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AIMS AND SCOPE

The aim of the Journal is to advance the research and practice in structural engineering
through the application of computational methods. The Journal will publish original papers and
educational articles of general value to the field that will bridge the gap between high-performance
construction materials, large-scale engineering systems and advanced methods of analysis.

The scope of the Journal includes papers on computer methods in the areas of structural
engineering, civil engineering materials and problems concerned with multiple physical processes
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use
to researches and practitioners in academic, governmental and industrial communities.
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OBLWAA NHOOPMALIUA O XXYPHAIE

International Journal for Computational Civil and Structural Engineering
(Me>KAYHAPOAHBIH >KyPHAA II0 PACYETY IPAXKAAHCKHUX U CTPOUTEABHBIX KOHCTPYKITUIL)

MesknyHapoanblii HayuHblil :kypHaa “International Journal for Computational Civil
and Structural Engineering (Me:k1yHapOIHbIH KypHAJI 110 pacyeTy rpakIaHCKUX U CTPOUTEIb-
HbIX KoOHcTpykumii)” (IJCCSE) sBisiercss BeAylMM HAayYHbIM IE€PUOAWYECKUM H3JaHHUEM IIO
HarpaBiieHu0 «H)XeHepHbIE W TEXHUYECKUE HayKW», M37aBacMbIM, HaunHas ¢ 1999 roma (ISSN
2588-0195 (Online); ISSN 2587-9618 (Print) Continues ISSN 1524-5845). B xypHainie Ha BEICOKOM
HAYYHO-TEXHUYECKOM YPOBHE PacCMaTpPUBAIOTCS MPOOJIEMbI YUCIECHHOTO U KOMITBIOTEPHOTO MOIeIH-
pPOBaHUS B CTPOUTENILCTBE, aKTyaJIbHbIE BOIPOCHI pa3pabOTKH, UCCIE0BaHUs, pa3BUTHs, BepupuKa-
UM, anpoOalliid W TMPUIOKEHUN YHCICHHBIX, YHCICHHO-aHAJMTUYECKUX METOJIOB, MPOrpaMMHO-
AIITOPUTMUYECKOTO OOECIICUCHUSI W BBITIOJHEHUS! aBTOMATU3UPOBAHHOTO TMPOSKTHPOBAHMUS, MOHHUTO-
pPHHTa ¥ KOMIUIEKCHOTO HAYKOEMKOT'O PAacYeTHO-TEOPETHUECKOTO U IKCIIEPUMEHTAIHHOTO 000CHOBA-
HUSI HANIPSDKEHHO-1e(hOPMHUPOBAHHOTO (M HHOTO) COCTOSHHSL, TIPOYHOCTH, YCTOHYMUBOCTH, HA/ICKHOCTH
1 0€30MacHOCTH OTBETCTBEHHBIX OOBEKTOB IPa)KIaHCKOTO M MPOMBIIUICHHOTO CTPOUTEIbCTBA, SHEP-
T€THKH, MAIMHOCTPOCHHUS, TPAHCIIOPTA, OMOTEXHOJIOTUH 1 IPYTUX BHICOKOTEXHOJIOTUIHBIX OTPACIICH.

B penakunoHHBIN COBET *KypHalla BXOAST U3BECTHBIE POCCUICKHUE U 3apyOeHbIe JIeATENN
HayKH U TEXHUKU (B TOM YHCJIE AaKaJE€MHUKHU, YICHBI-KOPPECIIOHJECHTbI, NHOCTPAHHbIE YJIEHBI, I10-
YEeTHbIC WICHBI U COBETHUKU Poccuiickoil akajieMuu apXUTeKTyphbl U CTPOUTEIBHBIX HayK). OCHOB-
HOM KpuTepuil ordopa craret it MyOJUKalUY B )KypHaJle — UX BBICOKHI Hay4YHbIH yPOBEHb, COOT-
BETCTBUE KOTOPOMY OIPEENAETCS B XOJ/I€ BHICOKOKBATH(PHUIIMPOBAHHOTO PEIEH3UPOBAHUA U 00D~
€KTUBHOM 3KCIEpPTU3bI, TOCTYNAIOUINX B PEIAaKIIMIO MATEPHAIIOB.

Kypuan exooum 6 Ilepeuenv BAK P® gedywux peyeH3upyemvix HAYYHbIX U30aAHUL, 8 KOMOo-
PbIX O0NHCHBL ObIMb ONYONUKOBAHbI OCHOBHbIE HAYYHblE Pe3yIbmanvl OUCCEPMayuti Ha COUCKaHUe
VUeHOU cmeneHu KaHouoama HayK, Ha COUCKAHUe YYeHOU cmeneHu 0OKmopa HAyK T0 Hay4HBIM CIie-
LMAJILHOCTSIM U COOTBETCTBYIOILIUM UM OTPACIISIM HAYKH:

e 01.02.04 — Mexanuka aeopMUpyeMOro TBEpIOro Tesna (TEXHUYECKHE HayKn),

e (5.13.18 — Marematuueckoe MOAECTUPOBAHUE YHCIECHHBIE METO/IbI U KOMIUIEKCHI MPO-
rpamm (TEXHUYECKHE HAyKH),

05.23.01 — CtpoutenbHble KOHCTPYKIIHUH, 3[JaHUS U COOPYXKEHUS (TEXHUYECKUE HAYKH),
05.23.02 — OcHoBaHus U (HyHIAMEHTHI, 10/I3€MHBIE COOPYKEHUS (TEXHUUECKUE HAYKH),
05.23.05 — CtpoutenbHble MaTepUalIbl U U3/EINs (TEXHUYECKUE HAYKH ),

05.23.07 — T'unpoTexHUYECKOE CTPOUTENIHCTBO (TEXHHUUECKHE HAYKH),

e 05.23.17 — CrpourenbHas MEXaHHUKa (TEXHUYECKHE HAYKH).

B Poccuiickoin ®enepanuu xypHail HHACKCHPYETCsl POCCHIICKMM MHIEKCOM HAyYHOTO M-
tupoBanus (PUHLI).

Kyprnan exooum 6 6azy oannwvix Russian Science Citation Index (RSCI), noainocmoto unme-
epuposannyio ¢ naamegopmou Web of Science. XXypHan umeer Mex1yHapOIHBIN CTaTyC U BBICBLIA-
eTcsl B Belylre OMOIUOTEKH U HaydyHble OpraHu3aluu MUpa.

H3partenn xypHana — Mzoamenbcmeo Accoyuayuu cmpoumenbhvix 8biCULUX YYEOHbIX 3a-
seoenuti /ACB/ (Poccus, r. Mocksa) u 10 2017 rona Mzoamenvckuii oom Begell House Inc. (CILA,
r. Heto-Mopk). OduuuansHeIMU TapTHEPAMH M3JaHUS sABIseTcs Poccuiickas akademus apXxumex-
mypul u cmpoumenvnvlx Hayk (PAACH), ocyiiecTBisionias HaydHOe KypUpOBaHHE W3JIaHUS, U
Hayuno-uccnedosamenvcruii yenmp Cma/[luO (3A0 HULL Cta/lu0O).

Lenu kypHaja — IeMOHCTPUPOBATh B MyOIHKAIUAX POCCUICKOMY U MEXKIYHAPOIHOMY
poeCCHOHATTLHOMY COOOIIECTBY HOBEHUIINE TOCTHKEHUSI HAYKU B 00J1aCTH BBIYUCIUTEIBHBIX Me-
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TOJIOB pemieHus (pyHIaMEHTaIbHBIX U MPHUKIAIHBIX TEXHUYECKUX 3ajad, MPEeK/e BCEro B 00JacTu
CTPOUTEJILCTBA.
3agaum :KypHania:

° IIpeaOCTaBJIICHUC pOCCHﬁCKHM u SaPY6e)KHBIM YUYC€HBIM U CII€HAIMCTaM BO3MOXHO-
CTH HYGJ'II/IKOBaTB PE3YIbTaThl CBOUX HCCHeﬂOBaHHﬁ;
L4 IMPUBJICYCHUC BHUMAHUA K HauoOoce AKTYaJIbHBIM, NICPCIICKTHUBHBIM, IIPOPBLIBHBIM U

MHTEPECHBIM HAIPABJICHUSAM Pa3BUTHSI U NPUIOKEHUM YMCICHHBIX U UYUCIEHHO-aHAIUTUYECKUX
METOJIOB pelieHus] (yHIaMEHTAIbHBIX U MPHUKIAJHBIX TEXHUYECKUX 33/1a4, COBEPUICHCTBOBAHUS
TEXHOJIOTUH MaTeMaTHYECKOT0, KOMITBIOTEPHOT'O MOJICIIMPOBAHMSI, pa3padOTKU U Bepu(UKaLuu pe-
AJIU3YIOLIET0 MPOrPaMMHO-aJITOPUTMUYECKOTO 00eCTIeUeHUS;

. obecrieyeHre oOMeHa MHEHUSIMHU MEX[Y HCCIEIOBATEISIMU U3 PA3HBIX PETHOHOB H
rocyJ1apcTB.

Tematuka :xypHana. K paccMoTpeHHIO U MyOIMKAIMHU B KypHAaJle IPUHUMAIOTCS aHAJIU-
TUYECKUE MaTepuaibl, HAy4yHbI€ CTaTbU, 0030pbl, PELIEH3UU U OT3bIBbI HA HAyYHBIE IMYOJUKALUU 110
(dbyHIaMEHTAJIbHBIM U IPUKIIATHBIM BOIIPOCAM TEXHUUECKUX HayK, MPEX]Ie BCEro B 00IACTH CTPOU-
TeNbCTBA. B )KypHane Takke MyOIuKyroTCs HH()OPMAIIMOHHBIE MaTepHajibl, OCBEIIAOIIIE HAyIHbIC
MEPOIPHUATHS U TMepeloBble NOCTKEHUsT Poccuiickol akageMuu apXUTEKTYpbl U CTPOUTEIbHBIX
HayK, HAy4HO-00pa30BaTEIbHBIX U MPOEKTHO-KOHCTPYKTOPCKUX OPTraHU3aALUM.

Temaruka crateil, IpUHUMAEMBIX K yOJIHUKAIMK B )KypHaje, COOTBETCTBYET €ro Ha3BaHHIO
Y OXBATBIBACT HAIIPABIICHHUS HAYYHBIX UCCIIEIOBAHUI B 00JIACTH pa3pabOTKU, UCCICTOBAHUS U TIPU-
JIO’)KEHUH YMCJICHHBIX U YHUCICHHO-aHAIUTUYECKUX METOJIOB, IPOTPAMMHOI0 00eCredeHus, TeXHO-
JIOTUH KOMIIBIOTEPHOI'O MOJEIMPOBAHNUS B PELICHUH MPUKIAIHBIX 33]1a4 B 00JaCTU CTPOUTEILCTBA,
a TaKKe COOTBETCTBYIOILIME NMPO(UIbHBIE CIENUAIBbHOCTH, MPEICTaBICHHbIE B JUCCEPTAMOHHBIX
COBeTax MPOQUIbHBIX 00pa30BaTENIbHBIX OPraHU3aIUAX BBICIIEr0 00pa30BaHUsI.

Penaknnonnasi momruka. [lonutuka peqakiimoOHHON KOJUIETUH >KypHaia 6a3supyeTcs Ha
COBPEMEHHBIX IOPUINYECKUX TPEOOBAHMSX B OTHOLIEHHM aBTOPCKOIO MpaBa, 3aKOHHOCTH, IJIarua-
Ta M KJIEBETHI, M3JI0KEHHBIX B 3aKoHOJaTenbcTBe Poccuiickoit Penepannu, U STUUECKUX HMPUHIIU-
nax, MoAJep>KUBaEMbIX COOOIIECTBOM BEYILIMX U3AaTeIe HaydHO! MEepUOIUKH.

3a nybauxayuiro cmameii niama ¢ agmopos He @3vimaemcs. Ilyonuxayus cmameii 8 JxHcyp-
Hane becniamuas. Ha miuaTHOW OCHOBE B KypHaje MOTYT OBITh OMyOJIMKOBAaHBI MaTEpHAIbl pe-
KJIAMHOT'O XapakTepa, UMEIOIIHe MPsIMOE OTHOIIEHUE K TeMaTHKe KypHaJa.

KypHan npenocrapisieT HEMOCPEACTBEHHBIN OTKPBITHIA JTOCTYI K CBOEMY KOHTEHTY, HC-
XOZsl M3 CIEAYIOIIEro MPHUHLUIA: CBOOOIHBIN OTKPBITHIA AOCTYN K pe3yslbTaTaM MCCIEIOBAHUMN
CIOCOOCTBYET YBEJIIMUEHUIO TJI00ATLHOTO 0OMEHA 3HAHUSIMH.

HNupexcupoBanue. [1yonukanun B )KypHaie BXOJAT B CUCTEMBI pacueTOB MHIEKCOB LHU-
THPOBAHUS aBTOPOB M KypHaJoB. «MHAEKC MUTUPOBAHUS» — YHCIOBOM MOKa3aTellb, XapaKTepu-
3YIOIIMN 3HAYUMOCTh JAHHOM CTaTbU M BBIYMCISIOIIMICS Ha OCHOBE MOCIEAYIOMUX MyOIMKaINH,
CCBUIAIOIIMNXCS Ha TaHHYIO paboTy.

ABTopam. [Ipex/e ueM HarpaBUTh CTaThIO B PEAAKIIMIO KypHAJa, aBTOpaM CleyeT 03Ha-
KOMUTBCSI CO BCEMHU MaTepualaMM, pa3MEIIeHHbIMH B pa3JieNax caiTa )KypHaja (MHTEpHET-CaiT
Poccuiickoii akanemMun apXUTEKTypbl U CTpouTenbHbIX Hayk (http://raasn.ru); nonpasznen «13ganus
PAACH» unu uarepuer-caiit M3gatensctBa ACB (http://iasv.ru); moapazaen «Kypuan [JCCSE»):
C OCHOBHOU MH(OpMaLMel 0 KypHaie, ero HelsIMU U 3aJauaMH, COCTAaBOM PEIaKIIMOHHONW KoJljie-
MU U PEJAKIIMOHHOTO COBETAa, PEIAKIIMOHHOW MOJUTUKOM, MOPSIKOM peleH3UPOBaHMS HaIlpaBIIs-
eMBIX B J)KypHAJI CTaTel, CBEJICHUSAMHU O COOJIIOJICHUH PEIAaKIIMOHHOM 3TUKH, O TMOJIUTHKE aBTOPCKO-
ro IpaBa M JIMLEH3UPOBAHUS, O MPEJCTABICHUHN KypHalla B HH()OPMALIMOHHBIX CHUCTeMax (MHJIEK-
CHUpPOBaHUM), HHPOPMAIHEH O TOJNUCKE HA KypHaI, KOHTAKTHBIMU JaHHBIMU | TIp. JKypHan pado-
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NUMERICAL SIMULATION OF LAMB WAVE PROPOGATION
IN ISOTROPIC LAYER

Anna V. Avershyeva -3, Sergey V. Kuznetsov ?
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Abstract: Propagation of Lamb waves in an elastic isotropic layer is studied by analytical and numerical
methods. The influence of numerical simulation parameters on the solution stability is analyzed. The results of
the finite element modeling and the analytical solution are compared.

Keywords: Numerical simulation, finite element model, Lamb waves, isotropic layer, polarization

YUCIEHHOE MOJIEJIUPOBAHUE PACIITPOCTPAHEHUSA
BOJIH JIDMBA B U30TPOITHOM CJIOE

A.B. Asepuvesa '3, C.B. Ky3neyos
! HanpoHaIBHBIA MCCIIen0BaTeNbCKU MOCKOBCKHI TOCYJapCTBEHHBIN CTPOUTENBHBIA YHUBEPCHTET,
r. MockBa, POCCU
2 MucTuTyT Ipo6ieM MeXaHuKH Poccuiickoli akafgeMun Hayk, T. Mocksa, POCCHS
3 PakeTHO-KOCMHYECKas Koprnopanus «DHepruss» umenn C.I1. Koponépa (PKK «DHeprus»),
r. Kopones, POCCHUA

AnHoranusi: C MOMOIIBIO YHCIEHHBIX METOJOB HCCIEAyeTCsl pachpocTpaHeHue BoiH JIomba B ympyrom
HU30TpOIHOM cjioe. Mccrenyercs BIUSHUE MapaMeTPOB YUCICHHOTO MOJICTHUPOBAHUS HA YCTOMUYHUBOCTD PEIICHHUS.
CpaBHUBAIOTCS Pe3yIbTaThl KOHEYHO-3JIEMEHTHOT'O MOIECTUPOBAHUS U aHATTUTHYECKOTO PEIICHUSI.

KnroueBblie c10Ba: uiCICHHOE MOJIETMPOBAaHNUE, KOHEYHO-3JIEMEHTHAs MOJIElb, BOJHBI JIaMOa,
U30TPOIHBIA CJIOH, OJISIpU3ALIUS

1. INTRODUCTION

Acoustic methods are widely used in the NDT
for determining the physical and mechanical
properties of materials in aerospace, civil and
echanical engineering, and geophysics, to en-
sure safety, reliability, and precision. These
methods allow constructing the dispersion rela-
tions that connect the phase velocity of the wave
with frequency.

The first theoretical studies described by Ray-
leigh in [1-4], by Lamb in [5-7]. Later on, theo-
retical and experimental studies are described in
[8-21].

Lamb waves are particular interest. They have
an elliptical polarization in the sagittal plane and

14

can penetrate on all thickness of the layer. The
three-dimensional formalism [22] and six-
dimensional formalisms [13, 23-26] were de-
veloped for analysing Lamb waves propagating
in anisotropic plates. Experimental studies of
Lamb waves propagation are very expensive
and it requires the participation of high quality
experts. Available theoretical methods for anal-
ysis the propagation of Lamb waves in the me-
dia are limited. Solution to the problem of Lamb
waves propagation with using finite-element
modeling is necessary to study.

The finite element method (FEM) used in the
algorithms of numerical complexes, such as
ABAQUS, ANSYS, NASTRAN and it used in
various branches of science and technology.



Numerical Simulation of Lamb Wave Propagation in Isotropic Layer

Fit)= Pesinwt

2h

;Lﬁ

a

Ft)= Pasinwf

[=100cu

al=1gcu

Figure 1. Schematic representation of the problem.

The main ideas of the FEM are given in [27].
FEM in problems of solid mechanics is de-
scribed in [28, 29].

The use of various finite element complexes for
solution problems of Lamb waves propagation
will facilitate experimental diagnostics and pro-
cessing of results. A comparison of the experi-
mental dispersion relations with those found nu-
merically will make to determine the properties of
any layer. Of course, numerical modeling cannot
replace experimental studies, but it can to help
them. FEM integration in experimental diagnos-
tics is an actual scientific technical problem.

Also the problem of Lamb waves polarization is
interest since it was not studied in detail before.
The basic concepts of harmonic waves polariza-
tion are discussed in [30]. The results of analyt-
ical studies of surface waves polarization are
given in [31]. In [32] the elastic waves polariza-
tion in the layer-elastic half-space system were
considered. In this paper, we study the Lamb
waves polarization in a layer by the finite ele-
ment method.

2. FORMULATION OF THE PROBLEM
The isotropic elastic layer thickness in this study

is 24 with boundaries x=+4 (Figure 1). Har-
monic in time concentrate force is applied to the

Volume 15, Issue 2, 2019

layer, as a results longitudinal and transverse
waves radiate out from the point of load appli-
cation. Displacements in the x-direction corre-

spond to longitudinal waves with velocityc, ,

and the displacements in the y -direction corre-
spond to vertical shear waves with velocityc, .

Movements in the z-direction is not included.
Finite element modeling and subsequent calcu-
lation has been conducted in finite element
complex Abaqus®.

Analytical and finite element calculations were

performed at density p=1, ¢,=1, h=Icu,

when the Poisson ratio ranges from 0 to 0.5,
where cu is conventional unit (here in after it is
assumed that all physical quantities are dimen-
sionless).

The finite element model consists of rectangular
4-node linear elements. Results were obtained
for 5 observation points (p.1, p.2, ..., p.5) locat-
ed at intervals of 10 cu.

3. MESH CONVERGENCE

Finite element modeling of Lamb waves propa-
gation has certain difficulties associated with
the stability of difference schemes. So it is a
very small amount of work on finite-element
modeling of Lamb wave propagation in lay-
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er.Finite-element programs use one of two dif-
ference schemes: explicit

X =X +At-F(x;,1), (3.1)
or implicit
X =% +AL-F(x,0), (3.2)

where x is unknown variable value, At is time
step, i is integration step number 1.
Explicit finite difference schemes used in this
study, this scheme allows to analyze all the
main effects that occur during the propagation
of acoustic waves. For this purpose the module
Abaqus/Explicit is used in Abaqus®. To obtain
a stable solution we used an approximate meth-
od, known as the Courant Criterion [33].
For this criterion time step must satisfy the con-
dition

At<Ax, /c,, (3.3)
where Ar is the time step, Ax is the smallest

element dimension, ¢, is longitudinal wave ve-

locity.
The magnitude of the amplitude of the impact
F, 1s important. For the condition of small de-

formations it is necessary that the value F, satis-
fies the condition

P, <1-10* E-Ax, (3.4)
0

where E — dimensionless modulus of elasticity.

The study of the influence of F, and FEM ele-

ment dimension Ax on the accuracy of the solu-
tion was carried out for two values of the di-
mensionless circular frequency:

®=0.397657 and ®w=1.5016813 .

Poisson's ratio of the layer was taken to be
v=0.35.

Results were obtained for 2 observation points
spaced 10 cu and 20 cu from the point of load

Anna V. Avershyeva, Sergey V. Kuznetsov

application. The element dimension ranges from
0.005 to 0.5. Results for

B >1-107-E-Ax, ®=0.397657

are shown in the Figures 2-a and 2-b. Results
for

B <1107 E-Ax, ©=0.397657

are shown in the Figures 2-c and 2-d.
From the Figure 2 follows that when

o= 0.397657
accurate solution is achieved when Ax<0.05.

In Figure 3 results are shown for the following
cases:

B >1-10"-E-Ax,
Pe(l107E-Av1.10* E-Ax),
B <110 -E-Ax.

