mathematical model will include 
two working windows: Input and Output. 
In the input window (Figure 1) it is required to 
enter the road data, most of which are deter-
mined at the design stage. These data include 
the prospective traffic intensity, which sets the 
five-year and ten-year forecasts. 

Figure 1. Input window for known  
road parameters.

Figure 1 presents: 

1

2

3

4
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1. Average annual daily perspective traffic in-
tensity, reduced to a passenger car. 
The methods used to account for the intensity of 
traffic flow on roads are intended to obtain and 
accumulate information on the total number of 
vehicles and the composition of traffic flow, 
passing per unit time through the cross section 
of the road in each of the permitted directions of 
movement. 
Accounting for the intensity of movement is 
carried out in two ways: automatically or visual-
ly. According to the duration, the accounting for 
the intensity of movement is divided into long-
term and short-term [4]. 
2. Subgrade soil. The most commonly used lo-
cal soils occurring in the upper layers of the 
earth's surface. In laboratory conditions, check 
the suitability of certain soils for use in the de-
vice of the roadbed. 
The soils by nature of structural bonds are di-
vided into the following classes: rock, dispersed 
and frozen. 
The class of rocky soils includes soils with rigid 
structural bonds (crystallization and cementa-
tion) [5]. Such soils are preferred for the con-
struction of roads (provide maximum strength 
and stability). 
The class of dispersed soils are soils with physi-
cal, physicochemical, or mechanical structural 
bonds. 
Soils with mechanical structural bonds are dis-
tinguished into a subclass of loose (loose) soils, 
and soils with physical and physico-chemical 
structural bonds into a subclass of cohesive 
soils. For road construction, weak soils are dis-
tinguished from a cohesive subclass of soils — 
soils with low mechanical properties: shear 
strength under natural conditions is less than 
0.075 MPa (rotary cut) and / or the slump 
modulus is more than 50 mm / m with a load of 
0.25 MPa (deformation modulus below 5.0 
MPa) [5]. 
The class of frozen soils includes soils that pos-
sess, along with structural bonds of non-frozen 
soils, cryogenic bonds (due to ice). 
 

3. Regulatory loads. The regulatory load from 
motor vehicles on public roads is shown in Fig-
ure 2. 
In Figure 2 depicted: 
d – base for AK load, m; 
c – is the load gauge width, m; 
q – uniformly distributed load along the track 
along the road (structure), kN / m; 
D – the base for the load NK, m 
The regulatory AK load (Figure 2a) includes 
one biaxial bogie with an axle load of 10 K (kN) 
and evenly distributed along the road. 
Regulatory load NK (Figure 2b) is presented in 
the form of a single four-axle truck with a load 
on each axis of 18 K (kN) [6]. 
Calculated loading schemes are divided into: 
 loading schemes when calculating pave-

ments; 
 loading schemes for the calculation of the 

subgrade; 
 loading schemes for the calculation of the 

structures of bridge structures. 
When calculating the stability of the embank-
ment slopes (1), the load from the vehicles is 
reduced to the equivalent soil layer of the sub-
grade. The thickness of the equivalent layer of 
soil Ne, m, is calculated by the formula: 
 

𝑁𝑒 =
18К

(𝑑 + 0,2)(𝑐 + 0,8)𝛾гр
 

(1) 
 
where 18K is the regulatory burden of NC, kN; 
d – base of normative load of NC, m; 
с – gauge of the standard load of NC, m; 
𝛾𝑆 – specific gravity of the soil, kN / m3. 
When calculating embankment settlement (2), 
the regulatory load is assumed to be in the form 
of a standard load that is in a static position 
(Figure 2a). A uniformly distributed load along 
the road, imitating the movement of a column of 
vehicles, is not taken into account in this calcu-
lation [6]. 
The load from vehicles is reduced to an equiva-
lent layer of subgrade soil. The thickness of the 
equivalent layer of soil he, m, is calculated by 
the formula: 
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a)  

b)  
Figure 2. Scheme of the regulatory load for the calculation of pavement, roadbed, retaining walls 

and bridge structures: a) car wheel load AK; b) heavy single car load NK. 
 

ℎ𝑒 =
𝑛

𝐵𝑟𝑏𝛾𝑠
(

10К
𝑑 + 0,2

) 

(2) 
where n is the number of lanes; 
Brb – width of the road bed, m; 
𝛾𝑠 – specific gravity of the soil, kN / m3; 
10K – AK regulatory load for the calculation of 
embankment sediments, kN; 
d – base of regulatory load AK, m. 
4. Climatic, hydrological, hydrogeological con-
ditions of the area. 
The terrain, climatic, hydrological and hydroge-
ological conditions have a significant impact on 

the construction and operation of roads. These 
conditions directly affect the main types of de-
formations of the road structure, the main cause 
of which is the increase and over moistening of 
the subgrade soil, i.e. violation of its water-
thermal regime (over-wetting of the embank-
ment soils can cause a process of “heaving” 
(lifting) of the soil, erosion and scouring of the 
base or the embankments themselves). 
The climatic characteristics of the road are de-
termined based on the climatic conditions of the 
area in which the work will be performed. Our 
country, as well as the post-Soviet space, is 
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subdivided in road construction into road-
climatic zones (RCZ) [1]. Most of the parame-
ters (in particular, temperature indicators, calcu-
lation of the timing of the thaw) are known or 
can be determined from building climatology 
(SP 131.13330.2012). 
The saturation of the subgrade with moisture is 
an extremely dangerous phenomenon, in which 
the strength of the pavement, the stability of the 
subgrade and the base of the embankments sig-
nificantly decrease [7]. 
Sources of moistening of the roadbed are: 
 precipitations; 
 water inflow from melting snow; 
 capillary rise from the groundwater level; 
 condensation of water vapor from the air; 
 movement of film water. 
All of the above parameters maximally affect 
the quality of both the transport and operational 
indicators of the road and the road itself as a 
whole. For a more accurate determination of all 
key parameters of a highway, it is necessary to 
track their interdependence as much as possible 
and to obtain an objective assessment of their 
condition at the level of accuracy that is now 
offered by modern diagnostic and examination 
technologies. This approach will eliminate the 
development of the situation that exists today, 
when a lot of calculations are made to assess the 
transport and operational state, which do not 
allow to evaluate the current state of the struc-
ture, but only in general reflect its suitability for 
further operation. Considered promising is 
building, for example, RIM (Road Information 
Modeling) model [12], which would reflect not 
only the state of operation, but also the early 
stages of the road life cycle, which would allow 
it to be built as quickly and correctly as possi-
ble. without departing from the standards, au-
tomated to adjust projects and track the entire 
financial side. Therefore, the construction of a 
mathematical model that could take into account 
almost all (affecting the performance) parame-
ters of the road, will be very relevant to the idea 
of what will happen at the next stage of the life 
cycle of this design. Based on this model, we 
can assess the current state and take steps in ad-

vance to eliminate construction defects and ex-
tend the life of the road. 
Such a model (Figure 3) will not only display 
the existing (actual) situation, but also recom-
mend ways to eliminate various defects that 
prevent further road operation. This will allow 
taking measures (according to the current regu-
latory documents and methodological recom-
mendations), based on the current situation. Fur-
ther, this model is rebuilt taking into account the 
already applied recommendations for continuing 
to conduct assessment of the state of this object. 
Figure 3 presents: 
1. The entered parameters of the road, which di-
rectly affect the construction of a complex of 
mathematical models of the road. To maximize 
the assessment of the transport and operational 
condition of the road, many more other parame-
ters are required, including the geometrical pa-
rameters (in Figure 3, are not presented, but con-
ditionally available), affecting: 
 width of the carriageway, the main fortified 

surface of the road and fortifications; 
 width of roadsides, incl. fortified; the type 

and condition of the curb reinforcement; 
 longitudinal slopes; 
 transverse slopes of the roadway and shoulders; 
 the radii of the curves in the plan and the 

slope of the turn; 
 the height of the embankment, the depth of 

excavation and the slopes of their slopes; 
condition of the roadbed; 

distance of visibility of the road surface in the 
plan and profile. 
2. Time scale. The main function of the tech-
nique based on complex mathematical modeling 
will be the ability to predict the state of the road 
after some time it is in operational mode. By 
moving the timeline slider, you can monitor the 
transport and operational condition of the road a 
dozen years ahead. When 20% of the selected 
section of the road does not meet the regulatory 
requirements, it will become impossible to 
switch the time scale and the program will offer 
recommendations on how to increase the period 
between repairs.  



Integrated Modeling and Forecasting of the Stability and Strength of the Construction of the Motor Road  
Using Modern Technologies 

Volume 15, Issue 2, 2019 45 

Figure 3. Window for displaying the state of the road with the display of problem areas. 

For example, if the thickness of the coating lay-
er became unsatisfactory, options would be of-
fered (at the expense of the maintenance of the 
selected road section) for surface treatment, 
patching, and other works to restore the worn 
out coating layer, and if sources of wetting of 
the roadbed and / or road pavement, then the 
optimal longitudinal and transverse slopes of the 
roadway, the steepness the slopes of the roadbed 
and the longitudinal slopes of the cuvettes (con-
trol of their contamination). 
2. Time scale. The main function of the tech-
nique based on complex mathematical modeling 
will be the ability to predict the state of the road 
after some time it is in operational mode. By 
moving the timeline slider, you can monitor the 
transport and operational condition of the road a 
dozen years ahead. When 20% of the selected 
section of the road does not meet the regulatory 
requirements, it will become impossible to 
switch the time scale and the program will offer 
recommendations on how to increase the period 
between repairs. For example, if the thickness of 
the coating layer became unsatisfactory, options 
would be offered (at the expense of the mainte-
nance of the selected road section) for surface 
treatment, patching, and other works to restore 

the worn out coating layer, and if sources of 
wetting of the roadbed and / or road pavement, 
then the optimal longitudinal and transverse 
slopes of the roadway, the steepness the slopes 
of the roadbed and the longitudinal slopes of the 
cuvettes (control of their contamination). 
3. Straightened plan of the road section. This plan 
will be the result of calculations of a complex of 
mathematical models, which will display (visual-
ly) all problem areas that do not meet regulatory 
requirements (highlighted in red). Areas that were 
restored by the recommendations proposed by this 
program are highlighted in blue. If the total vol-
ume of the restored and unsatisfactory road sec-
tions becomes more than 80%, repair will be as-
signed by the program (time interval, from the 
beginning of the calculation to its end, and will be 
the lifetime of the road section). 
Building a plan on which geometric parameters 
are displayed (widths, elevations, longitudinal 
and transverse slopes, curve radii) is possible in 
such domestic CAD systems as: 
 CAD CREDO; 
 CAD AD Robur; 
 CAD AD IndorCAD / Road.
In recent years, in connection with the rapid de-
velopment of geographic information systems 

1

Figure 3. Window for displaying the state of the road with the display of problem 
2

3

Figure 3. Window for displaying the state of the road with the display of problem 
4

5
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(GIS), the question of their applicability, along 
with CAD, in computer-aided design of high-
ways is being considered. 
With significant external similarities GIS and 
CAD have fundamental differences. 
One of the fundamental differences between 
GIS and CAD is that a graphic primitive in a 
GIS is an independent object with its own at-
tributes, and in CAD it is only a graphic tool, 
i.e. part of the object, and therefore its attrib-
utes, as a rule, does not have. 
In CAD, objects are usually formed from sever-
al graphic primitives, lining up in a hierarchy 
using grouping. The profound difference be-
tween the CAD model and the relational data 
model does not allow the full preservation of 
CAD drawings in modern databases and does 
not allow analyzing the attributes of objects. 
In the road industry, the presence of attribute 
support is the most important in solving prob-
lems of diagnostics, certification, inventory, road 
cadastre. In connection with the scarcity of the 
capabilities of the attribute description of CAD, it 
seems most appropriate to create information 
systems for highways based on GIS [8]. 
When calculating the pavement design, the most 
popular (in Russia) is the module of the Topo-
matic Robur software complex - the Robur To-
pomatic - Road apparel, where the initial values, 
in addition to the previously mentioned design, 
are also such material characteristics as: Elastic 
moduli (MPa) - on elastic deflection, shear, 
stretching when bending; Volumetric weight (kg 
/ cubic meter); Characteristics for the calcula-
tion of shear - the angle of internal friction, ad-
hesion (MPa) (also, the same characteristics in 
statics); Characteristics for the calculation of 
tensile bending and Characteristics of geosyn-
thetics for the reinforcement of the coating (ad-
ditional parameter). In the CREDO and Indor-
CAD / Road software packages, there are also 
software modules for the calculation of pave-
ments that are not inferior to “Robur Topomatic 
- Road pant” for most of the key points. 
4. Button recommendations to help increase the 
period between repairs of the road. According to 
the results of calculations for a certain period of 

operation, red zones will be allocated - sections 
of the road that do not meet regulatory require-
ments. After the appearance of these zones, it 
will be possible to get recommendations on the 
elimination of such problem areas. 
At the moment, it is not possible to predict as 
accurately as possible the transport and opera-
tional indicators of the road for the years ahead 
due to the absence of a clear model of the be-
havior of all the structural elements of such a 
structure. Today, to assess the quality and con-
dition of highways, inspection and diagnostics 
are carried out using road laboratories and other 
engineering equipment. Such checks produce: 
 when putting the road into operation after 

construction in order to determine the initial 
actual transport and operational condition 
and comparison with regulatory require-
ments; 

 periodically in the process of operation to 
monitor the dynamics of changes in the state 
of the road, to predict this change and to plan 
repairs and maintenance; 

 when developing an action plan or a project 
for reconstruction, major repair or repair to 
determine the expected transport and opera-
tional status, compare it with regulatory re-
quirements and evaluate the effectiveness of 
the planned work; 

 after the execution of works on the recon-
struction, overhaul and repair in the areas 
where these works are carried out in order to 
determine the actual change in the transport 
and operational condition of the roads. 

According to the results of diagnostics and as-
sessment of the condition of the roads during 
operation, they identify sections of roads that do 
not meet the regulatory requirements for their 
transport and operational condition and, guided 
by the "Classification of Works for the Repair 
and Maintenance of Public Roads", determine 
the types and composition of the main works 
and maintenance measures, repair and recon-
struction in order to increase their transport and 
operational status to the required level [9]. 
In order to accurately assess the situation that 
occurs over a period of several years and not rely 
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on additional measures for the seasonal and an-
nual survey and diagnostics, it is necessary to 
assess the existing situation as thoroughly and 
objectively as possible, highlighting all key pa-
rameters at the post-construction stage, when all 
executive documents and acts accompanying the 
commissioning of the object, as well as to con-
duct a large-scale survey (but only once during 
the period between repairs). In this case, there is 
a theoretical possibility to study the erected struc-
ture in order to predict its state in the future (im-
plementation in order to predict its state). 
One example of obtaining a detailed and objec-
tive assessment of the current situation is the 
technology of the American company Bentley 
Systems. 
To automate the process of managing engineer-
ing data, the American company Bentley Sys-
tems has created the Bentley ProjectWise plat-
form. After geodetic surveys, the customer uses 
ProjectWise to get a cloud of laser scanning 
points for a part of the route. 
Streaming uploading did not allow downloading 
the entire file, which may require a significant 
amount of electronic memory of significant 
computational resources, but only the necessary 
points in a certain area. As you move along the 
information model, additional points are loaded. 

A single engineering data management platform 
accommodates an infinite number of attribute 
information about a road object. The evenness 
of the coating, rutting, cracks, pits, the coeffi-
cient of adhesion, the modulus of elasticity of 
the layers of asphalt concrete and so on - all this 
information is collected in a convenient form in 
one place and is automatically updated. That is, 
all the project participants have a clear picture 
of the current state of the object, and the data 
can be used again and again at all stages of its 
life cycle [10]. 
5. The rest, calculated by a complex of mathe-
matical models, parameters. 
 
 
2. MAIN CONCLUSIONS 
 
The article presents a review material, which 
provides a justification of the relevance of the 
goal of scientific research by the authors, which 
is to develop a unified mathematical model re-
flecting the full state of the linear road object, 
taking into account the strength and stability of 
its structural elements, as well as the interaction 
with the soil foundation. 

  

 
Figure 4. The result of laser scanning with subsequent analysis of the road pavement. 
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Figure 5. Drawing a digital terrain model from the resulting point cloud using Project Wise. 

 

 
Figure 6. Working with the information model in Bentley Project Wise. 

 
For the practical implementation of this model, 
it is supposed to create on its basis an automated 
technology that allows you to manage the prepa-

ration of production, road-building equipment 
(for example, C-V2X, Trimble GCS technolo-
gies), time and resources, to produce high-
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quality building control, and also to do an exec-
utive survey in the framework of the project un-
der consideration. 
Thus, using the proposed model, it will be pos-
sible to assess the transport and operational sta-
tus, taking into account all the characteristic 
causes that affect the destruction of the road. In 
the promising future, such models will be an 
integral part of the automation of a global pro-
ject for the production of roads (design, con-
struction and operation). The implementation of 
such model is a solvable problem at the present 
time; however, it requires the study and consid-
eration of a large number of factors. 
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SET OF EQUATIONS OF AFEM  
AND PROPERTIES OF ADDITIONAL FINITE ELEMENTS 

 
Anna V. Ermakova 

South Ural State University, Chelyabinsk, RUSSIA 
 

Abstract: The paper considers the action of additional finite elements on the main set of linear equations when 
developed Additional Finite Element Method (AFEM) is used for analysis of structures with several nonlinear 
properties at limit states and failure models. AFEM is a variant of Finite Element Method (FEM), which adds to 
traditional sequence of solution of problem by FEM the units of two well-known methods of structural analysis: 
method of additional loads and method of ultimate equilibrium. AFEM suggests the additional finite elements 
and additional design diagrams for gradually transformation of the main set of equilibrium equations at the first 
step of loading to this set at the last one according to ideal failure model of structure.  
 

Keywords: additional finite element method, limit state, ideal failure model, additional finite element,  
additional design diagram, equilibrium equation 

 
 

СИСТЕМА УРАВНЕНИЙ МЕТОДА ДОПОЛНИТЕЛЬНЫХ 
КОНЕЧНЫХ ЭЛЕМЕНТОВ И СВОЙСТВА 

ДОПОЛНИТЕЛЬНЫХ КОНЕЧНЫХ ЭЛЕМЕНТОВ 
 

А.В. Ермакова 
Южно-Уральский государственный университет, г. Челябинск, РОССИЯ 

 
Аннотация: Статья рассматривает воздействие дополнительных конечных элементов на основную 
систему линейных уравнений, когда разрабатываемый метод дополнительных конечных элементов 
(МДКЭ) используется для расчета конструкций с несколькими нелинейными свойствами по предельным 
состояниям и моделям разрушения. МДКЭ является вариантом метода конечных элементов (МКЭ), 
который добавляет к традиционной последовательности решения задачи операции двух широко 
известных методов расчета конструкций: метода дополнительных нагрузок и метода предельного 
равновесия. МДКЭ предлагает дополнительные конечные элементы и дополнительные расчетные схемы 
для постепенного преобразования основной системы уравнений равновесия на первом шаге нагружения 
в систему на последнем шаге в соответствии с идеальной моделью разрушения конструкции. 
 

Ключевые слова: метод дополнительных конечных элементов, предельное состояние,  
идеальная модель разрушения, дополнительный конечный элемент,  

дополнительная расчетная схема, уравнение равновесия 
 

 
INTRODUCTION 
 
Realization of nonlinear analysis according to 
method of ultimate equilibrium [1] is 
impossible without taking account of all 
physical nonlinear properties exhibited by the 
structure up to the moment when the ultimate 
limit state (state of ultimate equilibrium) is 
reached. The developed Additional Finite 

Element Method (AFEM) [2, 3, 4] is destined 
for solving of this problem. 
 
 
1. GENERAL INFORMATION OF AFEM 
 
Additional finite element method (AFEM) is a 
variant of finite element method (FEM) 
destined for nonlinear analysis of plane and 
space structures at limit state.  
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This method adds to traditional sequence of 
solving problem by means of FEM the elements 
of the method of ultimate equilibrium (limit 
states) and the method of elastic solutions 
(method of additional loads). 
 
 
2. SET OF EQUATIONS OF FEM  
AND MAIN PROBLEM 
 
The main operation of FEM [5] is the solving 
of the set of algebraic equation: 
 

              KV = P                  (1) 
 
where V = matrix of unknown node 
displacements; P = matrix of external load; K = 
stiffness matrix of considered structure is 
formed from coefficients of stiffness matrices 
of the separate finite elements (FE).  
The set of equations (1) solves one time in 
linear analysis because of matrix K = const. 
In nonlinear analysis the set of equation (1) 
looks like this: 
 

                            KnonlV = P                     (2) 
 

where Knonl = stiffness matrix of structure with 

nonlinear properties which is changed in 

accordance with the degree of influence of 

these properties. 

In this case the set of equations (2) must be 

solved by iterative process. In this process 

matrix K (K ≠ const.) turns into matrix Knonl 

gradually.  

The transformation of the set of equation (1) 

into set of equation (2) is connected with 

difficulties in presence of several of physical 

nonlinear properties due to its different causes 

and effects. 

Usually the structure has n types of nonlinear 

properties at the end of its operating period 

before collapse.  

Due to different defects the matrix Knonl 

gradually decreases from K to Kmin, where Kmin 

= its minimal value:  

 

   K>K1>K2>K >…>Ki>…>Kn-1>Kn=Kmin      (3) 

 

where Ki = stiffness matrix of structure with i 

nonlinear properties (i changes from 1 to n). 

Each nonlinear property appears under 

corresponding value of increasing load P. 

Before collapse the external load P reaches its 

maximal value Pmax: 

 

   P0<P1<P2<P3<…< Pi<…<Pn-1< Pn<Pmax (4) 

 

where P1, P2, P3, Pi, Pi+1 = values of external 

load P, when the first, the second, the third, the 

i-th and the (i+1)-th nonlinear properties appear 

respectively. Thus the structure reveals i-th 

nonlinear property under external load Pi < P < 

Pi+1.   

Therefore the set of equations (2) ought to be 

created under the conditions (3) and (4) and the  

must change its form depend on number of 

nonlinear properties at considered stage and 

value of load P.  

So, the set of equations (2) has view (1) in 

linear behavior under P0 < P < P1 and i = 0. 

Then in the beginning and continuing of 

nonlinear behavior the set of equations changes 

gradually: 

under P1 < P < P2  and one nonlinear property  

(i = 1):     

 

                      K1V = P                              (5) 

 

under P2 < P < P3 and two nonlinear properties 

(i = 2): 

 

                     K2V = P                               (6) 

 

under P3 < P < P4 and three nonlinear properties 

(i = 3): 

 

                 K3V = P                               (7)    

 

and so on  

under Pi < P < Pi+1 and i nonlinear properties: 

 

                    Ki V = P                               (8) 
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and so on  

under Pn-1 < P < Pn and (n-1) nonlinear 

properties (i = n-1): 

 

                   Kn-1V = P                              (9) 

 

under Pn < P < Pmax and n nonlinear properties 

(i = n): 

 

                           Kn V = P                             (10) 

 

The set of equation must be formed in order to 

turn matrix K into matrix Kn = Kmin and 

external load P into Pmax due to n nonlinear 

properties of structures.  

It must be realized according to formulas (5)–

(10) under conditions (3) and (4).  

Such realization is the difficult problem. 

 

 

3. METHOD ADDITIONAL LOADS  

(METHOD OF ELASTIC DECISIONS) 

 

This method was suggested for solving of 

deformation problems of plastic theory by 

A.A. Ilyushin [6].  

This method uses for analysis of structures at 

plastic behavior when the main of equations has 

form (2).  

Matrix Knonl is stiffness matrix of structure with 

plastic property which is changed in accordance 

with the level of influence of this property. The 

next step is based on separation from this 

matrix of its linear and nonlinear parts [7]: 

 

               Knonl = K +ΔKnonl                   (11) 

 

where   K and ΔKnonl = the linear and nonlinear 

components of matrix Knonl respectively.  

If we substitute the formula (11) in the 

expression (2) we may get the next equation: 

 

             (Knonl + ΔKnonl)V = P                (12) 

 

The next step is removing the parentheses and 

the transferring the second part in right: 

 

              KV = P – ΔKnonlV                    (13) 

 

where (–ΔKnonlV) = the value of additional load 

in carrying out of the iterative process. 

This method allows the solving the set of linear 

equations (2) with constant coefficients in the 

left hand side and the obtaining of inverse 

matrix K
-1

 only once.  

The simplicity is main advantage of Method of 

Additional loads (Method of Elastic Decisions). 

It is most prevalent and efficient method of 

nonlinear analysis of structures with plastic 

properties. 

 

 

4. IDEAL FAILURE MODEL  

AND THE SET EQUATIONS OF AFEM 

 

The criterion of collapse of the structure must 

be determined according to its nonlinear 

properties. It is necessary to know the limit of 

operating period of considered structure.  
The Theory Ultimate Equilibrium and Ultimate 
Equilibrium Method (Ultimate Limit State 
Method) may be used for introduction of such 
criterion.  
According to this method the structure reaches 
the state of ultimate equilibrium or ultimate 
limit state before collapse.  
In this stage the external load Plim is maximal. 
Therefore the condition (4) is fulfilled: 

 
                      Plim = Pmax                        (14) 

 
At ultimate limit state the stiffness matrix of the 
structure Klim is minimal because all nonlinear 
properties are manifested.  
Thus the condition (3) is fulfilled too: 

                   Klim = Kn = Kmin                 (15) 
 

The definition of this stiffness matrix Klim and 

its intervening values K1, K2, K3, … , Ki, … Kn-

1,  Kn is difficult problem.  

For it decision the ideal failure model is 

suggested by author [2, 3, 4].  

This model is the design diagram of the 

structure at the ultimate limit state or state of 
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ultimate equilibrium, i.e. moment previous of 

collapse.  

At one hand the ideal failure model of structure 

must correspond to possible real failure model 

and at the other hand to main parameters of 

initial design diagram.  

It helps to solve some problems for analysis of 

structures with several nonlinear properties [8, 9]. 

The point is that the initial design diagram must 

change step-by-step loading in accordance with 

nonlinear properties appeared as the ultimate 

limit state is reached.  

As a result an initial design diagram transforms 

into an ideal failure model of the considered 

structure.  

At ultimate limit state the set of equations (1) 

and (2) ought to have form: 
 
                  Klim V = Plim                         (16) 

 
Thus stiffness matrix Klim of structures with all 
nonlinear properties at ultimate limit state must 
form on the basis of ideal failure model. 
Iterative process must go under condition (3).  
Additional Finite Element Method determines 
that at the moment of limit state the next 
equation is correct:  
 
     Klim=K+ΔK1+ΔK2+…+ΔKi+…+ΔKn     (17)  
 
Here each component ΔKi is stiffness matrix of 
the i-th additional design diagram consisting of 
additional finite elements taking into account 
the i-th nonlinear property (i changes from 1 to 
n) and may be solved according to next 
formula: 

                ΔKi = Ki  – Ki-1                      (18) 
 
where Ki = stiffness matrix of structure with 
regard for the i-th nonlinear property; Ki-1 = 
stiffness matrix of structure without regard for 
the i-th nonlinear property.  
Introduction of ideal failure model allows 
realization of step-by-step analysis with gradual 
taking into account of influence of several (n) 
nonlinear properties due to determination of 
criterion of limit state of structure before 
collapse.   

Some examples of ideal failure models of 
structures are given in [10, 11]. 
For gradual transformation of the set of 
equation according to (5) AFEM suggests to 
develop some operations of Method of 
Additional loads (Method of Elastic Decision)  
and use additional design diagrams consisting 
of additional finite elements (AFE-s) [12, 13].  
In this case the sets of equations (5) – (10) are 
formed according to the formula (13) under 
conditions (3) and (4): 
under P1 < P < P2  and one nonlinear property  

(i = 1):     
 

                         KV = P – ΔK1V                   (19) 

 

under P2 < P < P3 and two nonlinear properties 

(i = 2): 
 

              KV = P – ΔK1V – ΔK2V         (20) 

 

under P3 < P < P4 and three nonlinear properties 

(i = 3):  
 

             KV = P – ΔK1V – ΔK2 V –ΔK3V      (21)  

 

and so on  

under Pi < P < Pi+1 and i nonlinear properties: 

 

      KV=P–ΔK1V–ΔK2V–ΔK3V–...–ΔKiV    (22)  

 

and so on  

under Pn-1 < P < Pn and (n-1) nonlinear 

properties (i = n-1): 

 

KV=P–ΔKV–ΔK2V–ΔK3V–. . .–ΔKiV–  . . . 

                    –ΔKn-1V                                    (23) 

 

under Pn < P < Pmax and n nonlinear properties 

(i = n): 

 

      KV=P–ΔK1V–ΔK2V–ΔK3V–. . .–ΔKiV–. . . 

           –ΔKn-1V–ΔKnV                                  (24) 

 
Here ΔK1 = stiffness matrix of the first 
additional design diagram consisting of 
additional finite elements taking into account 
the first nonlinear property; ΔK2 = stiffness 
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matrix of the second additional design diagram 
consisting of additional finite elements taking 
into account the second nonlinear property;  
ΔK3 = stiffness matrix of the third additional 
design diagram consisting of additional finite 
elements taking into account the third nonlinear 
property; ΔKi  = stiffness matrix of the i-th 
additional design diagram consisting of 
additional finite elements taking into account  
the i-th nonlinear property; ΔKn-1 = stiffness 
matrix of the (n–1)-th additional design 
diagram consisting of additional finite elements 
taking into account the (n–1)-th nonlinear 
property;  ΔKn = stiffness matrix of the n-th 
additional design diagram consisting of 
additional finite elements taking into account 
the n-th nonlinear property.  
Each additional design diagram is a geometrical 
replica of the initial design diagram but it is 
destined for gradual transformation of an initial 
design diagram into design diagram with all n 
nonlinear properties.  
Additional design diagram may be compared 
with empty space imbedded in the initial design 
diagram and filled negative stiffness for 
nonlinear analysis at ultimate limit states. 
In relations (19) – (24) every value (–ΔKiV) 
determines the influence of i-th nonlinear 
property.  
For example the term (–K1V) of the left-hand 
part of these equations is the additional load 
which with the main load P must be applied to 
linear structure to reach the displacements 
corresponding to its displacements with the first 
nonlinear property under the action of the only 
external load P. 
Thus in nonlinear analysis the sets of algebraic 
equations (5) – (10) take the forms (19) – (24) 
and provide taking into account the influence of 
each nonlinear property.  
This way is corresponded to logic of FEM and 
allows to using of different theoretical data  
[14,15,16] for nonlinear computer analysis [15, 
17] according to normative requirements [18]. 
 
 
 
 

5. ADDITIONAL FINITE ELEMENTS  
AND THREE WAYS FOR CALCULATION 
OF ADDITIONAL LOADS 
 
Every additional design diagram takes into 
account only one nonlinear property and 
consists of corresponding additional finite 
elements (AFE-s) [19].  
Additional finite elements (AFE-s) are 
recommended for gradual transformation of the 
initial finite elements with linear properties into 
the same finite elements but with nonlinear 
properties which correspond to the reached 
stage of their limit states.  
The scheme of its action of additional finite 
element (AFE) is 
 

FE with nonlinear property = 
= FE without nonlinear property + 

+ AFE for taking into account  
the nonlinear property. 

 
It is necessary to know mathematical 
relationships which characterize the properties 
of additional finite elements for their 
application in nonlinear analysis of structures at 
limit state.  
These relationships are necessary when the 
operations of tree numerical methods (elastic 
decisions (additional loads), additional stresses 
and additional strains) are used. Such approach 
is determined by requirements of realization of 
nonlinear design of the structure at limit state as 
such design lead to design of physical n-
nonlinear systems.  
Since the properties of additional finite 
elements are determined by the properties of a 
corresponding main finite element then the 
desired mathematical relationships are 
determined by analogous relationships of the 
main finite element: 
1) Relationship between node reactions and 
displacements Re = f(V); 
2) Formula for determination of stiffness 
matrices Ke; 
3) Formula for determination of node 
reactions Re; 
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4) Relationship between node reactions and 
stresses Re = f(); 
5) Relationship between node reactions and 
strains Re = f(); 
6) Formula for determination of stresses  
; 
7) Formula for determination of strains ; 
8) Formula for determination of additional 
load Fe. 
Last formula is necessary when additional load 
substitutes the action of additional finite 
element according to next scheme: 
 

 FE with nonlinear property = 
= FE without nonlinear property + 

+ result of action of additional load Fe  
for taking into account the nonlinear property. 

 
The appointment of additional finite element is 
the change of stress-strain state of the main 
finite element without allowance for nonlinear 
property to the level of stress-strain state which 
is appeared in the same finite element with 
allowance for this property.  
Such approach opens the opportunity to use of 
the two ways of change of properties of the main 
finite element in view of appearance of the 
definite nonlinear property: change of its initial 
stress state and change of its initial strain state. 
Since the additional finite element changes 
the properties of the main finite element then 
it is recommended to use two types of 
additional finite elements for realization of 
each of the two indicated ways: 
1) additional finite element of the first type 
changes a stress state of the main finite element 
and it does not change its strain state; 
2) additional finite element of the second type 
changes a strain state of the main finite element 
and it does not change its stress state. 
It is known that stiffness matrix of any finite 
element connects its node forces and 
displacements. 
Thus for the main finite element at definite 
stage of its behavior at particular limit state for 
the allowance of the i-th nonlinear property this 
relation looks like this: 

  
                       Knonl,e,i V = Rnonl,e,i                 (25) 

 
where Rnonl,e,i = node reactions in the finite 
element for the allowance of the i-th nonlinear 
property; V   =  node displacements; Knonl,e,i = 
stiffness matrix of finite element for the 
allowance of the i-th nonlinear property. 
In order to further use of operations of the 
method of elastic decisions let us express the 
stiffness matrix Knonl,e,i of the finite element 
with nonlinear properties in the next form: 
 
             Knonl,e,i = Knonl,e,i-1 + Knonl,e,i         (26)  
 
where Knonl,e,i-1  = stiffness matrix of the main 
FE without allowance of the i-th nonlinear 
property;  
Knonl,e,i  = stiffness matrix of additional finite 
element destined for the allowance of the 
degree of influence of  the i-th nonlinear 
property on behavior of this element. So that it 
is determined by means of next formula:  
  
              Knonl,e,i = Knonl,e,i  – Knonl,e,i-1         (27) 
 
In general the stiffness matrix of AFE Knonl,e,i  
is not equal to 0, i.e.  
 
                            Knonl,e,i  0                       (28) 
 
If the influence of any i-th nonlinear property 
on behavior of the main finite element is absent 
then the stiffness matrix of the corresponding 
AFE is:  
 
                            Knonle,i = 0                       (29) 
 
In taking account of the first nonlinear property 
the stiffness matrix of additional FE  Knonl,e,1 
may be determined by the next formula: 
 
     Knonl,e,1=Knonl,e,1–Knonl,e,0=Knonl,e,1–Ke     (30) 
 
where Ke = stiffness matrix of the main FE with 
linear properties. 
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Node reactions Rnonl,i of finite element for the 
allowance of the i-th nonlinear property may be 
expressed by reactions Rnonl,i-1  of the finite 
element without this i-th nonlinear property:  
 
              Rnonl,i = Rnonl,i –1 +Rnonl,i               (31) 

 
where  Rnonl,i = change of node reactions of 
finite element due to manifestation of the i-th 
nonlinear property. 
The first component of the right-hand part of 
this expression presents node reactions in the 
finite element without allowance for the i-th 
nonlinear property, i.е. 
 
                    Knonl,e,i–1 V = Rnonl,i–1               (32) 

 
If we substitute (26) and (31) in (25) with 
allowance for (32) we obtain: 
 

                  Knonl,e,i V = Rnonl,i                (33) 
 
This formula determines the dependence 
between node reactions and node 
displacements in additional finite element for 
the allowance of the i-th nonlinear property.  
Its stiffness matrix Knonl,e,i is determined by 
formula (27) and for the allowance of the first 
nonlinear property it is determined by formula 
(30). 
If the influence of any nonlinear property on 
behavior of the main finite element is absent 
then the stiffness matrix of the corresponding 
additional finite element is equal to 0 (29). 
The approach to the way of formation of 
additional load Fe for the allowance of the 
nonlinear properties for both types of AFE is 
the same.  
Scheme of method of elastic solutions 
(additional loads) is given at Figure 1. This 
scheme is used for the allowance of the first 
nonlinear property (plasticity).  
Nevertheless there are special singularities for 
each type of additional finite element which 
simplify algorithm of problem solution in 
comparison with general case.  
 

Figure 1. Scheme of the method  
of elastic decisions which is used by AFEM  

for the allowance of the first nonlinear property 
when its additional load  

is Fe,1 = – Rnonl,1 [20,21]. 
 

If we compare formulae (31) and (33), we may 
make a conclusion that by means of node 
reactions of additional finite elements it is 
possible to form the vector of additional load 
for the main finite element, by means of which 
it is possible to allow for the considered 
nonlinear property. 
This vector Fe,i is determined by means of the 
next relationship: 

 
        Fe,i = – Knonl,e,i V = – Rnonl,i      (34) 

 
Further it follows that we come to a little stop 
on the case of formation of additional load for 
collapse of the main finite element after 
reaching of its ultimate limit state. 
In this case let us note the stiffness matrix of 
additional finite element as Klim and then: 

 
                 Klim = – K                       (35) 

 
where K  = stiffness matrix of the main finite 
element with linear properties. 
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Node reactions of additional finite element 
Rlim are determined by next formula:  
 
                  Rlim = – Ke V= – R                (36) 
 
where R = node reactions of finite element 
with linear properties. In this connection the 
additional load for collapse of finite element is 
equal to: 

 
                Fe  =  Ke V = R                     (37) 

 
Actually it means that after collapse the main 
finite element ceases its existence and does not 
influence the neighboring elements and 
additional load guarantees this fact.  
On the basis of these vectors Fe,i the vector of 
additional load for the allowance of the i-th 
nonlinear property of the total structure 
according its design diagram may be formed. 
Then on the basis of separate vectors or each 
considered in analysis nonlinear property the 
total vector for all considered nonlinear 
properties may be formed. 
The additional finite element of the first type 
does not change strain state. It changes only the 
stress state of the main finite element without 
account of particular nonlinear property up to 
the level of stress state of the same element 
with account of the given nonlinear property. 
 
The absence of strains and the presence of 
stresses are characteristic for the first type of 
additional finite element, i.е 

 
                      nonl,i = 0                            (38) 
                     nonl,i  0                             (39) 

 
It means that if the additional finite element of 
the first type is used for the allowance of the i-
th nonlinear property of the main finite element 
next formulae are correct for determination of 
stresses and strains: 

 
       nonl,i = nonl,i1 + nonl,i                (40) 
             nonl,i = nonl,i–1                          (41) 

 

These relationships for the allowance of the 
first nonlinear property look like these ones: 
 

           nonl,1 =  + nonl,1                       (42) 
                nonl,1 =                                (43) 

 
It should be noted that general formula (34) for 
calculation of additional load Fe,i for the main 
finite element is correct for both types of 
additional finite elements.  
However besides this general approach there 
are individual cases of determination of vector 
of node reactions Rnonl,i and consequently of 
additional load Fe,i for both types of additional 
finite elements. 
These individual cases are based on the 
relationships between node reactions with 
stresses and strains.  
For additional finite element of the first type 
this individual case is based on relationship 
between node reactions and stresses.  
So for the main finite element with linear 
properties the relationship between node 
reactions R and stresses   looks like: 

 
                            R = C                             (44) 
 
Where C = matrix connecting elastic node 
reactions and stresses. 
The analogous formula for the main finite 
element with linear properties looks like: 

 
                         Rnonl = C nonl                     (45) 

 
Using the relationships (43) and (44) let us 
write down the formulae for determinations of 
node reactions Rnonl,i in additional finite 
element of the first type for the allowance of 
the first nonlinear property: 

 
              Rnonl,1 = C nonl,1                 (46) 

 
and for the allowance of the i-th nonlinear 
property: 

 
               Rnonl,i =  C nonl,i                (47) 
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Substituting the expression (46) in (34) we 
obtain the formula for determination of the 
vector of additional load in general case: 

 
               Fe,i = – C nonl,i                    (48) 

 
In elimination of the main finite element after 
reaching of its ultimate limit state the formula 
looks like: 

 
                   Fe,i = C                            (49) 

 
where    = stresses of finite element  with 
linear properties. 
This simplified variant of formation of the 
additional load using stresses nonl,i for the 
allowance of  the plastic properties of concrete 
was developed in research.  
It allows to use some operations of the method 
of additional stresses. Scheme of this process 
for the allowance of the first nonlinear property 
by means of additional finite element is shown 
at Figure 2. 
Additional finite element of the second type 
does not change stress state.  
It changes only stain state of the main finite 
element without allowance of the nonlinear 
property up to the level of strain state for the 
allowance of the given nonlinear property. 
The dependence (33) connecting node reactions 
and node displacements as it reflects the main 
property of any additional finite element is 
correct for additional finite element of the 
second type too.  
Stiffness matrix of this element may be 
determined by formula (27) and its additional 
load for the allowance of the nonlinear property 
may be determined by formula (34).  
These expressions are correct for additional 
finite element of any type too.  
Relating to other formulae describing the 
properties of additional finite element of the 
second type that it is necessary to use another 
approach for their obtaining based on the 
peculiarities of this element. 
 
 

 
Figure 2. Scheme of the method  

of  additional stresses which is used by AFEM 
for the allowance of the first nonlinear property  

by means of AFE of the first type [19, 20] 
 
The absence of stresses and presence of strains 
is a defining feature of the additional finite 
element of the second type, i. 
 
                      nonl,i.  0                              (50) 
                      nonl, i = 0                              (51) 
 
It means that if the additional finite element of 
the second type is used for the allowance of the 
i-th nonlinear property of the main finite 
element the next formulae for determination of 
stresses and strains are correct: 

  
                     nonl,i = nonl,i nonl,i–1               (52) 
                   nonl,i = nonl,i–1 + nonl,i             (53) 
 
They are correct for the first nonlinear property: 

 
                  nonl,1 =  ( )                      (54) 

                    nonl,1 =   + nonl,1                  (55) 
 
Special case of determination of additional load 
for additional finite element of the second type 
is based on the relationship of node reactions 
and strains of the main finite element. 
For the main finite element with linear 
properties this relationship has next form: 
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                          R = G                         (56) 
 
where G = matrix connecting elastic node 
reactions and strains. 
For the main finite element with nonlinear 
properties this relationship looks like: 

 
                    Rnonl = G nonl                    (57) 

 
Taking into consideration formulae (56) and 
(57) the formula for determination of node 
reaction in additional finite element of the 
second type for the allowance of the first 
nonlinear property will be: 

 
            Rnonl,1 =  G   nonl,1                (58) 

 
This formula for the allowance of the i-th 
nonlinear property looks like: 
                   Rnonl,i =  G nonl,i                   (59) 
 
Using the formulae (59) and (34) we may 
obtain the formula for determination of the 
additional load at any stage: 

             Fe,i  = – G nonl,i                     (60) 
 
In case of collapse of the main finite element 
when its ultimate limit state is reached this 
formula will be of next form: 

 
                Fe =  G                                (61) 

 
where   = strains of the finite element with 
linear properties.  
This variant of formation of additional load Fe,i 
using the strains nonl,i of additional finite 
element is suitable to take into account residual 
strains under unloading.  
Formula (60) may be used only for additional 
finite element of the second type as for 
additional finite element of the first type it is 
accepted that its strains nonl,i = 0 (38).  
The algorithm of the problem solving may be 
shorted by this formula.  
In this case operations of the method of 
additional strains may be added. Scheme of this 

process for the allowance of the first nonlinear 
property is given at Figure 3. 
 

Figure 3. Scheme of the method  
of additional strains which is used by AFEM 
for the allowance of the first nonlinear property  
by means of AFE of the second type [19, 20]. 

 
Briefly the main characteristics of the additional 
finite elements of the first and the second type 
for the allowance of the any i-th nonlinear 
property are given in Table 1 [2, 20]. 
Formula (34) gives the main way for 
determination of additional load for taking into 
account of any i-th nonlinear property. 
Formulae (48) and (60) are suitable for two 
special cases.  
Thus three ways for formation of additional 
load are possible. 
 
 
6. FORMATION OF RIGHT HAND PART 
OF THE SET EQUATIONS OF AFEM 
 
Two ways for changing of the right hand part of 
the set of equations (19) – (23) may be used for 
taking into account the i-th nonlinear property. 
In the first case stiffness matrix of each 
additional design diagrams ΔKi is formed on the 
base of stiffness matrices Knonl,e,i of correspon- 
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Table 1. The main characteristics of additional finite elements  
for the allowance of the i-th nonlinear property. 

 
 
N 

 
Type 

of characteristic 

Finite element 
without the i-th 

nonlinear 
property 

Finite element 
with the i-th 

nonlinear property 

Additional finite element 
for the allowance  

of the i-th nonlinear property 
Type 1 Type 2 

 
1 

Relationship between 
node reactions  
and displacements 

 
Rnonl,i–1 = 

=Knonl,e,i–1V 

 
Rnonl,i = 

=Knonl,e,iV 

 
Rnonl,i = Knonl,e,iV 

2 Stiffness matrices Knonl,e,i–1 Knonl,e,i Knonl,e,i = Knonl,e,i – Knonl,e,i–1 
3 Node reactions Rnonl,i–1 Rnonl,i Rnonl,i = Rnonl,i – Rnonl,i –1 

 
4 

Relationship between 
node reactions  
and stresses 

 
Rnonl,i–1 = 
=Cnonl,i–1 

 
Rnonl,i = 

= C nonl,i 

 

Rnonl,i=  
=C nonl,i 

 
– 

 
5 

Relationship between 
node reactions  
and strains 

 
Rnonl,i–1 = 

= Gnonl,i–1 

 
Rnonl,i = 

= Gnonl,i 

 
– 

 

Rnonl,i = 
Gnonl,i 

 
6  

 
Stresses 

 
nonl,i–1 

 
nonl,i 

nonl,i = 
=nonl,i –nonl,i– 

 
nonl,i = 0 

 
7 

 
Strains 

 
nonl,i–1 

 
nonl,i 

 
nonl,i = 0 

nonl,i = 
= nonl,i –nonl,i–

1 
8 Additional load Fe,i = –Rnonl,i – – – 

  
ding additional finite elements taking into 
account given nonlinear property.  
The formula (27) is used for it only. 
In the second case every component  
 

(–ΔKiV) 
 
is formed on the base of the values  
 

(–Rnonl,i) 
 
for taking into account the result of action of 
corresponding additional finite element taking 
into account this nonlinear property.  
Three formulae (33), (47) and (59) may be used 
for calculation of node reactions Rnonl,i.  
The choice suitable formula depends on 
characteristics of considered nonlinear 
property.  

Both of these ways must correspond to real 
conditions of nonlinear analysis at limit state 
and failure model. 
 

 

7. CONCLUSIONS 
 
Suggested by AFEM set of linear equations 
according to ideal failure model of structure is 
developed on basis of theory of FEM and 
theory of ultimate equilibrium. It allows: 
1) to take into account each nonlinear property 

which is appeared at definite stage of 
operating period of structure; 

2) to introduce the criterion of collapse 
structure according to logic of FEM; 

3) to realize nonlinear analysis of  structures at 
limit states according to requirements of 
Codes;  

4) to introduce different theoretical models of 
behavior of structures according to degree of 
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reaching of ultimate limit state due to 
properties of additional finite elements; 

5) to use of all advantages of method of elastic 
decisions (additional loads). 
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ADHESION OF COMPONENTS OF COMPOSITE STEEL  
AND CONCRETE CROSS SECTION IN ANALYSIS  

OF BEAMS WITH CONCRETE ENCASED SECTIONS 
 

Alexey S. Krylov 
JSC Research Center of Construction, Moscow, RUSSIA 

 
Abstract: A brief overview of the issues of aggregate work of components of the composite steel and concrete 
section is made. It is presented various options for the layout of the cross-section of beams used in the practice of 
design. A review of the design of the regulatory documents regarding the issues of adhesion of cross-section el-
ements is performed. The characteristic of experimental models is given. The features of destruction of models 
are shown. The reasons of the destruction are analyzed. The case of the loss of the bearing capacity of the ele-
ment due to relaxation (loss) of adhesion at the steel – concrete interaction boundary is considered. Various shear 
surfaces of the concrete section are given. Calculations of the bearing capacity of the composite steel – concrete 
beams for each computational surface were performed, the obtained results were evaluated. Conclusions have 
been made on the question of ensuring aggregate work in case of composite steel – concrete beams with a fully 
encased steel core. 
 