When Ax =0.05 there are

P, >3.1154-107,
Py e(3.1154-10°;3.1154-10),
B, <3.1154-10°°.

When Ax =0.01 there are

P, >623-107°,
P, €(623:10%;6.23.107),
P, <6.23-107.

Results for
B >1-107-E-Ax, ®=1.5016813

are shown in the Figure 3-a.
Calculation results with

16 International Journal for Computational Civil and Structural Engineering
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Time
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,S —ﬂ‘n — Ax=0.l
2 2 48 ax=0.25
a — ax=05
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]
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(=]
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0 10 20 30 40 50 60 Time

Time
Figure 2. Displacement on the free surface when ®»=0.397657 when the element dimension ranges
from 0.005 to 0.5 a) p.I when B,>1-10"-E-Ax, b) p.2 when P, >1-107 - E - Ax,

¢)p.1 when By<1-10™*-E-Ax,d) p.2 when Py <1-10*-E-Ax.

a 1 b

01 [ 3]

00 on 3
§ i i i e
: $ ~ Py =1*10;
R 1 = : SN~ Py =1410°
v - v - 9 -
a 8 & B =110,
;i {5 S

i ol =

112 1212

1E.13 1213

1.4 1214

1E.15 1E.15

0 10 20 30 40 50 60 0 10 20 30 40 50 60
Time Time

Figure 3. Displacement on the free surface for p.1 when a) Ax=0.05,b) Ax=0.01.

P, <1-10* - E-Ax,®=1.5016813 when Ax <0.01. In Figure 5 results are shown
for the following cases:

are shown in the Figure 3-b. 4
From the Figure 4 follows that when £y >1-107-E-Ax,
®=15016813 accurate solution is achieved B e (1 107 E-Ax1-107*- E-Ax),
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When Ax =0.05 there are

When Ax =0.01 there are

Anna V. Avershyeva, Sergey V. Kuznetsov

0.005 0.0000005
0.004 _ 0.0000004
| |
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8 0.003 ”””’ % 0.0000003 i “’ — & x=0,008
K| = — ax=0.01
& & — ax=0.05
A 0.002 A 0.0000002 ]
ax=0.25
— Ax=0.5
0.001 r 0.0000001 f
0 . 0 \
0 10 20 30 40 50 60 0 10 20 30 40 50 60

Time Time

Figure 4. Displacement on the free surface when »=1.5016813 when the element dimension
ranges from 0.005 to 0.5 a) F, >1-107-E-Ax, b) F <1-10*-E-Ax.

1
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1E-14
1E-1=
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Figure 5. Displacement on the free surface for p.1 when a) Ax=0.05, b) Ax=0.01.

the accuracy and stability of the solution.It
means that in the investigated range of changes
in external influences, the wave fields are de-
scribed by linear equations, and the influence of
geometrically nonlinear distortions can be ne-
glected.

The dependence of the calculation time on ele-
ment dimension is given in Table 4.1.

B <1-10* E-Ax.

B, >3.1154-107,
Py e(3.1154-10%;3.1154-10°°),
B, <3.1154-107°.

Table 4.1. Dependence of the calculation time
on element dimension.

Element dimension Calculation time,
B, >6.23-107°, Ax, cm T, h.
Py €(6:23-10%;6.23.107), 0.005 4.4500
e 0.01 0.5200
Fo<6.23-10°. 0.05 0.0120
. ' 0.100 0.0100
It follows from the Figures 3 and 5 that ampli- 0250 0.0097
tudes F, does not have a significant impact on O. 500 0'0070

18
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Figure 6. Comparative analysis of analytical ( == ) and numerical ( 4 ) solutions.

Thus, the optimal size of the element for this
study is the size Ax=0.01. It should be noted
that for calculations with @ — 0 it is permissible
to apply the size of the element Ax =0.05. This
will not affect the accuracy of the solution, but it
will significantly reduce the calculation time.
When the Poisson ratio ranges from 0 to 0.5
comparative analysis of analytical and numeri-
cal solutions shown in Figure 6.

Also we studied the effect of element dimension
on the Lamb waves polarization. The stability of
the difference scheme was also achieved by ful-
filling the Courant criterion. (3.3).

Study of the influence of the size of element
dimension Ax on the accuracy of calculations
and the stability of the difference scheme re-
vealed that with the variation Ax in the interval

[0.005;0. 1] item size effect Ax on the accuracy
of the solution is observed only at frequencies
®>0.1 and ®<0.3 . When comparing results
for Ax=0.005, Ax=0.5 and Ax=1 item size
effect Ax on the accuracy of the solution is ob-

Volume 15, Issue 2, 2019

served only at frequencie ®w>0.1 (Figure 7).
For this case time, the speed of the solution de-
creases significantly.

5. CONCLUSIONS

It was first proposed the method of generating
of surface waves using the FEM program com-
plex. For the first time, a comparative analysis
of the Lamb waves fundamental symmetric
mode obtained by analytical methods and the
finite element method. It was found stable finite
element solution in the vicinity of the second
limiting velocities.

Abaqus showed good results for solving prob-
lems of propagation of surface waves. We also
to determine the range of problems in calcula-
tions by the FEM, the solution of which allowed
us to minimize the errors caused by:

¢ the choice of the magnitude of the impact;

e selection of the frequency range;
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Figure 7. Investigation of mesh convergence forelement dimentions Ax e [0.005; 1].

e optimizing the time step using the finite ele-
ment dimension.

The results of these studies are necessary for the
application of acoustic non-destructive methods
for diagnosing plate elements of building struc-
tures using Lamb waves.
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Abstract: The distinctive paper is devoted to the methodology of pedestrian comfort estimation in the nearby ar-
ea of the object under construction. A verification example of the wind flow simulation around and through a po-
rous object is considered in order to select correct permeability parameters of the computational model of green
spaces. The methodology of pedestrian comfort estimation is tested on the example of a real residential complex
in Moscow. The results of the numerical simulation of velocity fields are used to calculate the criteria for pedes-
trian comfort specified in MDS 20-1.2006. Numerical results are obtained and compared for two study cases -
without and with green spaces (bushes),to assess their impact on pedestrian comfort and the possibility of its ad-
justment.
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Annoranusi: Hacrosiimast craTbs MOCBSIIEHa METOJMKE OLIEHKH NENIeX0JHOH KOM(OPTHOCTH B OyM3iexarieit
TEPPUTOPHH cTposiiierocsi oobekTa. PaccmarpuBaercst Bepr(MKaMOHHBII TpUMep pacyeTa BETPOBOTO ITOTOKA B
BO3/IyLITHOM cpeJie C MOPHUCTHIM 00BEKTOM JUIs 1o00pa MapaMeTpoB IPOHUIIAEMOCTH PACUETHOW MOJICNH 3ejIe-
HBIX HAaCKIEHUH. MeToIuKa OIEHKH MemeX0aHOH KOM(pOPTHOCTH anpoOupyeTcs Ha NpUMepe peabHOTO JKH-
JIOTO KOMIUIEKca B I'. MockBa. Pe3ynbTaTsl UNCIEHHOTO MOJEIUPOBAHUS BETPOBBIX MOTOKOB HCHOIb3YIOTCS IS
BBIUMCIICHUS] KPUTEPHEB TEMIEeX0qHON KoMpopTHOCTH, yka3aHHBIX B MJIC20-1.2006. UnciaeHHBIE pe3yIbTaThI
MTOJTyYECHBI M COTIOCTABJICHBI I IBYX PACUETHBIX CIIydaeB — 0€3 M ¢ 3eJCHBIMU HaCAKACHUSAMH (KyCTapHUKAMN),
C LIENBIO MMPOBEICHHS OLEHKH UX BIIMSHUS Ha MEIIEXOJHYI0 KOM(POPTHOCTH U BO3MOKHOCTD €€ KOPPEKTHPOBKH.

KiroueBble c10Ba: 9uCIIieHHOE MOACIHPOBAaHUE, BEIYNCIUTENbHAS THAPOAMHAMIKA 1 Ta3oaunHamuka (CFD),
TIemexoaHas KOM(pOpPTHOCTH, TOPUCTOE TENIO, BETPOBOE OXJIAXKICHHE
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INTRODUCTION

Recently, due to significant growth and compac-
tion of urban buildings in the regions of Russia
due to the erection of buildings and complexes
of various architectural forms and original de-
sign solutions, one of the most important factor
to consider during construction of buildings and
structures is the type of wind conditions at the
construction site. Wind loads and impacts in ur-
ban areas are formed taking into account veloci-
ty and temperature fields inside and above urban
areas due to a wide range of atmospheric pro-
cesses, which in turn are modified to take into
account the topography and configuration of the
land surface of the area [1]. The impact of veloc-
ity in urban areas can lead to a negative change
in the microclimatic conditions of the air envi-
ronment, and can also be a source of unfavorable
situations [1-5]. The lack of a culture and resi-
dential practices in designing the wind patterns
of residential areas, taking into account the exist-
ing and future development, has already led to
the emergence of neighborhoods where the ve-
locity does not decrease, as is usually the case in
a city, but increases by 20% or more at the end
gaps between the buildings, there is a strong nar-
rowing of the air flow, and as a result velocity
acceleration zones and/or high turbulence zones
are formed, which creates uncomfortable condi-
tions for pedestrians [6]. Wind speeds provided
by meteorological stations may differ signifi-
cantly from the wind conditions on the ground
due to the influence of local urban development,
unique in its kind for each district of the city.
Modeling of aerodynamic conditions (using nu-
merical and /or experimental methods) allows to
analyze the occurrence of adverse situations in
pedestrian areas, considering the specificity of
the landscape and the surrounding buildings, and
propose measures to eliminate them or reduce
their negative impact.

The aim of this paper is to perform an approba-
tion of the methodology for assessing pedestrian
comfort with correct consideration of green
spaces using the example of a real construction
object, and to determine the design parameters,
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such as required number of wind angles of at-
tack. As an expected result of an assessment,
recommendations on green spaces arrangement
that provides pedestrian comfort improvement
should be formulated.

1. NORMATIVE AND ANALYTICAL
APPROACH TO ASSESS PEDESTRIAN
COMFORT

According to SP 20.13330.2016 [7], when de-
veloping architectural and planning solutions for
urban neighborhoods, as well as when planning
the construction of buildings inside existing ur-
ban neighborhoods, it is recommended to assess
the comfort in pedestrian areas in accordance
with the requirements of the standards or tech-
nical conditions. However, any criteria for pe-
destrian comfort in [7] are not formulated. Such
criteria are described only in MDS 20-1.2006
[8], according to which the comfort condition
for pedestrian areas is as (eq. 1):

VI < Vcr : Tc(Vcr) < Tlim (1)
where V' is the velocity in a gust at the level of
1.5 meters; 7. is the duration of the appearance
of velocity V, more than a certain critical value
Ver; Tiim 18 T, limit value.

The V., and T}, values for the three established
comfort levels are listed in table 1.

Usually, when assessing the comfort in pedes-
trian zones with velocity V' at a characteristic
height of z=1.5 meters, the frequency of its oc-

currence 7. is determined by the relations (eq.
2):

T, = ATmP(V > Vcr) ()
where 4T, is the interval of measuring velocity
V. at meteorological stations (usually 4T, = 3
hours); P(V>Vcr) is the probability that the ve-
locity exceeds the critical value V7,.
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Table 1. Critical velocity V., (m/s) and
the maximum duration Ty, (hour /year) of their

appearance.
Comfort level I II 11

V., m/s 6 12 20

Tim, hour/year 1000 50 5

2 METHODOLOGY OF PEDESTRIAN
COMFORT LEVEL ESTIMATION
WITH APPLICATION

OF NUMERICAL METHODS

2.1. Basics of the methodology.

In [6, 9], the following method for pedestrian
comfort estimation based on numerical model-
ing of the aerodynamics of buildings in the sur-
rounding buildings is presented. After calcula-
tions performed for all wind directions, the re-
sults are processed using a special computer
module. The values of the wind gusts at the
characteristic monitoring points of the urban
area are summed with the weight coefficients
corresponding to the frequency of occurrence of
the wind impact of a given direction and a given
speed range. 1.5 m is taken as the estimated
height.

After numerical modeling for all wind direc-
tions (usually j =1, ..., 24), the «discomfort time
of level I» K.,; (I = 1,2,3) for a representative set
of points of pedestrian zones is determined by
the relations (eq. 3):

Ko = X SiiTij, 3)

Vij = Vi/Vlo(l +0- I)
where V;, i=1,2,3 is the velocity in the table of
weather data ("wind rose"); Ty is the duration
(according to meteorological data, hours per
year) of wind influence of direction j and mean
velocity V;; V; is the mean wind speed at this
point according to the calculation for direction j
at speed Vg at a height of 10 m; Vjis the maxi-
mum velocity at the point in the gusts at the
wind velocity V;; 6 is the assurance coeffi-
cient(usually in the range from 1 to 3); S 1s an
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indicator (0 or 1) that shows the local wind
speed exceedance of the critical value V., for a
given comfort level /at the point Vj;
I=(p-TKE/abs(P)/3)"” is the turbulence intensity
(standard of velocity pulsations); P = pV?/2 is
the mean pressure; TKE=3/2(I-V) is the turbu-
lence kinetic energy.

The wind rose is received according to the
weather data. To assess the distribution of wind
speeds inside the rumba, in practice, as a rule,
the Weibull distribution is used [9-12].
Estimation of the standard deviation of the pul-
sation velocity component is based on the
steady state simulation results using calculated
values of turbulence kinetic energy 7TKE and
considering the 8 =2 (eq. 4):

= [Arke
7= I3

2.2. Wind chill effect.

In the winter season, due to the cold wind cur-
rents and wind gusts, the human body may ex-
perience wind chilling, as a result of which the
temperature feels completely different than it
actually is. Scientists and medical experts of the
Joint Action Group on Temperature Indices [13]
implemented an index of wind chill. The result-
ing model can be approximately, with an accu-
racy of one degree, formulated as
equation 5:

4

Tye = 13.12 + 0.6215 - T, — 11.37 - V016 5)
+0.3965- T, - V016

where T, 1s the wind chill index, 7, is the air
temperature in Celsius, V' is the velocity in km/h.

2.3. Features of green spaces modeling.
Modeling of the decorative green spaces, both
in wind tunnels and numerically, is a very diffi-
cult task. This is due, primarily, to the com-
plexity of their form.

When conducting experiments in wind tunnels,
trees are modeled simply, or toy models are
used [14].
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In numerical modeling, it is possible to create a
realistic tree model up to the modeling of leaf
geometry, but this approach is incredibly re-
source-demanding and time consuming. It is also
possible to set a tree area in a simplified way - as

where u is the coefficient of dynamic viscosity;
loss of momentum through the isotropic porous
region can be formulated based on permeability
and loss coefficients (eq. 7),

(SM,X = —Klossguw/uz +v2 + w?
Smy = —Klossgv\/uz + v2 + w?

|

\Sm,z = —KlOSSBW\/uZ + v2 + w?

2

(7)

K, 1S the loss factor associated with inertial
losses (m™).

The model of porosity allows taking into ac-
count the Darcy Model [15, 16], which is the
continuity equation for flows in porous regions
and is characterized by such a parameter as the
volume porosity 7.

The volume porosity is the ratio of the volume
V' of space in the final volume through which
air can flow, to the entire final volume ¥ (eq. 8):

(8)

The Darcy model is summarized as follows
(eq. 9):

V' =yV
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a porous body, and when solving the Navier-
Stokes equations, an additional term is added to
the equations of motion that characterizes the
loss of momentum when air passes through the
porous region (eq. 6):

op 0%u  0%*u 0%u
+ + + Sy

dx 0x? * dy?  0z?

op 0%v 9%v 0%v (6)

oy TH <6x2 + 0y? * 622> Suy

op 0*w  9*w 0w

9z +“<ax2 Tt 622) * Sz
_aa_si=K;lei+KlossglUlUi )]

where p is the dynamic viscosity, Kpemm is the
permeability.

When modeling a tree in a simple, porous do-
main, the difficulty lies in the selection of an
adequate loss factor and volume porosity, which
will reflect the permeability of the real green
planting.

3. VERIFICATION

OF THE METHODOLOGY

OF NUMERICAL MODELING

OF GREEN SPACES AERODYNAMICS

3.1. Problem statement.

For the numerical simulation of the aerodynam-
ics of green spaces, a group of scientists from
the Institute of Architecture of Japan (AlJ) [17]
proposed a benchmark. A tree with a height of 7
meters in the air flow is considered. At the inlet
of the air domain the velocity profile obeys the
vertical power law (eq. 10). Sensors (monitoring
points) are installed behind the tree, measuring
the instantaneous velocity at each height in in-
crements of 1.5 meters. The tree model and flow
direction are shown in Figure 1, the layout of
the monitoring points is shown in Figure 2.
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Figure 1. Tree model with indication of characteristic dimensions and wind direction
of the inlet flow.
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Figure 2. Layout of the monitoring points in a given coordinate system with an indication
of the characteristic dimensions.

The tree was modeled as an isotropic porous
region. Loss of momentum that occurs when
passing through a porous body, are formulated
based on permeability and loss coefficients
(eg. 7). The loss coefficient Kjoss Was taken
equal to 1.75, based on the data obtained [14],
which proved to be the most accurate result in
comparison with the experimental data.

A comparison of numerical and experimental
results (velocities at monitoring points for dif-
ferent values of volume porosity y (0.3-0.9 with
a step of 0.1; 0.99 and 1))was made. Recom-
mendations on the design parameters for model-
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ing the permeability of shrubs crowns (as one of
the ways to improve pedestrian comfort) was
formulated.

All aerodynamic simulations were performed
using ANSYS CFX 17.0 software package
[15, 16].

3.2. Simulation Parameters.

The problem was solved in a two-dimensional
formulation. As a turbulence closure model, the
SST (Shear Stress Transport) model was utilized.
The following basic physical characteristics of
the flow for aerodynamic simulations are used:
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p/=1.184 kg/m’
- air density,
n=1.831-10"
- the coefficient of dynamic viscosity,
ol =477 m/s
— the mean velocity at the inlet,
Re=2.1609-10°

— the Reynolds number.

The High Resolution advection scheme and the
implicit First Order Backward Euler scheme
were used. Maximum residuals of 10 were set
as an criterion for convergence and termination
ofsteady state solution.The maximum number of
iterations was 300.

3.3. Initial and boundary conditions.

The mean flow velocity profile at the inlet
obeys the power lawdepending on the tree
height and turbulence kinetic energy (eq. 10):

(D) =1, (Hib)o.zz

k(z) = 3.02
where u; 1s velocity at the characteristic height
Hj, k(z) is the turbulence kinetic energy.

(10)

Velocity

. 7.22

At the outlet and at the upper boundary of the
domain, opening boundary conditions with a rel-
ative pressure equal to zero and the same turbu-
lence parameters as at the inlet are assigned. On
the «ground», «No Slip Wally (U=V=W=0 m/s)
boundarycondition is specified, which excludes
penetration of the fluidthrough the surface.

On the surface of the tree crown interface «Flu-
id-Porous Domainy) is set to ensure the penetra-
tion of air through the porous body (domain).

As initial conditions, zero velocities

(U=V=W=0 m/s)

and zero relative pressures areset in the entire
domain.

3.4. Simulation results.

Figure 3 and Table 2 demonstrate the main re-
sults of the performed computational studies
and the comparison of the numerical results
with the experiment data.

In the Table 2 the relative errors for real veloci-
ty at the monitoring points in comparison with
the experiment are presented.

The numerical simulation of hedge aerodynam-
ics showed that the closest to experimental data
result was obtained for the values of volume po-
rosity from 0.9 to 1.The maximum discrepancy
from the experiment is 29%, and the minimum
one is 0.15%.

5.44]

| 3.65

1.86

I 0.07

[m s?-1]

Figure 3. Velocity stream lines, m/s. Volume porosity y = 1, loss coefficient Kj,ss = 1.735.
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Table 2. Comparison of numerical (u) and experimental (u*exp) velocity simulations
at the monitoring points for each considered volume porosity value.