Keywords: concrete, steel, reinforced concrete, composite steel and concrete structure, shear, adhesion, stud 
 
 

УЧЕТ СЦЕПЛЕНИЯ КОМПОНЕНТОВ  
СТАЛЕЖЕЛЕЗОБЕТОННОГО СЕЧЕНИЯ В РАСЧЕТАХ  

БАЛОК С ПОЛНОСТЬЮ ОБЕТОНИРОВАННЫМ СТАЛЬНЫМ 
СЕРДЕЧНИКОМ 

 
А.С. Крылов 

Научно-исследовательский центр «Строительство», г. Москва, РОССИЯ 
 

Аннотация: Выполнен краткий обзор вопросов совместной работы компонентов сталежелезобетонного 
сечения. Представлены различные варианты компоновки поперечного сечения балок, используемые в 
практике современного проектирования. Выполнен обзор расчетных положений нормативных документов 
касательно вопросов сцепления элементов поперечного сечения. Дана характеристика экспериментальных 
моделей. Приведены общие картины разрушения моделей, проанализированы причины разрушения. Рас-
смотрен вариант потери несущей способности элемента в следствии ухудшения (потери) сцепления на 
границе сталь-бетон. Приведены различные поверхности среза бетонной части сечения. Выполнены рас-
четы несущей способности сталежелезобетонных балок для каждой расчетной поверхности, дана оценка 
полученных результатов. Сделаны выводы по вопросу обеспечения совместной работы применительно к 
случаю сталежелезобетонных балок с полностью обетонированным стальным сердечником. 
 

Ключевые слова: бетон, сталь, железобетон, сталежелезобетонная конструкция, сдвиг, сцепление,  
анкерное устройство 

 
The late XX – early XXI centuries were marked 
by the extensive introduction of steel-concrete 
structures into building practice, the main types 
of which are columns and beams with stiff rein-
forcement. The significant development of high-
rise construction required an increase in the 

bearing capacity of structural elements and at 
the same time a reduction in their dimensions. 
The columns made of the composite steel-
concrete ensure these requirements [1]. The de-
velopment of transport networks and an increase 
in the carrying capacity of transport lead to the 
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widespread use of composite steel – concrete 
structure in bridge construction. Majority of 
modern transport overpasses and bridge junc-
tions are implemented using composite steel-
concrete structure (beams), where a common 
design consideration is the combination of steel 
beams with a slab of concrete along top flange 
(Figure 1) [2]. Composite steel – concrete 
beams with a fully encased steel core also find 
appliance [3], as it is shown in Figure 2. 
 

  
a) slab without  

thickening 
b) slab with thickening 

Figure 1. Example of composite steel-concrete 
beam – steel I-beam with reinforced concrete 

slab along top flange. 
 

 
Figure 2. Example of composite steel – concrete 

beam with a fully encased steel core. 
 

The issues of adhesion of a reinforced concrete 
slab with a steel beam, as well as the effect of 
various anchors (flexible, rigid connectors) on 
the bearing capacity of the composite reinforced 
concrete elements are studied quite well [2, 4] 
due to it wide acceptance. The necessity of ap-
plying anchors and features of the calculation 
are governed by the relevant regulatory docu-
ments [2, 4, 5, 6] and recommendations [7]. 

The issues of adhesion with a fully encased steel 
section to concrete were also investigated by a 
number of authors [8]. Let us note that regulato-
ry documents [4, 5] regulate placing of anchors 
for beams with rigid reinforcement (with a fully 
encased steel core), but the focus is on placing 
the stud only on the wall of a steel section (Fig-
ure 3).  
 

 
Figure 3. Installation of anchor studs on the 

wall of the steel profile according to [4]. 
 
The special attention is not paid to placing the 
studs on the shells of the I-beam (in contrast to 
the case of a steel non-concrete beam with a re-
inforced concrete slab along the upper shelf). 
This can be explained by the layout of the com-
posite steel - concrete section, when rigid rein-
forcement is distributed fairly evenly over the 
entire cross section and the distance from the 
top shell of the I-section (Figure 3) to the edge 
of the beam is small. At the same time, in Euro-
code 4 [4], in section 6.7.4.2, there is a note on 
this issue - it is necessary to check the sufficien-
cy of web reinforcement to resist shear force for 
zones of the concrete part of the cross section 
that do not have direct contact with the steel 
core by anchors (Figure 4 - considered a shear 
along the lines A-A).  
 

 
Figure 4. Checking composite steel – concrete 

element under shear force along line A-A  
according to [4]. 



Adhesion of Components of Composite Steel and Concrete Cross Section in Analysis of Beam  
with Concrete Encased Section 

Volume 15, Issue 2, 2019 67 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

However, such a check is provided only for the 
composite steel - concrete columns in case when 
the load is attached either only to the steel or to 
the concrete part of the section. The need for 
such checks is not regulated for beams with rig-
id reinforcement and fully encased steel core, 
although in some cases it must be performed. 
Alternatively, the cross-sectional layout of 
beams with rigid reinforcement, when all or 
most of the steel core are located in the tension 
side, that implies a significant distance from the 
top shell of steel section to the edge of the 
cross-section (Figure 5).  
 

 
Figure 5. An example of a beam with rigid  

reinforcement with a non-standard arrangement 
of an I-beam. 

 
In this case, in addition to strength analysis of 
the normal section of the element and the corre-
sponding fracture features (chipping of com-
pressed zone of the concrete or breakage of the 
tensile reinforcement), attention should be paid 
to the possibility of the component damage as a 
result of deterioration (loss) of adhesion at the 
steel-concrete interface and shear of the con-
crete part of the beam. A choice of line of shear 
is marked in red in Figure 6. 
A series of experiments were performed to 
study the behavior of the composite steel-
concrete beams using high-strength concrete. 
The described non-standard type of destruction 
is recorded in the process of testing, although a 
detailed study of damage of a similar type was 
not a purpose of these experiments. During the 
experimental studies, 9 models of composite 
steel-concrete beams of rectangular cross sec-
tion 200x150 mm and 1.5 m length were tested. 
The steel core is made in the form of an I-beam. 
 

 

 
Figure 6. Possible location of the line  

of concrete shear at the component damage  
due to deterioration (loss) of adhesion  

at the steel-concrete interface. 
 

The core material is С255 steel according to Na-
tional Standard of Russian Federation GOST 
27772-2015. The concrete of the models is 
high-strength of B75 ... B90 compressive 
strength class. Upper and transverse reinforce-
ment have diameter 10 mm class A400 of steel 
35GS. The percent of reinforcement is 7.8 ... 
9.2%. The beams were tested for pure bending 
by attaching concentrated loads in 1/3 and 2/3 
of the span of the models. The general view of 
the models is shown in Figure 7. A detailed de-
scription of the experiment is given in [9]. 
 

 
Figure 7. General view of the composite  

steel – concrete beam model. 
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Figure 8. Characteristic destruction of models 
of  the composite steel – concrete beams (beam 

fragment – extreme third part of the span). 
 
The destruction of the models was similar and 
characterized by the appearance of a large num-
ber of vertical and inclined cracks, as well as 
horizontal cracks on the upper and lower edges 
of the beam. This led to partial shear of the con-
crete of the protection cover and uncovering of 
the reinforcement cage and steel core in the ex-
treme thirds of the beam span - between the 
point of support and the point of attaching of the 
load at the last stages of loading (Figure 8). At 
more detailed observing of the failure models, it 
is supposed, that a possible reason of the de-
struction is a violation of the adhesion between 
the upper shell of the steel I-beam and concrete. 
In contrary to widespread destruction variant, 
the shear (Figure 9) occurred on the boundary of 
steel and concrete parts of section as it is shown 
in Figure 6. The destruction of a similar type is 
not considered in the literature before. 
Theoretical calculations were performed to 
evaluate the obtained experimental results. The 
sequence of checking the shear strength of con-
crete along the indicated surfaces (Figure 6, 9) 
is given below. In the presented calculations, the 

characteristics of materials are assumed to be 
equal to it actual values. 
1. The height of the compressed zone of the 
cross section was determined and compared 
with the experimental value. The sequence of 
calculations is described in detail in regulatory 
documents [5, 7]. The height of the compressed 
zone is x = 7.0 cm. 

 

 
a) overall view 

 

 
b) front view 

Figure 9. Possible location of the shear surface 
in the concrete during the destruction of the  

element caused by deterioration (loss)  
of adhesion at the steel-concrete interface. 

 
2. The shearing force is determined by the for-
mula similar (since the type of the destruction is 
another) (6.63) [SP 266]: 
 

Si = (σb1Ab + σs1As) − (σb2Ab + σs2As),  (1) 
 

Where  σb1, σb2 are compressive stresses in 
concrete in the right and left sections of the cal-
culated part of the beam 
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σs1, σs2  are stresses in the longitudinal rein-
forcement in the same sections, respectively. In 
the above formulas, the distance from the point 
of load attaching to the beam support and, re-
spectively, the stresses σb2 и σs2 at the end of 
the beam is assumed to be equal to zero. Value 
of the shear force is: 
 

S = (Rbbx + RscAsc
′ ) = 943,9 ∙ 15,0 ∙ 7,0 +

4440,0 ∙ 1,57 = 106 080 kg,     (2) 
 

where Rb = 943,9
kg

cm2 , Rsc = 4444,0
kg

cm2    
 
are compressive strength of concrete and rein-
forcement rod respectively, 
b = 15 cm is cross section width, 
x = 7,0 cm is height of the compressed zone of 
the section, 
Asc

′ = 1,57 cm2 is area of compressed rein-
forcement rod. 
3. The shear strength Rτ of an element for vari-
ous computational surfaces is calculated: 
 

Rτ = AτRbt,                    (3) 
 

Where Aτ is area of the calculated shear surface, 
Rbt is tension strength of concrete. 
a) for the case shown in Figure 6: 
 

Rτ = (l1 ∙ l2 ∙ 2) ∙ Rbt = (51,5 ∙ 2,9 ∙ 2) ∙

68,3 = 20 401 kg,             (4) 
 
where Rbt = 68,3 

kg

cm2
, 

 
l1 = 51,5 cm is the distance from the point of 
load attaching to the edge of the beam (length of 
the shear surface), 
l2 = 2,9 cm is the distance from the edge of the 
flange of the I-beam to the edge of the cross 
section (width of the shear surface). 
b) for the case shown in Figure 9. 
Here we note that the contour of the calculated 
surface to determine the shear bearing capacity 
for concrete is accepted by the results of exper-
imental studies. The specified computational 
contour accurately reflects the features of the 

destruction recorded during the experiments 
performed in this paper. 

 
Rτ = (l1 ∙ l2 ∙ 2) ∙ Rbt = (51,5 ∙ 14,75 ∙ 2) ∙

68,3 = 103 765 kg,      (5) 
 

where Rbt = 68,3 
kg

cm2 
 
l1 = 51,5 cm is the distance from the point of 
application of the load to the edge of the beam 
(length of the shear surface). 
l2 = 14,75 cm is the average width of the shear 
surface on the test results. 
The obtained value of the shear strength of the 
element almost completely coincided with the 
fracture load. The difference is 2.2%. 
4. A comparison of the theoretical and experi-
mental bearing capacity of the beam, deter-
mined by the shear of concrete, is carried out. 
The values is quite close. 
We also note that the value of the carrying ca-
pacity for shear is quite close to the bearing ca-
pacity of the element obtained in the calculation 
for the normal section. At the same time, the 
limiting state in the cross section is reached at 
the moment of concrete shearing along the spec-
ified calculated surfaces. The concrete stresses 
in the compressed zone reach the limit values, 
and in the tensile rigid reinforcement, the stress-
es correspond to the yield strength. 

 
 

CONCLUSIONS 

 
A review on the subject of combining of ele-
ments of steel-concrete structures is carried out. 
The features of steel-concrete beam models’ 
destruction are analyzed for the bending tests.  
The destruction of the models is similar and 
characterized by the appearance of a large num-
ber of vertical and inclined cracks, as well as 
horizontal cracks. This leads to partial shear of 
the concrete of the protection cover and uncov-
ering of the reinforcement cage and steel core in 
the extreme third of the beam span - between 
the point of support and the point of load attach-
ing at the last stages of loading. The shear oc-
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curs by the surface shown in red in Figure 9, in 
contrast to the most common type of destruction 
- by the interface of steel and concrete (Figure 
6). The damage of a similar type in the literature 
has not been considered previously. This type of 
destruction can be considered as a new type of 
limit state concerning to the first group of limit 
states (by strength). 
The possible variants of the computational de-
struction surfaces of the composite steel-
concrete beams, caused by relaxation (loss) of 
adhesion at the steel-concrete interface, are con-
sidered. 
The surface shown in Figure 6 and, respectively, 
the strength value determined by formula (4) are 
the most dangerous cases of destruction for el-
ements with not enough transverse reinforce-
ment or without it. In the case of powerful 
transverse reinforcement, the destruction surface 
takes a more complex shape, that is close to the 
shape shown in Figure 9. In this case, the frac-
ture load should be determined by the relation-
ship (5). 
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DETERMINATION OF THE LIMIT HEIGHT  
OF THE COMPRESSED ZONE  

OF STEEL-CONCRETE COMPOSITE SECTIONS 
 

Alexey S. Krylov 
Research Center of Construction, Moscow, RUSSIA 

 
Abstract: A brief review of power resistance of cross sections with a complex composition was made using the 
examples of steel-concrete composite structures. The features and difficulties that appear when calculate steel-
concrete composite structures, materials of which have different strength characteristics, are noted. The proce-
dure for calculation the limit height of the compressed zone for steel-concrete composite beam section is given. 
 

Keywords: concrete, steel, reinforced concrete, steel-concrete composite structure, height of compressed zone 
 
 

ОПРЕДЕЛЕНИЕ ГРАНИЧНОЙ ВЫСОТЫ СЖАТОЙ ЗОНЫ 
ДЛЯ ЖЕЛЕЗОБЕТОННЫХ СЕЧЕНИЙ  

С ЖЕСТКОЙ АРМАТУРОЙ 
 

А.С. Крылов 
Научно-исследовательский центр «Строительство», г. Москва, РОССИЯ 

 
Аннотация: Выполнен краткой обзор работы поперечных сечений, имеющих сложную внутреннюю 
компоновку на примере сталежелезобетонных конструкций. Отмечены особенности и трудности расче-
тов в случае наличия в сечении материалов с различными прочностными характеристиками на примере 
определения граничной высоты сжатой зоны сталежелезобетонного сечения. Приведена последователь-
ность расчета граничной высоты сжатой зоны поперечного сечения балки, армированной стержневой и 
жесткой арматурой.  
 

Ключевые слова: бетон, сталь, железобетон, сталежелезобетонная конструкция, высота сжатой зоны 
 

The developing construction industry offers a 
wide range of building materials and products, 
which gives the designer the opportunity to im-
plement the most difficult architectural deci-
sions. Often in modern construction practice, 
even one structural element can have a complex 
internal composition, including several materi-
als with different strength characteristics. An 
example is the steel-concrete structures (Figure 
1), which have great development in recent 
times [1, 2, 3, 4, 5]. 
Considering steel-concrete structures (columns 
and beams with fully concreted core [4, 5, 6, 7] 
– Figure 1) a fairly common design solution is a 
combination of modern flexible rebars (for ex-
ample, class A500) with a rolled or welded pro-
file of steel C255/C345. Thus, the design char-

acteristics of the steel elements of the cross sec-
tion may differ by 35 ... 80%. For some stages 
of strength calculation of normal cross sections 
of composite elements, the noted feature can 
cause some difficulties and complicate the cal-
culation process. 
In accordance with the current Building Code 
Russian Federation SP 63.13330 [8], the limit 
height of the compressed zone should be calcu-
lated for the entire cross section, taking into ac-
count the all reinforcement in tension. If the re-
inforcement is laid in several layers, it is as-
sumed that reinforcement is concentrated in the 
center of its gravity (h0 is calculated as a dis-
tance from the most compressed fiber to the 
center of gravity of the reinforcement in ten-
sion).  
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a) 

  
b) 

Figure 1. Examples of cross sections  
of steel-concrete columns [2]. 

 
Also the formula for the limit height of the 
compressed zone, that is contained in SP 
63.13330, assumes that the strains of the whole 
reinforcement in tension has reached a value 
corresponding to the yield strength of the mate-
rial or exceed it. 
In practice, this approach may cause the follow-
ing difficulties. If some layer of reinforcement 
is located close to the boundary of the com-
pressed zone, it is not clear whether the stresses 
in this reinforcement will have reach the design 
resistance when the structure is destroyed. It is 
possible that different layers of reinforcement 
work with different resistances and the formulas 
of the current Building Code do not allow de-
scribing this case correctly when calculating at 
the limit values of forces. This becomes espe-
cially apparent when calculating steel-concrete 
composite cross-section with a whole rolling 
profile. The second difficulty arises when using 
steels with different strength characteristics in 
the same section. Then, the reinforcement ele-
ments reach the yield point of strain-stress dia-
gram at different deformation values despite the 
same elastic modules. 
Let us consider in more detail the definition of 
the limit height of the compressed zone of the 
steel-concrete cross-section of the beam, de-

signed with the use of steels of different 
strengths (Figure 2). 

 

 
a) calculation scheme of the considering 

beam 

 
b) cross section 

Figure 2. Steel-concrete beam designed 
with steel elements of different strength. 

 
The section under consideration has dimensions 
b×h. The beam is reinforced with rebars and rig-
id steel profiles. The core of cross section is 
made in the form of an I-beam of C255 steel. 
Rods of upper and lower reinforcement are 
made of rebars of A500 class. In the work, it is 
considered heavy concrete of compressive 
strength class C30. 
According to SP 63.13330 [8] the limit height of 
the compressed zone is calculated by the follow-
ing formula 

 
𝑥𝑅 =

0.8

1+
𝜀𝑠,𝑒𝑙
𝜀𝑏2

ℎ0,                        (1) 

 
where 𝜀𝑠,𝑒𝑙 is deformation of reinforcement in 
tension at stress value 𝑅𝑠 ,    
 

𝜀𝑠,𝑒𝑙 =
𝑅𝑠

𝐸𝑠
 , 

 
𝜀𝑏2 is deformation of compressed concrete at 
stress value 𝑅𝑏. 
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Thus, there are rebar elements of different 
strength and different deformation characteris-
tics, located at different sites, in the cross sec-
tion. Respectively, the limit heights of the com-
pressed zone defined for the various steel ele-
ments of the section also differ. The schematic 
arrangement of the limit heights of the com-
pressed zone for different section of the steel 
core (the section is divided into several parts 
through the height to obtain a more accurate re-
sult) and the reinforcement rods are shown in 
figure 3. The height of the compressed zone x of 
the cross section is marked with hatching in fig-
ure 3. The limit height of the compressed zone 
for the each steel element indicated as 𝑥𝑅𝑖

. 
 

 
Figure 3. Steel-concrete cross section in bent. 
Determination of limit height of compressed 

zone. 
 

When determining the limit height of the com-
pressed zone of a cross section of a steel-
concrete element, the following sequence of 
calculations should be accepted: 
 determination of the limit height of the 

compressed zone 𝑥𝑅 by formula (1) for 
each stretched section of steel reinforce-
ment (steel core and rod reinforcement). At 
the same time, the profile of rigid rein-
forcement should be divided into parts 
through the height of the cross section. 

 determination of the height of the com-
pressed zone x, assuming that the stresses in 
the entire stretched reinforcement reached 
the yield strength of the material  (𝜎𝑠 =
𝑅𝑠); 

 comparison of x and 𝑥𝑅 for each stretched 
steel element of cross section. Selection of 

rod and rigid reinforcement elements for 
which 𝑥 > 𝑥𝑅; 

 recalculation of the height of the com-
pressed zone excluding the elements for 
which 𝑥 > 𝑥𝑅 since the stresses in them 
𝜎𝑠 < 𝑅𝑠. In this case, the steel parts of the 
section should be excluded from the calcu-
lation one by one, starting with the element 
for which the difference between x and 𝑥𝑅 s 
greatest. Besides, in the case whether of rig-
id reinforcement or symmetrical flexible re-
inforcement, the elements of the core or rod 
reinforcement should be excluded from the 
calculation, taking into account their sym-
metrical placement respectively to the cur-
rent location of the boundary of the com-
pressed zone at this stage of calculation or 
iteration. 

Further, according to the mentioned technique, 
several iterations should be performed (if neces-
sary) until the inequality 𝑥 < 𝑥𝑅 is performed 
taking into account all the elements entered into 
the calculation. Then the stresses correspond to 
the yield strength of the material (𝜎𝑠 = 𝑅𝑠) for 
the elements involved in the calculation. Fur-
ther, when determining the limit moment in the 
cross section in order to obtain margin of safety, 
only the elements, in which the stress reach the 
value 𝜎𝑠 = 𝑅𝑠, should be entered into the calcu-
lation. 
In the case when the cross section is strongly 
over-reinforced, and it is impossible to identify 
elements that work with full design resistance, it 
is possible to use the technique of the current SP 
63.13330 [8], taking as the limit height of the 
compressed zone the smallest value Ri from 
those values that relate to the reinforcement tak-
en into account in the calculation. 
In order to obtain more accurate results, the 
stretched rebars and the stretched sections of the 
rigid reinforcement for which the 𝑥 < 𝑥𝑅 ine-
quality is true should be taken into account in 
the expressions for determining the height of the 
compressed zone and the limit bending moment, 
taking into account their real stress state. In this 
case, the stress in the rod and rigid reinforce-
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ment should be determined from the conditions 
of elastic operation of the material: 
 plot the relative strain/stress diagram using 

two points: the ultimate strain/stress of con-
crete and the zero point (calculated height 
of the compressed zone); 

 guided by the Euler–Bernoulli hypotheses, 
determine the strain / stress in the series of 
reinforcing bars (from the diagram); 

 take into account the real strain / stress for 
all elements involved in calculation. 

 
 

CONCLUSIONS 

 

The problems of determination of limit height of 
the compressed zone of a cross section of a 
steel-concrete element are considered in the 
general form. The complexity of the calculation 
is that there is a reinforcement (rod and rigid 
core) of different strength and with different de-
formation characteristics, located at different 
levels through the height of cross section. 
The sequence of calculation of the limit height 
of the compressed cross-sectional area of the 
beam reinforced with rod and rigid reinforce-
ment is presented. Recommendations on possi-
ble improvements of calculations are given. 
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GLOBAL ASYMPTOTICS OF THE FILTRATION PROBLEM  
IN A POROUS MEDIUM 
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Abstract: Filtration of the suspension in a porous medium is important when strengthening the soil and creating 
watertight partitions for the construction of tunnels and underground structures. A model of deep bed filtration 
with variable porosity and fractional flow, and a size-exclusion mechanism of particle retention are considered. 
A global asymptotic solution is constructed in the entire domain in which the filtering process takes place. The 
obtained asymptotics is close to the numerical solution. 
 

Keywords: deep bed filtration, porous medium, suspended and retained particles,  
mathematical model, global asymptotics 

 
 

ГЛОБАЛЬНАЯ АСИМПТОТИКА ЗАДАЧИ ФИЛЬТРАЦИИ  
В ПОРИСТОЙ СРЕДЕ 

 
Л.И. Кузьмина 1, Ю.В. Осипов 2, Ю.Г. Жеглова 2 

1 Национальный исследовательский университет «Высшая школа экономики», г. Москва, РОССИЯ 
2 Национальный исследовательский Московский государственный строительный университет,  

г. Москва, РОССИЯ 
 

Аннотация: Задачи фильтрации суспензии в пористой среде важны при укреплении грунта и создании во-
донепроницаемых перегородок для строительства туннелей и подземных сооружений. Рассматривается мо-
дель долговременной глубинной фильтрации с переменной пористостью и доступным потоком, и размер-
ным механизмом задержания частиц. Строится глобальное асимптотическое решение во всей области, в ко-
торой происходит процесс фильтрации. Найденная асимптотика всюду близка к численному решению. 
 