%“ =0.3 =04 1=0.5 v=0.6 =07 +=0.8 1=0.9 +=0.99 =1

8. .

g =

E ANED u €% | u €9% | u € o u €9% | u €9% | u € o u € o u € o, u € o

=
1 2.05 2.20 7.33 3.24 | 58.11 [ 299 | 4599 | 2.77 | 35.03 | 262 | 28.15 | 255 | 2430 | 250 | 21.86 | 247 | 2049 | 247 | 2036
10 213 260 | 2198 | 251 1745 | 248 16.29 | 248 1598 | 248 | 1600 | 248 1611 | 248 | 1628 | 248 | 1644 | 249 | 1645
11 2.14 239 ] 1132 | 241 1235 | 243 1319 | 244 13.97 | 246 | 1461 | 2.47 1509 | 247 | 1547 | 248 | 1573 | 248 | 1575
12 242 275 | 1348 | 261 71.59 2.51 3.62 245 1.25 241 -0.41 2.38 -1.66 | 236 -2.63 234 | -332 2.34 -3.39
13 2.76 2.52 -5.88 2.81 1.84 2.80 1.34 2.70 -2.38 2.63 -4.83 2.60 -5.80 | 2.59 -6.33 258 -6.56 2.58 -6.58
14 2.16 2.52 16.68 | 243 1258 | 240 11.20 | 2.39 10,52 | 238 10.20 | 238 10.03 | 2.38 9.98 238 9.96 238 9.96
15 2.05 2.27 10.81 232 1335 | 2.34 1444 | 2.36 15.15 | 237 15.67 | 2.38 16.04 | 2.38 16.32 2.3%9 16.51 239 | 16.52
16 245 2.52 2.68 248 0.88 241 -1.61 2.37 -3.37 234 -4.70 2.31 -5.75 2.29 6.57 228 -7.16 2.28 -7.22
17 2.83 2.63 -6.91 285 0.91 2.86 1.14 2.81 -0.67 | 2797 | -213 | 275 -2.74 | 274 | -3.08 273 | 327 [ 273 | -328
18 2.39 2.50 4.67 2.40 0.53 237 -0.89 | 235 -1.79 | 233 | -239 | 232 -2.81 | 231 -3.10 | 231 | -3.30 | 231 -3.32
19 238 223 | 648 | 228 | 428 | 230 -3.26 | 231 -2.79 | 232 | -255 | 232 244 | 232 238 232 ] -236 | 232 | -236
2 290 272 613 | 262 | -983 | 261 | -10.03 [ 262 -970 | 263 | -931 264 | -B96 | 265 | -8.65 266 | -840 | 266 | -838
20 2.79 244 | -1261 | 241 | -1349 | 237 [ -1512 | 233 [ -16.53 | 230 | -1769 [ 2.27 | -18.64 | 225 | -19.4]1 | 223 | -1998 | 2.23 | -20.03
21 2.65 2.69 1.33 2.88 8.64 2.90 9.36 2.86 7.91 283 6.67 2.82 6.17 281 5.87 2.80 5.67 2.80 5.606
22 247 249 0.99 2.38 -3.43 2.34 -510 | 231 -6.32 2.29 -7.24 2.27 -7.94 2.26 -8.47 225 -8.84 2.25 -8.88
23 2.61 220 | -1543 | 225 | -1347 | 227 | -12.70 | 228 | -1253 | 228 | -12.57 | 2.27 | -12.69 | 227 | -12.83 | 227 | -1295 | 227 | -12.96
24 3.08 239 | -2240 | 238 | -2292 | 233 | -2434 | 229 | -2568 | 226 | -2684 | 223 | -2780 | 220 | -2857 [ 219 | -29.14 | 2.18 | -29.19
25 2.50 271 8.24 289 [ 1556 [ 292 1642 | 2.89 1523 | 286 | 1426 | 2.85 13.84 | 284 | 1355 | 284 | 1334 | 284 | 1332
26 245 2.50 2.00 237 | -3.18 | 232 -5.22 | 228 -6.84 | 225 | -8.11 223 -8.10 | 2.21 9.86 | 219 | -1039 | 2.19 | -10.45
27 2.62 219 | -16.72 | 224 | -1476 | 225 | -1424 | 225 | -1437 | 224 | -1467 | 223 | -1501 | 222 [ -1531 [ 222 | -1555 | 222 | -15.57

4. APPROBATION OF THE NUMERICAL
METHODOLOGY OF ESTIMATION
AND IMPROVEMENT OF PEDESTRIAN
COMFORT

4.1. Problem statement.

The application of the developed numerical
methodology of pedestrian comfort estimation-
was performed on a realresidential building sur-
rounded by existing urban area (Figure 4). As it
will be shown below, for the considered group
of buildings, it was necessary to improve pedes-
trian comfort using the above-described meth-
odologyby incorporation of thegreen spaces to
particular locationswhere pedestrian comfort
criteria were not satisfied.

For the correct shrubs arrangement near the
considered buildings, the results of criterion as-
sessments of pedestrian comfortobtained for the
model  without  green  spaces  were
used.Decisions on the location of green space
were made based on an analysis of the most un-
favorable wind attack angles, a planning scheme
for the land plot near the designed building, as
well as currently existing planted shrubs (Figure
5).
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Figure 4. Gen
Project proposal (photo montage).

Figure 5. Construction site (maps.yandex.ru)
of the projected residential building
(South-West Administrative District, Moscow).
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4.2. Geometric model of the building sur-
rounded with nearby buildings with bushes
consideration.

The radius of the nearby building area was tak-
en equal to 600 m.The actual location of the
buildings relative to the target object, their
height and cross section in the plan, as well as
the local terrain relief (elevation differences
near the target object) were consideredfor the
geometric model including surrounding buildings.
Geometric model of the main building sur-
rounded with nearby buildingswas created in
ANSYS Mechanical 17.0 [18]. The first-
floorlevel was taken as a zero level. The created
model of the building, taking into account the
development for a certain perspective, is shown
in Figure 6-7.

Figure 6. Geometric model of the building
surrounded with nearby buildings.

Figure 7. Geometric model of the building
surrounded with nearby buildings with bushes
consideration.

4.3. Boundary and initial conditions.

The simulated area (Figure 8) is assigned the
Air domain with the following physical parame-
ters: incompressible air at a temperature (25°C)
and pressure 1 atm.

The boundary conditions at the inlet correspond
to the 1st wind region, and the type of terrain B

Volume 15, Issue 2, 2019

«suburby» in accordance with building codes
[7, 19]. The mean pressure and pulsation pro-
files were converted to theinput data for the
ANSYS CFX using the developed macro
CFX PROFIL SNIP as a vertical profiles
(along the height)of mean velocity, turbulence
kinetic energy and dissipation energy, corre-
sponding to the loads, taking into account the
load reliability factor of 1.4. The integral turbu-
lence length scale is assumed to be 300 m in ac-
cordance with the recommendations of Euro-
code [20].

At the outlet and at the upper boundary of the
domain, opening boundary conditions with a
relative pressure equal to zero and the same tur-
bulence parameters as at the inlet are assigned.
On the «ground» and on all buildings, «No Slip
Wall»

(U=V=W=0m/s)

boundary condition is specified, which excludes
penetration of the fluid through the surface.

On the surface of the tree crown interface «Flu-
1d-Porous Domainy is set to ensure the penetra-
tion of air through the porous body (domain).

As initial conditions, zero velocities (U=V=W=0
m/s) and zero relative pressures are set in the
entire domain.

Inlet N A )
. e g .
4 ‘ 'ﬁl g
/ 9@9 K~
i G ‘) - -
0§ @é =
e 3 =
B ' = \ aé e
g W ‘ -
g N Outlet

Figure 8. Simulated area (ANSYS CFX) with
designated boundary conditions.
Wind angle of attack 0°.

4.5. Simulation Parameters.

All aerodynamic calculations were carried out
in a three-dimensional steady-stateformulation
using the RANS SST turbulence model.
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The internal parameters for the shrubs are fol-
lowing: the surface porosity is isotropic; the
volume porosity is 1. An isotropic model with a
loss coefficient of 1.75 m™'was set as the loss
model.

Maximum residuals of 10 were set as a criteri-
on for convergence and termination ofsteady
state solution. The maximum number of itera-
tions was 500.

4.6. Results of steady state aerodynamic sim-
ulations.

Pedestrian comfort levels (repeatability of
meanvelocity, hr/year) according to the 3rd reg-
ulatory criteria (K., K2, K.r3) were calculated
using the data from weather stations named after
Michelson [6, 14].

It was necessary to get a set of results for differ-
ent wind angles of attack was in order to calcu-
late the pedestrian comfort level criteria. The
comparisonof the simulation results for 24, 12
and 6 wind directionsevenly distributed in a cir-
cle was conductedin order to determine the min-
imum required number of windangles of attack.

The convergence study resultsfor thepedestrian
comfort level criteria depending on the number
of wind directions considered, and the determi-
nation of the optimal number of simulationcases
excluding bushes are presented below (Table 3).
As it can be seen from the results, the difference
is insignificant with the number of 12 and 24
wind angles of attack. This allows usto consider
only 12 wind attack angles to perform accurate
estimation of the pedestrian comfort level.

Table 3. The results of criterion assessments for different number of wind angles of attack.

Ist level of pedestrian comfort, | 2nd
Number exceeding Verl=6 m/s, not
b more than Kcr/=1000 hours
of . .
angles per year in the pedestrian zone | hours
at a height of 1.5 m
24
12
6

level
comfort, exceeding Ver2=12
m/s, not more than Kcr2=50
per

pedestrian zone at a height of

of pedestrian | 3st level of pedestrian
comfort, exceeding Vcr3=20
m/s, not more than Kcr3=5
hours per year in the
pedestrian zone at a height of

year in the
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A comparison of the criterion assessment of pe-
destrian comfort based on numerical modeling
of the building surrounded with nearby build-
ings without bushes consideration and numeri-
cal modeling of the building surrounded with
nearby buildings and bushes consideration is
presented below (Figure 9-11). Results compar-
ison show the significant decrease in the
occurrence frequency of winds exceeding 6 m/s
for the first criterion, 12 m/s for the second
criterion and 20 m/s for the third criterion for
the case where bushes were incorporated in to
the model.

The results allow us to conclude that bush-
esplaced near the building help to improve pe-
destrian comfort.

Pictures of wind speeds amplification at the lev-
el of the pedestrian zone of 1.5 m for some wind
directions with and without bushes are shown in
Figure 12-14. Comparison of the meanvelocity
amplification at 1.5 m shows significant im-
provements in pedestrian zones where highve-
locities were observedfor the study cases with-
out bushes.

Figure 9. Ist level of pedestrian comfort V,.;=6 m/s
exceeding no more K.,;=1000 hours per year in the pedestrian zone at a height of 1.5 m
(on the left - without bushes, on the right - with bushes).

Figure 10. 2nd level of pedestrian comfort V., .,=12 m/s
exceeding no more K.,.;=50 hours per year in the pedestrian zone at a height of 1.5 m
(on the left - without bushes, on the right - with bushes).

Volume 15, Issue 2, 2019
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Figure 11. 3st level of pedestrian comfort V,3=20 m/s
exceeding no more K, ,.3=5 hours per year in the pedestrian zone at a height of 1.5 m
(on the left - without bushes, on the right - with bushes).

Figure 12. The meanvelocity amplifications in the pedestrian zone at a height of 1.5 m.
The wind angle of attack is 0° (on the left - without bushes, on the right - with bushes).

Figure 13. The meanvelocity amplifications in the pedestrian zone at a height of 1.5 m.
The wind angle of attack is 90° (on the left - without bushes, on the right - with bushes).
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Figure 14. The mean velocity amplifications in the pedestrian zone at a height of 1.5 m.
The wind angle of attack is 240° (on the left - without bushes, on the right - with bushes).

Comparison of the results of numerical model- a temperature of - 20°C for some wind direc-

ing of the buildings aerodynamics taking into tions with and without shrubs is presented be-
account wind chill effect in the winter season at  low (Figure 15-18).

Figure 15. Comparison of the results of numerical modeling of the buildings aerodynamics
taking into account wind chill effect in the winter season at a temperature of -20 °C,
wind angle of attack 0° (on the left - without bushes, on the right - with bushes).

Figure 16. Comparison of the results of numerical modeling of the buildings aerodynamics
taking into account wind chill effect n the winter season at a temperature of -20 °C,
wind angle of attack 120° (on the left - without bushes, on the right - with bushes).
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Figure 17. Comparison of the results of numerical modeling of the buildings aerodynamics

taking into account wind chill effect in the winter season at a temperature of -20 °C,
wind angle of attack 240° (on the left - without bushes, on the right - with bushes).

Figure 18. Comparison of the results of numerical modeling of the buildings aerodynamics
taking into account wind chill effect in the winter season at a temperature of -20 °C,
wind angle of attack 300° (on the left - without bushes, on the right - with bushes).

The results of numerical modeling of the build-
ings aerodynamics taking into account wind
chill allow us to conclude that the human body
feels the temperature 1.5 times lower than the
actual temperature that equal to — 20 C. Calcula-
tions have shown that the temperature reaches
the mark - 30 © C. This gives a tangible contri-
bution to a comfortable stay of people in these
areas. The correct location of green spaces in
pedestrian areas has contributed to the narrow-
ing of areas where the minimum (minus) tem-
peratures occur.

5. CONCLUSION

The presented results showed a wide applicabil-
ity of the pedestrian comfort assessment meth-
odology and the possibility of its adjustment by
planting green spaces. The solved model prob-
lem allowed to findthe right parameters of the
tree model. Comparison of the results for differ-
ent numbers of windangles of attack showed
that 12 angles are sufficient for obtaining the
required accuracy.Further development of this
methodology may include a more detailed anal-
ysis of wind flows (especially maximum veloci-
ty amplification) for each individual angle of
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attack, namely using the results of non-
steadysimulationsobtained using more accurate
(and also resource-demanding) turbulence mod-
els such as DES and LES.The results showed
the practical importance of conducting suchkind
of research, and therefore there is a need to in-
clude amethodology for pedestrian comfort as-
sessment in Russian building codes.
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Abstract: The distinctive paper discusses the possibility of obtaining methods of the highest quality and correct
calculations for assessing the transport and operational status of a particular road using corresponding mathemat-

ical model.
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KOMIUVIEKCHOE MOAEJIUPOBAHUE
U MPOITHO3UPOBAHUE YCTOMYUBOCTHU U MIPOUYHOCTH
KOHCTPYKIIMU ABTOMOBUWJIBHOHN JOPOI'"
C UCHOJIb30BAHUEM COBPEMEHHbBIX TEXHOJIOT U1

T.JIL. /Imumpueea, A.b. epnsazo

WpxyTckuil HallMOHAIBHBIN HCCIEI0BATEIbCKUN TEXHUYECKHH yHUBepcUTeT, T. MpkyTtck, POCCUS

AnHoTanusi: B crathe paccmaTpuBaeTcs BO3MOXHOCTh IOJTYYSHHST METOAWKH Hanbojee KauyeCTBEHHBIX M KOP-
PEKTHBIX Pacy€ToB, AT OLEHKH TPAHCTIOPTHO-3KCILTYaTaIl[MOHHOTO COCTOSHUS y4acTKa aBTOMOOMIBHOM Toporu

C MOMOIIBI0 MATEeMaTHIECKON MOJIETH.

KiroueBble cjioBa: MaTeMaTH4eCKOe MOJIEINpOBaHue, aBToMoOmibHbIe noporu, CAIIP,
COBPEMEHHBIC TCXHOJIOI'MU JUATIHOCTUKHN aBTOMO6I/IJ'IBHbIX aopor

INTRODUCTION

The road is a set of structural elements intended
for movement with established speeds, loads
and dimensions of cars and other land vehicles
transporting passengers and (or) cargo, as well
as land plots provided for their placement [1].

In order to determine as accurately as possible
the stability of the road bed and the strength of
the pavement, a complex of calculations is nec-
essary, the outcome of which determines the
characteristics and design parameters affecting
all the structural elements of the road. The relia-
bility parameters of the pavement determine the
security of its working condition during the es-
tablished service life, which is the basis for de-
termining the period between repairs.

40

In Russia, the period between repairs was de-
veloped by the «Soyuzdornii» in the period
1950-1955. and approved by the Resolution of
the Council of Ministers of the RSFSR 7.03.61
No. 210 as standards for capital and medium
repair, respectively, of road pavements and
coatings. These standards were valid until 1988,
regardless of the estimated service life taken in
the design of road pavements (Instructions DBC
46-60, DBC 46-72, DBC 46-83). According to
these standards, the estimated service lives were
approximately 20% less, which could be one of
the reasons for poor quality repairs of roads. In
1988, regional and sectoral norms for the period
between repairs of non-rigid pavements and
coatings, developed by «Giprodornii» with the
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participation of research, design and other or-

ganizations, were put into effect [2].

Capital and lightweight pavement with an im-

proved coating is designed so that over the peri-

od between repairs there are no damage and in-
admissible, in terms of the violations of the re-
quirements for flatness of coverage, residual
deformations provided by the existing regulato-
ry documents, and that the impact of natural fac-
tors does not lead to unacceptable changes in its

elements [3].

In all cases, solutions of the theory of elasticity are

used to estimate the stress state of a structure [3].

The assessment of the overall stability of the

roadbed and slopes is to compare the calculated

values of the indicators of sustainability with
their normative values. For the standard indica-

tor of overall sustainability should be taken as a

generalized sustainability factor, determined

taking into account the following factors, taking

into account [11]:

e reliability of data on the strength and de-
formative characteristics of the soils of the
considered array;

e road category;

o degree of responsibility of the projected object;
e compliance of the design scheme with natu-
ral engineering and geological conditions;

e type of soil and its purpose;

o features of the calculation method.

The roadbed is subject to dynamic and static

loads from the rolling stock; own weight of the

canvas and the complex of natural factors (cli-
matic, hydrological, hydrogeological).

1. EXPERIMENTAL PART

The purpose of the study is to determine the
transport and operational (taking into account
the climatic characteristics) and the strength pa-
rameters of the road to create a mathematical
model that reflects the current state of the struc-
ture.

The task of the study is to build a mathematical
model for the construction of a highway, its au-
tomation, for the operational determination of

Volume 15, Issue 2, 2019

the transport performance indicators of this road
and period between repairs.

The research technique is a complex of models,
including calculations of dynamic and static
loads from rolling stock, soil mechanics and a
complex of natural factors.

The object of study: public road.

The subject of study: transport and operational,
strength and climatic parameters of the road.
The graphical user interface of the control pro-
gram of such a mathematical model will include
two working windows: Input and Output.

In the input window (Figure 1) it is required to
enter the road data, most of which are deter-
mined at the design stage. These data include
the prospective traffic intensity, which sets the
five-year and ten-year forecasts.

[ | Input window EI =l @-‘
Parameters of the highway

Perspective movement intensity (car/day): -
Freight traffic:
Light {up to 2 tans): W
Medium from 2.1to &tons): 12 1
Heawvy from 6.1to 8tons): 17
Single {more than & tons): 7
Road trains: a0
Passenger traffic: =
?E 364

Ldes (minibuses): -7
Total units shown: _;-‘j-‘é
Sails of the roadbed:

Pebble soil with loamy solids up to 0% v:

Light loam dusty semi-hard - :“ﬂ
Standard Static fde Load, kN: 11§

Regulatony static load on the suface of the
coating from the wheel of the calculated car,

O cale, kM: 575
Climatic characterstics:

Road-climatic zone: I
Type of temain for humidification conditions: 2
Type of temain for moistening:

Calculate

Figure 1. Input window for known
road parameters.
Figure 1 presents:
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1. Average annual daily perspective traffic in-
tensity, reduced to a passenger car.

The methods used to account for the intensity of
traffic flow on roads are intended to obtain and
accumulate information on the total number of
vehicles and the composition of traffic flow,
passing per unit time through the cross section
of the road in each of the permitted directions of
movement.

Accounting for the intensity of movement is
carried out in two ways: automatically or visual-
ly. According to the duration, the accounting for
the intensity of movement is divided into long-
term and short-term [4].

2. Subgrade soil. The most commonly used lo-
cal soils occurring in the upper layers of the
earth's surface. In laboratory conditions, check
the suitability of certain soils for use in the de-
vice of the roadbed.

The soils by nature of structural bonds are di-
vided into the following classes: rock, dispersed
and frozen.

The class of rocky soils includes soils with rigid
structural bonds (crystallization and cementa-
tion) [5]. Such soils are preferred for the con-
struction of roads (provide maximum strength
and stability).

The class of dispersed soils are soils with physi-
cal, physicochemical, or mechanical structural
bonds.

Soils with mechanical structural bonds are dis-
tinguished into a subclass of loose (loose) soils,
and soils with physical and physico-chemical
structural bonds into a subclass of cohesive
soils. For road construction, weak soils are dis-
tinguished from a cohesive subclass of soils —
soils with low mechanical properties: shear
strength under natural conditions is less than
0.075 MPa (rotary cut) and / or the slump
modulus is more than 50 mm / m with a load of
0.25 MPa (deformation modulus below 5.0
MPa) [5].

The class of frozen soils includes soils that pos-
sess, along with structural bonds of non-frozen
soils, cryogenic bonds (due to ice).

Tatiana L. Dmitrieva, Andrey B. Chernyago

3. Regulatory loads. The regulatory load from

motor vehicles on public roads is shown in Fig-

ure 2.

In Figure 2 depicted:

d — base for AK load, m;

¢ — is the load gauge width, m;

q — uniformly distributed load along the track

along the road (structure), kN / m;

D — the base for the load NK, m

The regulatory AK load (Figure 2a) includes

one biaxial bogie with an axle load of 10 K (kN)

and evenly distributed along the road.

Regulatory load NK (Figure 2b) is presented in

the form of a single four-axle truck with a load

on each axis of 18 K (kN) [6].

Calculated loading schemes are divided into:

e loading schemes when calculating pave-
ments;

e loading schemes for the calculation of the
subgrade;

e loading schemes for the calculation of the
structures of bridge structures.

When calculating the stability of the embank-

ment slopes (1), the load from the vehicles is

reduced to the equivalent soil layer of the sub-

grade. The thickness of the equivalent layer of

soil Ne, m, is calculated by the formula:

_ 18K
~ (d+0,2)(c+08)y,,

N,
(1)

where 18K is the regulatory burden of NC, kN;
d — base of normative load of NC, m;

¢ — gauge of the standard load of NC, m;

¥s — specific gravity of the soil, kN / m’.

When calculating embankment settlement (2),
the regulatory load is assumed to be in the form
of a standard load that is in a static position
(Figure 2a). A uniformly distributed load along
the road, imitating the movement of a column of
vehicles, is not taken into account in this calcu-
lation [6].

The load from vehicles is reduced to an equiva-
lent layer of subgrade soil. The thickness of the
equivalent layer of soil he, m, is calculated by
the formula:
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load band dimensions are in meters
1
_"l I-1
10K 10K oK 5K onthe wheel
1162 ] 08
s d e S - =18 &
g=K 05K 0,6k

¢ ¢t ¢ v ¥ v ¥ ¥ ¥

i

11

a)
NK load band dimensions are in meters
1.1 I1-11
18K 18K 18K 18K 9K 9K
|
0,2 0,8
1,2 1,2 1,2 L RS c=27
r |
D=36

T

b)

Figure 2. Scheme of the regulatory load for the calculation of pavement, roadbed, retaining walls
and bridge structures: a) car wheel load AK; b) heavy single car load NK.

b n 10K
¢ BrpYs (d + 0,2)

(2)
where n is the number of lanes;
B, — width of the road bed, m;
¥s — specific gravity of the soil, kN / m3;
10K — AK regulatory load for the calculation of
embankment sediments, kN;
d — base of regulatory load AK, m.
4. Climatic, hydrological, hydrogeological con-
ditions of the area.
The terrain, climatic, hydrological and hydroge-
ological conditions have a significant impact on
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the construction and operation of roads. These
conditions directly affect the main types of de-
formations of the road structure, the main cause
of which is the increase and over moistening of
the subgrade soil, i.e. violation of its water-
thermal regime (over-wetting of the embank-
ment soils can cause a process of “heaving”
(lifting) of the soil, erosion and scouring of the
base or the embankments themselves).