Ключевые слова: долговременная глубинная фильтрация, пористая среда,  
взвешенные и осажденные частицы, математическая модель, глобальная асимптотика 

 
1. INTRODUCTION 
 
Construction of tunnels and underground struc-
tures construction requires strengthening the soil 
and creation of watertight partitions protecting 
the structures from ground and flood waters. 
When pumping a liquefied solution of concrete 
into a porous soil, the grout penetrates into the 
pores and is filtered by porous rock. After dry-
ing and hardening of grout, the soil becomes 
durable and waterproof [1, 2]. 
When filtering the suspension in a porous medi-
um, part of the solid particles is transferred from 
the inlet to the outlet of a porous sample, and 
some particles get stuck in the pores and form a 

deposit. Particles retention is influenced by dif-
ferent forces depending on the chemical and 
physical composition of the porous medium and 
suspension. There are many different filtration 
models with various mechanisms for the 
transport and deposition of particles [3-5]. If the 
size distribution of particles and pores overlap, 
then the main reason for particle retention be-
comes size-exclusion: solid suspended particles 
freely pass through large pores and get stuck at 
the inlet of small pores [6]. 
The classical mathematical model of deep bed 
filtration includes the mass balance equation for 
suspended and retained particles and the kinetic 
equation for deposit growth [7]. With a relative-
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ly small number of solid particles in suspension, 
deposit growth is proportional to the first degree 
of suspended particles concentration. In the 
general case the proportionality coefficient be-
tween the growth rate of the deposit and the 
suspended concentration depends nonlinearly on 
the retained particles concentration and is called 
the filtration coefficient. The exact solution of 
this problem was obtained in [8]. 
More complex filtration models suggest that the 
porosity and the fractional flow are not constant, 
but depend on retained particles concentration 
[9]. For a complicated system of equations, lo-
cal asymptotic solutions were obtained near the 
porous medium inlet, on the concentrations 
front, and for large time [10–12]. However, it is 
not possible to construct a global asymptotics on 
the basis of these solutions, since the applicabil-
ity domains of local asymptotics do not cover 
the entire zone in which the system of equations 
is considered. 
In this paper, a new method for constructing a 
global asymptotic solution has been developed. 
On its basis, the global asymptotics of the deep 
bed filtration problem of a monodisperse sus-
pension in a homogeneous porous medium is 
obtained. Coordinate transformation leads to a 
variable that is small in the entire filtration zone. 
The global asymptotic solution is constructed as 
a series in powers of the new variable. The as-
ymptotics is compared with the numerical solu-
tion obtained by the finite difference method 
[13-15]. The calculations show that the asymp-
totic and numerical solutions are close in the 
entire filtration zone. 
 
 
2. MATHEMATICAL MODEL 
 
A one-dimensional model of deep bed filtration 
of suspensions and colloids in a porous medium 
with variable porosity and fractional flow in the 
domain {0 1, 0}x t     is determined by a 
quasilinear hyperbolic system of two first-order 
equations 
 

    g( ) ( ) 0SS C f S C
t x t
  

  
  

; (1) 

 ( )S S C
t


 


. (2) 

 
Here ( ), ( )g S f S  are smooth positive functions 
for 0S  ; the blocking filtration coefficient 

( )S  is positive for max0 S S   and turns to 
zero for maxS S ; unknown functions 

( , ); ( , )C x t S x t  are concentrations of suspended 
and retained particles. 
The unique solution to the system (1), (2) is de-
termined by the initial and boundary conditions 
 
 0 1xC


 ; (3) 

 
0 0

0; 0
t t

C S
 
  . (4) 

 
Condition (3) means that a suspension of con-
stant concentration is injected at the inlet of the 
porous medium; condition (4) corresponds to 
the absence of suspended and retained particles 
in the porous medium at the initial moment. 
The concentrations front of suspended and re-
tained particles moves in a porous medium from 
the inlet to the outlet at a constant velocity 

(0) / (0)v f g  and is determined by formula 
, (0) / (0)t x g f   . 

Before the front in the domain 
0 {0 1, 0 }x t x      , the porous medium 

is empty, and the problem has a zero solution. 
Behind the concentration front in the domain 

{0 1, }S x t x     , the porous medium 
contains suspended and retained particles, and 
the solution is positive. Since conditions (3) and 
(4) are not consistent at the origin, the solution 

( , )C x t  is discontinuous on the concentration 
front; the solution ( , )S x t  is continuous in the 
domain  and vanishes on the front 
 
 0

t x
S


 . (5) 
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In the domain S , the solution of the original 
problem (1) - (4) coincides with the solution of 
problem (1) - (3), (5). 
For constant coefficients 0 0,g g f f   of 
equation (1) and linear blocking filtration coef-
ficient (Langmuir coefficient) 
 
 ( ) ; 0, 0S a bS a b     , (6) 
 
the simplified problem (1) - (3), (5) in the do-
main S  has an exact solution 
 

 
0

0

( )

/( )

( )

/( )

( , ) ;
1

1( , ) .
1

b t x

ax fb t x

b t x

ax fb t x

eC x t
e e
a eS x t
b e e


















 


 

 

 (7) 

 
In the general case, the exact solution of prob-
lem (1) - (3), (5) cannot be written down by ex-
plicit formulas [16]; therefore, asymptotics are 
constructed. 
In characteristic variables ,t x y x    , the 
concentration front is given by the equation 

0  . In the half-strip {0 1, 0}y      , 
problem (1) - (3), (5). takes the form 
 

    g( ) ( ) ( )
0

S f S C f S C S
y



 

   
  

  
; (8) 

 ( )S S C



 


; (9) 

 
0 0

1; 0
y

C S
 

  . (10) 

 

Near the concentration front, the local asymptot-
ic solution of the problem (8) - (10) is con-
structed using the small parameter . 
 
 
3. ASYMPTOTIC SOLUTION 
 
A change of variables in the system (8) - (10) 
 
 0/1 ; 1ay f bz e T e       (11) 
 
allows to use z as a small parameter, because for 
( , )y    the variables z, T belong to the do-
main 0/{0 1 1, 0 1}a fz e T        . 
In the new variables, the solution (7) of the sim-
plified problem takes the form 
 
 1 (1 )(z, ) ; (z, ) .

1 1
z a z TC S

zT b zT
 

 
  

 
 (12) 

 
Assume that the coefficients of equation (8) are 
almost constant, and the filtration coefficient 
differs little from a linear function: 
 
 0( ) ( );g S g SG S   

 0( ) ( );f S f SF S   (13) 
2( () )S a bS S S     

 
Here 0   is a small parameter. 
In the domain   the problem (8)-(10) takes 
the form 
 

 
 

   

0

0

( )(1 ) ( ) ( ) (1 ) 1

SG( ) ( ) ( ) ( ) (1 ) ( ) 0;

С SF S Cb T S G S F S a z
T f z

a SS SF S S C SF S z S C
f z

  

  

  
      

  

         
 

 (14) 

  2(1 ) ( )Sb T a bS S S C
T

 


   


 (15) 

 0 0
1; 0

z T
C S

 
   (16) 

 
A solution of equations (8)-(10) is obtained in the form of a double series in powers of ε, z: 
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2
, 0,1 1,1 2,1

0 1

2
2

0,2 1,2 2,2

( , , ) 1 ( ) / ! 1 ( ...)

( ...) ... ;
2

n m
i j

i j
i j

C z T c T z j z c c c

z c c c

   

 

 

       

    


 (17) 

 

2
, 0,0 1,0 2,0

0 0

2
2 2

0,1 1,1 2,1 0,2 1,2 2,2

( , , ) ( ) / ! ( ...)

( ...) ( ...) ... .
2

n m
i j

i j
i j

S z T s T z j s s s

zz s s s s s s

   

   

 

     

        


 (18) 

 
The coefficients , ,,i j i jc s  depend only on T. 

From conditions (16): ,0 0
0; 0i ij T

c s


  . 

Substituting the expansions (17), (18) into equa-
tions (14), (15) and equating the terms with the 
same degrees of ε, z, implies a recurrent system 
of differential and algebraic equations 

0 0
0,0 0,0: (1 ) ( ) 1z b T s a bs     ; 

0 0
0,1 0,0: ( ) 1 0z ac a bs     ; 

0 1
0,1 0,1 0,0 0,1: (1 ) 1 ( )z b T s bs a bs c       ; 

0 1
0,2 0,1 0,1 0,0 0,1: 1 ( ) 0z ac ac bs a bs c       ; 

 1 0 2
1,0 1,0 0,0 0,0 0,0: (1 ) ( ) 1 ( ) 0z b T s bs s s a bs         ; 

 

   

0,0

0,0

0,0 0,01 0
1,1 0,1 0,0

0

2
0,1 1,0 0,0 0,0 0,0

0

( )
: ( ) ( ) ( ) 1

( ) ( ) 1 ( ) 0 0;

S s

S s

s F s
z ac a c SG S SF S a bs

f
aSF S s bs s s a bs
f

 







      

        

 

 
0,0

1 1 2 2
1,1 1,1 0,1 1,0 0,1 0,0 1,1 0,0 0,0 0,1: (1 ) ( ) ( ) ( )

S s

z b T s bs S S s bs c a bs c s s c  


         . 

 
Solving equations sequentially, the coefficients 
of expansions (17), (18) are obtained 
 

0,0 0,1 0,1

0,2

; 1; ( 1);

2 ( 1); ....

a as T c T s T T
b b

c T T

    

 

 

 
Since the parameters ε, z are small in the entire 
domain  , the expansions (17), (18) determine 
the global asymptotic solution of problem (14) - 
(16) in the domain  . 
 

4. NUMERICAL CALCULATION 
 
The calculations were performed for the  
coefficients calculated in the laboratory of the 
University of Adelaide (Australia) in the study 
of deep bed filtration of a monodisperse suspen-
sion with particles of radius 792.1r   µm in a 
homogeneous porous medium [10] 
 
 

14 11 2 9 3( ) 0.9743 8.88 10 1.27 10 1.24 10g S S S S         ; 

 5 8 2 10 3( ) 0.9947 6.27 10 2.9 10 6.21 10f S S S S         ; (19) 
3 6 2 8 310 2.2( 9) 0.51 5. 10 1.35956 10S S SS          . 
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In expansions (17), (18) of the nonlinear prob-
lem (14) - (16), terms were calculated up to 1  
and 5z . The asymptotics was compared with a 
numerical calculation performed by the finite 
difference method. The equations (1), (2) was 
approximated by an original second-order 
scheme using the trapezium method [17]. The 
obtained solution was compared with the exact 

solution (7) of the simplified problem with a 
linear filtration coefficient. 
Figures 1-5 show graphs of global asymptotics 
(red line), numerical solution (blue line), and 
exact solution (7) (green line). Full graph imag-
es are in the center of Fig. 1–4; their enlarged 
fragments are shown on the left and right. 
 

   
Figure 1. Graphs of suspended particles concentration (1, )C t  at the porous medium outlet. 

   
Figure 2. Graphs of retained particles concentration (1, )S t  at the porous medium outlet. 

   
Figure 3. Graphs of suspended particles concentration ( ,100)C x  at the fixed moment 100t  . 

   
Figure 4. Graphs of retained particles concentration ( ,100)S x  at the fixed moment 100t  . 
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a) ( ,800)C x        b) ( ,800)S x  

Figure 5. Graphs of suspended and retained particles concentration at the fixed moment 800t  . 
 
Graphs of global asymptotics and numerical so-
lutions are close to each other, the discrepancy 
increases with increasing coordinate x. The 
greatest deviation is observed at the outlet 1x   
at time 200t  : 1,6% for C and 1,1% for S. The 
graphs of the exact solution (7) for the linear 
case are further away from the numerical solu-
tion than the asymptotic graphs. 
 
 
5. CONCLUSION 
 
A mathematical model of deep bed filtration 
with variable porosity and fractional flow does 
not have an exact solution in explicit form. As-
ymptotic and numerical methods are used to ob-
tain the solution. 
The global asymptotics approximates well the 
solution in the entire domain in which the sus-
pension or colloid is filtered. Deviation increas-
es with time. 
The exact solution (7) of the simplified problem 
is not suitable for approximating the solution of 
a complex system. 
The global asymptotics extends the possibilities 
of solving the inverse filtration problem — de-
termining the coefficients (19) of system (1) - 
(4) from a known suspended particles concen-
tration at the porous medium outlet  
[18–20]. 
The obtained asymptotic solutions can be used 
to fine-tune laboratory experiments [21], which 
significantly reduces the amount and cost of re-
search. 
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THE DISCRETE-LINEAR AND THE DISCRETE-CONTINUOUS 
MODELS OF THE NONLINEAR OBJECT MANAGING  

IN WIDE RANGE OF OPERATING MODES 
 

Roman L. Leibov  
Moscow Aviation Institute (National Research University), Moscow, RUSSIA 

 
Abstract: The article deals with the features of calculating the vector and matrix parameters of a discrete-
continuous model using the vector and matrix parameters of a discrete-linear model in a wide range of operating 
modes of a nonlinear object of management. The results of the application of the proposed approach for creating 
a discrete-continuous model of an aircraft gas-turbine engine are given. 

 
Keywords: nonlinear object of managing, discrete-linear model, discrete-continuous model,  

wide range of operation modes 
 

 
КУСОЧНО-ЛИНЕЙНАЯ И КУСОЧНО-НЕПРЕРЫВНАЯ  
МОДЕЛИ НЕЛИНЕЙНОГО ОБЪЕКТА УПРАВЛЕНИЯ 

В ШИРОКОМ ДИАПАЗОНЕ РЕЖИМОВ РАБОТЫ 
  

Р.Л. Лейбов 
Московский авиационный институт (национальный исследовательский университет),  

г. Москва, РОССИЯ 
 

Аннотация: В настоящей статье рассмотрены особенности расчета векторных и матричных параметров 
кусочно-непрерывной модели с помощью векторных и матричных параметров кусочно-линейной модели 
в широком диапазоне режимов работы нелинейного объекта управления. Приведены результаты приме-
нения предлагаемого подхода при создании кусочно-непрерывной модели авиационного газотурбинного 
двигателя.   
 

Ключевые слова: нелинейный объект управления, кусочно-линейная модель,  
кусочно-непрерывная модель, широкий диапазон режимов работы  

 
 

1. INTRODUCTION 
 
If we develop algorithms for detecting, localiz-
ing, specifying, and countering failures of digi-
tal automatic control systems (DACS), as well 
as for evaluating the robustness of these systems 
and algorithms, it is necessary to use linear 
models of nonlinear control objects [1]. The ma-
trix parameters of linear and piecewise linear 
models are estimated by transient processes of 
nonlinear models of managing objects [1], [2]. 
The matrix parameters of the discrete-
continuous model can also be evaluated by the 
transition processes of the nonlinear model [3]. 
In addition, the vector and matrix parameters of 

the discrete-continuous model can be calculated 
using the vector and matrix parameters of the 
original discrete-linear model. The discrete-
continuous model, in its turn, makes it possible 
to construct various new discrete-linear models 
consisting of an arbitrary number of linear mod-
els, which can alternate each other with arbi-
trary frequency, for example, at each step of 
DACS operation. This paper describes the fea-
tures of calculating the vector and matrix pa-
rameters of a discrete-continuous model using 
vector and matrix parameters of the original dis-
crete-linear model in a wide range of operating 
modes of a nonlinear object of managing.  
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2. NONLINEAR, LINEAR, DISCRETE-
LINEAR AND DISCRETE-
CONTINUOUS MODELS  
OF NONLINEAR OBJECT  
OF MANAGING 

 
A nonlinear model of managed object takes the 
following form [1], [2], [3]  
 

 ,,, ppp wuxfx                  (1) 
 

where xp  is vector of state, up is vector of man-
aging, wp  is vector of external impacts, and f  is 
nonlinear real vector function. The coordinates 
of the state vector (state variables) of such an 
object of managing, for example, an aviation 
gas-turbine engine (GTE), are rotor rotation fre-
quencies, temperatures and pressures in differ-
ent sections of the flow-through part of the en-
gine. The coordinates of the control vector (con-
trol variables) are fuel consumption, variable 
geometrical characteristics of the flow part of 
the engine, in particular, the critical area of the 
jet nozzle and the angles of rotation of the fan 
directing equipment and the compressor. The 
coordinates of the vector of external impacts 
(variable external impacts) is the angle of devia-
tions of the engine control lever (control action), 
as well as the height and speed of flight (varia-
ble external conditions). The constant control 
action and the external conditions included in 
the swp, vector determining the steady state of 
engine operation (operating point), which corre-
sponds to the vector of steady-state values of 
control variables sup and the steady-state vector 
of state variables sxp. 
In a small neighborhood of an arbitrary steady 
state, a nonlinear control object can be approx-
imately described [1] using a linear model in the 
form of normalized deviations from steady val-
ues  
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A and B are matrixes of dynamic linear model 
for observed steady mode. 
For steady values of normalized deviations it 
takes the following form 
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From where the matrix of static linear model is 
 

,1 BAS                          (7) 
 

Thus, we have 
 

.SAB                             (8) 
 

If the discreteness step is small enough, then at 
discrete points in time we can approximately 
assume that  
 

    kk tt n
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k = 0, 1, 2,… corresponds to discrete moments 
of time t0, t1, t2,…, at that tk+1 = tk + Δt, where 
Δt is discreteness step. 
The set of linear models for all selected steady-
state modes is a discrete-linear model 
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and R1,…, Rm  are equal to quantity of choosen 
steady values of each from m variables of the 
equation. 
Vectors of normalized steady values of varia-
bles of control sun and state variables sxn, as well 
as matrixes A and B, involved into transition 
matrixes I + Δt A and Δt B of discrete-
continuous model [3], in this case can be deter-
mined as following  
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3. CALCULATION EXAMPLE  
FOR VECTORS AND MATRIXES  
OF THE DISCRETE-CONTINUOUS 
MODEL 

 
To determine the vectors and matrices of the 
discrete-continuous model, the vectors and ma-
trixes of the discrete-linear model of the two-
shaft double-circuit turbojet aviation GTE are 
used [1]. 
In this example (environmental variables), the 
altitude and speed (Mach number) of the flight 
of the aircraft (FA) are equal zero (ALT = 0, 
MN = 0), the values (control impact) of the de-
flection angle of the engine control leverage 
correspond to the operating modes of the GTE 
from the maximum ( αlce = 68○) to the minimum 

(αlce = 15○). Four control variables (m = 4) cor-
respond to the fuel consumption in the main 
combustion chamber Gto, the critical area of the 
jet nozzle Fcr, the angle of rotation of the fan 
directing equipment φnа and the angle of rota-
tion of the compressor directing equipment φnak. 
Five state variables of the control object (n = 5) 
correspond to the engine rotation frequency nr, 
the engine compressor frequency nc, the braking 
pressure behind the compressor Pc*, the braking 
pressure behind the turbine Pt* and the braking 
temperature behind the turbine Tt*. 
Let us assume [1] that the normalized control 
variables n

3u  and n
4u  change consistently with 

the control variable n
1u , that is, approximately 

simultaneously these variables are on the 
boundaries of the neighboring acting areas of 
different linear models that are part of the dis-
crete-linear model. Therefore, for all these three 
variables, let us to considering only R1 = 9 se-
lected steady-state values for the variable n

1u . 
At the same time, the number of different con-
sidered steady-state values for the variables n

3u  
and n

4u  equal to 5 and 7, respectively, since 
ones remain unchanged at the other working 
points. 
Let us also assume that the control variable n

2u  
changes in this way so that the number of se-
lected steady-state values R2 = 9. 
Thus, the number of steady-state modes of op-
eration of the considered discrete-linear model 
are R1R2 = 81. 
Vector and matrix parameters of the discrete-
linear model, which is the source for creating a 
discrete-continuous model, are given in [1]. 
The vectors of steady-state values of control 
variables and state variables, as well as matrixes 
of linear models in the considered example, take 
the form 
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The acting areas of linear models, involved into 
discrete-linear model, is determined as follow-
ing. 
 

,:1 n
1

1
s

n
11 uur   

,:9,...,2 n
1

1
s

n
1

n
1s1

11 uuur rr 
  
,:9 n

1
9
s

n
11 uur   

,:1 n
2

1
s

n
22 uur   

,:9,...,2 n
2

1
s

n
2

n
2s2

22 uuur rr 
  
.:9 n

2
9
s

n
22 uur   

 
If at some point in the transition process the 
control variables are outside the acting areas of 
the selected linear models, then the linear mod-
el, that has been used before, is used. At the 
same time, the matrixes of dynamic linear mod-
els for neighboring areas, where it is possible, 
are the same or close. 
The vector of normalized steady-state values of 
the control variables sun is assumed to be 
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The vectors of normalized steady state variables 
sxn, as well as matrixes A and B, included in the 
transition matrixes I + Δt A and Δt B of the dis-
crete-continuous model, at the time tk, k = 1, 2, 
... are calculated taking into account that 
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In figures 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, it is 
shown the transition processes for normalized 
control variables n

1u , n
2u , n

3u , n
4u , normalized 

state variables n
1x , n

2x , n
3x , n

4x , n
5x  nonlinear 

and discrete-continuous models of GTE as well 
as derivative of normalized state variables for 
transition processes n

5x  for nonlinear, discrete-
linear and discrete-continuous models of GTE at 
changing of values of deviation angle of the en-
gine control leverage  from value corresponding 
to maximum operation mode  ( 68руд  ) to 
value, corresponding to minimal operation 
mode ( 15руд  ), and further in contrary. That 
is, for example at falling or acceleration into 
closed-loop DACS. A number of the transition 
processes’ point is N = 601, a discreteness step 
is Δt = 0.025 С. The deflections form real object 
(so called “errors”) are calculated for each vari-
able using either first or second technique  
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4. CONCLUSION 
 
A technique for calculation the vector and ma-
trix parameters of a discrete-continuous model 
using the vector and matrix parameters of a dis-
crete-linear model of a nonlinear control object 
is carried out. 
The basis of this technique is an approximate 
representation of the static characteristic of a 
nonlinear object in the form of a set of n = 5 
three-dimensional surfaces (in fact, these sur-
faces are five-dimensional), or rather, a set of n 
= 5 three-dimensional variety R2 = 9 discrete-
linear broken lines, the each of this set corre-
sponds to the selected constant value of one 
from two considered (from four available) con-
trol variables ( 9,...,1, 2

n
2s

2 rur ). 
The errors of the discrete-continuous model for 
some of the state variables are larger than the 
errors of the discrete-linear model, but at the 
boundaries of the acting ereas of different linear 
models included in the discrete-linear model, 
the values of the first derivative of the state var-
iable changes much smaller. 
The results of this stude can be applied to the 
development of control algorithms for nonlinear 
objects, which can be approximately described 
using linear, discrete-linear and discrete-
continuous models, as well as algorithms for 
detecting failures of sensors and equioment of 
DACS. 
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Figure 1. Transition process for normalized 

control variable n
1u , corresponding  

to wide range of operation modes  
of nonlinear control object. 
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Figure 2. Transition process for normalized 

control variable n
2u , corresponding  

to wide range of operation modes  
of nonlinear control object. 
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Figure 3. Transition process for normalized 

control variable n
3u , corresponding  

to wide range of operation modes  
of nonlinear control object. 
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Figure 4. Transition process for normalized 

control variable n
4u , corresponding  

to wide range of operation modes  
of nonlinear control object. 
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Figure 5. Transition process for normalized 
control variable n

1x  nonlinear (NL) model and 
discrete-continuous (DC) model, corresponding 

to wide range of operation modes  
of nonlinear control object. 
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Figure 6. Transition process for normalized 
control variable n

2x  nonlinear (NL) model and 
discrete-continuous (DC) model, corresponding 

to wide range of operation modes  
of nonlinear control object. 
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Figure 7. Transition process for normalized 
control variable n

3x  nonlinear (NL) model and 
discrete-continuous (DC) model, corresponding 

to wide range of operation modes  
of nonlinear control object. 
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Figure 8. Transition process for normalized 
control variable n

4x  nonlinear (NL) model and 
discrete-continuous (DC) model, corresponding 

to wide range of operation modes  
of nonlinear control object. 
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Figure 9. Transition process for normalized 
control variable n

5x  nonlinear (NL) model and 
discrete-continuous (DC) model, corresponding 

to wide range of operation modes  
of nonlinear control object. 
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Figure 10. Transition process for derivative of 
the normalized control variable n

5x  of nonlinear 
(NL) model , corresponding to wide range  

of operation modes  
of nonlinear control object. 
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Figure 11. Transition process for derivative of 
the normalized control variable n

5x  of discrete-
linear (DL) model, corresponding to wide range 
of operation modes of nonlinear control object. 
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Figure 12. Transition process for derivative of 
the normalized control variable n

5x  discrete-
continuous (DC) model, corresponding to wide 
range of operation modes of nonlinear control 

object. 
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Abstract: The first part of the distinctive paper contains brief review of wavelet-based numerical and 
semianalytical analysis, particularly with the use of Daubechies scaling functions. The second part of the paper is 
devoted to numerical solution of the problem of static analysis of beam on elastic foundation within Winkler 
model. Finite element method (FEM) and wavelet analysis (Daubechies scaling functions) are used. Variational 
formulation and approximation of the problem are under consideration. Numerical sample is presented as well. 
The third part of the paper is dedicated to wavelet based discrete-continual finite element method of beam 
analysis with allowance for impulse load. Daubechies scaling functions are used as well. 
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1. INTRODUCTION 
 
As is known, the numerical analysis with wave-
let (wavelet-based numerical analysis) received 
its first attention in 1992, since then (particular-
ly since the corresponding basic work of I. 
Daubechies [1]) researchers have shown grow-
ing interest in it. Various methods including so-
called wavelet weighted residual method, wave-
let finite element method, wavelet-based numer-
ical methods of local structural analysis [2-6], 
wavelet boundary method, wavelet meshless 
method, wavelet-optimized finite difference 
method, wavelet-based discrete-continual meth-
ods of local structural analysis [7-15], wavelet-
based multigrid method [16] etc. have acquired 
an important role in recent years. 
First of all, it should be noted that Daubechies 
scaling functions can be effectively employed 
within wavelet finite element method or within 
wavelet-based numerical and semianalytical 
(discrete-continual) methods of local structural 
analysis as asapproximate functions in the pro-
cedure of construction of so-called wavelet finite 
element [17].  
Corresponding compact support property proves 
to be more effective in using minimum degrees 
of freedom over an element to approximate dis-
placement functions. Moreover, sparseness of 
the matrix is a result of the scaling functions, 
which have the compactly supported property. 
Cancellation property allows one to perfectly 
interpolate polynomials of degree up to N  by 
the scaling function with order N . Correspond-
ing experiments gathered in the wavelet-
Galerkin context indicate that orthogonal proper-
ty satisfies the condition that the matrix is sparse 
as well as banded if the global nodes are num-
bered sequentially. Dur to corresponding main 
properties, Daubechies wavelets can describe the 
details of the problem conveniently and accu-
rately, and the corresponding Daubechies wave-
lets-based element has an enormous potential in 
the analysis of the singularity problem [17]. 