The climatic characteristics of the road are de-
termined based on the climatic conditions of the
area in which the work will be performed. Our
country, as well as the post-Soviet space, is
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subdivided in road construction into road-
climatic zones (RCZ) [1]. Most of the parame-
ters (in particular, temperature indicators, calcu-
lation of the timing of the thaw) are known or
can be determined from building climatology
(SP 131.13330.2012).

The saturation of the subgrade with moisture is
an extremely dangerous phenomenon, in which
the strength of the pavement, the stability of the
subgrade and the base of the embankments sig-
nificantly decrease [7].

Sources of moistening of the roadbed are:

e precipitations;

e water inflow from melting snow;

e capillary rise from the groundwater level,

e condensation of water vapor from the air;

e movement of film water.

All of the above parameters maximally affect
the quality of both the transport and operational
indicators of the road and the road itself as a
whole. For a more accurate determination of all
key parameters of a highway, it is necessary to
track their interdependence as much as possible
and to obtain an objective assessment of their
condition at the level of accuracy that is now
offered by modern diagnostic and examination
technologies. This approach will eliminate the
development of the situation that exists today,
when a lot of calculations are made to assess the
transport and operational state, which do not
allow to evaluate the current state of the struc-
ture, but only in general reflect its suitability for
further operation. Considered promising is
building, for example, RIM (Road Information
Modeling) model [12], which would reflect not
only the state of operation, but also the early
stages of the road life cycle, which would allow
it to be built as quickly and correctly as possi-
ble. without departing from the standards, au-
tomated to adjust projects and track the entire
financial side. Therefore, the construction of a
mathematical model that could take into account
almost all (affecting the performance) parame-
ters of the road, will be very relevant to the idea
of what will happen at the next stage of the life
cycle of this design. Based on this model, we
can assess the current state and take steps in ad-
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vance to eliminate construction defects and ex-
tend the life of the road.
Such a model (Figure 3) will not only display
the existing (actual) situation, but also recom-
mend ways to eliminate various defects that
prevent further road operation. This will allow
taking measures (according to the current regu-
latory documents and methodological recom-
mendations), based on the current situation. Fur-
ther, this model is rebuilt taking into account the
already applied recommendations for continuing
to conduct assessment of the state of this object.
Figure 3 presents:
1. The entered parameters of the road, which di-
rectly affect the construction of a complex of
mathematical models of the road. To maximize
the assessment of the transport and operational
condition of the road, many more other parame-
ters are required, including the geometrical pa-
rameters (in Figure 3, are not presented, but con-
ditionally available), affecting:

e width of the carriageway, the main fortified
surface of the road and fortifications;

e width of roadsides, incl. fortified; the type
and condition of the curb reinforcement;

¢ longitudinal slopes;

e transverse slopes of the roadway and shoulders;

o the radii of the curves in the plan and the
slope of the turn;

e the height of the embankment, the depth of
excavation and the slopes of their slopes;
condition of the roadbed;

distance of visibility of the road surface in the
plan and profile.
2. Time scale. The main function of the tech-
nique based on complex mathematical modeling
will be the ability to predict the state of the road
after some time it is in operational mode. By
moving the timeline slider, you can monitor the
transport and operational condition of the road a
dozen years ahead. When 20% of the selected
section of the road does not meet the regulatory
requirements, it will become impossible to
switch the time scale and the program will offer
recommendations on how to increase the period
between repairs.
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Figure 3. Window for displaying the state of the road with the display of problem areas.

For example, if the thickness of the coating lay-
er became unsatisfactory, options would be of-
fered (at the expense of the maintenance of the
selected road section) for surface treatment,
patching, and other works to restore the worn
out coating layer, and if sources of wetting of
the roadbed and / or road pavement, then the
optimal longitudinal and transverse slopes of the
roadway, the steepness the slopes of the roadbed
and the longitudinal slopes of the cuvettes (con-
trol of their contamination).

2. Time scale. The main function of the tech-
nique based on complex mathematical modeling
will be the ability to predict the state of the road
after some time it is in operational mode. By
moving the timeline slider, you can monitor the
transport and operational condition of the road a
dozen years ahead. When 20% of the selected
section of the road does not meet the regulatory
requirements, it will become impossible to
switch the time scale and the program will offer
recommendations on how to increase the period
between repairs. For example, if the thickness of
the coating layer became unsatisfactory, options
would be offered (at the expense of the mainte-
nance of the selected road section) for surface
treatment, patching, and other works to restore
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the worn out coating layer, and if sources of
wetting of the roadbed and / or road pavement,
then the optimal longitudinal and transverse
slopes of the roadway, the steepness the slopes
of the roadbed and the longitudinal slopes of the
cuvettes (control of their contamination).

3. Straightened plan of the road section. This plan
will be the result of calculations of a complex of
mathematical models, which will display (visual-
ly) all problem areas that do not meet regulatory
requirements (highlighted in red). Areas that were
restored by the recommendations proposed by this
program are highlighted in blue. If the total vol-
ume of the restored and unsatisfactory road sec-
tions becomes more than 80%, repair will be as-
signed by the program (time interval, from the
beginning of the calculation to its end, and will be
the lifetime of the road section).

Building a plan on which geometric parameters
are displayed (widths, elevations, longitudinal
and transverse slopes, curve radii) is possible in
such domestic CAD systems as:

e CAD CREDO;

e CAD AD Robur;

e CAD AD IndorCAD / Road.

In recent years, in connection with the rapid de-
velopment of geographic information systems
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(GIS), the question of their applicability, along
with CAD, in computer-aided design of high-
ways is being considered.

With significant external similarities GIS and
CAD have fundamental differences.

One of the fundamental differences between
GIS and CAD is that a graphic primitive in a
GIS is an independent object with its own at-
tributes, and in CAD it is only a graphic tool,
i.e. part of the object, and therefore its attrib-
utes, as a rule, does not have.

In CAD, objects are usually formed from sever-
al graphic primitives, lining up in a hierarchy
using grouping. The profound difference be-
tween the CAD model and the relational data
model does not allow the full preservation of
CAD drawings in modern databases and does
not allow analyzing the attributes of objects.

In the road industry, the presence of attribute
support is the most important in solving prob-
lems of diagnostics, certification, inventory, road
cadastre. In connection with the scarcity of the
capabilities of the attribute description of CAD, it
seems most appropriate to create information
systems for highways based on GIS [8].

When calculating the pavement design, the most
popular (in Russia) is the module of the Topo-
matic Robur software complex - the Robur To-
pomatic - Road apparel, where the initial values,
in addition to the previously mentioned design,
are also such material characteristics as: Elastic
moduli (MPa) - on elastic deflection, shear,
stretching when bending; Volumetric weight (kg
/ cubic meter); Characteristics for the calcula-
tion of shear - the angle of internal friction, ad-
hesion (MPa) (also, the same characteristics in
statics); Characteristics for the calculation of
tensile bending and Characteristics of geosyn-
thetics for the reinforcement of the coating (ad-
ditional parameter). In the CREDO and Indor-
CAD / Road software packages, there are also
software modules for the calculation of pave-
ments that are not inferior to “Robur Topomatic
- Road pant” for most of the key points.

4. Button recommendations to help increase the
period between repairs of the road. According to
the results of calculations for a certain period of
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operation, red zones will be allocated - sections

of the road that do not meet regulatory require-

ments. After the appearance of these zones, it
will be possible to get recommendations on the
elimination of such problem areas.

At the moment, it is not possible to predict as

accurately as possible the transport and opera-

tional indicators of the road for the years ahead
due to the absence of a clear model of the be-

havior of all the structural elements of such a

structure. Today, to assess the quality and con-

dition of highways, inspection and diagnostics
are carried out using road laboratories and other
engineering equipment. Such checks produce:

e when putting the road into operation after
construction in order to determine the initial
actual transport and operational condition
and comparison with regulatory require-
ments;

e periodically in the process of operation to
monitor the dynamics of changes in the state
of the road, to predict this change and to plan
repairs and maintenance;

e when developing an action plan or a project
for reconstruction, major repair or repair to
determine the expected transport and opera-
tional status, compare it with regulatory re-
quirements and evaluate the effectiveness of
the planned work;

e after the execution of works on the recon-
struction, overhaul and repair in the areas
where these works are carried out in order to
determine the actual change in the transport
and operational condition of the roads.

According to the results of diagnostics and as-

sessment of the condition of the roads during

operation, they identify sections of roads that do
not meet the regulatory requirements for their
transport and operational condition and, guided
by the "Classification of Works for the Repair
and Maintenance of Public Roads", determine
the types and composition of the main works
and maintenance measures, repair and recon-
struction in order to increase their transport and

operational status to the required level [9].

In order to accurately assess the situation that

occurs over a period of several years and not rely
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on additional measures for the seasonal and an-
nual survey and diagnostics, it is necessary to
assess the existing situation as thoroughly and
objectively as possible, highlighting all key pa-
rameters at the post-construction stage, when all
executive documents and acts accompanying the
commissioning of the object, as well as to con-
duct a large-scale survey (but only once during
the period between repairs). In this case, there is
a theoretical possibility to study the erected struc-
ture in order to predict its state in the future (im-
plementation in order to predict its state).

One example of obtaining a detailed and objec-
tive assessment of the current situation is the
technology of the American company Bentley
Systems.

To automate the process of managing engineer-
ing data, the American company Bentley Sys-
tems has created the Bentley ProjectWise plat-
form. After geodetic surveys, the customer uses
ProjectWise to get a cloud of laser scanning
points for a part of the route.

Streaming uploading did not allow downloading
the entire file, which may require a significant
amount of electronic memory of significant
computational resources, but only the necessary
points in a certain area. As you move along the
information model, additional points are loaded.

A single engineering data management platform
accommodates an infinite number of attribute
information about a road object. The evenness
of the coating, rutting, cracks, pits, the coeffi-
cient of adhesion, the modulus of elasticity of
the layers of asphalt concrete and so on - all this
information is collected in a convenient form in
one place and is automatically updated. That is,
all the project participants have a clear picture
of the current state of the object, and the data
can be used again and again at all stages of its
life cycle [10].

5. The rest, calculated by a complex of mathe-
matical models, parameters.

2. MAIN CONCLUSIONS

The article presents a review material, which
provides a justification of the relevance of the
goal of scientific research by the authors, which
is to develop a unified mathematical model re-
flecting the full state of the linear road object,
taking into account the strength and stability of
its structural elements, as well as the interaction
with the soil foundation.
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For the practical implementation of this model, ration of production, road-building equipment
it is supposed to create on its basis an automated (for example, C-V2X, Trimble GCS technolo-
technology that allows you to manage the prepa- gies), time and resources, to produce high-
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quality building control, and also to do an exec-
utive survey in the framework of the project un-
der consideration.

Thus, using the proposed model, it will be pos-
sible to assess the transport and operational sta-
tus, taking into account all the characteristic
causes that affect the destruction of the road. In
the promising future, such models will be an
integral part of the automation of a global pro-
ject for the production of roads (design, con-
struction and operation). The implementation of
such model is a solvable problem at the present
time; however, it requires the study and consid-
eration of a large number of factors.
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SET OF EQUATIONS OF AFEM
AND PROPERTIES OF ADDITIONAL FINITE ELEMENTS
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Abstract: The paper considers the action of additional finite elements on the main set of linear equations when
developed Additional Finite Element Method (AFEM) is used for analysis of structures with several nonlinear
properties at limit states and failure models. AFEM is a variant of Finite Element Method (FEM), which adds to
traditional sequence of solution of problem by FEM the units of two well-known methods of structural analysis:
method of additional loads and method of ultimate equilibrium. AFEM suggests the additional finite elements
and additional design diagrams for gradually transformation of the main set of equilibrium equations at the first
step of loading to this set at the last one according to ideal failure model of structure.

Keywords: additional finite element method, limit state, ideal failure model, additional finite element,
additional design diagram, equilibrium equation

CUCTEMA YPABHEHUHN METOJIA AOINOJHHUTEJIbHBIX
KOHEYHbLIX 9JIEMEHTOB U CBOUCTBA
JOHOJIHUTEJIBHBIX KOHEYHbBIX 2JIEMEHTOB

A.B. Epmakosa

OxHO-Y panbckuii rocynapcTBeHHBIH YHUBEpCHUTET, T. Yensouunck, POCCUA

Annoranusi: CraTbs paccMaTpuBaeT BO3JCHUCTBHE JOIMOJHUTEIbHBIX KOHEYHBIX 3JEMEHTOB Ha OCHOBHYIO
CHUCTEMY JIMHEWHBIX YPaBHEHHWH, KOrja pa3padarhiBacMblii METOJ JIONOJHUTEIbHBIX KOHEYHBIX 3JIEMEHTOB
(MKD) ucnone3yercs Ui pacueTa KOHCTPYKIMN ¢ HECKOJIBKUMH HETMHEHHBIMU CBOWCTBAMH I10 TPEAEIHHBIM
COCTOSIHUSAM M MojensMm paspymeHus. MJIKD sBisercs BapmaHTOM MeTOAa KOHEUHBIX 3JeMeHToB (MKDO),
KOTOpBI J00aBJsieT K TPAJAWIMOHHOW IOCJIE0BATEIbHOCTH pEIIeHHs] 3aJaud ONEepaly JBYX HIMPOKO
M3BECTHBIX METOJIOB pacyeTa KOHCTPYKLUI: MeToJa JONOJHUTEIbHBIX HArpy30K M METOAa IPelelbHOTO
pasroBecust. MJIKD mpeanaraer 1omoJHUTENIbHBIE KOHEYHBIE 3JIEMEHTHI U JOTIOJHUTENILHBIE PACUETHBIE CXEMBI
JUISL IOCTETICHHOTO NTPe0o0pa30BaHysi OCHOBHOM CHCTEMBI YPAaBHEHHH paBHOBECHS HA IIEPBOM IIIare HarpyKeHUs
B CHCTEMY Ha MOCJIE/IHEM IIare B COOTBETCTBUH C MICATIBHOW MOAENBIO pa3pyleHNs] KOHCTPYKIHH.

KaroueBsble ciioBa: METOA AONOJHHUTEIIbHBIX KOHCUHBIX 3JIECMEHTOB, IPEACIbHOC COCTOSAHUC,
nJacajibHast MOJCIIb pa3pyliCHMs, ,Z[OHOJ'IHI/ITCJ'ILHHﬁ KOHCYHBIN QJICMCHT,
JOTIOJTHUTECIIbHAA pacu€THaA CXeMa, YpaBHCHHUC paBHOBECHUA

INTRODUCTION Element Method (AFEM) [2, 3, 4] is destined
for solving of this problem.

Realization of nonlinear analysis according to

method of ultimate equilibrium [1] is

impossible without taking account of all 1. GENERAL INFORMATION OF AFEM

physical nonlinear properties exhibited by the

structure up to the moment when the ultimate = Additional finite element method (AFEM) is a

limit state (state of ultimate equilibrium) is  variant of finite element method (FEM)

reached. The developed Additional Finite destined for nonlinear analysis of plane and
space structures at limit state.
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This method adds to traditional sequence of
solving problem by means of FEM the elements
of the method of ultimate equilibrium (limit
states) and the method of elastic solutions
(method of additional loads).

2. SET OF EQUATIONS OF FEM
AND MAIN PROBLEM

The main operation of FEM [5] is the solving
of the set of algebraic equation:

KV=P (1)

where V= matrix of unknown node
displacements; P = matrix of external load; K =
stiffness matrix of considered structure is
formed from coefficients of stiffness matrices
of the separate finite elements (FE).

The set of equations (1) solves one time in
linear analysis because of matrix K = const.

In nonlinear analysis the set of equation (1)
looks like this:

KotV =P (2)

where K,,,,; = stiffness matrix of structure with
nonlinear properties which is changed in
accordance with the degree of influence of
these properties.

In this case the set of equations (2) must be
solved by iterative process. In this process
matrix K (K # const.) turns into matrix K,
gradually.

The transformation of the set of equation (1)
into set of equation (2) is connected with
difficulties in presence of several of physical
nonlinear properties due to its different causes
and effects.

Usually the structure has n types of nonlinear
properties at the end of its operating period
before collapse.

Due to different defects the matrix K,
gradually decreases from K to K,,;,, where K,
= its minimal value:

Anna V. Ermakova

K>K>K>>K >.. >K>.. >K,.>K,,=K,in (3)

where K; = stiffness matrix of structure with
nonlinear properties (i changes from 1 to »).
Each nonlinear property appears under
corresponding value of increasing load P.
Before collapse the external load P reaches its
maximal value P,,:

Py<P;<P,<P3<...<P<...<P, ;< P,<Pu (4)

where P;, P, P; P, P;; = values of external
load P, when the first, the second, the third, the
i-th and the (i+1)-th nonlinear properties appear
respectively. Thus the structure reveals i-th
nonlinear property under external load P; < P <
P

Therefore the set of equations (2) ought to be
created under the conditions (3) and (4) and the
must change its form depend on number of
nonlinear properties at considered stage and
value of load P.

So, the set of equations (2) has view (1) in
linear behavior under Py < P < P; and i = 0.
Then in the beginning and continuing of
nonlinear behavior the set of equations changes
gradually:

under P; < P < P, and one nonlinear property

(i=1):
K,V="P (5)

under P, < P < P; and two nonlinear properties

(i=2):
K V=P (6)

under P; < P < P, and three nonlinear properties

(i=3):
K;V =P (7

and so on
under P; < P < P;;; and i nonlinear properties:

K. V=P (8)
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and so on
under P,; < P < P, and (n-1) nonlinear
properties (i = n-1):

KpiV="p )

under P, < P < P,,, and n nonlinear properties

(i=n):

K, V=P (10)
The set of equation must be formed in order to
turn matrix K into matrix K, = K, and
external load P into P, due to n nonlinear
properties of structures.

It must be realized according to formulas (5)—
(10) under conditions (3) and (4).

Such realization is the difficult problem.

3. METHOD ADDITIONAL LOADS
(METHOD OF ELASTIC DECISIONS)

This method was suggested for solving of
deformation problems of plastic theory by
A.A. Ilyushin [6].

This method uses for analysis of structures at
plastic behavior when the main of equations has
form (2).

Matrix K, is stiffness matrix of structure with
plastic property which is changed in accordance
with the level of influence of this property. The
next step is based on separation from this
matrix of its linear and nonlinear parts [7]:

Knonl =K +AKnonl (1 1)

where K and 4K,,,,; = the linear and nonlinear

components of matrix K,,, respectively.

If we substitute the formula (11) in the

expression (2) we may get the next equation:
(Knonl + AKnonl)V =P (12)

The next step is removing the parentheses and
the transferring the second part in right:

Volume 15, Issue 2, 2019

KV =P—AK,onV (13)

where (—4K,,,/V) = the value of additional load
in carrying out of the iterative process.

This method allows the solving the set of linear
equations (2) with constant coefficients in the
left hand side and the obtaining of inverse
matrix K~ only once.

The simplicity is main advantage of Method of
Additional loads (Method of Elastic Decisions).
It is most prevalent and efficient method of
nonlinear analysis of structures with plastic
properties.

4. IDEAL FAILURE MODEL
AND THE SET EQUATIONS OF AFEM

The criterion of collapse of the structure must
be determined according to its nonlinear
properties. It is necessary to know the limit of
operating period of considered structure.
The Theory Ultimate Equilibrium and Ultimate
Equilibrium Method (Ultimate Limit State
Method) may be used for introduction of such
criterion.
According to this method the structure reaches
the state of ultimate equilibrium or ultimate
limit state before collapse.
In this stage the external load Py, is maximal.
Therefore the condition (4) is fulfilled:
Plim = Pmax (14)
At ultimate limit state the stiffness matrix of the
structure Kj;,, is minimal because all nonlinear
properties are manifested.
Thus the condition (3) is fulfilled too:
Klim = Kn = Kmin (15)
The definition of this stiffness matrix Kj;,, and
its intervening values K;, K, K3, ... , K;, ... K.
1, K, 1s difficult problem.
For it decision the ideal failure model is
suggested by author [2, 3, 4].
This model is the design diagram of the
structure at the ultimate limit state or state of
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ultimate equilibrium, i.e. moment previous of
collapse.
At one hand the ideal failure model of structure
must correspond to possible real failure model
and at the other hand to main parameters of
initial design diagram.
It helps to solve some problems for analysis of
structures with several nonlinear properties [8, 9].
The point is that the initial design diagram must
change step-by-step loading in accordance with
nonlinear properties appeared as the ultimate
limit state is reached.
As a result an initial design diagram transforms
into an ideal failure model of the considered
structure.
At ultimate limit state the set of equations (1)
and (2) ought to have form:
Klim V= Plim (16)
Thus stiffnhess matrix Kj;,, of structures with all
nonlinear properties at ultimate limit state must
form on the basis of ideal failure model.
Iterative process must go under condition (3).
Additional Finite Element Method determines
that at the moment of limit state the next
equation is correct:
Kiim=K+AK;+AK+...+4K+...+4K,,  (17)
Here each component 4K is stiffness matrix of
the i-th additional design diagram consisting of
additional finite elements taking into account
the i-th nonlinear property (i changes from 1 to
n) and may be solved according to next
formula:

AK;=K; — K;; (18)

where K; = stiffness matrix of structure with
regard for the i-th nonlinear property; K;; =
stiffness matrix of structure without regard for
the i-th nonlinear property.
Introduction of ideal failure model allows
realization of step-by-step analysis with gradual
taking into account of influence of several (n)
nonlinear properties due to determination of
criterion of limit state of structure before
collapse.

Anna V. Ermakova

Some examples of ideal failure models of
structures are given in [10, 11].

For gradual transformation of the set of
equation according to (5) AFEM suggests to
develop some operations of Method of
Additional loads (Method of Elastic Decision)
and use additional design diagrams consisting
of additional finite elements (AFE-s) [12, 13].
In this case the sets of equations (5) — (10) are
formed according to the formula (13) under
conditions (3) and (4):

under P; < P < P, and one nonlinear property

(i=1):

KV=P-AK,V (19)

under P, < P < P; and two nonlinear properties

(i=2):

KV=P—AK;V-4AK:V  (20)

under P; < P < P, and three nonlinear properties

(i=3):

KV =P—-AK,V—-AK, V-AK;V  (21)
and so on
under P; < P < P;;; and i nonlinear properties:

KV=P-AK V-AKV-AK3V-..—AK:V (22)

and so on
under P,; < P < P, and (n-1) nonlinear
properties (i = n-1):

KV=P-AKV-AKV-AK;V~. . ~AK:V~ . ..
MK,V (23)

under P, < P < P,,,, and n nonlinear properties

(i=n):

KV=P-AK V-AK;V-AK3V~. . —AK;V—. . .
MK, V-AK,V (24)

Here A4K; = stiffness matrix of the first
additional design diagram consisting of
additional finite elements taking into account
the first nonlinear property; AK, = stiffness
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matrix of the second additional design diagram
consisting of additional finite elements taking
into account the second nonlinear property;
AK; = stiffness matrix of the third additional
design diagram consisting of additional finite
elements taking into account the third nonlinear
property; AK; = stiffness matrix of the i-th
additional design diagram consisting of
additional finite elements taking into account
the i-th nonlinear property; 4K, ; = stiffness
matrix of the (n—1)-th additional design
diagram consisting of additional finite elements
taking into account the (n—1)-th nonlinear
property; 4K, = stiffness matrix of the n-th
additional design diagram consisting of
additional finite elements taking into account
the n-th nonlinear property.

Each additional design diagram is a geometrical
replica of the initial design diagram but it is
destined for gradual transformation of an initial
design diagram into design diagram with all n
nonlinear properties.

Additional design diagram may be compared
with empty space imbedded in the initial design
diagram and filled negative stiffness for
nonlinear analysis at ultimate limit states.

In relations (19) — (24) every value (—4K;}V)
determines the influence of i-th nonlinear
property.

For example the term (—4K;V) of the left-hand
part of these equations is the additional load
which with the main load P must be applied to
linear structure to reach the displacements
corresponding to its displacements with the first
nonlinear property under the action of the only
external load P.

Thus in nonlinear analysis the sets of algebraic
equations (5) — (10) take the forms (19) — (24)
and provide taking into account the influence of
each nonlinear property.

This way is corresponded to logic of FEM and
allows to using of different theoretical data
[14,15,16] for nonlinear computer analysis [15,
17] according to normative requirements [18].
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5. ADDITIONAL FINITE ELEMENTS
AND THREE WAYS FOR CALCULATION
OF ADDITIONAL LOADS

Every additional design diagram takes into
account only one nonlinear property and
consists of corresponding additional finite
elements (AFE-s) [19].

Additional finite elements (AFE-s) are
recommended for gradual transformation of the
initial finite elements with linear properties into
the same finite elements but with nonlinear
properties which correspond to the reached
stage of their limit states.

The scheme of its action of additional finite
element (AFE) is

FE with nonlinear property =
= FE without nonlinear property +
+ AFE for taking into account
the nonlinear property.

It 1is necessary to know mathematical
relationships which characterize the properties
of additional finite elements for their
application in nonlinear analysis of structures at
limit state.

These relationships are necessary when the
operations of tree numerical methods (elastic
decisions (additional loads), additional stresses
and additional strains) are used. Such approach
is determined by requirements of realization of
nonlinear design of the structure at limit state as
such design lead to design of physical n-
nonlinear systems.

Since the properties of additional finite
elements are determined by the properties of a
corresponding main finite element then the
desired  mathematical  relationships  are
determined by analogous relationships of the
main finite element:

1)  Relationship between node reactions and
displacements 4R, = f(V);

2) Formula for determination of stiffness
matrices AK,;

3) Formula for
reactions AR,;

determination of node
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4)  Relationship between node reactions and
stresses AR, = f(0);
5)  Relationship between node reactions and
strains AR, = f(A¢);
6) Formula for determination of stresses Ao

7)  Formula for determination of strains Ag;
8) Formula for determination of additional
load F..

Last formula is necessary when additional load
substitutes the action of additional finite
element according to next scheme:

FE with nonlinear property =
= FE without nonlinear property +
+ result of action of additional load F,
for taking into account the nonlinear property.

The appointment of additional finite element is
the change of stress-strain state of the main
finite element without allowance for nonlinear
property to the level of stress-strain state which
is appeared in the same finite element with
allowance for this property.

Such approach opens the opportunity to use of
the two ways of change of properties of the main
finite element in view of appearance of the
definite nonlinear property: change of its initial
stress state and change of its initial strain state.
Since the additional finite element changes
the properties of the main finite element then
it i1s recommended to use two types of
additional finite elements for realization of
each of the two indicated ways:

1) additional finite element of the first type
changes a stress state of the main finite element
and it does not change its strain state;

2) additional finite element of the second type
changes a strain state of the main finite element
and it does not change its stress state.

It is known that stiffness matrix of any finite
element connects its node forces and
displacements.

Thus for the main finite element at definite
stage of its behavior at particular limit state for
the allowance of the i-th nonlinear property this
relation looks like this:

Anna V. Ermakova

Knonl,e,i V = Rnonl,e,i (25)
where R,on.; = node reactions in the finite
element for the allowance of the i-th nonlinear
property; V' = node displacements; K, onie; =
stiffness matrix of finite element for the
allowance of the i-th nonlinear property.
In order to further use of operations of the
method of elastic decisions let us express the
stiffness matrix Kon.; of the finite element
with nonlinear properties in the next form:
Knonl,e,i = Knonl,e,i—l + AKnonl,e,i (26)
where K,ouei; = stiffness matrix of the main
FE without allowance of the i-th nonlinear
property;
AKyoniei = stiffness matrix of additional finite
element destined for the allowance of the
degree of influence of the i-th nonlinear
property on behavior of this element. So that it
is determined by means of next formula:
AKnonl,e,i = Knonl,e,i - Knonl,e,i—] (27)
In general the stiffness matrix of AFE AK, 5,1,
is not equal to 0, i.e.
AKnonl,e,i =0 (28)
If the influence of any i-th nonlinear property
on behavior of the main finite element is absent
then the stiffness matrix of the corresponding
AFE is:
AKnonle,i =0 (29)
In taking account of the first nonlinear property
the stiffness matrix of additional FE AK,,1c.;
may be determined by the next formula:
AKnonl,e,] :Knonl,e, I*Knonl,e,():Knonl,e,I*Ke (3 0)
where K, = stiffness matrix of the main FE with
linear properties.
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Node reactions R,,,;; of finite element for the
allowance of the i-th nonlinear property may be
expressed by reactions Ry,,,;;; of the finite
element without this i-th nonlinear property:

= Rnonl,i -1 +ARnonl,i (3 1)

Rnonl,i
where A R,,n,; = change of node reactions of
finite element due to manifestation of the i-th
nonlinear property.

The first component of the right-hand part of
this expression presents node reactions in the
finite element without allowance for the i-th
nonlinear property, i.e.

Knonl,e,ifl V= Rnonl,i—l (32)
If we substitute (26) and (31) in (25) with
allowance for (32) we obtain:

AKnonl,e,i V = ARnonl,i (33)
This formula determines the dependence
between node reactions and node

displacements in additional finite element for
the allowance of the i-th nonlinear property.

Its stiffness matrix AKp.; 1s determined by
formula (27) and for the allowance of the first
nonlinear property it is determined by formula
(30).

If the influence of any nonlinear property on
behavior of the main finite element is absent
then the stiffness matrix of the corresponding
additional finite element is equal to 0 (29).

The approach to the way of formation of
additional load F, for the allowance of the
nonlinear properties for both types of AFE is
the same.

Scheme of method of elastic solutions
(additional loads) is given at Figure 1. This
scheme is used for the allowance of the first
nonlinear property (plasticity).

Nevertheless there are special singularities for
each type of additional finite element which
simplify algorithm of problem solution in
comparison with general case.
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F+F

F+F,

>
I Va Fi ¥
Figure 1. Scheme of the method

of elastic decisions which is used by AFEM
for the allowance of the first nonlinear property
when its additional load
is Foy =— ARyuonr1 [20,21].

If we compare formulae (31) and (33), we may
make a conclusion that by means of node
reactions of additional finite elements it is
possible to form the vector of additional load
for the main finite element, by means of which
it is possible to allow for the considered
nonlinear property.
This vector F,; is determined by means of the
next relationship:
Fe,i =— AKnonl,e,i V=- ARnonl,[ (34)
Further it follows that we come to a little stop
on the case of formation of additional load for
collapse of the main finite element after
reaching of its ultimate limit state.
In this case let us note the stiffness matrix of
additional finite element as AK};,, and then:
AKlim =—-AK (35)
where K = stiffness matrix of the main finite
element with linear properties.
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Node reactions of additional finite element
ARy, are determined by next formula:

ARy =— AK, V=—R (36)
where R = node reactions of finite element
with linear properties. In this connection the
additional load for collapse of finite element is
equal to:

F.=K. V=R (37)

Actually it means that after collapse the main
finite element ceases its existence and does not
influence the neighboring elements and
additional load guarantees this fact.
On the basis of these vectors F,; the vector of
additional load for the allowance of the i-th
nonlinear property of the total structure
according its design diagram may be formed.
Then on the basis of separate vectors or each
considered in analysis nonlinear property the
total vector for all considered nonlinear
properties may be formed.
The additional finite element of the first type
does not change strain state. It changes only the
stress state of the main finite element without
account of particular nonlinear property up to
the level of stress state of the same element
with account of the given nonlinear property.

The absence of strains and the presence of
stresses are characteristic for the first type of
additional finite element, i.e

Agnonl,i = 0
Ao-nonl,i # O

(38)
(39)

It means that if the additional finite element of
the first type is used for the allowance of the i-
th nonlinear property of the main finite element
next formulae are correct for determination of
stresses and strains:

(40)
(41)

Ononli = Ononl,il + AUnonl,i

gnonl,i = gnonl, i—1
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These relationships for the allowance of the
first nonlinear property look like these ones:

Ononl1 = o+ Ao-nonl,l
Snonl,l =&

(42)
(43)

It should be noted that general formula (34) for
calculation of additional load F,; for the main
finite element is correct for both types of
additional finite elements.
However besides this general approach there
are individual cases of determination of vector
of node reactions A4R,,,;; and consequently of
additional load F,; for both types of additional
finite elements.
These individual cases are based on the
relationships between node reactions with
stresses and strains.
For additional finite element of the first type
this individual case is based on relationship
between node reactions and stresses.
So for the main finite element with linear
properties the relationship between node
reactions R and stresses o looks like:
R=Co (44)
Where C = matrix connecting elastic node
reactions and stresses.
The analogous formula for the main finite
element with linear properties looks like:
Rnonl =C Ononl (45)
Using the relationships (43) and (44) let us
write down the formulae for determinations of
node reactions AR,,,; in additional finite
element of the first type for the allowance of
the first nonlinear property:

ARnonl,l =C Aanonl,l (46)

and for the allowance of the i-th nonlinear
property:

ARnonl,i =C AGnonl,i (47)
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Substituting the expression (46) in (34) we
obtain the formula for determination of the
vector of additional load in general case:

Fe,i =-C Ao-nonl,i (48)
In elimination of the main finite element after

reaching of its ultimate limit state the formula
looks like:

(49)

where o = stresses of finite element with
linear properties.

This simplified variant of formation of the
additional load using stresses Aoy,,; for the
allowance of the plastic properties of concrete
was developed in research.

It allows to use some operations of the method
of additional stresses. Scheme of this process
for the allowance of the first nonlinear property
by means of additional finite element is shown
at Figure 2.

Additional finite element of the second type
does not change stress state.

It changes only stain state of the main finite
element without allowance of the nonlinear
property up to the level of strain state for the
allowance of the given nonlinear property.

The dependence (33) connecting node reactions
and node displacements as it reflects the main
property of any additional finite element is
correct for additional finite element of the
second type too.

Stiffness matrix of this element may be
determined by formula (27) and its additional
load for the allowance of the nonlinear property
may be determined by formula (34).

These expressions are correct for additional
finite element of any type too.

Relating to other formulae describing the
properties of additional finite element of the
second type that it is necessary to use another
approach for their obtaining based on the
peculiarities of this element.
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Figure 2. Scheme of the method
of additional stresses which is used by AFEM

for the allowance of the first nonlinear property
by means of AFE of the first type [19, 20]

The absence of stresses and presence of strains
is a defining feature of the additional finite
element of the second type, i.

Agnonl,[- #0
Agnonl, i~ 0

(50)
(1)

It means that if the additional finite element of
the second type is used for the allowance of the
i-th nonlinear property of the main finite
element the next formulae for determination of
stresses and strains are correct:

(52)
(53)

Ononli = Ononli gnonl,ifl
gnonl,i = gnonl,ifl + Agnonl,i

They are correct for the first nonlinear property:

(54)
(35)

Ononl1 = O (g)
gnonl,l =&+ Agnonl,l

Special case of determination of additional load
for additional finite element of the second type
is based on the relationship of node reactions
and strains of the main finite element.
For the main finite element with
properties this relationship has next form:

linear
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R=Ge¢ (56)
where G = matrix connecting elastic node
reactions and strains.
For the main finite element with nonlinear
properties this relationship looks like:
Rnonl =G Enonl (57)
Taking into consideration formulae (56) and
(57) the formula for determination of node
reaction in additional finite element of the
second type for the allowance of the first
nonlinear property will be:
ARnonl,l = G A 8/10/11,1 (58)
This formula for the allowance of the i-th
nonlinear property looks like:
ARnonl,i =G Agnonl,i (59)
Using the formulae (59) and (34) we may
obtain the formula for determination of the
additional load at any stage:
Fe,i = G Agnonl,i (60)
In case of collapse of the main finite element
when its ultimate limit state is reached this
formula will be of next form:
F.= Ge (61)
where & = strains of the finite element with
linear properties.
This variant of formation of additional load F,;
using the strains Ag,,,; of additional finite
element is suitable to take into account residual
strains under unloading.
Formula (60) may be used only for additional
finite element of the second type as for
additional finite element of the first type it is
accepted that its strains A&,,,;; = 0 (38).
The algorithm of the problem solving may be
shorted by this formula.
In this case operations of the method of
additional strains may be added. Scheme of this
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process for the allowance of the first nonlinear
property is given at Figure 3.

'Y

o

—

da ranl,l
Figure 3. Scheme of the method
of additional strains which is used by AFEM

for the allowance of the first nonlinear property
by means of AFE of the second type [19, 20].

Briefly the main characteristics of the additional
finite elements of the first and the second type
for the allowance of the any i-th nonlinear
property are given in Table 1 [2, 20].

Formula (34) gives the main way for
determination of additional load for taking into
account of any i-th nonlinear property.
Formulae (48) and (60) are suitable for two
special cases.

Thus three ways for formation of additional
load are possible.

6. FORMATION OF RIGHT HAND PART
OF THE SET EQUATIONS OF AFEM

Two ways for changing of the right hand part of
the set of equations (19) — (23) may be used for
taking into account the i-th nonlinear property.

In the first case stiffness matrix of each
additional design diagrams 4K; is formed on the
base of stiffness matrices AK,,;,; of correspon-
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Table 1. The main characteristics of additional finite elements

for the allowance of the i-th nonlinear property.

Finite element | Finite element Additional finite element
Type without the i-th with the i-th for the allowance
of characteristic nonlinear  |nonlinear property| of the i-th nonlinear property
property Type 1 ‘ Type 2
Relationship between
node reactions Ruonti-1 = Ruonti = ARponi = A poni e.iV
and displacements “Koontei-1V “Koont.e.iV
Stiffness matrices Knonl,e,i—l Knonl,e,i AKnonl,e,i = Knonl,e,i_ Knonl,e,i—l
Node reactions Rnonl,ifl Rnonl,i ARnonl,i = Rnonl,i - Rnonl,i -1
Relationship between
node reactions Ruont i1 = Roont,i = AR ont,i= —
and stresses =C0nonti-1 = C Guonti =C AGuoni,i
Relationship between
node reactions Ruont, i1 = Roont,i = - AR ont,i =
and strains = ngonl,ifl = Ggmml,i GAgnonl,[
AO—nonl,i =
Stresses Ononl,i-1 Ononl,i =Ononli —Ononl,i— Ao-nonl,i =0
. Agnonl,i =
7 | Strains Enonli-1 Enonl,i Agnonl,i =0 = &nonli —&Enonli-
1
8 | Additional load Foi=—AR0n1 - - -

ding additional finite elements taking into
account given nonlinear property.

The formula (27) is used for it only.

In the second case every component

(-4KiV)

1s formed on the base of the values

(*ARnonl,i)

for taking into account the result of action of
corresponding additional finite element taking
into account this nonlinear property.

Three formulae (33), (47) and (59) may be used
for calculation of node reactions AR,y ;.

The choice suitable formula depends on
characteristics  of  considered nonlinear

property.
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Both of these ways must correspond to real
conditions of nonlinear analysis at limit state
and failure model.

7. CONCLUSIONS

Suggested by AFEM set of linear equations
according to ideal failure model of structure is
developed on basis of theory of FEM and
theory of ultimate equilibrium. It allows:

1) to take into account each nonlinear property
which is appeared at definite stage of
operating period of structure;

2) to introduce the criterion of collapse
structure according to logic of FEM;

3) to realize nonlinear analysis of structures at
limit states according to requirements of
Codes;

4) to introduce different theoretical models of
behavior of structures according to degree of
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reaching of ultimate limit state due to

properties of additional finite elements;

5) to use of all advantages of method of elastic

decisions (additional loads).
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ADHESION OF COMPONENTS OF COMPOSITE STEEL
AND CONCRETE CROSS SECTION IN ANALYSIS
OF BEAMS WITH CONCRETE ENCASED SECTIONS

Alexey S. Krylov
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Abstract: A brief overview of the issues of aggregate work of components of the composite steel and concrete
section is made. It is presented various options for the layout of the cross-section of beams used in the practice of
design. A review of the design of the regulatory documents regarding the issues of adhesion of cross-section el-
ements is performed. The characteristic of experimental models is given. The features of destruction of models
are shown. The reasons of the destruction are analyzed. The case of the loss of the bearing capacity of the ele-
ment due to relaxation (loss) of adhesion at the steel — concrete interaction boundary is considered. Various shear
surfaces of the concrete section are given. Calculations of the bearing capacity of the composite steel — concrete
beams for each computational surface were performed, the obtained results were evaluated. Conclusions have
been made on the question of ensuring aggregate work in case of composite steel — concrete beams with a fully
encased steel core.

Keywords: concrete, steel, reinforced concrete, composite steel and concrete structure, shear, adhesion, stud

YYUYET CHEIVIEHUA KOMIIOHEHTOB
CTAJIEXKEJE3OBETOHHOI'O CEYEHHUSA B PACYUETAX

BAJIOK C NOJIHOCTBIO OBETOHUPOBAHHBIM CTAJIBHBIM

CEPAEYHUKOM

A.C. Kpbvinos

Hayuno-uccnenoBarenbckuit ieHTp «CTpOUTENHCTBOY», I. MockBa, POCCUA

AHHOTanusi: BrinosHeH kpaTkuii 0630p BONIPOCOB COBMECTHOI pabOTHI KOMIIOHEHTOB CTaJIeXeIe300€TOHHOTO
ceueHns. [IpeacTaBieHsl pa3nuyHble BapHAHTHI KOMIIOHOBKH IOTIEPEYHOTO CEUYEHHs OajloK, MCIONb3yeMble B
MIPAaKTHKE COBPEMEHHOTO IPOEKTUPOBaHMs. BHITOIHEH 0030p pacyeTHBIX MMOJI0)KEHUH HOPMATHBHBIX JOKYMEHTOB
KacaTeIbHO BOIPOCOB CLEIUIEHHS JIEMEHTOB MONEPEYHOro ceueHus. JJaHa XxapakTepuCTHKa SKCIEPUMEHTAIbHBIX
Mozenei. IlpuBeneHs! o0mme KapTHHBI pa3pyILIeHUsT MOJeNeH, MpoaHaIN3NPOBaHbl IPHYUHEI pa3pymIeHus. Pac-
CMOTpPEH BapHaHT MOTEPH HECyIeil COCOOHOCTH 3JI€MEHTa B CIICACTBUH YXYALICHHS (HOTEpH) CHEIUICHHS Ha
rpanune cranb-06eToH. [IpuBeneHs! pa3IudIHbIe TOBEPXHOCTH cpe3a OETOHHOW YacTH CedeHHs. BBITONHEHs! pac-
YeThl HECYIEH CIIOCOOHOCTH CTaNIEKENe300€TOHHBIX 0aloK I KaXJION pacueTHOW MOBEPXHOCTH, JaHa OLICHKA
MTOJYYEeHHBIX pe3ynbTaToB. CIenaHbl BEIBOABI MO BOMPOCY 00ECTIEYeHNSI COBMECTHOM pabOoTHl MPHUMEHUTEIBHO K
CITy4aro CTAJIE)KeJIe300€TOHHBIX 0AJIOK € TOJIHOCTHI0 00ETOHUPOBAHHBIM CTAJILHBIM CEPJEYHUKOM.

KaioueBble ci1oBa: OeTOH, cTallb, kKene300€ToH, CTalexene300eTOHHas! KOHCTPYKIIMS, CABHT, CLICIUICHHE,
aHKEPHOE YCTPOICTBO

The late XX — early XXI centuries were marked
by the extensive introduction of steel-concrete
structures into building practice, the main types
of which are columns and beams with stiff rein-
forcement. The significant development of high-
rise construction required an increase in the

bearing capacity of structural elements and at
the same time a reduction in their dimensions.
The columns made of the composite steel-
concrete ensure these requirements [1]. The de-
velopment of transport networks and an increase
in the carrying capacity of transport lead to the
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widespread use of composite steel — concrete
structure in bridge construction. Majority of
modern transport overpasses and bridge junc-
tions are implemented using composite steel-
concrete structure (beams), where a common
design consideration is the combination of steel
beams with a slab of concrete along top flange
(Figure 1) [2]. Composite steel — concrete
beams with a fully encased steel core also find
appliance [3], as it is shown in Figure 2.
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a) slab without
thickening
Figure 1. Example of composite steel-concrete
beam — steel I-beam with reinforced concrete
slab along top flange.

b) slab with thickening

Figure 2. Example of composite steel — concrete
beam with a fully encased steel core.