J. Ko, A.J. Kurdila and M.S. Pillant [18] devel-
oped special finite element method based on 
application of Daubehies wavelet. Correspond-
ing algebraic eigenvalue problem derived from 
the dyadic refinement equation can be solved by 
this method. The resulting finite elements could 
be considered as several generalizations of the 
connection coefficients employed in the corre-
sponding Daubechies wavelet expansion of pe-
riodic differential operators [17]. 
R.D. Patton and P.C. Marks [19] utilized a 
Daubechies scaling function as interpolation 
function of one-dimensional finite element. This 
element can reduce the computation time and 
reduce the number of degrees of freedom, which 
is normally needed for correct solution of vibra-
tion and wave propagation problems [17]. 
J.X. Ma and J.J. Xuee in paper [20] constructed 
one-dimensional Daubechies wavelet beam el-
ement [17]. 
X.F. Chen, S.J. Yang and J.X. Ma [21] extended 
such elements to higher dimensions, constructed 
two-dimensional Daubechies wavelet element, 
derived the corresponding bending equations for 
the thin plate based on wavelet finite element, 
and solved the L-shape plate stress problems. 
Their results show that wavelet finite element 
can be effectively used for solution of singulari-
ty problems [17]. 
However, the tensor product space should be 
constructed firstly [22], which decreases the 
computational effectiveness [17]. 
J.M. Jin, P.X. Xue, Y.X. Xu and Y.L. Shu [23] 
built a two-dimensional Daubechies wavelet 
directly without tensor product computation and 
developed corresponding two-dimensional plate 
element [17].  
Nevertheless, the wavelet deflection formulation 
depends on specific boundary conditions. Be-
sides it is effective only for homogeneous 
boundary conditions for square plates. In addi-
tion, only simple boundary conditions were con-
sidered in above mentioned works. Triggered by 
this motivation, a modified form of wavelet ap-
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proximation of deflection solution was proposed 
for solution of bending problems of beams and 
square thin plates by Y.H. Zhou and J. Zhou 
[24]. Boundary rotational degrees of freedom 
for beams and square plates were explicitly in-
troduced as Daubechies wavelet coefficients in 
this paper. Thus variation equations were estab-
lished with the use of corresponding modified 
approximations and variation principles. Homo-
geneous and non-homogeneous boundary condi-
tions can betreated in the same way (by analogy 
with corresponding versions of conventional 
FEM [17]. 
M. Mitra and S. Gopalakrishnan presented so-
called Daubechies wavelet-based spectral finite 
element method (WSFEM) for analysis of elas-
tic wave propagation in one-dimensional and 
two-dimensional connected wave guides [25-
27]. First of all, this method transforms the ini-
tial partial differential wave equation to corre-
sponding ordinary differential equations (ODEs) 
with the use of Daubechies wavelet approxima-
tion in time domain. Then these ODEs are 
solved within FEM by deriving the exact inter-
polating function in the transformed domain. 
Spectral element can capture the exact mass dis-
tribution. Therefor the system size required is 
very much smaller than the corresponding sys-
tem size within the conventional FEM. Besides, 
due to the localized nature of Daubechies wave-
let basis functions, the WSFEM proves to be 
more efficient as it removes the wrap around 
problem associated with spectral finite element 
method for time domain analysis. 
M. Mitra and S. Gopalakrishnan [28] later ex-
tended the method and considered problems of 
analysis of composite beam with embedded de-
lamination. However, the real-scale structural 
wave propagation problem requires more differ-
ent complex spectral elements, interconnections 
and flexible in flatable components. In accord-
ance with assessments from paper [17], future 
research work will focus on extending the spec-
tral element method for analysis of damaged 
structures with more complex geometry [17]. 
Thus, Daubechies wavelets are used to approx-
imate the displacement and force in the domain, 

where unknown wavelet coefficients can be de-
termined through imposing the essential bound-
ary condition. The Daubechies wavelet finite 
elements embodies the properties of locality and 
adaptivity. However, because Daubechies wave-
lets lack the explicit function expression, tradi-
tional numerical integrals such as Gaussian in-
tegrals cannot provide desirable precision. 
Therefor, the applications of Daubechies wave-
lets are limited by the this weakness [17]. 
 
 
1. WAVELET-BASED NUMERICAL 

BEAM ANALYSIS WITH THE USE  
OF DAUBECHIES SCALING  
FUNCTIONS 

 
1.1. Mathematical (continual) formulation of 
the problem of static beam analysis. 
The essence of the Winkler model is the as-
sumption that the reaction of the foundation 

)(xr  at an arbitrary point of the beam x  is pro-
portional to deflection at this point yxr )( . 
Therefore, graphically, such a model can be rep-
resented by springs that are not connected to 
each other, each of which has a stiffness propor-
tional to the deflection of the beam at this point 
(Figure 1.1). 
The stress-strain state of such a beam corre-
sponds to the solution of the problem of the 
minimum of the following functional (energy 
functional) [29]: 
 

ydxxqdxyyEJy
ll

 
00

22 )())((
2
1)(  ,  (1.1) 

 
where )(xEJ  is bending stiffness of beam; 

)(x  is Winkler coefficient; )(xq  is applied 
load.  
 
1.2. Wavelet-based finite element approxima-
tion of the problem of static beam analysis. 
Let us divide domain (one-dimensional interval 
 l,0 ), occupied by the beam into eN  parts (fi-
nite elements);  
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Figure 1.1. Computational scheme of beam. 

 

 
Figure 1.2. Sample of finite element. 

 
ee Nlh /  

 
is the length of the element.  
Each element is also divided into kN  parts, for 
example, 4kN  (Figure 1.2). 
Let us introduce the following notation: ei  is 
element number; )(1 eix  is coordinate of the 
starting point of the ei -th element; )(5 eix  is co-
ordinate of the end point of the ei -th element. 
At the boundary points (nodes), we can choose 
unknowns iy  and iy ; at the inner points we can 
choose unknowns iy , 4,3,2i . Thus, the total 
number of unknowns on an element is equal to 
 

73221  kk NNN . 
 
The number of boundary points for all elements 
is equal to  
 

1 eb NN . 
 

Besides, the number of interior points for all 
elements is equal to  
 

)1(  kep NNN . 

Thus, the total (global) number of unknowns is 
equal to  
 

bpg NNN 2 . 
We have 
 





e

e

e

N

i
i yy

1
)()( ,                    (1.2) 

 
where  
 

dxqydxyyEJy
e

e

e

e

e

ix

ix

ix

ix
i  

)(

)(

)(

)(

22
5

1

5

1

))((
2
1)(  . (1.3) 

 
Let us introduce the local coordinates: 
 

ei hxxt
e

/)( )(1 ,   )(5)(1 ee ii xxx  .       (1.4) 
 
In this case, we have the following relations: 
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             (1.6) 

dthdx e  .                     (1.7) 
 
We can represent displacement (deflection) of 
beam )(xy  in the form 
 





N

k
k kttwxy

0
)()()(  , )(5)(1 ee ii xxx  ,  

(1.8) 
 
where )(s  is Daubechies scaling function, 

)supp(],0[ N . 
We substitute (1.8) into (1.2), taking into ac-
count relations (1.5)-(1.7). 
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and finally 
 

  ),(),(
2
1)(  

ee

e

ii
i RKy  , (1.9) 
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We can define the parameters k  through the 
nodal unknowns on the element: 
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Thus, we have 
 

Ty ei  ,                      (1.13) 
 
where   
 

;][ 5
5432

1
1

Τi

dx
dyyyyy

dx
dyyy e    (1.14) 

Τ][ 6543210   ;   (1.15) 
)/11111/11( ee hhdiagD  ; (1.16) 

 
T  is matrix, which is defined in accordance 
with the following formula: 

 



Marina L. Mozgaleva, Pavel A.Akimov, Taymuraz B. Kaytukov 

International Journal for Computational Civil and Structural Engineering 100 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 



























)7(')6(')5(')4(')3(')2(')1('
)7()6()5()4()3()2()1(

)75.6()75.5()75.4()75.3()75.2()75.1()75.0(
)5.6()5.5()5.4()5.3()5.2()5.1()5.0(
)25.6()25.5()25.4()25.3()25.2()25.1()25.0(

)6(')5(')4(')3(')2(')1(')0('
)6()5()4()3()2()1()0(










DT ;            (1.17) 

 
Then we have 
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Taking into account (1.9) and (1.18) we get 
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where eiK  is local stiffness matrix; eiR  is local 
load vector; 
 

11)(  TKTK ee ii
 ;   ee iΤi RTR )( 1 . (1.20) 

 
1.3. Numerical implementation and sample of 
static beam analysis. 
The presented algorithm can be implemented 
using the tools of MATLAB. In particular, the 
reference to the standard function 
 

wavefun('db10',0) 
 
allows researcher to get the values of the scaling 
Daubeshi function   on the interval 

)supp(]19,0[   with steps 82256/1 th . 
Let us denote 82256 tN . For the consider-

ing value 7N  we can use the first 
1 NNN tl  values of  , defined on the 

segment ]7,0[],0[ N .  With such a small step,  
it will be natural to compute the derivatives in 
the form of finite differences: 
 

t
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 , 

   lNk ,...,2,1 ,  (1.22) 
 
where            )( kk t  ;   tk hkt  .        (1.23) 
 
If ]19,0[kt  then 0)(  kk t . 
When computing the coefficients of the local 
stiffness matrix (formulas (10) and (20)), one 
can use the simplest quadrature formulas for 
numerical integration, in particular, midpoint 
quadrature rule with step th2 . 
Let us consider (as a model sample) analysis of 
beam on an elastic foundation with the follow-
ing parameters: )2/()( LxPxq   , 100P
kN is the load specified at the midpoint (Figure  
6); 4L m; 3.1bh m; 1bb m; 4102560E  
kN/m2; 31075k kN/m3. 
In this case, we can consider the following 
boundary conditions: 
 









.0)()(
0)0()0(

LyLy
yy               (1.24) 

 
Thus, we consider beam hinged on both sides 
(simply supported beam).  
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Figure 1.3. Daubechies scaling function. 

 

 
Figure 1.4. The first-order difference derivative of Daubechies scaling function. 

 
Let 8eN  be a number of elements. Then the 
total number of unknowns is equal to  
 

42)18(2832  bpg NNN . 
 
The length of the element is defined by formula 
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Distance between coordinates of nodes (step) is 
equal to 
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Figure 1.5. The second-order difference derivative of Daubechies scaling function. 

 

 
Figure 1.6. Considering beam. 

 

 
Figure 1.7. Finite element discretization of beam (based on cubic parabola). 

 
As is known, for comparison, we can use the 
conventional finite element method, where the 
unknown function of the deflection on the ele-
ment is represented as a cubic parabola. In this 
case, the finite element discretization is shown 
in Figure 7. 
Adequate beam approximation requires 32 ele-
ments. In this case, the total number of un-
knowns is equal to  
 

66)132(2 gN . 

Graphical comparison of results of analysis is 
shown in Figure 8. The following notation is 
used: Ydb is the result obtained using 
Daubechies scaling function; Yfem is the result 
obtained on the basis of a cubic parabola. 
As is obvious, the results obtained are almost 
the same. However, the wavelet-based algo-
rithm of the finite element method based on the 
Daubechies scaling function leads to a decrease 
in the number of unknowns. 
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Figure 1.8. Comparison of results of analysis. 

 
2. WAVELET-BASED SEMIANALYTICAL 

BEAM ANALYSIS WITH THE USE  
OF DAUBECHIES SCALING  
FUNCTIONS 

 
2.1. Mathematical (continual) formulation of 
the problem of dynamic beam analysis. 
Let us consider the problem of dynamic beam 
analysis (Figure 2.1). Corresponding impulse 
load is applied in the middle of the beam. Math-
ematical formulation of the problem has the 
form: 
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    (2.1) 

 

where ),( txy  is the deflection of a beam at a 
point x  at a time t ; x  is the coordinate along 
the length of the beam,  x0 ; t  is time co-
ordinate, 0t ;  /0 EJ ; EJ  is bending 
stiffness of beam;   is density of the beam ma-
terial; )()2/(),( txPtxF    is function 
simulating the transverse impact of the impact 
on the beam at a point; )2/( x  and )(t  are 
Dirac delta functions. 
 
2.2. Wavelet-based discrete-continual ap-
proximation of the problem of dynamic beam 
analysis. 
Discere-continual finite element method (dis-
crete-analytical approach) is used for solution of 
the considering problem. Within this method we 
use finite element approximation along the x  
axis, and a continual problem is considered 
along the time axis t . 
Let us divide domain (one-dimensional interval 
 l,0 ), occupied by the beam into eN  parts (fi-
nite elements);  
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is the length of the element.  
Each element is also divided into kN  parts, for 
example, 4kN . 
Once again we can use the following notation: 

ei  is element number; )(1 eix  is coordinate of 
the starting point of the ei -th element; )(5 eix  is 
coordinate of the end point of the ei -th element. 
At the boundary points (nodes), we can choose 
unknowns iy  and iy ; at the inner points we can 
choose unknowns iy , 4,3,2i . Thus, the total 
number of unknowns on an element is equal to 
 

73221  kk NNN . 
 
The number of boundary points for all elements, 
the number of interior points for all elements 
and the total number of unknowns are equal to  

 
1 eb NN ;   )1(  kep NNN ; 

bpg NNN 2 . 
 
We can also introduce the local coordinates 
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with corresoinding relations 
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We can represent displacement (deflection) of 
beam ),( txy  for a given t  in the form 
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where )(s  is Daubechies scaling function, 

)supp(],0[ N . 
We substitute (2.6) into the quadratic part of the 
corresponding energy functional, taking into 
account relations (2.3)-(2.5). Then we have 
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We can define the parameters k  through the 
corresponding nodal unknowns on the element 

),()( txytyy iii  : 
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Thus, we have 
 

Ty ei  ,                      (2.9) 
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Then we have 
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Substituting (2.14) into (2.9), we get 
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where               11)(  TKTK ee ii

             (2.16) 
 
is local stiffness matrix. 
We can use the simplest quadrature formulas of 
numerical integration for computing of coeffi-
cients of the local stiffness matrix. 
Let us denote 
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We can obtain the resultant system of finite el-
ement equations in the matrix form 
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where A  is global stiffness matrix. 
The matrix A  is positive definite. The general 
solution of the problem (2.18) has the form: 
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In accordance with formulation of the consider-
ing problem we have 
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and сonsequently 
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Substituting (2.22) into (2.19) and taking into 
account the initial conditions, we obtain the fi-
nal form of the solution of the problem: 
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MATHEMATICAL MODELING OF NON-STATIONARY  
ELASTIC WAVES STRESSES UNDER A CONCENTRATED  

VERTICAL EXPOSURE IN THE FORM OF DELTA FUNCTIONS 
ON THE SURFACE OF THE HALF-PLANE (LAMB PROBLEM) 

 
Vyacheslav K. Musayev  

Russian University of Transport (MIIT), Moscow, RUSSIA  
Moscow Polytechnic University, Moscow, RUSSIA 

Mingachevir state University, Mingachevir, AZERBAIJAN 
  

Abstract: The problem of numerical simulation of longitudinal, transverse and surface waves on the free surface 
of an elastic half-plane is considered. The change of the elastic contour stress on the free surface of the half-
plane is given. To solve the two-dimensional unsteady dynamic problem of the mathematical theory of elasticity 
with initial and boundary conditions, we use the finite element method in displacements. Using the finite element 
method in displacements, a linear problem with initial and boundary conditions resulted in a linear Cauchy prob-
lem. Some information on the numerical simulation of elastic stress waves in an elastic half-plane under concen-
trated wave action in the form of a Delta function is given. The amplitude of the surface Rayleigh waves is sig-
nificantly greater than the amplitudes of longitudinal, transverse and other waves with concentrated vertical ac-
tion in the form of a triangular pulse on the surface of the elastic half-plane. After the surface Rayleigh waves 
there is a dynamic process in the form of standing waves. 

 
Keywords: waves of stress, non-stationary process, computational mechanics, focused effects, a Delta function, 

leading edge of a disturbance, the falling edge of the perturbation, the direction of wave action, longitudinal 
wave, transverse wave, free surface, Rayleigh wave, surface wave, lamb problem, elastic half-plane,  

stress on the free surface 
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НЕСТАЦИОНАРНЫХ УПРУГИХ ВОЛН НАПРЯЖЕНИЙ ПРИ 

СОСРЕДОТОЧЕННОМ ВЕРТИКАЛЬНОМ ВОЗДЕЙСТВИИ  
В ВИДЕ ДЕЛЬТА ФУНКЦИИ НА ПОВЕРХНОСТИ  

ПОЛУПЛОСКОСТИ (ЗАДАЧА ЛЭМБА) 
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Аннотация: Рассматривается задача о численном моделировании продольных, поперечных и поверх-
ностных волн на свободной поверхности упругой полуплоскости. Приводится изменение упругого кон-
турного напряжения на свободной поверхности полуплоскости.  Для решения двумерной нестационар-
ной  динамической задачи математической теории упругости с начальными и граничными условиями 
используем метод конечных элементов  в перемещениях. С помощью метода конечных элементов в пе-
ремещениях, линейную задачу с начальными и граничными условиями  привели к линейной задаче Ко-
ши.  Приводится некоторая информация  о численном моделировании упругих волн напряжений в упру-
гой полуплоскости при сосредоточенном волновом воздействии в виде дельта функции. Амплитуда по-
верхностных волн Релея существенно больше амплитуд продольных, поперечных и других волн при со-
средоточенном вертикальном воздействии в виде треугольного импульса на поверхности упругой полу-
плоскости. После поверхностных волн Релея наблюдается динамический процесс в виде стоячих волн. 
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1. STATEMENT OF THE PROBLEM  
ABOUT NON-STATIONARY WAVE 
INFLUENCES 

 
Waves of stresses of different nature, spreading, 
in the deformable body interact with each other, 
this leads to the formation of new perturbation 
regions, redistribution of stresses and strains.  
After three or four times the passage and reflec-
tion of stress waves in the body the process of 
propagation of disturbances becomes estab-
lished, stresses and strains are averaged, the 
body is in oscillatory motion. 
The formulation of dynamic problems of solid 
mechanics is given in the following works [1-5]. 
Application of the considered numerical meth-
od, algorithm and complex of programs in ex-
treme problems of mechanics of deformable 
bodies is given in the works [6-30]. 
The estimation of reliability and accuracy of the 
considered numerical method, algorithm and 
complex of programs is given in the following 
works [6-12, 16-29]. 
 

 
Figure 1. Some body Γ  in a rectangular  

cartesian coordinate system XOY . 
 
To solve the problem the modeling of transient 
elastic stress waves in deformable areas of the 
complex form consider some body Γ  in a rec-
tangular Cartesian coordinate system XOY   

(Figure 1), which at the initial time 0=t  report-
ed mechanical non-stationary impulsive effects.   
Suggest, the body Γ  made of homogeneous 
isotropic material, obeying Hooke's elastic law 
at small elastic deformations. 
Exact two-dimensional equations (flat stress 
state) the dynamic theory of elasticity have the 
form 
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where: xσ , yσ  and  xyτ   –  components of elas-

tic stress tensor; xε , yε  и xyγ  –  components of 
elastic strain tensor; u  and v   –  the compo-
nents of the vector of elastic displacements 
along the axes OX  and OY  respectively; ρ  – 
material density;  
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– the speed of longitudinal elastic waves;  
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– the speed of the transverse elastic waves; ν  – 
Poisson ratio; E  – elastic modulus; 

)SS(S 21  - body boundary contour Γ . 
System (1) in the area occupied by the body Γ , 
it should be integrated under initial and bounda-
ry conditions. 
 
 
2. DEVELOPMENT  

OF METHODOLOGY  
AND ALGORITHM 

 
To solve the two-dimensional plane dynamic 
problem of elasticity theory with initial and 
boundary conditions (1) we use the finite ele-
ment method in displacements.   
The problem is solved by a method of through 
computation, without allocation of breaks. 
The main relations of the finite element method 
are obtained using the principle of possible dis-
placements. 
Taking into account the definition of the stiff-
ness matrix, the inertia vector and the external 
force vector for the body  , we write the ap-
proximate value of the equation of motion in the 
theory of elasticity 
 

RΦKΦH


 =+ ,  

00= = ΦΦ t


,    00= = ΦΦ t




 ,         (2)  

 
где: H - diagonal inertia matrix; Κ  - stiffness 
matrix;  Φ


 - vector of nodal elastic displace-

ments;  Φ

  - vector of nodal elastic velocities of 

displacements; Φ

  - the vector of elastic nodal 

accelerations; R


 - vector of external nodal elas-
tic forces. 
Relation (2) a system of linear ordinary differ-
ential equations of the second order in dis-
placements with initial conditions. 
Thus, using the finite element method in dis-
placements, linear problem with initial and 
boundary conditions (1) led to the linear Cauchy 
problem (2).  
 

 
Figure 2. Contour finite element with two nodal 

points. 
 
We determine the elastic contour stress at the 
boundary of the area free from loads. 
By degenerating a rectangular finite element 
with four nodal points, we obtain a contour fi-
nite element with two nodal points (Figure 2).  
When axis is rotated x  by an angle α  counter-
clockwise, we obtain an elastic contour stress 

kσ  at the center of gravity of a contour finite 
element with two nodal points 
 

+--12= 21
2 αcos)uu)))((ν(a/(E(σk  

)sin)vv( 21 - .  (3) 
 

To integrate the equation (2) with the finite el-
ement version of the Galerkin method, we give 
it to the following form 
 

RΦKΦ
dt
d

H

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d 




= .              (4) 

 
Integrating the time coordinate ratio (4) using 
the finite element version of the Galerkin meth-
od, we obtain a two-dimensional explicit two-
layer finite element linear scheme in displace-
ments for internal and boundary nodal points 
 

)RΦK(HtΔΦΦ iiii
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

 +-+= 1-

1+ , 

            1+1+ += iii ΦtΔΦΦ
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.                  (5) 

 
The main relations of the finite element method 
in displacements are obtained using the princi-
ple of possible displacements and the finite ele-
ment version of the Galerkin method. 
The General theory of numerical equations of 
mathematical physics requires the imposition of 
certain conditions on the ratio of steps in the 
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time coordinate t  and on spatial coordinates, 
namely 
 

p

i
C

lΔmin
ktΔ =  ,...),,i( 321= ,     (6) 

 
where: lΔ  – the length of the end element side. 
The results of the numerical experiment showed 
that at k = 0,5 the stability of a two-dimensional 
explicit two-layer finite element linear scheme 
in displacements for internal and boundary nod-
al points on quasi-regular grids is ensured. 
For the study area consisting of materials with 
different physical properties, the minimum step 
in the time coordinate (6) is selected. 
On the basis of the finite element method in dis-
placements the technique is developed, the algo-
rithm is developed and compiled a set of pro-
grams to solve two-dimensional wave problems 
of dynamic elasticity theory.    
 