The issues of adhesion of a reinforced concrete
slab with a steel beam, as well as the effect of
various anchors (flexible, rigid connectors) on
the bearing capacity of the composite reinforced
concrete elements are studied quite well [2, 4]
due to it wide acceptance. The necessity of ap-
plying anchors and features of the calculation
are governed by the relevant regulatory docu-
ments [2, 4, 5, 6] and recommendations [7].

Alexey S. Krylov

The issues of adhesion with a fully encased steel
section to concrete were also investigated by a
number of authors [8]. Let us note that regulato-
ry documents [4, 5] regulate placing of anchors
for beams with rigid reinforcement (with a fully
encased steel core), but the focus is on placing
the stud only on the wall of a steel section (Fig-
ure 3).

Figure 3. Installation of anchor studs on the
wall of the steel profile according to [4].

The special attention is not paid to placing the
studs on the shells of the I-beam (in contrast to
the case of a steel non-concrete beam with a re-
inforced concrete slab along the upper shelf).
This can be explained by the layout of the com-
posite steel - concrete section, when rigid rein-
forcement is distributed fairly evenly over the
entire cross section and the distance from the
top shell of the I-section (Figure 3) to the edge
of the beam is small. At the same time, in Euro-
code 4 [4], in section 6.7.4.2, there is a note on
this issue - it is necessary to check the sufficien-
cy of web reinforcement to resist shear force for
zones of the concrete part of the cross section
that do not have direct contact with the steel
core by anchors (Figure 4 - considered a shear
along the lines A-A).

rA ‘fA

LA LA

Figure 4. Checking composite steel — concrete
element under shear force along line A-A
according to [4].
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However, such a check is provided only for the
composite steel - concrete columns in case when
the load is attached either only to the steel or to
the concrete part of the section. The need for
such checks is not regulated for beams with rig-
id reinforcement and fully encased steel core,
although in some cases it must be performed.
Alternatively, the cross-sectional layout of
beams with rigid reinforcement, when all or
most of the steel core are located in the tension
side, that implies a significant distance from the
top shell of steel section to the edge of the
cross-section (Figure 5).

|
Figure 5. An example of a beam with rigid
reinforcement with a non-standard arrangement
of an I-beam.

In this case, in addition to strength analysis of
the normal section of the element and the corre-
sponding fracture features (chipping of com-
pressed zone of the concrete or breakage of the
tensile reinforcement), attention should be paid
to the possibility of the component damage as a
result of deterioration (loss) of adhesion at the
steel-concrete interface and shear of the con-
crete part of the beam. A choice of line of shear
is marked in red in Figure 6.

A series of experiments were performed to
study the behavior of the composite steel-
concrete beams using high-strength concrete.
The described non-standard type of destruction
is recorded in the process of testing, although a
detailed study of damage of a similar type was
not a purpose of these experiments. During the
experimental studies, 9 models of composite
steel-concrete beams of rectangular cross sec-
tion 200x150 mm and 1.5 m length were tested.
The steel core is made in the form of an I-beam.

Volume 15, Issue 2, 2019

A s | L3 | us A

a-a

Figure 6. Possible location of the line
of concrete shear at the component damage
due to deterioration (loss) of adhesion
at the steel-concrete interface.

The core material is C255 steel according to Na-
tional Standard of Russian Federation GOST
27772-2015. The concrete of the models is
high-strength of B75 B90 compressive
strength class. Upper and transverse reinforce-
ment have diameter 10 mm class A400 of steel
35GS. The percent of reinforcement is 7.8 ...
9.2%. The beams were tested for pure bending
by attaching concentrated loads in 1/3 and 2/3
of the span of the models. The general view of
the models is shown in Figure 7. A detailed de-
scription of the experiment is given in [9].

2x 110
C255 \
! @10
———== A40035rC
i @210
= 4+ A400 35IC
N

150

Figure 7. General view of the composite
steel — concrete beam model.
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Figure 8. Characteristic destruction of models
of the composite steel — concrete beams (beam
[fragment — extreme third part of the span).

The destruction of the models was similar and
characterized by the appearance of a large num-
ber of vertical and inclined cracks, as well as
horizontal cracks on the upper and lower edges
of the beam. This led to partial shear of the con-
crete of the protection cover and uncovering of
the reinforcement cage and steel core in the ex-
treme thirds of the beam span - between the
point of support and the point of attaching of the
load at the last stages of loading (Figure 8). At
more detailed observing of the failure models, it
is supposed, that a possible reason of the de-
struction is a violation of the adhesion between
the upper shell of the steel I-beam and concrete.
In contrary to widespread destruction variant,
the shear (Figure 9) occurred on the boundary of
steel and concrete parts of section as it is shown
in Figure 6. The destruction of a similar type is
not considered in the literature before.

Theoretical calculations were performed to
evaluate the obtained experimental results. The
sequence of checking the shear strength of con-
crete along the indicated surfaces (Figure 6, 9)
is given below. In the presented calculations, the

Alexey S. Krylov

characteristics of materials are assumed to be
equal to it actual values.

1. The height of the compressed zone of the
cross section was determined and compared
with the experimental value. The sequence of
calculations is described in detail in regulatory
documents [5, 7]. The height of the compressed
zone is X = 7.0 cm.

Load
location

Support
a) overall view
® @

b) front view
Figure 9. Possible location of the shear surface
in the concrete during the destruction of the
element caused by deterioration (loss)
of adhesion at the steel-concrete interface.

2. The shearing force is determined by the for-
mula similar (since the type of the destruction is
another) (6.63) [SP 266]:

Si = (op1Ap + 051A;) — (Op2Ap + 052As), (1)
Where o4, 0p, are compressive stresses in

concrete in the right and left sections of the cal-
culated part of the beam
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051,057 are stresses in the longitudinal rein-
forcement in the same sections, respectively. In
the above formulas, the distance from the point
of load attaching to the beam support and, re-
spectively, the stresses oy, U 0, at the end of
the beam is assumed to be equal to zero. Value
of the shear force is:

S = (Rpbx + Ry AL.) = 943,9 15,0+ 7,0 +
4440,0-1,57 = 106 080 kg, (2)

where Ry = 943,9-%, Ry = 4444,0-&

are compressive strength of concrete and rein-

forcement rod respectively,

b = 15 cm is cross section width,

x = 7,0 cm is height of the compressed zone of

the section,

Ay = 1,57 cm? is area of compressed rein-

forcement rod.

3. The shear strength R of an element for vari-

ous computational surfaces is calculated:
R¢ = ARpy, (3)

Where A is area of the calculated shear surface,

Ryt 1s tension strength of concrete.

a) for the case shown in Figure 6:

R.=(;-1,-2) Ry = (51,5-2,9-2) -
68,3 = 20 401 kg, (4)

kg
where Rbt = 68,3 E,

l; = 51,5 cm is the distance from the point of
load attaching to the edge of the beam (length of
the shear surface),

I, = 2,9 cm is the distance from the edge of the
flange of the I-beam to the edge of the cross
section (width of the shear surface).

b) for the case shown in Figure 9.

Here we note that the contour of the calculated
surface to determine the shear bearing capacity
for concrete is accepted by the results of exper-
imental studies. The specified computational
contour accurately reflects the features of the

Volume 15, Issue 2, 2019

destruction recorded during the experiments
performed in this paper.

R-[ = (11 ' 12 ' 2) ' Rbt = (51,5 - 14‘,75 b 2) b
683 = 103 765 kg,  (5)

kg
where Rbt = 68,3 cm_2

l; = 51,5 cm is the distance from the point of
application of the load to the edge of the beam
(length of the shear surface).

1, = 14,75 cm is the average width of the shear
surface on the test results.

The obtained value of the shear strength of the
element almost completely coincided with the
fracture load. The difference is 2.2%.

4. A comparison of the theoretical and experi-
mental bearing capacity of the beam, deter-
mined by the shear of concrete, is carried out.
The values is quite close.

We also note that the value of the carrying ca-
pacity for shear is quite close to the bearing ca-
pacity of the element obtained in the calculation
for the normal section. At the same time, the
limiting state in the cross section is reached at
the moment of concrete shearing along the spec-
ified calculated surfaces. The concrete stresses
in the compressed zone reach the limit values,
and in the tensile rigid reinforcement, the stress-
es correspond to the yield strength.

CONCLUSIONS

A review on the subject of combining of ele-
ments of steel-concrete structures is carried out.

The features of steel-concrete beam models’
destruction are analyzed for the bending tests.
The destruction of the models is similar and
characterized by the appearance of a large num-
ber of vertical and inclined cracks, as well as
horizontal cracks. This leads to partial shear of
the concrete of the protection cover and uncov-
ering of the reinforcement cage and steel core in
the extreme third of the beam span - between
the point of support and the point of load attach-
ing at the last stages of loading. The shear oc-
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curs by the surface shown in red in Figure 9, in
contrast to the most common type of destruction
- by the interface of steel and concrete (Figure
6). The damage of a similar type in the literature
has not been considered previously. This type of
destruction can be considered as a new type of
limit state concerning to the first group of limit
states (by strength).

The possible variants of the computational de-
struction surfaces of the composite steel-
concrete beams, caused by relaxation (loss) of
adhesion at the steel-concrete interface, are con-
sidered.

The surface shown in Figure 6 and, respectively,
the strength value determined by formula (4) are
the most dangerous cases of destruction for el-
ements with not enough transverse reinforce-
ment or without it. In the case of powerful
transverse reinforcement, the destruction surface
takes a more complex shape, that is close to the
shape shown in Figure 9. In this case, the frac-
ture load should be determined by the relation-
ship (5).
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DETERMINATION OF THE LIMIT HEIGHT
OF THE COMPRESSED ZONE
OF STEEL-CONCRETE COMPOSITE SECTIONS
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Abstract: A brief review of power resistance of cross sections with a complex composition was made using the
examples of steel-concrete composite structures. The features and difficulties that appear when calculate steel-
concrete composite structures, materials of which have different strength characteristics, are noted. The proce-
dure for calculation the limit height of the compressed zone for steel-concrete composite beam section is given.
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OIIPEJIEJIEHUE T'PAHUYHOM BBICOTHI C}KAIOI7I 30HBbI
JIJIS1 5 KEJIE3OBETOHHBIX CEUEHU
C )KECTKOU APMATYPOM

A.C. Kpboinos

Hayuno-uccnenoBarenbckuii HeHTp «CTpOUTETHCTBOY, I. MockBa, POCCHU S

AHHOTanusi: BrinonHeH KpaTkoil 0030p pabOTHI MOMEPEYHBIX CEYCHUH, MMEIONIUX CIOXKHYI0 BHYTPEHHIOIO
KOMITOHOBKY Ha IPHMEpE CTaJISKEIC300€TOHHBIX KOHCTPYKIUH. OTMEUeHbl 0COOCHHOCTH M TPYIHOCTH pacue-
TOB B CJly4yae HAJIM4Msl B CEYEHUU MATEPUAJIOB C Pa3IMYHbIMU IIPOYHOCTHBIMM XaPAaKTEPUCTHKAMHU Ha IIPUMEpE
OTIpEe/IEeICHNs] TPAHNYHOI BBICOTHI CHKATON 30HBI CTaJIe)XKeIe300eTOHHOTO ceyeHus. [IpuBeeHa mociaeqoBaTeNb-
HOCTB pacueTa I'paHHYHON BBICOTHI CXKATOM 30HBI MOIEPEUHOTO CEUEHHs Oalky, apMUPOBAHHON CTEPIKHEBOU U
JKECTKOM apMaTypou.

KutioueBble ciioBa: OETOH, CTallb, )KeNe300€TOH, cTanexeae300eTOHHAs KOHCTPYKIIHS, BRICOTA CKATON 30HBI

The developing construction industry offers a
wide range of building materials and products,
which gives the designer the opportunity to im-
plement the most difficult architectural deci-
sions. Often in modern construction practice,
even one structural element can have a complex
internal composition, including several materi-
als with different strength characteristics. An
example is the steel-concrete structures (Figure
1), which have great development in recent
times [1, 2, 3, 4, 5].

Considering steel-concrete structures (columns
and beams with fully concreted core [4, 5, 6, 7]
— Figure 1) a fairly common design solution is a
combination of modern flexible rebars (for ex-
ample, class A500) with a rolled or welded pro-
file of steel C255/C345. Thus, the design char-
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acteristics of the steel elements of the cross sec-
tion may differ by 35 ... 80%. For some stages
of strength calculation of normal cross sections
of composite elements, the noted feature can
cause some difficulties and complicate the cal-
culation process.

In accordance with the current Building Code
Russian Federation SP 63.13330 [8], the limit
height of the compressed zone should be calcu-
lated for the entire cross section, taking into ac-
count the all reinforcement in tension. If the re-
inforcement is laid in several layers, it is as-
sumed that reinforcement is concentrated in the
center of its gravity (ho is calculated as a dis-
tance from the most compressed fiber to the
center of gravity of the reinforcement in ten-
sion).
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b)
Figure 1. Examples of cross sections
of steel-concrete columns [2].

Also the formula for the limit height of the
compressed zone, that is contained in SP
63.13330, assumes that the strains of the whole
reinforcement in tension has reached a value
corresponding to the yield strength of the mate-
rial or exceed it.

In practice, this approach may cause the follow-
ing difficulties. If some layer of reinforcement
is located close to the boundary of the com-
pressed zone, it is not clear whether the stresses
in this reinforcement will have reach the design
resistance when the structure is destroyed. It is
possible that different layers of reinforcement
work with different resistances and the formulas
of the current Building Code do not allow de-
scribing this case correctly when calculating at
the limit values of forces. This becomes espe-
cially apparent when calculating steel-concrete
composite cross-section with a whole rolling
profile. The second difficulty arises when using
steels with different strength characteristics in
the same section. Then, the reinforcement ele-
ments reach the yield point of strain-stress dia-
gram at different deformation values despite the
same elastic modules.

Let us consider in more detail the definition of
the limit height of the compressed zone of the
steel-concrete cross-section of the beam, de-
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signed with the use of steels of different
strengths (Figure 2).

OO,

) d b

7 7

a) calculation scheme of the considering

beam
concrete B30
As'
_— class A500

7///////?//14’///////;'. A

steel - C255

AS‘i! A52
- clags AS00

C

| TSI TS

b) cross section
Figure 2. Steel-concrete beam designed
with steel elements of different strength.

The section under consideration has dimensions
bxh. The beam is reinforced with rebars and rig-
id steel profiles. The core of cross section is
made in the form of an [-beam of C255 steel.
Rods of upper and lower reinforcement are
made of rebars of A500 class. In the work, it is
considered heavy concrete of compressive
strength class C30.
According to SP 63.13330 [8] the limit height of
the compressed zone is calculated by the follow-
ing formula

xp = —%5ho (1)

€b2

where &g, i1s deformation of reinforcement in
tension at stress value R ,

RS
Ss,el - E_s )

&pz 1s deformation of compressed concrete at
stress value Rj,.
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Thus, there are rebar elements of different
strength and different deformation characteris-
tics, located at different sites, in the cross sec-
tion. Respectively, the limit heights of the com-
pressed zone defined for the various steel ele-
ments of the section also differ. The schematic
arrangement of the limit heights of the com-
pressed zone for different section of the steel
core (the section is divided into several parts
through the height to obtain a more accurate re-
sult) and the reinforcement rods are shown in
figure 3. The height of the compressed zone x of
the cross section is marked with hatching in fig-
ure 3. The limit height of the compressed zone
for the each steel element indicated as xg;.

€
N & (6s)
/ X \XR1XR4XR5xR2iXR3
hAsn" ’ =—
sz, «
Asg" 2221 A, &
. b A €

Figure 3. Steel-concrete cross section in bent.
Determination of limit height of compressed
zone.

When determining the limit height of the com-

pressed zone of a cross section of a steel-

concrete element, the following sequence of
calculations should be accepted:

e determination of the limit height of the
compressed zone xgp by formula (1) for
each stretched section of steel reinforce-
ment (steel core and rod reinforcement). At
the same time, the profile of rigid rein-
forcement should be divided into parts
through the height of the cross section.

e determination of the height of the com-
pressed zone x, assuming that the stresses in
the entire stretched reinforcement reached
the yield strength of the material (o5 =
R;);

e comparison of x and xi for each stretched
steel element of cross section. Selection of

Alexey S. Krylov

rod and rigid reinforcement elements for
which x > xg;

e recalculation of the height of the com-
pressed zone excluding the elements for
which x > xp since the stresses in them
os < R;. In this case, the steel parts of the
section should be excluded from the calcu-
lation one by one, starting with the element
for which the difference between x and x s
greatest. Besides, in the case whether of rig-
id reinforcement or symmetrical flexible re-
inforcement, the elements of the core or rod
reinforcement should be excluded from the
calculation, taking into account their sym-
metrical placement respectively to the cur-
rent location of the boundary of the com-
pressed zone at this stage of calculation or
iteration.

Further, according to the mentioned technique,
several iterations should be performed (if neces-
sary) until the inequality x < xp is performed
taking into account all the elements entered into
the calculation. Then the stresses correspond to
the yield strength of the material (o5 = R;) for
the elements involved in the calculation. Fur-
ther, when determining the limit moment in the
cross section in order to obtain margin of safety,
only the elements, in which the stress reach the
value g; = Rg, should be entered into the calcu-
lation.

In the case when the cross section is strongly

over-reinforced, and it is impossible to identify

elements that work with full design resistance, it
is possible to use the technique of the current SP

63.13330 [8], taking as the limit height of the

compressed zone the smallest value E&ri from

those values that relate to the reinforcement tak-
en into account in the calculation.

In order to obtain more accurate results, the

stretched rebars and the stretched sections of the

rigid reinforcement for which the x < xy ine-
quality is true should be taken into account in
the expressions for determining the height of the
compressed zone and the limit bending moment,
taking into account their real stress state. In this
case, the stress in the rod and rigid reinforce-

74 International Journal for Computational Civil and Structural Engineering



Determination of the Limit Height of the Compressed Zone of Steel-Concrete Composite Sections

ment should be determined from the conditions
of elastic operation of the material:

e plot the relative strain/stress diagram using
two points: the ultimate strain/stress of con-
crete and the zero point (calculated height
of the compressed zone);

e guided by the Euler—Bernoulli hypotheses,
determine the strain / stress in the series of
reinforcing bars (from the diagram);

e take into account the real strain / stress for
all elements involved in calculation.

CONCLUSIONS

The problems of determination of limit height of
the compressed zone of a cross section of a
steel-concrete element are considered in the
general form. The complexity of the calculation
is that there is a reinforcement (rod and rigid
core) of different strength and with different de-
formation characteristics, located at different
levels through the height of cross section.

The sequence of calculation of the limit height
of the compressed cross-sectional area of the
beam reinforced with rod and rigid reinforce-
ment is presented. Recommendations on possi-
ble improvements of calculations are given.
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Abstract: Filtration of the suspension in a porous medium is important when strengthening the soil and creating
watertight partitions for the construction of tunnels and underground structures. A model of deep bed filtration
with variable porosity and fractional flow, and a size-exclusion mechanism of particle retention are considered.
A global asymptotic solution is constructed in the entire domain in which the filtering process takes place. The

obtained asymptotics is close to the numerical solution.

Keywords: deep bed filtration, porous medium, suspended and retained particles,
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B ITIOPUCTOMU CPEJIE
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AHHOTanusi: 3a7a4 QUIBTPALMN CYCIICH3MU B TIOPUCTON cpeie BasKHBI IIPU YKPEIUICHUH TPYHTA U CO3/IaHUU BO-
JIOHETIPOHMIIAEMBIX TIEPErOPOJIOK U CTPOUTENILCTBA TyHHENIEH M TOJ3EMHBIX COOpyXeHuH. PaccmMaTpuBaeTcs Mo-
JIeTb JTOJITOBPEMEHHON TIIyOMHHOM (uiibTpaluy ¢ mepeMeHHON MOPUCTOCTBIO M JJOCTYITHBIM MOTOKOM, M pasMep-
HBIM MEXaHU3MOM 3a/iepxaHust yacTul. CTpouTcs riodalbHOe aCHMIITOTHYECKOE pEeIlIeHne BO BCeH 001acTH, B KO-
TOPOH NMPOUCXOANT Iporuece GpuabTpanuy. HalineHHas acHMNITOTHKA BCIOLy OJIM3Ka K YHCIIEHHOMY PEIICHUIO.

KiroueBble c1oBa: 10IroBpeMeHHas TITyOHHHAs (GUIBTpAIys, IOPUCTas cpela,
B3BCHICHHBIC U OCAXIACHHBIC YaCTHIIbI, MATCMAaTHYCCKass MOACIIb, rino0anbpHas aCUMIITOTHKA

1. INTRODUCTION

Construction of tunnels and underground struc-
tures construction requires strengthening the soil
and creation of watertight partitions protecting
the structures from ground and flood waters.
When pumping a liquefied solution of concrete
into a porous soil, the grout penetrates into the
pores and is filtered by porous rock. After dry-
ing and hardening of grout, the soil becomes
durable and waterproof |1, 2].

When filtering the suspension in a porous medi-
um, part of the solid particles is transferred from
the inlet to the outlet of a porous sample, and
some particles get stuck in the pores and form a

deposit. Particles retention is influenced by dif-
ferent forces depending on the chemical and
physical composition of the porous medium and
suspension. There are many different filtration
models with various mechanisms for the
transport and deposition of particles [3-5]. If the
size distribution of particles and pores overlap,
then the main reason for particle retention be-
comes size-exclusion: solid suspended particles
freely pass through large pores and get stuck at
the inlet of small pores [6].

The classical mathematical model of deep bed
filtration includes the mass balance equation for
suspended and retained particles and the kinetic
equation for deposit growth [7]. With a relative-
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ly small number of solid particles in suspension,
deposit growth is proportional to the first degree
of suspended particles concentration. In the
general case the proportionality coefficient be-
tween the growth rate of the deposit and the
suspended concentration depends nonlinearly on
the retained particles concentration and is called
the filtration coefficient. The exact solution of
this problem was obtained in [8§].