DETERMINATION OF UNSTEADY 
WAVE STRESSES IN AN ELASTIC HALF-
PLANE 
 
Consider the problem of the action of a concen-
trated wave in the form of Delta functions (fig. 
4) perpendicular to the free surface of the elastic 
half-plane (Figure 3).   
Calculations were carried out in the following 
units: kilogram-force (kgf); centimeter (cm); 
second (s). The following assumptions were 
made for conversion to other units: 1 kgf/cm2 ≈ 
0,1 MPa.  
At the point B  perpendicular to the free surface 
ABC  elastic normal stress is applied yσ  (fig. 
3), which, when 11≤≤0 n  ( tΔ/tn = ) changes 
linearly against 0  until P , and when 

21≤≤11 n  against P  until 0  ( 0= σP , =0σ   
-0,1 MPa (-1 kgf/cm2)).    
Boundary conditions for the contour CDEA  by 

0>t  0==== vuvu  .  Reflected waves from 
the circuit CDEA  do not reach to the point 
when 500≤≤0 n . 
 

 
 

Figure 3. Formulation of the problem  
of the effect of a concentrated wave in the form 

of Delta functions on the free surface  
of the elastic half-plane. 

 

 
Figure 4. Impact in the form of Delta function. 

   
Circuit ABC  free from loads, besides the point 
B , where concentrated elastic normal stress is 
applied yσ .  
The calculations are carried out with the follow-
ing initial data: yΔxΔH == ; tΔ  = 1,39310-6 s; 
E = 3,1510 4 MPa (3,1510 5 kgf/cm2); ν = 0,2; 
ρ = 0,255104 kg/m3 (0,25510-5 kgfs2/cm4); 

pC = 3587 m/s; sC = 2269 m/s. 
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Figure 5. Change of elastic contour stress kσ   
in time tΔ/t  at the point 1A .  

 

 
 

Figure 6. Change of elastic contour stress kσ   
in time tΔ/t  at the point 2A . 

 

 
 

Figure 7. Change of elastic contour stress kσ   
in time tΔ/t  at the point 3A .    

 

 
 

Figure 8. Change of elastic contour stress kσ   
in time tΔ/t  at the point 4A .   

 

 
 

Figure 9. Change of elastic contour stress kσ  
 in time tΔ/t  at the point 5A .   

 

 
 

Figure 10. Change of elastic contour stress kσ  
in time tΔ/t  at the point 6A .  
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Figure 11. Change of elastic contour stress kσ   
in time tΔ/t  at the point 7A .   

 

 
 

Figure 12. Change of elastic contour stress kσ  
in time tΔ/t  at the point 8A .   

 

 
 

Figure 13. Change of elastic contour stress kσ  
in time tΔ/t  at the point 9A . 

 

 
 

Figure 14. Change of elastic contour stress kσ  
in time tΔ/t  at the point 10A .  

 
The studied computational domain has 
12008001 nodal point. The system of equations 
is solved from  48032004 unknown.  
Upon fig. 5-14 the change of elastic contour 
stress is shown kσ ( 0= σ/σσ kk ) in time n  in 
points 1A - 10A   (fig. 3), on the free surface of 
the elastic half-plane (distance between points: 

1A  and 2A  equally H ; 2A  and 3A  equally 
H ; 3A  and 4A  equally H ; 4A   and 5A  equal-
ly H ; 5A  and 6A  equally H ; 6A   and 7A  
equally H ; 7A  and 8A  equally H ; 8A  and 

9A  equally H ; A9 and A10 equally H ).     
 
SUMMARY  
 
1. On the basis of the finite element method 

the technique is developed, algorithm and 
software for solving linear two-dimensional 
plane problems, which allow you to solve 
complex problems in case of unsteady wave 
effects on complex objects. The main rela-
tions of the finite element method are ob-
tained using the principle of possible dis-
placements. The elasticity matrix is ex-
pressed in terms of longitudinal wave veloc-
ity, transverse wave velocity, and density. 

2. Linear dynamic problem with initial and 
boundary conditions in the form of partial 
differential equations, to solve problems 
under wave influences, with the help of the 
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finite element method in displacements is 
reduced to a system of linear ordinary dif-
ferential equations with initial conditions, 
which is solved by an explicit two-layer 
scheme. 

3. The problem of mathematical modeling of 
unsteady elastic stress waves with concen-
trated vertical action in the form of a Delta 
function on the half-plane surface is solved. 
The studied computational domain has 
12008001 nodal points. Solve the system of 
equations of 48032004 unknown. Tensile 
elastic contour stress kσ  has the following 
maximum value =kσ 0,18. Compressive 
elastic contour stress kσ  has the following 
maximum value =kσ -0,24.  

4. Amplitude of surface Rayleigh waves sig-
nificantly larger than the amplitudes of the 
longitudinal, transverse and other waves 
with concentrated vertical action in the 
form of a triangular pulse on the surface of 
an elastic half-plane. 

5. After Rayleigh surface waves dynamic pro-
cess observed in the form of standing 
waves. 
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PASSIVE VIBRATION SUPPRESSION OF STRUCTURES  
IN THE VICINITY OF NATURAL FREQUENCIES  

USING PIEZOEFFECT  
 

Nelly N. Rogacheva 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA  
 
Abstract: The proposed method of passive vibration suppression of structures is based on the use of the piezoe-
lectric effect, which consists in the ability of the piezoelectric material to convert electrical energy into mechani-
cal energy, and conversely. As it is known if the frequency of forced vibrations tends to the resonant frequency, 
all the desired quantities (forcers, moments, displacements and deformations) grow indefinitely. A new idea is 
that as we approach the resonant frequency, we change the electrical conditions on the electrodes of piezoelectric 
layers, thereby obtaining a different boundary value problem and a different spectrum of natural frequencies. 
Thus, we manage to get away from the resonant vibrations of the structure. Using the example of a laminated 
beam with elastic and piezoelectric layers the possibility of damping vibrations caused by mechanical load is 
studied. In this paper, a mathematically based model is used to solve the problem in question. The calculations 
are performed and the results are presented in the form of graphs. It is shown that forcers, moments, displace-
ments and deformations of beam in the vicinity of the natural frequency can be significantly reduced by as a re-
sult of changes in the electrical conditions on the electrodes of the piezoelectric layers. 
  

Keywords: passive vibration suppression, natural frequencies, piezoeffect, laminated electroelastic beam 
 
 

ПАССИВНОЕ ГАШЕНИЕ ВИБРАЦИЙ КОНСТРУКЦИИ  
В ОКРЕСТНОСТИ РЕЗОНАНСНЫХ ЧАСТОТ  

С ИСПОЛЬЗОВАНИЕМ ПЬЕЗОЭФФЕКТА  
 

Н.Н. Рогачева 
Национальный исследовательский Московский государственный строительный университет,  

г. Москва, РОССИЯ 
 
Аннотация: Предлагаемый метод пассивного гашения вибраций конструкции основывается на использо-
вании пьезоэффекта, который заключается в способности пьезоэлектрического материала преобразовы-
вать электрическую энергию в механическую и наоборот. Известно, что если частота вынужденных коле-
баний стремится к резонансной частоте, то все искомые величины (усилия, моменты, перемещения и де-
формации) неограниченно растут. Идея гашения заключается в том, что при приближении к резонансной 
частоте мы изменяем электрические условия на электродах пьезоэлектрических слоев в результате чего 
получаем другую краевую задачу с другими резонансными частотами. Таким образом, удается избежать 
резонанса конструкции. Возможность гашения вибрации, вызванной механической нагрузкой, исследует-
ся на примере слоистой балки с упругими и пьезоэлектрическими слоями. Для решения проблемы исполь-
зуется математически обоснованная модель. Выполнены расчеты, результаты которых представлены в ви-
де графиков. Показано, что усилия, моменты, перемещения и деформации балки могут существенно 
уменьшаться в результате изменения электрических условий на электродах пьезоэлектрических слоев. 

 
Ключевые слова: пассивное гашение вибраций, собственные частоты, пьезоэффект,  

слоистая электроупругая балка 
 
1. INTRODUCTION 
 
Operation of structures and equipment in dy-
namic conditions led to the problems of vibra-

tion isolation and vibration suppression. For vi-
bration isolation and vibration suppression pas-
sive, active systems and their combinations are 
used. Active vibration isolation and vibration 
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damping systems use external energy sources. 
These are pneumatic, hydropneumatic and hy-
dromechanical devices and so on. Recently, 
electro-elastic and magneto-elastic systems [1] - 
[4] began to be used for vibration isolation and 
active vibration suppression. As a rule, the anal-
ysis of the work of such systems consists in the 
development of an experimental layout and a 
schematic diagram. Passive vibration isolation 
usually consists in the fact that the protected ob-
ject relies on extremely dimensional springs and 
vibration isolators. Vibration isolation systems 
containing only passive elastic and damping el-
ements are called passive. Passive vibration iso-
lation and vibration damping systems do not use 
external energy sources. So, for effective pas-
sive vibration damping and vibration isolation, 
complex and massive equipment is required. 
Here, another quench route is proposed using 
the piezoelectric effect. The method is based on 
the fact that with changing electrical conditions 
on the surfaces of the piezoelectric elements, the 
natural frequencies of the structure are changed. 
We encounter a similar situation in the dynam-
ics of elastic structures: it is known that if we 
change the mechanical boundary conditions, for 
example, if we replace the free from fixation 
edge on the rigidly fixed edge, then the natural 
frequencies of the structure will change. Of 
course, in a working structure, nobody changes 
the mechanical boundary conditions. Another 
thing is the electrical boundary conditions: it is 
easy to short or break the electrodes. Structures 
with different electrical conditions are described 
by different boundary value problems, which 
correspond to different spectrum of natural fre-
quencies. Our goal is to find the optimal way to 
change the natural vibration frequencies and, by 
changing the boundary value problem, escape 
from resonance. On this way, many questions 
arise: what piezoelements to choose from which 
material (properties, characteristics, electrome-
chanical coupling coefficient, and so on), what 
form, what direction of pre-polarization, where 
and how to place them on the structure, how 
many electrodes to use, where to place them on 
the piezoelectric elements, and so on. The paper 

is the first step of our research of the problem 
under discussion.   
 
 
2. BASIC EQUATIONS 
 
A three-layer beam with one elastic layer and 
two piezoelectric layers located symmetrically 
with respect to the elastic layer is considered. 
The middle layer is elastic, the outer layers are 
made of a piezoelectric material. The number of 
the elastic layer is 1, the numbers of the upper 
and lower layers are 2 , respectively. The 
thickness of the elastic layer is equal 12h , the 
thickness of each piezoelectric layer is equal 2h , 
the length of the rod is l , the width of the beam 
is g  (Fig. 1). 
 

 
Figure 1. Schematic representation  
of the structure of the layered beam. 

 
The axis 1x  is directed along the length of the 
beam, the axis 2x  is directed along the width of 
the beam, the axis 3x  is orthogonal to them. It is 
assumed that the piezoelectric layers are pre-
polarized in the direction 3x  [5] - [8]. 
In [8], we constructed the theory of the multi-
layer electroelastic beams. Here we briefly pre-
sent these results for a particular case - a three-
layer beam. 
In the case of thin-walled beams in the equa-
tions of state, the stresses 22  and 33  can be 
neglected compared to the stress 11 . In addi-
tion, it is assumed that the electroelastic state 
does not depend on the coordinate 2x . 
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Taking into account the assumptions made, the 
equations for the elastic and electroelastic layers 
will be written as 
Equilibrium equations 
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Strain - displacement formulas 
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Equation of state (Hooke's law) for the elastic layer 
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Equations of state for piezoelectric layers 
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In formulas (1)-(6) 1u  and 1e  are the displace-
ment and deformation in the direction 1x , re-
spectively, 3E  and 3D  are the components of 
the electric field vector and electric induction 
vector in the direction 3x ,   is the electric po-
tential, Es11  is the elastic compliance at zero elec-
tric field, 31d  is the piezoelectric constant, T

33  is 
the dielectric constant at zero voltages. The no-
tation used is the same as that used in [8]. 
For our purposes, we will consider piezoelectric 
layers, in which the faces constx 3   are com-
pletely covered with electrodes. Here we will 
consider only two kinds of conditions on the 
electrodes: 
 the electrodes are short-circuited (the electric 

potential is zero on the electrodes) and  

 the electrodes are open. 
On short-circuited electrodes, the electric poten-
tial is zero 
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On open electrodes the electric potential is not 
zero. It is equal to  
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where the values )( 2V  are determined from fol-
lowing integral condition: 
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Here the integral is evaluated over the surface   
of one of the electrodes and t denotes the time. 
On the surfaces of the beam, the mechanical 
surface load is usually specified as 
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The superscript in parentheses indicates the lay-
er number. Hereinafter, each formula with dou-
ble signs ,  contains two formulas. To get 
one formula, one should take only the upper 
signs, to get the second formula one need to 
leave only the lower signs. 
 
 
2. DERIVATION OF EQUATIONS FOR 

ELECTROELASTIC BEAM THEORY 
 
In order to construct the theory of electroelastic 
beams, one should accept some assumptions 
regarding electrical quantities. As in the con-
struction of the theory of piezoelectric plates 
and shells [7], the content of accepted hypothe-
ses depends on the electrical conditions on the 
surfaces of the piezoelectric layers. For piezoe-
lectric layers, we accept assumptions that were 
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substantiated by the asymptotic method electro-
elastic plates and shells [7]. 
The mechanical quantities of any layer for 
which the Kirchhoff hypotheses are valid can be 
written as the following linear functions of the 
coordinate 3x  
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where   and  are the components of the tan-
gential and bending deformations of the midline 
of the beam, respectively, k is the number of the 
layer 
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It was shown in the work [7] that the electric 
potential is a quadratic function of the thickness 
coordinate 3x  
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We write out the basic formulas for the beam 
with open electrodes. On open electrodes, the 
electric potential is non-zero. It is constant at 
each electrode. This value is determined from 
the condition (9). 
If the electric potential is set on the electrodes 
(8), then formula (13) can be converted to 
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Taking into account formulas (14) and (6), we get  
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As a result of the simple transformations the 
equations of state for the piezoelectric layers 
with open electrodes can be rewritten as 
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We write out the basic formulas for the beam 
with short-circuited electrodes taking into ac-
count formulas (7) ( 02  )(V ) in equations (17) 
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We apply the notations of beam theory to our 
equations. Integrating the stresses in thickness 
of the beam, we find the resulting tangential 
force T  and bending moment G  
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Having integrated the equations of motion and 
the equations of state for each layer, we obtain 
one-dimensional equations for a three-layer elec-
troelastic beam. As an example, we consider the 
damping of harmonic vibrations of a three-layer 
beam (all values vary according to the variable t 
by the law t-ie  , where the variable t is the time, 
 is the circular frequency of vibrations). In the 
future, we will write down all the equations and 
boundary conditions with respect to the ampli-
tude values of the unknown quantities. 
The equations of the theory of layered electroe-
lastic beams of a symmetric structure have ex-
actly the same form as in the case of elastic 
beams. The problem in question, as in the theo-
ry of elasticity, is divided into two problems - a 
plane problem and a bending problem. 
Note that the electric potential is odd function in 
plane problem 
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Plane problem for beam with open-electrodes 
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We determine the value pV  by equation (18). 
The electric potential is an even function of the 
variable x3  in bending problem 
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Bending problem for beam with shot-circuited 
electrodes )( 0bV  
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Here N is the shear force 
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Bending problem for beam with open-electrodes 
 



Nelly N. Rogacheva 

International Journal for Computational Civil and Structural Engineering 130 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 






















 0

2
3111

2
31

2
12

2
1

2
1

2

1

12

02

xlx

E

dx
dw

dx
dw

ks
k

l
h(hh

Q

dx
wdQMG

dx
dGNwhZ

dx
dN

)(

)

,

,,





 (27) 

κ
)k(d

)kh(h
h
V

E

ks
kh

V
sh

d

V
h

hh
s
d

Q

b)(
,

EbE

bE

2
3131

2
311

2

2
03

2
3111

2
311

112

312
011

2

2
1

2

11

31

12
2

12
2

2




















 
)(

)()(

,

h  (28) 

 
The quantities )(
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termined by formulas (26). 
 
 
3. DYNAMIC PLANE PROBLEM 
 
We will consider the forced harmonic vibrations 
of the beam under the action of a constant dis-
tributed load with the following boundary con-
ditions: 
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For numerical examples, we introduce dimen-
sionless coordinates and dimensionless sought 
quantities 
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Let the beam electrodes be short-circuited. 
Submitting the formulas (30) in the equations 
(21), we obtain the following system of equa-
tions  
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where 2

1  is the dimensionless frequency pa-
rameter. 
The resolving equation is 
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Its solution is 
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Arbitrary integration constants 1c  and 2c  are 
determined from the conditions at the ends of 
the beam 
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Satisfying conditions (34), we get 
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The natural frequencies are determined from the 
equation 01 cos  and they are equal to 
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Consider the plane problem for beam with open-
electrodes. The system of equations according 
to the sought quantities has the form 
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After solving the problem (37), (34), the follow-
ing desired quantities can be calculated by the 
formulas: 
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The solution resolving equation has the form 
(33). The force 

*T  is determined by formula 
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Arbitrary integration constants 1c  and 2c  are 
determined from the conditions at the ends of 
the beam (34) 
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The natural frequencies are determined from the 
equation  
 

0111   sincos r  (41) 

 
The first natural frequency for different values r 
is 1.602 (r=0.05), 1.630 (r=0.1), and 1.689 
(r=0.2). 
Let a beam with short-circuited electrodes vi-
brates with a frequency close to the first reso-
nant frequency .5611  . In order to reduce the 
amplitudes of vibrations of the desired quanti-
ties, we will open the electrodes of the piezoe-
lectric layers. Perform a numerical calculation 
using formulas (33), (35), (39), (40). Figs. 2, 3 
show the displacement 

*u  and the force 
*T as 

function of the longitudinal coordinate  . The 
dashed line represents the same values for a 
beam with short-circuited electrodes. Thick 

(thin) line represents the same values for a beam 
with open electrodes at r = 0.05 (r = 0.1). 
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Figure 2. Distribution of dimensionless  

displacement 
*u  along the length of a beam. 
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Figure 3. Distribution of dimensionless force 

*T  
along the length of a beam. 

 
From the graphs it can be seen that the vibration 
amplitudes for a beam with open electrodes are 
substantially less than for a beam with short-
circuited electrodes. 
 
 
4. DYNAMIC BENDING PROBLEM 
 
Consider the case when only constant distribut-
ed load 

*Z acts on the beam. We assume that the 
edge x1 =0 rigidly fixed, and the edge x1 =l is 
free from fixings 
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We introduce the dimensionless sought values 
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Let the beam electrodes be short-circuited. Tak-
ing into account the formulas (42), the system of 
equations (25) will be rewritten as 
( 0 Q 0,bV ) 
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The resolving equation for the bending problem 
is written as 
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The solution of equation (44) is 
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Arbitrary integration constants 1c  and 2c  are 
determined from the conditions at the ends of 
the beam 
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Find arbitrary integration constants 1c , 2c , 3c , 4c   
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The new notations are introduced in formulas (46) 
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chcsλshλsc
λshλssch



cc
 (48) 

 
We calculate the natural frequencies of the 
beam using the equation (47). The first three 
natural frequencies are 1.875, 4.694, 7.855. 
Consider the bending problem for beam with 
open-electrodes bV  )()( 22 VV .The system of 
equations according to the dimensionless sought 
quantities has the form 
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wdG
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31

2
31
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2
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1
* 12

,
k
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Ms

)h(hht
dξ

dwtQ E
*








 

 
Satisfying the boundary conditions, we obtain 
arbitrary integration constants and the equation 
for determining the resonant frequencies 
 

 

 sstsc(
δλ

Zcс

cstssс(
δλ

Z
λ
Zcс

*

**





2)1cs
2

2)1c
2

24
2

42

24
2

4
2

31





 (49) 

)()( scctcс  s12  (50) 

 
In formulas (49), (50), the notation (48) is used. 
We calculate the natural frequencies of the 
beam using the equation (50). The first three 
natural frequencies are 1.8891; 4.705; 7.8611 
for 050.t  and 1.9022; 4.7563; 7.8673 for 

10.t . 
The results of the calculations are presented in 
the form of graphs. Figures 4-6 show the de-
pendence of the deflection, the shear force and 
the bending moment on the longitudinal coordi-
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nate of the beam in the vicinity of the second 
resonant frequency of the beam with short-
circuited electrodes.  

-2
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1

2

0 0,5 1ξ

w*

 
Figure 4. The deflection 

*w  as a function of the 
coordinate   near the second resonance of the 

beam at 693.42  . 
 
In all figures, the dashed line represents the 
quantities of a beam with short-circuited elec-
trodes and the solid line represents the quantities 
for a beam with disconnected electrodes. 
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Figure 5. The shear force *N  as a function  
of the coordinate   near the second resonance 

of the beam at 693.42  . 
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Figure 6. The moment *G  as function  
of the coordinate   near the second resonance 

at 693.42  . 

 
The performed calculations confirm that a 
change in the electrical conditions on the elec-

trodes of the piezoelectric layers makes it possi-
ble to avoid resonance and, as a consequence, 
an increase in the amplitude values of the de-
sired values. 
 
 
CONCLUSION 

 
A study was carried out on the new method of 
vibration damping of a structure at resonance 
using the example of a multi-layer beam. Ana-
lytical solutions of the problem of beam passive 
vibration suppression are obtained. Numerical 
calculations were performed confirming the ef-
fectiveness of using the piezoelectric effect for 
passive vibration control. It is shown that forc-
ers, moments, displacements and deformations 
of beam in the vicinity of the natural frequency 
can be significantly reduced by as a result of 
changes in the electrical conditions on the sur-
faces of the piezoelectric layers. 

 
 

REFERENCES 
 
1. Preumont A., Kazuto Seto. Vibration 

Control of Active Structures. John 
Wiley&Sons, 2008, 295 pages. 

2. Inmah D.J. Vibration with Control. Wiley 
Online Books, 2017 (IBSB: 
9781119375081). 

3. Frolov K.V. (Eds.) Vibracii v tehnike. 
Spravochnik. Tom 6. Zashhita ot vibracii i 
udarov [Vibrations in technology. Vol. 6]. 
Moscow, Mechanical Engineering, 1981, 
456 pages (in Russian). 

4. Huertas V.V., Rohal’-Ilkiv. Vibration 
suppression of a flexible structure. // Pro-
cedia Engineering, 2012, vol. 48, pp. 233-
241. 

5. Berlincourt D.A., Curran D.R., Jaffe H.  
Piezoelectric and piezomagnetic materials 
and their function as transducer Mason W P 
(Eds.) Physical Acoustics 1A (Academic 
Press New York), 1964, pp. 204-326.  

6. IEEE Standart on Piezoelectricity ANSI-
IEEE Std. 176, IEEE New York 1987. 



Nelly N. Rogacheva 

International Journal for Computational Civil and Structural Engineering 134 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 

7. Rogacheva N.N. The Theory of Piezoelec-
tric Shells and Plates. Roca Braton, CRC 
Press, 1994, 260 pages. 

8. Rogacheva N.N. The dynamic behaviour of 
piezoelectric laminated bars. // J. of Applied 
Mathematics and Mechanics, 2007, vol. 71, 
pp. 494-510. 

 
 
СПИСОК ЛИТЕРАТУРЫ 
 
1. Preumont A., Kazuto Seto. Vibration 

Control of Active Structures. John 
Wiley&Sons, 2008, 295 pages. 

2. Inmah D.J. Vibration with Control. Wiley 
Online Books, 2017 (IBSB: 
9781119375081). 

3. Асташев В.К., Бабицкий В.И., Быхов-
ский И.И., Вульфсон И.И., Вульфсон 
М.Н., Гольдштей Б.Г., Гоппен А.А., 
Гурецкий В.В., Гусаров А.А., Колов-
ский М.З., Пальмов В.А., Пановко 
Г.Я., Пановко Я.Г., Панченко В.И., 
Писаренко Г.С., Потемкин Б.А., Синев 
А.В., Фролов К.В. (ред.), Фурман Ф.А., 
Фурунжиев Р.И. Вибрации в технике. 
Справочник. Том 6. Защита от вибрации 
и ударов. – М.: Машиностроение, 1981. – 
456 с. 

4. Huertas V.V., Rohal’-Ilkiv. Vibration 
suppression of a flexible structure. // Pro-
cedia Engineering, 2012, vol. 48, pp. 233-
241. 

5. Berlincourt D.A., Curran D.R., Jaffe H.  
Piezoelectric and piezomagnetic materials 
and their function as transducer Mason W P 
(Eds.) Physical Acoustics 1A (Academic 
Press New York), 1964, pp. 204-326.  