More complex filtration models suggest that the
porosity and the fractional flow are not constant,
but depend on retained particles concentration
[9]. For a complicated system of equations, lo-
cal asymptotic solutions were obtained near the
porous medium inlet, on the concentrations
front, and for large time [10—12]. However, it is
not possible to construct a global asymptotics on
the basis of these solutions, since the applicabil-
ity domains of local asymptotics do not cover
the entire zone in which the system of equations
is considered.

In this paper, a new method for constructing a
global asymptotic solution has been developed.
On its basis, the global asymptotics of the deep
bed filtration problem of a monodisperse sus-
pension in a homogeneous porous medium is
obtained. Coordinate transformation leads to a
variable that is small in the entire filtration zone.
The global asymptotic solution is constructed as
a series in powers of the new variable. The as-
ymptotics is compared with the numerical solu-
tion obtained by the finite difference method
[13-15]. The calculations show that the asymp-
totic and numerical solutions are close in the
entire filtration zone.

2. MATHEMATICAL MODEL

A one-dimensional model of deep bed filtration
of suspensions and colloids in a porous medium
with variable porosity and fractional flow in the
domain Q={0<x<1,7>0} is determined by a
quasilinear hyperbolic system of two first-order
equations

Lyudmila I. Kuzmina, Yuri V. Osipov, Yulia G. Zheglova

0 0 oS ,

a(g(S)C)+a—x(f(S)C)+5—0, (1)
) =A(S)C. )
Ot

Here g(S), f(S) are smooth positive functions
for §>0; the blocking filtration coefficient
A(S) i1s positive for 0<S<S__ and turns to

S=S8 .3

max ?

zero for unknown functions

C(x,1); S(x,t) are concentrations of suspended
and retained particles.

The unique solution to the system (1), (2) is de-
termined by the initial and boundary conditions

q_,=1: 3)
Cl,=0 S| =0. 4)

Condition (3) means that a suspension of con-
stant concentration is injected at the inlet of the
porous medium; condition (4) corresponds to
the absence of suspended and retained particles
in the porous medium at the initial moment.

The concentrations front of suspended and re-
tained particles moves in a porous medium from
the inlet to the outlet at a constant velocity
v=f(0)/g(0) and is determined by formula
t=ax, a=g(0)/ £(0).

Before the front in the  domain
Q,={0<x<1, 0<¢<ax}, the porous medium
is empty, and the problem has a zero solution.
Behind the concentration front in the domain
Q,={0<x<1,¢t>ax}, the porous medium
contains suspended and retained particles, and
the solution is positive. Since conditions (3) and
(4) are not consistent at the origin, the solution
C(x,t) 1s discontinuous on the concentration
front; the solution S(x,#) is continuous in the

domain Q and vanishes on the front

=0. (5)

|t=ax
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In the domain Qg, the solution of the original

problem (1) - (4) coincides with the solution of
problem (1) - (3), (5).
For constant coefficients g =g,, f =f, of

equation (1) and linear blocking filtration coef-
ficient (Langmuir coefficient)

AS)=a—bS; a>0,b>0, (6)

the simplified problem (1) - (3), (5) in the do-
main € has an exact solution

)
Clx,1) = bi—ax) o« e 1’

e +e“ —1 )
S(x’ t) _ ﬁ, b _eb(t ax) -1 .

b P o

In the general case, the exact solution of prob-
lem (1) - (3), (5) cannot be written down by ex-
plicit formulas [16]; therefore, asymptotics are
constructed.

In characteristic variables 7 =¢f—ax, y =x, the
concentration front is given by the equation
7=0. In the half-strip Q'={0<y<I1, >0},
problem (1) - (3), (5). takes the form

a((g(S)—af(S))C)+5(f(S)C)+6_S—o- (8)
or Oy or
B _A@)C: ©)
or
C|y:0 = 1’ |r:0 =0. (10)

b(l—T)eS(G(S)—aF(S))Z—§+a(l—z)[1+g@ja—c+

Near the concentration front, the local asymptot-
ic solution of the problem (8) - (10) is con-
structed using the small parameter t.

3. ASYMPTOTIC SOLUTION

A change of variables in the system (8) - (10)

z=l-e®; T=1-¢" (11)
allows to use z as a small parameter, because for
(y,7) €Q) the variables z, T belong to the do-

main Q" ={0<z<1-e"" <1, 0<T <1}.

In the new variables, the solution (7) of the sim-
plified problem takes the form

C(z,7) =1_—Z; S(z,7) =4 (1:2?

12
1-zT b 12)

Assume that the coefficients of equation (8) are
almost constant, and the filtration coefficient
differs little from a linear function:

g(S) =g, +&SG(S);
1(S)= f, +eSF(S);
A(S) =a—bS +eS*M(S)

(13)

Here ¢ >0 is a small parameter.
In the domain Q" the problem (8)-(10) takes
the form

8
n (14)
+[8(SG(S) —aSF(S)) A(S)C +&(SF(S)) %(1 - Z)Z—S + A(S)j C=0;
0 zZ
oS ,
b(l—T)ﬁz(a—bSJrgS A8))C (15)
., =L S|,_,=0 (16)

A solution of equations (8)-(10) is obtained in the form of a double series in powers of ¢, z:
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Cle,z,T) =1+ ¢, (T)e'z | jl=1+2(c,, +&c,, +&7¢,, +..) +

i=0 j=1
2
Z 2
+?(co2 tec,,te e, o)t

(17)

S(&,2,T)=).D 15, (&E'z) | jl=(5y0+ESy+E 5,0 +..)+

i=0 j=0
2

(18)

2 Z 2
+2(8y, + &5, +&78, +...)+?(s02 +ES,+E S, o)t

The coefficients ¢, ;,

s; ; depend only on T.
=0.
0

From conditions (16): ¢;, =0; SU.‘T:

Substituting the expansions (17), (18) into equa-
tions (14), (15) and equating the terms with the
same degrees of ¢, z, implies a recurrent system
of differential and algebraic equations

-(a—bso,o)-l—i-

e"z": b(1-T)s;, =(a—bs,,)-1;
&'zt ac,, +(a—bs,,)-1=0;
e’z b(1=T)sy, ==bsy, -1+ (a—bsyy)cy,;
&7 ac,, —acy, —bsy, -1+ (a—=bsy,)c,, =0;
£'2": bU=T)s], = (b5, +550A(500)) - 1+ (@—bs, ) -0;

F '
§'20: ac,, +a 210 0) L (56(8)-asF(S))

0 S=50,0
F(SFES))|  spy +(=bsig +520A(50)) 1+ (a=bs,)-0=0;
S=s09 J0

&2 b(1-T)s), = ~bs,, +(S*A(S))

S=500

Solving equations sequentially, the coefficients
of expansions (17), (18) are obtained

S0.0 =%T; ¢, =T-1;

Con, =2T(T -1);

a
So.1 =ZT(T_1)§

Since the parameters ¢, z are small in the entire
domain Q" , the expansions (17), (18) determine
the global asymptotic solution of problem (14) -
(16) in the domain Q" .

2
"So.1 _bsl,oco,1 +(a _bso,o )01,1 +So,oﬂ(so,o )CO,I .

4. NUMERICAL CALCULATION

The calculations were performed for the
coefficients calculated in the laboratory of the
University of Adelaide (Australia) in the study
of deep bed filtration of a monodisperse suspen-
sion with particles of radius »=2.179 pm in a
homogeneous porous medium [10]

2(8)=0.9743-8.88-10"* 5 +1.27-107"' 8> -1.24-107S";

£(S)=0.9947+6.27-10°S-2.9-10° 52 +6.21-107°S°;

(19)

A(S)=0.51-5.956-10"5+2.29-10°S* +1.35-10°S" .
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In expansions (17), (18) of the nonlinear prob-
lem (14) - (16), terms were calculated up to &'
and z’. The asymptotics was compared with a
numerical calculation performed by the finite
difference method. The equations (1), (2) was
approximated by an original second-order
scheme using the trapezium method [17]. The
obtained solution was compared with the exact

1632 * 0
¥ M1 M2 M3 M4 M5 ME M7 MB MY B 0 W0 20

solution (7) of the simplified problem with a
linear filtration coefficient.

Figures 1-5 show graphs of global asymptotics
(red line), numerical solution (blue line), and
exact solution (7) (green line). Full graph imag-
es are in the center of Fig. 1-4; their enlarged
fragments are shown on the left and right.

00 600 700 800 SO0 1000 TTHO B0 B0 B0 B0 0 90 M0 %0 %0 100

Figure 1. Graphs of suspended particles concentration C(1,t) at the porous medium outlet.
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Figure 2. Graphs of retained particles concentration S(L.2) at the porous medium outlet.
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Figure 3. Graphs of suspended particles concentration C(x,100) at the fixed moment ! = 100
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Figure 4. Graphs of retained particles concentration S(x,100) at the fixed moment ! = 100
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Figure 5. Graphs of suspended and retained particles concentration at the fixed moment t = 800.

Graphs of global asymptotics and numerical so-
lutions are close to each other, the discrepancy
increases with increasing coordinate x. The
greatest deviation is observed at the outlet x =1
at time ¢ =200: 1,6% for C and 1,1% for S. The
graphs of the exact solution (7) for the linear
case are further away from the numerical solu-
tion than the asymptotic graphs.

5. CONCLUSION

A mathematical model of deep bed filtration
with variable porosity and fractional flow does
not have an exact solution in explicit form. As-
ymptotic and numerical methods are used to ob-
tain the solution.

The global asymptotics approximates well the
solution in the entire domain in which the sus-
pension or colloid is filtered. Deviation increas-
es with time.

The exact solution (7) of the simplified problem
is not suitable for approximating the solution of
a complex system.

The global asymptotics extends the possibilities
of solving the inverse filtration problem — de-
termining the coefficients (19) of system (1) -
(4) from a known suspended particles concen-
tration at the porous medium outlet

[18-20].

The obtained asymptotic solutions can be used
to fine-tune laboratory experiments [21], which
significantly reduces the amount and cost of re-
search.
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KYCOUYHO-JIUHEHHAS U KYCOUYHO-HEINIPEPGLIBHASI
MOJIEJIA HEJTUHEMHOI'O OFBEKTA YIIPABJIEHUS
B IIMPOKOM JUAIIA3OHE PEKUMOB PABOTbI

P.JL Jleiiooe

MocKOBCKUiT aBHAITMOHHBIN HHCTUTYT (HAIIMOHAIBHBIN UCCIIEAOBATEILCKUI YHHBEPCHUTET),
r. Mocksa, POCCHSL

AHHoTanus: B HacTosIel cTaTbe pacCMOTPEHBI OCOOEHHOCTH pacyeTa BEKTOPHBIX U MAaTPUYHBIX IapaMeTpOB
KYCOUYHO-HEIIPEPBIBHOM MOJEIIU C IOMOIIBbIO BEKTOPHBIX U MaTPUUYHBIX IAPaMETPOB KyCOYHO-JIMHEHHON MOJEIN
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1. INTRODUCTION

If we develop algorithms for detecting, localiz-
ing, specifying, and countering failures of digi-
tal automatic control systems (DACS), as well
as for evaluating the robustness of these systems
and algorithms, it is necessary to use linear
models of nonlinear control objects [1]. The ma-
trix parameters of linear and piecewise linear
models are estimated by transient processes of
nonlinear models of managing objects [1], [2].
The matrix parameters of the discrete-
continuous model can also be evaluated by the
transition processes of the nonlinear model [3].
In addition, the vector and matrix parameters of
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the discrete-continuous model can be calculated
using the vector and matrix parameters of the
original discrete-linear model. The discrete-
continuous model, in its turn, makes it possible
to construct various new discrete-linear models
consisting of an arbitrary number of linear mod-
els, which can alternate each other with arbi-
trary frequency, for example, at each step of
DACS operation. This paper describes the fea-
tures of calculating the vector and matrix pa-
rameters of a discrete-continuous model using
vector and matrix parameters of the original dis-
crete-linear model in a wide range of operating
modes of a nonlinear object of managing.
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2. NONLINEAR, LINEAR, DISCRETE-
LINEAR AND DISCRETE-
CONTINUOUS MODELS
OF NONLINEAR OBJECT
OF MANAGING

A nonlinear model of managed object takes the
following form [1], [2], [3]
X:f(x",u",wp), (1)
where xP is vector of state, uP is vector of man-
aging, wP is vector of external impacts, and f is
nonlinear real vector function. The coordinates
of the state vector (state variables) of such an
object of managing, for example, an aviation
gas-turbine engine (GTE), are rotor rotation fre-
quencies, temperatures and pressures in differ-
ent sections of the flow-through part of the en-
gine. The coordinates of the control vector (con-
trol variables) are fuel consumption, variable
geometrical characteristics of the flow part of
the engine, in particular, the critical area of the
jet nozzle and the angles of rotation of the fan
directing equipment and the compressor. The
coordinates of the vector of external impacts
(variable external impacts) is the angle of devia-
tions of the engine control lever (control action),
as well as the height and speed of flight (varia-
ble external conditions). The constant control
action and the external conditions included in
the swP, vector determining the steady state of
engine operation (operating point), which corre-
sponds to the vector of steady-state values of
control variables su” and the steady-state vector
of state variables sxP.
In a small neighborhood of an arbitrary steady
state, a nonlinear control object can be approx-
imately described [1] using a linear model in the
form of normalized deviations from steady val-
ues

C=A-x ) B-u), @

where
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p p
n X: _sx'

n .
xi _sxi :l—lp’ lzla"'an: (3)

max| x;

p p

u. — u.

n n .

u—u; :’—S’p, i=1...,m, “4)

max| u;

A and B are matrixes of dynamic linear model
for observed steady mode.

For steady values of normalized deviations it
takes the following form

(x'—x")=S (o'~ 5)
0=A(x"—x")+B'—u").  (6)

From where the matrix of static linear model is
S=-A"B, (7)
Thus, we have
B=-AS. (8)

If the discreteness step is small enough, then at
discrete points in time we can approximately
assume that

X' (tk+1 ) =X (tk )"’

AtA [x” (¢, )-.x" ]+ AtB [u“ (t,)-.u" ], )

k=0,1,2,... corresponds to discrete moments
of time fo, t1, t2,..., at that f+1 = tx + At, where
At is discreteness step.

The set of linear models for all selected steady-
state modes is a discrete-linear model

Xn T A (Xn i r,,; Xn ) +rl ity B (un Ny un )’ (10)

N

x" (tk+1 ) =x" (tk )+ At A [x“ (tk )—SX“ ]+

At B [un (tk )_rl...r”;un :|,

k=0,12,...(11)

r]"'r'"B:rl'"r”’A ’i...rmS’ (12)
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where
u
g = (13)
Wy,
ey R )y, €(1nR,), (14)

and Ri,..., R, are equal to quantity of choosen
steady values of each from m variables of the
equation.

Vectors of normalized steady values of varia-
bles of control su™ and state variables sx", as well
as matrixes A and B, involved into transition
matrixes I+ArA and ArB of discrete-
continuous model [3], in this case can be deter-
mined as following

= 0(?1...7”;““ T )’ (15)
X=X :9(7‘75 X" X" ), (16)
A=" A+ (T A= A, (17)
B="" B+ e(a...Fm B~ B), (18)
0<0= e(un’ﬁ...r,,;un’a..r,,;un)<1 ‘
. ms“n < ‘un < a...z,;un ’
7e(lu,R )., (... R). (19)

3. CALCULATION EXAMPLE
FOR VECTORS AND MATRIXES
OF THE DISCRETE-CONTINUOUS
MODEL

To determine the vectors and matrices of the
discrete-continuous model, the vectors and ma-
trixes of the discrete-linear model of the two-
shaft double-circuit turbojet aviation GTE are
used [1].

In this example (environmental variables), the
altitude and speed (Mach number) of the flight
of the aircraft (FA) are equal zero (ALT = 0,
MN = 0), the values (control impact) of the de-
flection angle of the engine control leverage
correspond to the operating modes of the GTE
from the maximum ( aice = 68°) to the minimum

Roman L. Leibov

(ouce = 15°). Four control variables (m = 4) cor-
respond to the fuel consumption in the main
combustion chamber Gy, the critical area of the
jet nozzle F.., the angle of rotation of the fan
directing equipment @n. and the angle of rota-
tion of the compressor directing equipment @nak.
Five state variables of the control object (n = 5)
correspond to the engine rotation frequency #,,
the engine compressor frequency 7., the braking
pressure behind the compressor P.*, the braking
pressure behind the turbine P;* and the braking
temperature behind the turbine 7;*.

Let us assume [1] that the normalized control

variables u; and u, change consistently with

the control variable u,', that is, approximately
simultaneously these variables are on the
boundaries of the neighboring acting areas of
different linear models that are part of the dis-
crete-linear model. Therefore, for all these three
variables, let us to considering only Ry = 9 se-

lected steady-state values for the variable u;' .
At the same time, the number of different con-
sidered steady-state values for the variables u;

and u, equal to 5 and 7, respectively, since

ones remain unchanged at the other working
points.

Let us also assume that the control variable u)

changes in this way so that the number of se-
lected steady-state values R> = 9.

Thus, the number of steady-state modes of op-
eration of the considered discrete-linear model
are R1R» = 81.

Vector and matrix parameters of the discrete-
linear model, which is the source for creating a
discrete-continuous model, are given in [1].

The vectors of steady-state values of control
variables and state variables, as well as matrixes
of linear models in the considered example, take
the form

nr R, n Ule n
PRt =", h=rn=r=1.9, r=L...9,
nroarr, n nr- n
mEE =X, n=rn=r=1.9, rn=L..9,
A=A, r=r=r=1.9 n=1..9,
nryrsr, n nr- n
R Bt="B", r=nr=r=L.9, rn=L.9.
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The acting areas of linear models, involved into A(V; Ut >l =" u;‘) n-ln Ay
discrete-linear model, is determined as follow- ey 4 L
. (12A_1 ,zA) (i’l n_n un)'(un_)] un)
lng. s 1 s )0
' -1 -1
B(';uln >u > u', uy="u, ):" "B+
1, n
I”:l N unﬁu (rr n-1,r ) (r n r-1 n)( n r-1 n)
! PosTe IZB_I 2Ig/slul_]sul .ul_lsul )
— . UPPN. n=1,n
rn=2..9 g zu'>" ul, r=9 1 u'sul,
_ n
n=9 1 ow >y, X (u1>u1,u2 ="y ) Py, i=le,n,
— . n>1 n
=l w2, Al >Mul, us="ul |="" A,
— . P ST 12 1
r,=2,..9  "uy <uy<” uy, B(uln>s“1na u'=" uz) 9% B,
_ . n_9 n
1”2—9 LU <U,. 1”2:1 9
If at some point in the transition process the Fyrther we obtain
control variables are outside the acting areas of
the selected linear models, then the linear mod- s =1 yhsln
: 2 2 =s""2
el, that has been used before, is used. At the S0
same time, the matrixes of dynamic linear mod- n=1
els for neighboring areas, where it is possible n_ n( nelyn sl n)_ll N
g g s p 5 X =\ S uy,uy > uy = x;, i=1,..,n,

are the same or close.
The vector of normalized steady-state values of
the control variables su" is assumed to be

r :2,...,9,
' =u’ (tk—l ) 1

The vectors of normalized steady state variables :

X", as well as matrixes A and B, included in the B= B("u1 >yl >" "l u) =lu) ),
transition matrixes I + Az A and A¢ B of the dis-
crete-continuous model, at the time #, k=1, 2,

. are calculated taking into account that s s sXi»
AzA(u1 >ul, ul = “) A,
u’ =u’( ) B= B(ul >l ud=lu ) ’'B,
. r n_rn-l
Firstly we determine n=2.09 0 Uy Sup <P,
rn =1,
n=l 0w <, X! l.(u <u1,rzu2£u2<rz"lu2) bl 4
X (uln <!, u)="u} )—1”§x;1 , i=1,..,n, (1 ’zx“ —bnlx l")/('é ud =""lul ) (u;1 ~""lud ),
A<ty =703 )= A, i=1n
Blu)<!ul, ul="ul )=""B, A=Al <, mu <ud < lud )= A
R=2,..9 T 2u!>" ], <l’rz A_l’rz_lA)/(rzug _rz_sl”‘z) (“2 rz_l”z)
R I S B=Bl'<lul. "y <uj <" u)=""B+
(112 X =] )/(’sluln —" ) )(uln "t ), (1 £ B )/( 2uy =" luz) (u2 " lu;‘)
i=l...n, =2,..9
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X, =X, (Su1 >u, > u1 ,

n(n _n-1_n
Sx(u12u1> U uy= u2)+

S

nfrn,,n n 111 n)
Lsxi(sul 2u, > ul’uz uz)

nfn n-1 _n-l )
sx(u12u1> U Uy = u2}/

) -1 n_ n-l n)
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l:1...,n,
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n n -1, n n_r,n)__
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n,.n n _nrn-1_n
A(Su1 >ul>"ul, u) = uz)

" rn-1 A -1 n)
(su2 ”2) (”2 sUs

_ 1, n n. _n-1 iz—l n\__
B—B( u12u1> ul, S <u uz)—

n=9,
X = (u1>u1, > Suy < uz) Pnlxr
("’;x? S R (A M|
i=1...,n,

n_9 n rn_n n _nr-l1 n)_9,rz4
A(u1>u1, Uy, Suy <P uy =0 A+

S

A=
(= A= A ) (s =tz g =),
B B(uln>§1/l1n, ! Sun<rz—S1u;)=9,rz—1B-|-
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A=Al <!l 13 <y J="A,
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rn=2,.9,

i=1,...,n,
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X = xn('1 Ly > 1“1 s Uy < ”2)
sx“("ul >0t Nt =), i=lnn
A=A(Tu 2l >l ul <ul )=
A(u 2> up, ud=2ul ),
B=B("u > u!>" "l 1l <Cul )=
B(u 2 u > lul, ud=2ul ),
n=9,
= (s, ur<ud )=, i1,

A:A(u1>u1,u2< uz) YA,
B= B(u1>ul,u2<u2) ”B.