6. IEEE Standart on Piezoelectricity ANSI-
IEEE Std. 176, IEEE New York 1987. 

7. Rogacheva N.N. The Theory of Piezoelec-
tric Shells and Plates. Roca Braton, CRC 
Press, 1994, 260 pages. 

8. Rogacheva N.N. The dynamic behaviour of 
piezoelectric laminated bars. // J. of Applied 
Mathematics and Mechanics, 2007, vol. 71, 
pp. 494-510. 

 
 
Nelly N. Rogacheva, Dr.Sc. (Physics and Mathematics), 
Laureate of the State Prize of the Russian Federation in 
the field of science and technology, associate professor of 
Department of Applied Mathematics, National Research 
Moscow State University of Civil Engineering; 26, Yaro-
slavskoe Shosse, 129337, Moscow, Russia;  
phone/fax: +7 (499)183-59-94;  
E-mail: RogachevaNN@mgsu.ru. 
 
Рогачева Нэлля Николаевна, доктор физико-
математических наук, Лауреат Государственной пре-
мии Российской Федерации в области науки и техни-
ки, доцент кафедры прикладной математики; Нацио-
нальный исследовательский Московский государ-
ственный строительный университет; 129337, Россия, 
г. Москва, Ярославское шоссе, д. 26;  
тел./факс: +7(499)183-59-94; 
E-mail: RogachevaNN@mgsu.ru. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



International Journal for Computational Civil and Structural Engineering, 15(2) 135-143 (2019) 

135 

 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 

COMPUTATIONAL RHEOLOGICAL MODEL OF CONCRETE 
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Abstract: The substantiation of the computational rheological model of the material for use in computer calcula-
tions of concrete and reinforced concrete structures of arbitrary complexity, taking into account the creep of con-
crete, with possible changes in the intensity of the current load over time, is presented. The computational model 
is based on the Maxwell-Weichert generalized model of the viscoelastic material. The model was verified on the 
basis of experimental data and requirements of regulatory documents for the calculations of concrete and rein-
forced concrete structures, taking into account the creep of the material. Verification of the computational model 
and numerical calculations using the selected computational model were performed in the SIMULIA Abaqus 
software environment. 

 
Keywords: creep, viscoelasticity, computational model, generalized Maxwell-Weichert model,  

calculation on deformed scheme 
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Пермский национальный исследовательский политехнический университет, г. Пермь, РОССИЯ  
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Свентокжыская Политехника, г. Кельце, ПОЛЬША 

 
Аннотация: Представлено обоснование вычислительной реологической модели материала для использования в 
компьютерных расчётах бетонных и железобетонных конструкций произвольной сложности с учётом ползуче-
сти бетона, с возможным изменением интенсивности действующей нагрузки во времени. Вычислительная мо-
дель построена на основе обобщенной модели вязкоупругого материала Максвелла-Вайхерта. Модель верифи-
цировалась на основе данных экспериментальных исследований и требований нормативных документов к рас-
чётам бетонных и железобетонных конструкций с учётом ползучести материала. Верификация вычислительной 
модели и численные расчёты с использованием выбранной вычислительной модели выполнялись в программ-
ной среде SIMULIA Abaqus. 
 

Ключевые слова: ползучесть, вязкоупругость, вычислительная модель,  
обобщенная модель Максвелла-Вайхерта, расчёт по деформированной схеме  

 
1. INTRODUCTION 
 
The most visible manifestations of concrete 
over time are creep, relaxation and shrinkage. 
These rheological properties of concrete as a 

building material are sufficiently fully investi-
gated and formulated by thorough theories [1–
5], etc., and their accounting in the calculations 
of building structures is quite clearly regulated 
in national and international normative docu-
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ments [6-9]. However, the availability of proven 
theories and sound regulatory procedures, un-
fortunately, does not mean the existence of ap-
propriate computational models that are conven-
iently calibrated based on the results of experi-
mental studies and regulatory approaches, while 
of quite versatile, stable and flexible in calculat-
ing of complex building structures. The present-
ed computational rheological model of concrete 
was verified on the basis of data from experi-
mental studies of concrete creep, and it was also 
substantiated and calibrated in accordance with 
the requirements of regulatory documents for 
calculations of concrete and reinforced concrete 
structures, taking into account the material 
creep. When calculating structures that noticea-
bly change their configuration in time due to 
material creep, such as flat arches and shells, 
attention is paid to the effect of calculating them 
by deformed scheme, which significantly speci-
fies the change in the stress-strain state in time. 

 
 

2. THEORETICAL FOUNDATIONS  
OF THE COMPUTATIONAL  
CREEP MODEL 

 
The complete deformation of concrete  ε  is usu-
ally represented by its three components: 
 

ε = ε0 + εcr + εshr,                       (1) 
 
where ε0  is the so-called “instantaneous” de-
formation which manifests itself at the moment 
of loading the structure,  εcr  is the creep defor-
mation that develops over time,  εshr  is the 
shrinkage deformation. The key parameter char-
acterizing the creep of concrete in EC2 [6] and 
PN [7] is the creep coefficient (creep factor)

 0t,tφ established between the moment of ap-
plication of the load  t0 and the age of concrete t: 
 

  .
ε
ε

t,tφ cr

0
0                        (2) 

 

At the same time, the concept of creep measure 
)t,t(C 0  is also used in these regulatory docu-

ments: 
 

  )t,t(Ctt,tφ )( 000 bE  ,                (3) 
 

where )( t
0bE  is the elasticity modulus of con-

crete at the time of loading  t0.  
In turn, the creep measure is the initial key pa-
rameter in the NIIZhB Recommendations [8]: 
 

   0
0

0
bb E
1

E
1 t,С

)t()t(
t,tС  ,          (4) 

 
where  280  t,С   is the limit creep measure. 
In this case the concept of creep characteristic 
(creep coefficient)  0t,tφ   is also used: 
 

 
 
 0

0
0 tE

t,tφt,tC  .                       (3а) 

 
The rheological model based on the generalized 
model of a viscoelastic material — the general-
ized Maxwell model (Wiechert model) [10], 
[11] was chosen to study and apply to the mod-
eling of concrete creep. Elements of the me-
chanical interpretation of this model is a parallel 
combination of n springs (i = 1 ÷ n) with “tem-
porary” elastic moduli Ei, and n dampers with 
viscosity coefficients ηi connected in series with 
each other in pairs, as well as of an elastic ele-
ment with “long-term” stiffness E∞. 
The basis of the generalized Maxwell model is 
the elementary model of the viscoelastic Max-
well material. Its mechanical representation is a 
spring with stiffness (modulus of elasticity) E, 
consistently coaxed with a damper having a vis-
cosity coefficient η. According to this model, 
the material resistance is proportional to the 
speed of its strain 
 

ву εεε   ,                     (10) 
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folding from the rate of elastic strain уε  and 

the rate of viscous strain вε . In turn, the elastic 
strain of the material is interpreted by the strain 
of the elastic spring with the stiffness E: 
 

Е
σ

ε у
у   ,    from where Е

σ
ε у

у


  .    (11) 

 
And the rate of viscous strain in this elementary 
model is represented by the properties of a 
damper with the coefficient of viscosity η: 
 

η
σε в

в  .                         (12) 

 
The serial connection of the spring and damper 
in the Maxwell model means that the stresses  σ  
in both its elements are the same, i.e. σ = σy = 
σв, but the strains in the elastic and viscous ele-
ments are different, i.e. 
 

εу ≠ εв (ε = εу + εв). 
 
Thus, according to (10)-(12), the strain rate of 
the material, represented by the Maxwell ele-
mentary model, will vary in proportion to time t: 
 

E
(t)σ

η
σ(t)(t)ε


  ,              (10a) 

 
herewith at a constant stress σ0 the strain ε will 
increase linearly. 
In turn, the solution (10a) with respect to σ(t): 
 

     







 







 

 τ
t

0
τ
t

0 eεEeσtσ       (13) 
 

shows that according to the elementary Maxwell 
model, when the strain ε0 is fixed, the stress σ(t) 
decreases in time t according to the exponential 
law. It in general corresponds to the nature of 
the manifestation of relaxation in a deformable 
material, such as for example concrete. In (13) 
 

E
ητ   

 
is the so-called relaxation time. 
If you move from the elementary Maxwell 
model (one pair of series-connected spring and a 
damper) to the Maxwell generalized model (n 
parallel-connected the pairs with an additional 
spring of “long-term” stiffness E∞), dependence 
(13) takes the form: 
 

 












 



   iτ
t

0

n

1i
i0 eεEεEtσ , 

 
or   
 

       





























 



  iτ
tn

1i
i0 eEEεtσ ,      (14) 

Where 
 

i

i
i E

η
τ   

 
is the relaxation time of the i -th damper (i = 1 ÷ 
n) in the generalized Maxwell model. Thus, in 
the generalized Maxwell model, the viscoelas-
ticity of a material is characterized by the gener-
alized relaxation modulus depending on time 
(the so-called relaxation function): 
 

 
 

























n

1i

i
i

0
R

τ
t

eEE
ε

tσtE .    (15) 

 
It can be seen that the relaxation function ER(t) 
of a material is actually represented in (14), (15) 
in the form of an exponential series (Prony se-
ries). 
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3.  COMPUTATIONAL  

IMPLEMENTATION  

OF THE RHEOLOGICAL MODEL  

 
The generalized Maxwell model of viscoelastic 
properties of a material is implemented in the 
SIMULIA Abaqus software environment with 
the “viscoelastic” option [12]. It is represented 
here by two functions, having the form of an 
exponential Proni series. This is the s so-called 
shear relaxation function: 

  























n

1i

i
i

τ
t

eGGtG ,       (16) 

 
where  
 

)(12 0ν
EG


  

 
is the modulus of elasticity in shear, ν0 is the 
Poisson coefficient, and also the function of 
bulk relaxation: 
 

  























n

1i

i
i

τ
t

eKKtK ,     (17) 

 
where  
 

)2(13 0ν
EK


  

 
is the coefficient of volume stiffness. 
In the SIMULIA Abaqus program, the parame-
ters of the “viscoelastic” material model are set 
by the dimensionless shear relaxation modulus: 
 

 
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





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


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


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
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n

1i
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i
0

R
ie1g1

G
tGtg    (16а) 

 

where  
 

G0 = E0/(2∙(1 + ν0)) 
 
is the instantaneous modulus of elasticity in 
shear, as well as the dimensionless modulus of 
bulk relaxation: 
 

 
 


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













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





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n

1i

τ
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0

R
ie1k1

K
tKtk ,    (17а) 

 
where   
 

K0 = E0/ ∙(1 - 2∙ν0) 
 
is the coefficient of instantaneous volume stiff-
ness. 
Obvious complexity here can have the assign-
ment of values of the parameters of the material 
Gi, Ki, τi, which can be obtained by static and 
dynamic tests of the material for creep and re-
laxation. However, under the condition of rela-
tively small changes in stresses over time in the 
simulated structure, you can use the simple case 
of specifying the modules gr(t) (16a) and kr(t) 
(17a) with the introduction of the concept of 
effective modulus of elasticity [6], [8]: 
 

 
)t,t(φ

E
E eff,c

0

0

1
 .               (18) 

 
Then the expression of the dimensionless shear 
relaxation modulus is considerably simplified: 
 

 
      

 

,

ν
E

t,tν
E

G
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00
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
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or                  

 

 
 01
1

t,tφ
)t(gr


 ,              (16b) 
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Figure 1. Comparison of the dependences of creep strain in samples of the 1-st group (t0 = 28 

days), obtained in the experiment and in numerical simulation. 
 

where φ(t,t0) is the creep coefficient of the mate-
rial (2). In this case, the values of the time-
varying coefficient φ(t,t0) in the computational 
model of creep can be set both on the basis of 
the material test results, and in accordance with 
the regulatory recommendations [6] - [8] and 
others. Similarly, the view of the dimensionless 
bulk relaxation modulus is simplified: 
 

 
 

 00 1
1

t,tφK
tKtk R

r


          (17б) 

 
 

 4. VERIFICATION OF  THE  

COMPUTATIONAL CREEP MODEL 

  
To test the “viscoelastic” model, we used the 
results of experimental studies of two groups of 
concrete samples [11]. Each sample had the 
shape of a cylinder with a height of 0.3m and a 
diameter of 0.15m. Cylindrical samples subject-
ed to prolonged axial compression. Samples of 
the 1-st group were loaded (σI = 10.67[MPa]) at 
the age of  t0 = 28 days, having on this day the 
modulus of elasticity E(28) = 36200[MPa]. Sam-
ples of the 2-nd group were loaded (σII = 
2.47[MPa]) 1 day after their manufacture (t0 = 
1), having the elastic modulus E(1) = 

22201[MPa]. When specifying the dimension-
less relaxation moduli of the material using for-
mulas (16b) and (17b) in the “viscoelastic” mod-
el, the concrete creep factor φ(t, t0)  was calcu-
lated based on the experimental results. The fig-
ures 1 and 2 show the results of a comparison of 
the dependences of the creep strain in the sam-
ples obtained in the experiment and in numerical 
simulation using the “viscoelastic” model. 
Testing the performance of the “viscoelastic” 
model with setting the values of the dimension-
less moduli of material relaxation using formu-
las (16b) and (17b) with an abrupt change in 
load value in time gave quite satisfactory results 
(figure 3).  
 
 
5. CONCLUSION 
 
Accounting for material creep in the calculation 
of reinforced concrete structures of some types, 
such as flat arches and shells, can reveal a sig-
nificant change in their stress-strain state over a 
long time. Below the difference in the results of 
the calculation in the traditional way and by de-
formed scheme of the flat reinforced concrete 
arch with a span of 20 m and a height of 2 m 
under a permanent load  is shown.  
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Figure 2. Comparison of the dependences of creep strain in samples of the 2-st group (t0 = 1 day), 

obtained in the experiment and in numerical simulation. 
  

a)  

b)  
Figure 3. The change in creep strain in time with an abrupt change in load value:  

a) change in stress over time; b) change in creep strain in time.
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Figure 4. The increase in the deflection of a gentle arch in the castle section u in time t 

– at traditional time calculation (bottom line);  
– when calculating by the deformed scheme (upper lines). 

 
The arch was simulated in a time period of 16 
months, taking into account the creep of the ma-
terial. When calculating this construction, the 
"viscoelastic" concrete creep model calibrated 
in accordance with the requirements of [6] was 
implemented. When calculating by deformed 
scheme, the arch configuration was recalculated 
on the 4-th and 8-th month of loading. The dif-
ference in the deflections of the castle arch sec-
tion obtained on the 516th day in two ways was 
58 percent (figure 4). 
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MATHEMATIC MODEL OF A BEAM PARTIALLY SUPPORTED 
ON ELASTIC FOUNDATION 
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Abstract: The paper presents the methodic for analytical determining of stress-strain state of a beam partially 
supported on elastic foundation at sudden damage of foundation structure (partial failure). Bending equation for 
a beam is written using dimensional parameter and solved with the initial parameters method. Such approach al-
lows to obtain dimensional analytical solution to static and dynamic problems for universal boundary conditions 
of a beam since it always leads to equations’ system of second order. Using numerical analysis for various values 
of generalized stiffness parameter of a system “beam – foundation”, we established affecting of the length of 
failure foundation part to stress-strain state of the beam for two supporting variants: partial supporting and sup-
porting by two ends with foundation failure in the middle part of the beam. 
 

Keywords: system “beam – foundation”, accidental impact, sudden foundation failure, forces, deflections 
 
 

МАТЕМАТИЧЕСКАЯ МОДЕЛЬ БАЛКИ,  
ЧАСТИЧНО ОПЕРТОЙ НА УПРУГОЕ ОСНОВАНИЕ 

 
В.И. Травуш 1, В.А. Гордон 2, В.И. Колчунов 3, Е.В. Леонтьев 4 
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Аннотация: Приведена методика аналитического определения усилий напряженно деформированного 
состояния балки частично опертой на упругое основание при внезапном дефекте основания – частичного 
ее разрушения. Уравнение  изгиба балки записаны в безразмерных координатах и решены методов 
начальных параметров это позволяет получать безразмерные аналитические решения  статических и ди-
намических задач универсальными по отношению к условиям закрепления балки, поскольку всегда при-
водит к системе уравнений второго порядка. Численным анализам для различных значений параметра 
обобщенной жесткости системы «балка-основание» установлено влияние длинны утраченной части ос-
нования на  напряженно деформированное состояние балки при двух вариантах опирания на упругое ос-
нование:  частичное опирание и опирание по двухопорной схеме с разрушением основания в средней ча-
сти пролета. 
 

Ключевые слова: система «балка-основание», аварийное воздействие, внезапный дефект основания, 
усилия, перемещения 

 
 

1. INTRODUCTION 
 
Traditional approach for solving the problem of 
static and dynamic flexure of a beam supported 
on elastic foundation with discrete changes of 

geometric and (or) mechanical characteristics of 
this beam and (or) foundation along it length is 
representation of a system “beam – foundation” 
as series of rod sections supported on elastic 
foundation in the boundaries of which proper-
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ties of the beam and foundation change it values 
continuously or constant [1-6]. At the same 
time, it leads to solving of Cauchy problem for 
system of ordinary differential equations with 
variables parameters. Besides boundary condi-
tions, solving of these equations requires accept-
ing continuity conditions for coefficients in the 
discontinuity points of the first order (conjunc-
tion of sections). For many sections, such ap-
proach is laborious since it leads to a large 
number N of equations for determining of inte-
gration constants ( 4 ,N n where n is sections’ 
number). In this case, the initial parameters’ 
method (IPM) becomes effective [7-10]. The 
method allows to obtain dimension less analyti-
cal solutions to static and dynamic problems. 
These solutions are universal for different types 
of boundary conditions and number of sections 
since it always leads to equations’ system of 
second order. It is conveniently to apply the 
IPM procedure in addition with state vectors for 
an arbitrary cross section of a beam and matrix-
es of initial cross section affecting to arbitrary 
cross section [6, 8, 9, 11-14]. 
This paper presents the first part of investigation 
of dynamic interaction of a continuous footing 
with foundation under it. The continuous foot-
ing is simulated as an elastic flexible Bernoulli-
Euler beam of finite length and elastic founda-
tion under it. Despite a large number of litera-
ture to problems linked with rod systems sup-
ported on different types of foundation, there is 
not advanced analysis of the case, when statical-
ly loaded system during operation loss it foun-
dation or its part. In according to Structural Me-
chanics, constructively nonlinear system ap-
pears un this case. This process causes appear-
ing of additional dynamic forces in the system. 
While not all accidental impacts are classified 
and reactions of structural elements are not in-
vestigated enough. Since, the present study is 
actual, theoretically interesting and practically
significant. 
The first part of the problem for constructing 
and investigating of the mathematic models of 
dynamic transmitting processes into loaded 
beam at sudden foundation damage (partial fail-

ure) is analysis of stress-strain state of loaded 
beam at quasi-static failure of the supporting 
foundation part. The case of entire foundation 
failure is not considered because it deletes the 
subject of investigation. 
Solutions to static problems are used further to
formulate initial conditions for dynamic prob-
lems and for comparison of stress-strain state 
before and after appearing of a damage.

2. MATHEMATIC MODEL 

2.1. Cantilever beam partially supported on 
Winkler foundation. 
Beam of l length, of cross section area А and 
axial inertia moment I, made of material of 
ρdensity and with elasticity modulus E supports 
partially on elastic Winkler foundation of k
stiffness (Figure 1.1).

Figure 2.1. Calculational model for a beam  
partially supported on elastic foundation. 

The length of the first section is l1. Let us as-
sume that beam’s ends with coordinates 0x 
and x l are free. The beam is loaded along the 
span with evenly distributed load q. It is formu-
lated the problem for determining of deflections 
and bending moments in dependence to length 
of the supported section. Beam is considered as 
a composite one after foundation failure and 
consists of two homogeneous sections supported 
on a step foundation of partially constant stiff-
ness: 1k k and 2 0.k   We construct solution 
to this problem separately for each section using 
local coordinates , , ( 1, 2) :i i ix y z i  хi is longi-
tudinal axis, yi and zi is main central inertia axis 
of the cross section. When we chose the origin 
point at initial cross section of each section, the 

l1
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x

y

q

ξ
1

ξ
2

z



Vladimir I. Travush, Vladimir A. Gordoт, Vitaly I. Kolchunov, Yevgeny V. Leontiev 

International Journal for Computational Civil and Structural Engineering 146 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

continuity condition for solution to this problem 
means that state of the end cross section of pre-
vious section is the initial for the next one. Let 
us introduce dimensionless coordinates and pa-
rameters  
 

 2,1,,  i
l
v

w
l
x i

i
i

i  

 
– deflection of the beam;  
 

l
lv 1  

 
– relative length of the supported part of the 
beam;  
 

EI
qlq

3

  

 
– external load;  
 

4
4

4EI
kl

  

 
– generalized stiffness parameter of a system 
“beam – foundation”. 
Consider the successive bending of each sec-
tion. 
 
2.2. Bending of the first section v 10 . 
Solution to bending equation 
 

,4 14
1

1
4

qw
d

wd



 (2.1) 

 
expressed through the initial parameters of this 
section 
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takes the form [6, 12, 13] 
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where  1iK  is Krylov function [7, 14]: 
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State of an arbitrary cross section of the first 
segment of the beam can be expressed by matrix 
equation 
 

   ,1110111  qVqWVw  (2.2) 
 
where           Twwwww 1111111111   
is state vector for an arbitrary cross section 1 of 

the first section;  TwwwwW 1010101010  – vec-
tor of initial parameters of the first section; 
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 – matrix of initial parameters of 

the first section affecting to state of section 1 of this section; 
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2.3. Bending of the second section  
v 10 2 . 

Flexure of this section can be expressed by 
equation 
 

,4
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q
d

wd
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 (2.3) 

 
general solution to which in the form of the ini-
tial parameters’ method should be written as [6] 
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or in the matrix form 
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where  
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– state vector of an arbitrary cross section 2  of 
the second section; 
 

 TwwwwW 2020202020   
 
– vector of initial parameters for the second sec-
tion; 
 

 




























1000
100

2
10

62
1

2

2
2

2

3
2

2
2

2

44
22









V
 

 
– matrix of initial parameters for second section 
affecting to state of a cross section 2 of this 
segment; 
 

 
T

qV











 2

2
2

3
2

4
2

22 2624
 

 
– force vector for the second segment. 
 
2.4. Conjunction condition for segments. 
Conjunction condition of segments can be ex-
pressed in matrix form as equality of vectors 
 

   ,021 wvw   (2.5) 
 
From equation (2.2) for 1   it follows 
 

     ,11011 vVqWvVvw q  (2.6) 
 
and from equation (2.4) for 2 0  ,we obtain 

 
  202 0 Ww   (2.7) 

 
since the matrix 2 (0)V  is singular, and vector 

2 (0) 0.qV   Substituting (2.6) and (2.7) into 
(2.5), we obtain expression of initial parameters 
for the second segment through initial parame-
ters of the first segment 
 

   .110120 vVqWvVW q  
 

Then from equation (2.4), it follows 
 

   

    ,;
;

22221

1022122





qq VvVq
WvVw




 (2.8) 

 
where  
 

 21 2 2 1
4 4

( )V V V 


  

 
– affecting matrix of initial parameters for the 
first segment to state of an arbitrary cross sec-
tion 2 of the second segment;  
 

   vVVV qq 12221   
 

– vector of additional loads for the second seg-
ment. 
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Thus, state of both segments of the beam is ex-
pressed through initial parameters of the first 
segment. Two parameters are known in advance 
from condition for the left end of the beam
 1 0 .   The next two unknown parameters can 
be determined from conditions at the right end 
of the beam for  

2 1 .    
 
2.5. Determination of unknown initial  
parameters. 
Let us write matrix equation (2.8) in the extend-
ed form 

   

 
 
 
 

       
       
       
       

 

 
 
 









































































 





































































































































2

2
2

3
2

4
2

3

2

1

4
4

2

2
2

2

3
2

2
2

2

10

10

10

10

1411
4

12
4

13
4

131411
4

12
4

12131411
4

11121314

2

2
2

2

3
2

2
2

2

22

22

22

22

2

6

24
4

1

1000
100

2
10

62
1

444
44

4

1000
100

2
10

62
1



























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

















vK
vK
vK

vK

q

w
w
w
w

KKKK
KKKK
KKKK
KKKK

w
w
w
w

(2.9) 

 
In order to further construction, it is need to take 
in account restraints at the ends of the beam. 
Then boundary conditions take the form In or-
der to further construction, it is need to take in 
account restraints at the ends of the beam. Then 
boundary conditions take the form 
 

   
    011

000

22

11





vwvw
ww

 (2.10) 

 
From the first two conditions (2.10), it follows  
 

01010  ww . 
 
From the second group of conditions (2.10) us-
ing equation (2.9), we obtain parameters 10w  
and 10w , as solutions to the system of algebraic 
equations 
 

      

      

     
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







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
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


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
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











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








 






vvKq
wvKwvK

vvKvvKq

wvKvvK
wvKvvK

1
4

2
11

4

1
1

34

102103

2

324

1021

1032













 

 
From where we obtain 
 

   
 

 

     


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



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2
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In accordance with matrix equation (2.2), de-
flections  11 w  and bending moments  11 w  in 
an arbitrary section 1  of the first segment are 
determined by functions 
 

     

  ,1
4 144

1013101411






Kq
wKwKw





 (2.11) 

 
   

    .
4

121011

1012
4

11





KqwK
wKw



  (2.12) 

 
Deflections  22 w  and bending moments 

 22 w  in an arbitrary cross section 2  22 w  of 
the second segment are determined by functions 
from matrix equation (2.8)  
 

 

,4
24

3
23

2
2221022





CC
CCCw




 (2.13) 

  ,1262 2
2423222  CCCw   (2.14) 

 
where 
 

      ;1
4 441031040 vKqwvKwvKC 


 

     ;4 1104101
4

1 vKqwvKwvKC  

   

 ;
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101
4
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4

2

vKq
wvKwvKC


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



   

 ;
6

3
2

3
2

3

102
4

103
4

3

vKq

wvKwvKC









 

.
244
qC   

 
2.6. Numerical results. 
Using Maple we carried out calculation of di-
mension less deflections  w  and bending 
moments  w   for a beam, partially supported 
on elastic foundation and loaded with evenly 

distributed load 1q . Calculations are per-
formed for different values of generalized stiff-
ness parameter   of a system “beam – founda-
tion” in order to determine influence of damage 
value (length of failure part of foundation) to 
stress-strain state of the beam at increasing such 
damage from one of end cross sections of this 
beam. Figures 2.2-2.6 and Table 2.1 present 
such calculation results.  
 

 
 

 
 

 

Figure 2.2. Diagrams for comparison  
deflections of the beam at length decreasing 

of supported part of the beam. 
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Figure 2.3. Diagrams for comparison  
of deflections at constant damage sizes. 

 
Figure 2.2 shows diagrams for comparison de-
flections of the beam when supported part of the 
beam decreases for values  4,0;6,0;8,0v  (or, 
respectively, damage length increases for values 

6,0;4,0;2,01 v ) for three values of   pa-
rameter of generalized stiffness of a system 
“beam - foundation”: 976,3;236,2;275,1 . 
  
 

 
 

 
 

 

Figure 2.4. Diagrams of bending moments  
for different combinations  

of stiffness variants  . 
 
Figure 2.3 shows comparison of diagrams of 
deflections at constant values of damage length 

6,0;4,0;2,01 v  for different generalized 
stiffness of a system “beam – foundation”: 

976,3;236,2;275,1 . Let us note that in ac-
cordance with Winkler model, a free beam en-
tirely supported on foundation ( 1v ) and load-
ed with evenly distributed load q , moves in 

parallel itself without flexure for value 44
q . 
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Figure 2.5. Diagrams of bending moments  
for different combinations  
of damage sizes  v1 .

Diagrams’ character for all variants of system 
stiffness  and damage sizes v  is similar: max-
imum deflections increase with increasing 
length of cantilever part for constant system 
stiffness, and it decreases for large values of 
stiffness for constant length of cantilever.  
Figures 2.4 and 2.5 presents diagrams of bend-
ing moments for different combinations of stiff-
ness  and damage values v1 .

The maximum moment for all cases arises in the 
supported part of the beam and moves to the left 
end of the beam at damage increasing. Value of 
maximum moment for all stiffness variants 
significantly depends on the damage value  

 
2,01

max
4,01

max
6,01

max:1



vvv

wwwv

(Figure 2.4) and does not depend on system 
stiffness   for constant length of damaged part 
 v1 (Figure 2.5).

Table 2.1 presents values of maximum deflections 
and bending moments for considered stiffness var-
iants of a system “beam – foundation” and sizes of 
supported part of the beam v .
Let us present an example of a system “beam –
foundation”, the generalized stiffness of which 
takes the value 976,3 . It is reinforced con-
crete beam of l = 6.7 m length with rectangular 
cross section and sizes b = 0.25 m (width), 
h = 0.18 m (height),  А = 0.045  m2 is area of 
cross section. Inertia moment of cross section is 
I = 1,215·10-4 m4. Elasticity modulus for beam 
material is E = 3.05·1010 N/m2. Foundation ma-
terial is gravel with modulus k1 = 75 MPa/m. 
Module of subgrade reaction 
k = k1b = 1,875·106 Pa. Then parameter is 

976,3 . Increasing (decreasing) of th is pa-
rameter can be linked with increasing (decreas-
ing) of foundation stiffness k1 (for constant 
flexural stiffness of a beam), whether decreasing 
(increasing) of flexural stiffness EI of a beam 
(for constant foundation stiffness). 

3. Partially supported beam  
with two supporting segments. 

3.1. Formulation and solution to the  
problem. 
Here we formulate similar problem for the 
beam, foundation and load as it was above. The 
difference is that the internal part of the beam 
does not support on foundation (Figure 3.1). We 
consider the beam as a composite structure.  
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Table 2.1. Maximum deflections and bending moments.  

Parameter Deflections Bending moments
v


1 0,8 0,6 0,4 1 0,8 0,6 0,4

1,257 0,1 0,197 0,961 4,79 0 0,039 0,102 0,19
2,236 0,01 0,031 0,11 0,512 0 0,038 0,101 0,19
3,976 0,001 0,0057 0,0236 0,084 0 0,032 0,095 0,19

This one consists of three homogenous seg-
ments supported on step foundation with partial-
ly constant stiffness: 0, 231  kkkk .

Figure 3.1. Calculation scheme of partially 
supported beam with two supporting  

segments.

Let us introduce dimensionless variables and 
parameters 

l
lv

l
lvi

l
vw

l
x i

i
i

i
2

2
1

1 ,,)3,2,1(; 

Deflection for the first segment  110 v 

and the third segment  230 v   are described 
by solution (2.2) to equation (2.1), and state of 
cross sections 1  and 3  is described by matrix 
equation respectively: 

     ,11101111  qVqWVw  (3.1)

     ,31303133  qVqWVw  (3.2)

and for the second segment  212 10 vv 

it is described by solution (2.4) to equation 
(2.3). State of a cross section 2  of the second 
segment 

     ,22202222  qVqWVw  (3.3)

Using conjunction conditions for segments: first 
and second  

   .0211 wvw 

And second with third  

   .01 3212 wvvw 

We express initial parameters of the second and 
third segments through the initial parameters of 
the first segment 

   ,11101120 vVqWvVw q (3.4)

and

   

      21211212

101121230

11
1

vvVvVvvVq
WvVvvVw

qq 


(3.5)

Substituting (3.4) and (3.5) to formulas (3.2) 
and (3.3) respectively, we obtain expression for 
state vector of all segments through the initial 
parameters of the first segment (two parameters 
are known: 01010  ww ).

     

      221122

10112222





qq VvVVq
WvVVw




(3.6)

       

     
     .1

1
1

3121231

1121231

10112123133







qq

q

VvvVV

vVvvVVq
WvVvvVVw







(3.7)

Further, using matrix representation of state 
vectors for three segments (3.1), (3.6), (3.7), 
boundary conditions 

ξ2 ξ3l1 ξ2ξ2ξ l

x

y

q

ξ1z l2
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 (3.8) 

And extended form of the equation (3.7) (simi-
lar to equation (2.9)), we obtain, satisfying to 

the second condition pair (3.8), system of equa-
tions for determining initial parameters 10w  and 

10w :
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Further, we determine deflection for segments 
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3.2. Numerical results. 
Using Maple, we provide calculations of dimen-
sion less deflections  w  and bending moments 

 w   for beam supported on elastic foundation 
and loaded with evenly distributed static load 

1q  for different combinations of mechanical 
and geometric characteristic of a system “beam 
– foundation”. At the same time, the middle part 
does not support on foundation in contrast with 
mentioned above case. For all cases end soft he 
beam are free and value of evenly distributed 
dimensionless load is 1q . Figures 3.2 – 3.8 
present calculation results as relative diagrams. 
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Figure 3.2. Beam deflection for system stiffness value .07,7  

 

        
Figure 3.3. Deflections of the beam for system stiffness value 976,3 . 

 

            
Figure 3.4. Comparison of deflections by attribute of damage length . 

 
Figures 3.2-3.4 show diagrams of beam deflec-
tions for symmetric location of supported sec-
tion of equal length  21 vv   and different values 
of free segment length simulating damage 

211 vv   for two values of generalized stiff-
ness of a system “beam – foundation”: 

976,3;07,7 . Figure 3.2 shows diagrams of 
deflection for system stiffness value .07,7  
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Figure 3.5. Comparison of deflections  by attribute of generalized stiffness. 

 
Let us note that relatively to parameter  of 
generalized stiffness of a system “beam – foun-
dation” its value 07,7  corresponds, for ex-
ample, to reinforced concrete beam with length 
of l = 6,7 m, rectangular cross section with 
sides: width b = 0.25 m, height h = 0.18 m, iner-
tia moment of a cross section is I = 1,215·10-

4m4, Yung modulus is E = 3.05·1010N/m2. The 
beam supports on ballast layer of crushed stones 
with modulus k1 = 7.5 MPa/m. Module of sub-
grade reaction is k = k1b = 1,875·106 Pa. At the 
same time  
 

07,7
4

4
4


EI

kl
 . 

 
Increasing (decreasing) of parameter   value 
for given length of the beam may be reached, 
for example, at increasing (decreasing) of foun-
dation stiffness k (for constant beam stiffness 
EI), whether with decreasing (increasing) of 
flexural stiffness of a beam EI (for constant 
foundation stiffness k). Figure 3.3 presents de-
flections of the beam for system stiffness value 

976,3 . 
In order to compare, Figure 3.4 presents dia-
grams of deflections in relation with damage 
length  for different values of system stiffness 
 . 
In order to compare, Figure 3.5 presents dia-
grams of deflection for attribute of generalized 
system stiffness for different values of damage 
length . 

Figure 3.6 shows diagram of beam deflections 
for system with high generalized stiffness 

236,9  for damages section length =0,4. 
Figure 3.7 presents comparison of diagrams of 
bending moments by attribute of damaged section 
length for generalized stiffness 236,2 . 
Figure 3.8 shows diagrams of deflections and 
bending moments for the case of non-symmetric 
sections’ location and non-equal length of it. 
 

 
 

Figure 3.6. Diagram of beam deflection  
for high generalized stiffness 236,9 . 

 

 
Figure 3.7. Diagrams of bending moments  

for 236,2 . 
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Figure 3.8. Diagrams of deflections and bending moments for 976,3 , 2,01 v   

and  2,06,02 v  . 
 

Numerical analysis shows that character and 
values of deflections and bending moments for 
symmetrically supported beams significantly 
depend on damage value 211 vv   and gen-
eralized stiffness of system “beam foundation”. 
For all values of stiffness from considered range 

07,7236,2   and damage sizes 6,02,0  , 
deflection functions are convex (diagrams of 
deflections are plotted in tension zones). For 
high values of generalized stiffness 07,7  and 
large damages 6,0 , inflections appear and 
deflection changes it direction. Values of maxi-
mum deflections increase for all stiffness values 
(Figures 3.3, 3.4). For supported segments of 
different length (Figure 3.8), moments change it 
sign (diagram in Figure 3.8,b is plotted in ten-
sion zones). 
 
 
CONCLUSIONS 
 
Suggested mathematic deformation model for 
beam partially supported on elastic foundation 
is constructed using the initial parameters’ 
method and allows to obtain dimensionless ana-
lytical solution to quasi-static universal prob-
lems for different variant of boundary condi-
tions at sudden appearing of foundation damage 
(partial foundation failure). 
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NON-CONSERVATIVENESS OF FORMULAS  
AS AN OBSTACLE TO THE MOTION SIMULATION 

 
Vladimir B. Zylev, Alexey V. Steyn, Nikita A. Grigoryev 

Russian University of Transport (MIIT), Moscow, RUSSIA 
 

Abstract: The paper considers the specifics of connection setting between deformations and stresses as applied to 
the problem of large non-linear oscillations, when deformations are considered arbitrarily large. It is noted that the 
introduction of some arbitrary physical relations in the computational model can lead to the establishment of a non-
conservative system. It is shown, for example, that distribution of the ordinary Hooke’s law formulas to the area of 
large deformations leads to the establishment of material with the non-conservative properties. The examples are 
given for the numerical solution of problems with the nonlinear oscillations, where an increase in the oscillation am-
plitudes or occurrence of unauthorized internal friction is shown. The simplest version of the material properties free 
from the indicated deficiencies is given. One of the paper conclusions is that when specifying the elastic properties 
of the material, it is necessary to ensure that the resulting system is conservative. 

 
Keywords: membranous systems, n-step numerical method, equations of motion,  

large deformations, non-conservativeness 
 
 

ФОРМУЛЬНАЯ НЕКОНСЕРВАТИВНОСТЬ  
КАК ПОМЕХА МОДЕЛИРОВАНИЯ ДВИЖЕНИЯ 

 
В.Б. Зылев, А.В. Штейн, Н.А. Григорьев 

Российский университет транспорта (МИИТ), г. Москва, РОССИЯ 
 

Аннотация: В работе рассматриваются особенности задания связи между деформациями и напряжения-
ми применительно к задаче больших нелинейных колебаний, когда и деформации рассматриваются про-
извольно большими. Отмечается, что введение некоторых произвольных физических соотношений в 
расчетную модель может приводить к созданию неконсервативной системы. Показывается, например, 
что   распространение обычных формул закона Гука в область больших деформаций ведет к созданию 
материала с неконсервативными свойствами.  Приводятся примеры численного решения задач о нели-
нейных колебаниях, где демонстрируется нарастание амплитуд колебаний или появление несанкциони-
рованного внутреннего трения.  Приводится простейший вариант свойств материала, свободного от ука-
занных недостатков. Один из выводов работы заключается в том, что при задании упругих свойств мате-
риала нужно следить за тем, чтобы полученная система была консервативной. 
 

Ключевые слова: Мембранные системы, шаговый численный метод, уравнения движения,  
большие деформации, неконсервативность 

 
 
The paper relates to the field of structural me-
chanics that considers the dynamics of deform-
able systems without any restrictions on the 
magnitude of displacements and deformations. 
In order to reduce the scope of work, it shall be 
limited to non-linear elasticity, isotropic materi-
al, and the plane stress condition. From the ge-
ometrical point of view, it shall be assumed that 
the system can be considered using a triangular 

finite element, the displacement field in which 
is given by a linear function. The object of prac-
tical application here may be the dynamics of 
inflatable capsules when they are filled with air 
[1]. The dynamic solution method in the exam-
ples given below is based on an explicit compu-
tational scheme with extrapolation according to 
Adams [2,3,4]. The article, however, is devoted 
not to the integration method of the motion 
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equations, but to the influence on the resulting 
motion of the selected physical relation system, 
that allow one to determine stresses and then the 
nodal reactions in the element using the well-
known deformations. Figure 1 shows a triangu-
lar finite element before deformations (solid 
line) and the same element after deformations 
(dashed line) at some current moment of the dy-
namic solution. The deformed element can be 
combined with the initial one to calculate reac-
tions in the local axes (Figure 1). 
 

 
Figure 1. Trianglular finite element before  

and after deformations.  
 

In the original triangular element, it is possible 
to select a square with ordinary sides that corre-
spond to the main directions. After the defor-
mations, this square will turn into a rectangle. 
The problem of determining the main directions 
with the well-known position of the element 
points is a fundamentally non-complicated pure-
ly geometrical problem and its solution will not 
be highlighted. It only shall be noted that the 
main directions in the original and deformed 
elements do not coincide, since the elementary 
square undergoes not only a deformation, but 
also a hard rotation. The current values of the 
main deformations 𝜀1 and 𝜀2 shall be deter-
mined since the displacement field inside the 
element is given. The values 𝜀1 and 𝜀2 can be 
determined in different ways; here the relative 
elongations shall mean the ratio of the segment 
elongation to its original length. Figure 2 shows 
the unit cube before and after deformations. 

 
Figure 2. The unit cube before and after  

deformations.  
Now we will discuss the issue of calculating the 
reactions 𝑅1 and 𝑅2 in the system with two dis-
placements 𝑧1 = 𝜀1 and 𝑧2 = 𝜀2. We will first 
consider the possibility of using the usual 
Hooke’s law formulas, in the form in which it is 
applied for small deformations. For the main 
stresses and for the main deformation in the di-
rection of the plate thickness the formula shall 
be as follows: 
 

𝜎1 =
𝐸

1 − 𝜇2
(𝜀1 + 𝜇𝜀2)

=
𝐸

1 − 𝜇2
(𝑧1 + 𝜇𝑧2) 

𝜎2 =
𝐸

1 − 𝜇2
(𝜀2 + 𝜇𝜀1)

=
𝐸

1 − 𝜇2
(𝑧2 + 𝜇𝑧1) 

𝜀3 = −
𝜇

𝐸
(𝜎1 + 𝜎2)

= −
𝜇

1 − 𝜇
(𝑧1 + 𝑧2) 

(1) 

 
where 𝐸 is a modulus of elasticity, 𝜇 is a Pois-
son’s ratio. 
Further, it can be assumed that the obtained 
stresses refer to the deformed dimensions of the 
element, then the required reactions shall be as 
follows: 
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𝑅1 = 𝜎1(1 + 𝜀2) ∙ (1 + 𝜀3)

=   
𝐸

1 − 𝜇2
(𝑧1 + 𝜇𝑧2)

∙ (1 + 𝑧2)

∙ [1 −
𝜇

1 − 𝜇
(𝑧1 + 𝑧2)] 

𝑅2 = 𝜎2(1 + 𝜀1)(1 + 𝜀3)

=
𝐸

1 − 𝜇2
(𝑧2 + 𝜇𝑧1)(1

+ 𝑧1) [1 −
𝜇

1 − 𝜇
(𝑧1

+ 𝑧2)] 

(2) 

 
Having determined the partial derivatives of the 
reactions by displacements, we shall obtain the 
elements of the tangent stiffness matrix for the 
system shown in Figure 2. 
 
𝑟12 =

𝜕𝑅1

𝜕𝑧2
=

𝐸

1−𝜇2 {𝜇 + 𝑧1 + 2𝜇𝑧2 −
𝜇

1−𝜇
[(1 + 𝜇)𝑧1 + 𝑧1

2 + 2(1 + 𝜇)𝑧1𝑧2 + 2𝜇𝑧2 +

3𝜇𝑧2
2]}  

𝑟21 =
𝜕𝑅2

𝜕𝑧1
=

𝐸

1−𝜇2 {𝜇 + 𝑧2 + 2𝜇𝑧1 −
𝜇

1−𝜇
[(1 + 𝜇)𝑧2 + 𝑧2

2 + 2(1 + 𝜇)𝑧1𝑧2 + 2𝜇𝑧1 +

3𝜇𝑧1
2]}                    (3)  

 
The formulas (3) show that the tangent stiffness 
matrix in this case is not symmetrical to 
𝑟12 ≠ 𝑟21 that means that the system is not con-
servative [4]. The special particular case is pos-
sible when 𝜇 =

1

3
 but this is exactly the excep-

tion. Non-conservativeness in this case means 
that the use of this material model shall lead to 
an increase in oscillations or to occurrence of an 
unauthorized internal friction, that is there shall 
be not just an inaccurate reflection of the mate-
rial properties, but a qualitatively incorrect 
model behavior. 
We shall consider a test case. Figure 3 shows a 
plane computational scheme. The triangular fi-
nite element with two fixed vertices is connect-
ed to a much more massive and rigid rod ele-
ment A B.   

а 

 

b 

 

c 

 

Figure 3. Computing solution of the problem  
of the rod rotation connected by a triangular 

element, the diagrams show the time  
dependence of the horizontal velocity  

component at point A: a) the computational 
scheme; b) an incorrect model behavior  

with non-conservative properties;  
c) the conservative model. 

 
Point A is given with an initial velocity corre-
sponding to its counterclockwise rotation. The 
rod material has a moderate Voigt-type internal 
friction that provides a quick transition to the 
motion that can be approximately described as 
rotation around point B. 
The diagram Figure 3b shows a case where the 
triangle material has the non-conservative prop-
erties described above. The specified initial 
counter-clockwise rotation of the rod A B ini-
tially slows down rapidly; the non-
conservativeness is evident as an unauthorized 
internal friction. When the rod stops, it begins to 
unwind in a clockwise direction. Its angular ve-
locity and rotation frequency are increased. The 
system works like a perpetual motion machine 
that means, of course, a qualitative error in the 
physical relations of the model. This article is 
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devoted to this negative specification. The well-
formed material properties are certainly known 
[5]. However, the process of forming new mate-
rial properties cannot be fully completed. Some-
times, the quite complex computational algo-
rithms can be used to obtain stress values, and 
during their development it is possible to obtain 
negative results similar to those just considered. 
Having returned to our formulas, it shall be not-
ed that they can be greatly simplified and the 
non-conservativeness defect can be removed by 
assuming that the strain energy of a single ele-
ment (Figure 2) is expressed through displace-
ments as follows:  
 

𝑈 =
𝐸

2(1 − 𝜇2)
(𝑧1

2 + 2𝜇𝑧1𝑧2 + 𝑧2
2) 

 
and then the reactions shall be determined by 
formulas  
 

𝑅1 =
𝜕𝑈

𝜕𝑧1
;   𝑅2 =

𝜕𝑈

𝜕𝑧2
. 

 
In this case, the matrix symmetry shall be guar-
anteed. If these simplifications are introduced 
into the computer program, then instead of the 
incorrect diagram in Figure 3, b we will receive 
the diagram with stable rotation in Figure 3, c.  
We will demonstrate the considered specifica-
tions with a more complicated example. The 
thin membrane in a stress-free state has a square 
form with the sides of 2 × 2 meters, thickness 
of 10-4 meters, the density of the sheath material 
of 103 kg/m3, modulus of elasticity E=120 MPa, 
the Poisson's ratio of 𝜇 = 0,2. The membrane is 
affected by its own weights and nine equal, sud-
denly exerted and single forces of 1444 N di-
rected upwards. The forces are applied to the 
central points of the sheath model. The system 
nodes are influenced by the external resistance 
forces proportional to the node velocities and 
their weight with a friction coefficient of 5 s-1. 
The expected motion scenario is that the mem-
brane is elevated from a horizontal position, the 
damped oscillations are available for some time, 
after which the equilibrium position shall be es-
tablished. 

If we take the material properties as non-
conservative, then the expected scenario shall 
not be implemented (see Figure 4). At first, the 
sheath takes a position close to the equilibrium 
position that can also be judged by the vertical 
displacement diagram in Fig. 4. Next, there are 
increasing fluctuations, like a flutter that lead to 
the time moment 𝑡 ≈ 0,5𝑐 and to the computa-
tional chaos (see Figure 4).  
 

 

 
Figure 4. Attempt to calculate the membrane 

using the non-conservative material  
that leads to the computational chaos.  

The diagram shows the change of the center 
point vertical coordinate in time. 

 
If we take the material that corresponds to the 
conservativeness properties, then the solution 
shall be relevant to the scenario described 
above, its result is shown in Figure 5, the system 
is almost in the equilibrium position by the time 
moment 𝑡 ≈ 1𝑐  . 
It shall be noted that with a decrease in load, 
when the deformations are actually small, both 
the material models considered behave practi-
cally consistently, and the non-conservative 
properties are weakened so that they can be ig-
nored. An increase in the external resistance 
forces also leads to the fact that the system is 
out of the equilibrium position, but this transi-
tion shall be surely simulated incorrectly. 
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Figure 5. The equilibrium position  

of the system, obtained by using a material  
with conservative properties. The diagram 

shows the change of the central point  
vertical coordinate in time. 

 
 
CONCLUSIONS 
 
1. When the material is simulated, it is neces-

sary to ensure that the material has con-
servative properties. 

2. The extention of the traditional Hooke's law 
formulas for small deformations to the large 
deformations leads not only to the inaccu-
rate physical relations, but to the qualita-
tively incorrect material description that 
leads to the energy release during non-
linear motion of the system. 

3. The symmetry of tangent stiffness matrix 
can be used to control the non-
conservativeness properties of the computa-
tional models. 
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