In figures 1,2, 3,4,5,6,7,8,9, 10, 11, 12, it is
shown the transition processes for normalized
control variables u,', u;y, u;, u, , normalized

state variables x', x,, x;, x;, x; nonlinear

and discrete-continuous models of GTE as well
as derivative of normalized state variables for

transition processes x; for nonlinear, discrete-

linear and discrete-continuous models of GTE at
changing of values of deviation angle of the en-
gine control leverage from value corresponding

to maximum operation mode (¢, =68") to

value, corresponding to minimal operation

mode («,,, =15"), and further in contrary. That

is, for example at falling or acceleration into
closed-loop DACS. A number of the transition
processes’ point is N = 601, a discreteness step
is At =0.025 C. The deflections form real object
(so called “errors”) are calculated for each vari-
able using either first or second technique

k=1 —
~ , i=1...,n,
S )"0 )
k=1
k{rllax‘xl?(tk)—Hfo(tk), i=l..,n
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4. CONCLUSION

A technique for calculation the vector and ma-
trix parameters of a discrete-continuous model
using the vector and matrix parameters of a dis-
crete-linear model of a nonlinear control object
is carried out.

The basis of this technique is an approximate
representation of the static characteristic of a
nonlinear object in the form of a set of n = 5
three-dimensional surfaces (in fact, these sur-
faces are five-dimensional), or rather, a set of n
= 5 three-dimensional variety R> = 9 discrete-
linear broken lines, the each of this set corre-
sponds to the selected constant value of one
from two considered (from four available) con-
trol variables (“u;, r =1...,9).

The errors of the discrete-continuous model for
some of the state variables are larger than the
errors of the discrete-linear model, but at the
boundaries of the acting ereas of different linear
models included in the discrete-linear model,
the values of the first derivative of the state var-
iable changes much smaller.

The results of this stude can be applied to the
development of control algorithms for nonlinear
objects, which can be approximately described
using linear, discrete-linear and discrete-
continuous models, as well as algorithms for
detecting failures of sensors and equioment of
DACS.
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Figure 9. Transition process for normalized
control variable x; nonlinear (NL) model and
discrete-continuous (DC) model, corresponding

to wide range of operation modes
of nonlinear control object.
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Abstract: The first part of the distinctive paper contains brief review of wavelet-based numerical and
semianalytical analysis, particularly with the use of Daubechies scaling functions. The second part of the paper is
devoted to numerical solution of the problem of static analysis of beam on elastic foundation within Winkler
model. Finite element method (FEM) and wavelet analysis (Daubechies scaling functions) are used. Variational
formulation and approximation of the problem are under consideration. Numerical sample is presented as well.
The third part of the paper is dedicated to wavelet based discrete-continual finite element method of beam
analysis with allowance for impulse load. Daubechies scaling functions are used as well.

Keywords: boundary problem, structural analysis, static analysis, dynamic analysis, beam analysis,
numerical solution, finite element method, wavelet analysis, Daubechies scaling function,
Daubechies wavelet, impulse load, review

O BEMBJIET-PEAJMN3ALMSX BLIYUCJIUTEJABHBIX
METO/J0B PACUETA BAJIOYHBIX KOHCTPYKLUA
C MICNNOJIb30BAHUEM MACIHITABUPYIOIIMX ®YHKIMIA
JIOBELIH
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AnHoTtauusi: Hacrosimasi ctaTest B CBOSH MEPBOM YaCTH COJIEPKUT OTHOCUTENLHO KpaTKUil 0030p BeHBIieT-
peanu3anyii YHMCICHHBIX W YHCICHHO-aHAJUTHYECKMX METOJIOB DPEUICHHWS KPaeBbIX 3aJad, B YaCTHOCTH C
UCTIONb30BaHMEM Maciutabupyrommx ¢yHkumi JloGemm. Bropas uwacTe cTaThM NOCBSIIEHA YHCICHHOMY
PEILICHUIO CTaTHYECKON 3a1aun 00 n3rnbe OajKky Ha YyIpyroM OCHOBaHMH (B pamkax Monenu Bunkiepa). s
MOCTPOCHHUS PEIICHUS UCTIOIb3YIOTCS METOJ, KOHEUHbIX 31eMeHToB (MKD) B coueTanum ¢ anmapaToMm BeUBIET-
a”anuza (Macmradbupyrouue ¢pynkuun Jobemm). [IpuBenena BapuanmoHHas (KOHTHHYyasbHas) GopMysInpoBKa
3a[auu, OMHUCAHBI €€ ANMPOKCHUMAIUs M MOCTPOCHUE YHCICHHOTO pEIIeHUs, MPEeACTaBIeH mpuMep pacuera. B
TpeTbell 4acTU CTaThU OMMCAH BEHBIET-peanu3anus JUCKPETHO-KOHTHHYAJIBHOIO METOJa KOHEUHBIX 2JIEMEHTOB
JUTS pacdeTta O0aliky IpH yAape Ha OCHOBE HUCITOJIb30BaHUS MacmTadupyomux Gyakmuid Jlooemmy.
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1. INTRODUCTION

As is known, the numerical analysis with wave-
let (wavelet-based numerical analysis) received
its first attention in 1992, since then (particular-
ly since the corresponding basic work of I.
Daubechies [1]) researchers have shown grow-
ing interest in it. Various methods including so-
called wavelet weighted residual method, wave-
let finite element method, wavelet-based numer-
ical methods of local structural analysis [2-6],
wavelet boundary method, wavelet meshless
method, wavelet-optimized finite difference
method, wavelet-based discrete-continual meth-
ods of local structural analysis [7-15], wavelet-
based multigrid method [16] etc. have acquired
an important role in recent years.

First of all, it should be noted that Daubechies
scaling functions can be effectively employed
within wavelet finite element method or within
wavelet-based numerical and semianalytical
(discrete-continual) methods of local structural
analysis as asapproximate functions in the pro-
cedure of construction of so-called wavelet finite
element [17].

Corresponding compact support property proves
to be more effective in using minimum degrees
of freedom over an element to approximate dis-
placement functions. Moreover, sparseness of
the matrix is a result of the scaling functions,
which have the compactly supported property.
Cancellation property allows one to perfectly
interpolate polynomials of degree up to N by
the scaling function with order N . Correspond-
ing experiments gathered in the wavelet-
Galerkin context indicate that orthogonal proper-
ty satisfies the condition that the matrix is sparse
as well as banded if the global nodes are num-
bered sequentially. Dur to corresponding main
properties, Daubechies wavelets can describe the
details of the problem conveniently and accu-
rately, and the corresponding Daubechies wave-
lets-based element has an enormous potential in
the analysis of the singularity problem [17].
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J. Ko, A.J. Kurdila and M.S. Pillant [18] devel-
oped special finite element method based on
application of Daubehies wavelet. Correspond-
ing algebraic eigenvalue problem derived from
the dyadic refinement equation can be solved by
this method. The resulting finite elements could
be considered as several generalizations of the
connection coefficients employed in the corre-
sponding Daubechies wavelet expansion of pe-
riodic differential operators [17].

R.D. Patton and P.C. Marks [19] utilized a
Daubechies scaling function as interpolation
function of one-dimensional finite element. This
element can reduce the computation time and
reduce the number of degrees of freedom, which
is normally needed for correct solution of vibra-
tion and wave propagation problems [17].

J.X. Ma and J.J. Xuee in paper [20] constructed
one-dimensional Daubechies wavelet beam el-
ement [17].

X.F. Chen, S.J. Yang and J.X. Ma [21] extended
such elements to higher dimensions, constructed
two-dimensional Daubechies wavelet element,
derived the corresponding bending equations for
the thin plate based on wavelet finite element,
and solved the L-shape plate stress problems.
Their results show that wavelet finite element
can be effectively used for solution of singulari-
ty problems [17].

However, the tensor product space should be
constructed firstly [22], which decreases the
computational effectiveness [17].

J.M. Jin, P.X. Xue, Y.X. Xu and Y.L. Shu [23]
built a two-dimensional Daubechies wavelet
directly without tensor product computation and
developed corresponding two-dimensional plate
element [17].

Nevertheless, the wavelet deflection formulation
depends on specific boundary conditions. Be-
sides it is effective only for homogeneous
boundary conditions for square plates. In addi-
tion, only simple boundary conditions were con-
sidered in above mentioned works. Triggered by
this motivation, a modified form of wavelet ap-
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proximation of deflection solution was proposed
for solution of bending problems of beams and
square thin plates by Y.H. Zhou and J. Zhou
[24]. Boundary rotational degrees of freedom
for beams and square plates were explicitly in-
troduced as Daubechies wavelet coefficients in
this paper. Thus variation equations were estab-
lished with the use of corresponding modified
approximations and variation principles. Homo-
geneous and non-homogeneous boundary condi-
tions can betreated in the same way (by analogy
with corresponding versions of conventional
FEM [17].

M. Mitra and S. Gopalakrishnan presented so-
called Daubechies wavelet-based spectral finite
element method (WSFEM) for analysis of elas-
tic wave propagation in one-dimensional and
two-dimensional connected wave guides [25-
27]. First of all, this method transforms the ini-
tial partial differential wave equation to corre-
sponding ordinary differential equations (ODEs)
with the use of Daubechies wavelet approxima-
tion in time domain. Then these ODEs are
solved within FEM by deriving the exact inter-
polating function in the transformed domain.
Spectral element can capture the exact mass dis-
tribution. Therefor the system size required is
very much smaller than the corresponding sys-
tem size within the conventional FEM. Besides,
due to the localized nature of Daubechies wave-
let basis functions, the WSFEM proves to be
more efficient as it removes the wrap around
problem associated with spectral finite element
method for time domain analysis.

M. Mitra and S. Gopalakrishnan [28] later ex-
tended the method and considered problems of
analysis of composite beam with embedded de-
lamination. However, the real-scale structural
wave propagation problem requires more differ-
ent complex spectral elements, interconnections
and flexible in flatable components. In accord-
ance with assessments from paper [17], future
research work will focus on extending the spec-
tral element method for analysis of damaged
structures with more complex geometry [17].
Thus, Daubechies wavelets are used to approx-
imate the displacement and force in the domain,
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where unknown wavelet coefficients can be de-
termined through imposing the essential bound-
ary condition. The Daubechies wavelet finite
elements embodies the properties of locality and
adaptivity. However, because Daubechies wave-
lets lack the explicit function expression, tradi-
tional numerical integrals such as Gaussian in-
tegrals cannot provide desirable precision.
Therefor, the applications of Daubechies wave-
lets are limited by the this weakness [17].

1. WAVELET-BASED NUMERICAL
BEAM ANALYSIS WITH THE USE
OF DAUBECHIES SCALING
FUNCTIONS

1.1. Mathematical (continual) formulation of
the problem of static beam analysis.

The essence of the Winkler model is the as-
sumption that the reaction of the foundation
r(x) at an arbitrary point of the beam x is pro-
portional to deflection at this point r(x)=fy.
Therefore, graphically, such a model can be rep-
resented by springs that are not connected to
each other, each of which has a stiffness propor-
tional to the deflection of the beam at this point
(Figure 1.1).

The stress-strain state of such a beam corre-
sponds to the solution of the problem of the
minimum of the following functional (energy
functional) [29]:

)= [ (I + e~ [ g, (1.1)

where EJ(x) is bending stiffness of beam;
P(x) is Winkler coefficient; g(x) is applied
load.

1.2. Wavelet-based finite element approxima-
tion of the problem of static beam analysis.
Let us divide domain (one-dimensional interval

(0, l)), occupied by the beam into N, parts (fi-
nite elements);
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Figure 1.1. Computational scheme of beam.

Vi Vs
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h,
Figure 1.2. Sample of finite element.
h,=1/N, Thus, the total (global) number of unknowns is

is the length of the element.

Each element is also divided into N, parts, for
example, N, =4 (Figure 1.2).
is

e

Let us introduce the following notation: i
element number; x,(i,) is coordinate of the
starting point of the i, -th element; x,(i,) is co-
ordinate of the end point of the i,-th element.

At the boundary points (nodes), we can choose
unknowns y, and y;; at the inner points we can

choose unknowns y,, i =2,3,4. Thus, the total
number of unknowns on an element is equal to

N=N,-1+2-2=N_ +3=7.

The number of boundary points for all elements
is equal to

N, =N, +1.

Besides, the number of interior points for all
elements is equal to

N,=N,N,-1).
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equal to

N,=N,+2N,.
We have
NG
D(y)=D @, (), (1.2)
i=1
where
] st ) ) x5(,)
®, (=5 [EIQ) +f)dx= [qydx. (13)
x(i,) x (Z,)
Let us introduce the local coordinates:
t=(x—x, )/ h,, X, <x<x5,. (1.4)

In this case, we have the following relations:

X=X, =>t=0
x=x, =>t=0.25
x=x, =>t=0.5
x=x, =>t=0.75
X=X, =>1=1

(1.5)

International Journal for Computational Civil and Structural Engineering



About Wavelet-Based Computational Beam Analysis with the Use of Daubechies Scaling Functions

d_dd_14d
de dt dx h,dt’
a1 dr (1.6)
dx?  hP dt?’
dx=h,-dt. (1.7)

We can represent displacement (deflection) of
beam y(x) in the form

N
y(x)=w(t) = Zak¢(t +k), Xy S XS X5y,
k=0
(1.8)

where @(s) is Daubechies scaling function,

[0, N]< supp(e) -
We substitute (1.8) into (1.2), taking into ac-
count relations (1.5)-(1.7).

x5(1
[ [ j+ﬂy2]dx—
xl(l

(Die (y)

x5(i,) 1 E

_ qudx— J.(—S )2+ﬁhew2]dt—
Xl(l) O e

thwdt— ZZa

10]0

[% rp”(t+i)<o”(t+j))+ﬂhe(¢(t+i)<p(t+j))Jdt—

ﬁalj'h qo(t+i)dt =

=5<K;fa,&>—(f?;,a>:®a<&>
and finally
o, (v)=0 <a>——<K’M> (R:.@).(1.9)

where
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K, ))=
=i(%(w"(f+i)<0”(t+j))+ﬂhe(¢>(f+i)¢(t+j))]dt;
(1.10)
R} (i>=i(heq<r)¢<r+z'>)dr (1.11)

We can define the parameters «, through the
nodal unknowns on the element:

y =w(0)=2 (k)

dy, 1,
— =—w(0)= k
PR w'(0) = e;Oak(/’( )

e

v, =w(0.25) = Zak(p(k +0.25)

k=0

v, =w(0.5) = ﬁ:akgo(k +0.5)

k=0

N
¥, =w(0.75) = a,p(k +0.75)

k=0

N
ys=w(l) =Y a,p(k+1)

k=0
dy, 1, 1
%:h—w(l):h—Zakgo(kH).

e e k=0

(1.12)

Thus, we have
(1.13)
where

o=y 2 ﬁr; (1.14)

dx
a=[e, o, a, a, a, a; a,]" ; (1.15)
D=diag(l 1/h, 1 1 1 1 l/he),(1.16)

Yo V3 V4 )s

T is matrix, which is defined in accordance
with the following formula:
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p0) o)  92) Q) @) e 96
9'(0) o) Q) 903 @@ 905 @)
0(0.25) @(1.25) @(2.25) @(3.25) @(4.25) @(5.25) @(6.25)
T=D| 0.5 1.5 @25 @35 @45 6.5 @65 |; (1.17)
0(0.75) @(1.75) @(2.75) @(3.75) @4.75) @(5.75) @(6.75)
) o2 0B  e@d) o)  e6) @)
LoD @) 93 2@ ') 9O ()
Then we have ing value N=7 we can use the first
N,=N,-N+1 values of ¢, defined on the
a=T"y". (L.18)  segment [0, N]=[0,7]. With such a small step,

Taking into account (1.9) and (1.18) we get

it will be natural to compute the derivatives in
the form of finite differences:

— 1 i,r-l—=i, r—l=—i i, p-l=i, —
@)= (KT VTV =Ry T3 = (/)'(tk)zd(pk=%, k=1,2,..,N,;
t
(@YK (@) R - (1.21)
—20,+ ¢
| [P i =i —i "t~ d2g, =Lk LS
(KT T)=(RF) =, () Pl)= @ =T
k=12,.,N,, (122)
and finally
Where ¢k :¢(tk); tk :k'ht. (1.23)

(Da(a) = CDi(, ()_/ie) =

1 i, =i, =i i, =i (1.19)
=5(K"yf,yf)—(R L),
where K*“ is local stiffness matrix; R* is local
load vector;

K“=({T"Y'K:T"; R*=(T")'Rk.(1.20)

1.3. Numerical implementation and sample of
static beam analysis.

The presented algorithm can be implemented
using the tools of MATLAB. In particular, the
reference to the standard function

wavefun ('db10',0)

allows researcher to get the values of the scaling
Daubeshi function ¢ on the interval

[0,19] =supp(p) with steps & =1/256 =27"°.
Let us denote N, =256 =2°. For the consider-
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If t, ¢[0,19] then ¢, =(¢,)=0.

When computing the coefficients of the local
stiffness matrix (formulas (10) and (20)), one
can use the simplest quadrature formulas for
numerical integration, in particular, midpoint
quadrature rule with step 24, .

Let us consider (as a model sample) analysis of
beam on an elastic foundation with the follow-
ing parameters: ¢(x)=Po(x—L/2), P=100
kN is the load specified at the midpoint (Figure
6); L=4m; hy=13m; b, =1m; E =2560-10*

kN/m%; k =75-10°kN/m’.
In this case, we can consider the following
boundary conditions:

{y(O)zy"m):o (124)

y(L)=y"(L)=0.

Thus, we consider beam hinged on both sides
(simply supported beam).
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Figure 1.3. Daubechies scaling function.
1.5 r r r r

dPHI

J /AT

-0.5

\/

0 1 2 3 4 5 6 7
Figure 1.4. The first-order difference derivative of Daubechies scaling function.

-2

Let N, =8 be a number of elements. Then the h,=L/N,=4/8=0.5.

total number of unknowns is equal to
Distance between coordinates of nodes (step) is

N,=N,+2N,=3-8+2-(8+1)=42. equal to

The length of the element is defined by formula h,=h/4=1/8=0.125.
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Figure 1.5. The second-order difference derivative of Daubechies scaling function.
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Figure 1.6. Considering beam.

! Va Vi

y’,-+1 )//n-l y/n

V1 V2 Vi Vi+l Vn-1 Vn
@ L 4 ® ®
X1 X2 Xp-1 Xn

i-th element
Figure 1.7. Finite element discretization of beam (based on cubic parabola).

As is known, for comparison, we can use the
conventional finite element method, where the
unknown function of the deflection on the ele-
ment is represented as a cubic parabola. In this
case, the finite element discretization is shown
in Figure 7.

Adequate beam approximation requires 32 ele-
ments. In this case, the total number of un-
knowns is equal to

N,=2-(32+1)=66.
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Graphical comparison of results of analysis is
shown in Figure 8. The following notation is
used: Ydb 1is the result obtained using
Daubechies scaling function; Yfem is the result
obtained on the basis of a cubic parabola.

As is obvious, the results obtained are almost
the same. However, the wavelet-based algo-
rithm of the finite element method based on the
Daubechies scaling function leads to a decrease
in the number of unknowns.
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x 10"

0.5 *
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Figure 1.8. Comparison of results of analysis.

2. WAVELET-BASED SEMIANALYTICAL
BEAM ANALYSIS WITH THE USE
OF DAUBECHIES SCALING
FUNCTIONS

2.1. Mathematical (continual) formulation of
the problem of dynamic beam analysis.

Let us consider the problem of dynamic beam
analysis (Figure 2.1). Corresponding impulse
load is applied in the middle of the beam. Math-
ematical formulation of the problem has the
form:

2
i’tg/ =5
O<x<d,
¥(0,6)=y(£,1)=0 } s
y"(0,0)=y"(£,1)=0
Y(x,0) = y,(x) =0

6y , 9
- ,O =y, =0
Py (x,0) =y, (x)

§4y
ox*
t>0,

+ F(x,1),

2.1)

0<x</

- - 2
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where y(x,¢) is the deflection of a beam at a
point x at a time ¢; x is the coordinate along
the length of the beam, 0<x</; ¢ is time co-
ordinate, t>0; B, =EJ/p; EJ is bending
stiffness of beam; p is density of the beam ma-
terial; F(x,t)=P-0(x—0/2)o(t) is function
simulating the transverse impact of the impact
on the beam at a point; 5(x—/¢/2) and o(¢) are
Dirac delta functions.

2.2. Wavelet-based discrete-continual ap-
proximation of the problem of dynamic beam
analysis.

Discere-continual finite element method (dis-
crete-analytical approach) is used for solution of
the considering problem. Within this method we
use finite element approximation along the x
axis, and a continual problem is considered
along the time axis ¢.

Let us divide domain (one-dimensional interval
(0, l)), occupied by the beam into N, parts (fi-

nite elements);
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h =1/N,

is the length of the element.
Each element is also divided into N, parts, for

example, N, =4.
Once again we can use the following notation:
i, 1s element number; x,(i,) is coordinate of

the starting point of the i, -th element; x,(i,) is
coordinate of the end point of the i, -th element.

At the boundary points (nodes), we can choose
unknowns y, and y;; at the inner points we can

choose unknowns y,, i =2,3,4. Thus, the total
number of unknowns on an element is equal to

N=N,-1+2-2=N_ +3=7.
The number of boundary points for all elements,

the number of interior points for all elements
and the total number of unknowns are equal to

N,=N,+1; N,=N,/N,-1);
N,=N,+2N,.

We can also introduce the local coordinates

XX,

t=
h

e

s Xy SXS X5 (2.2)

with corresoinding relations

X=X, =>t=0

x=x, =>t=025

x=x; =>t=0.5

x=x, =>t=0.75

X=X, =>t=1

d _d dt _1d.

dx dt dx b, dt’

14"

dx”  h? di*’
dx=h,-dt.

(2.3)

(2.4)

(2.5)
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We can represent displacement (deflection) of
beam y(x,7) for a given ¢ in the form

Nl
y(x,) =w(q) = ZakCD(Q +k), Xy SXS X5 )5
=0
(2.6)

where @(s) is Daubechies scaling function,

[0, N]<supp(e) -

We substitute (2.6) into the quadratic part of the
corresponding energy functional, taking into
account relations (2.3)-(2.5). Then we have

xs(7,) dZy 2 1 1 )
| [—J dx=—[(w")dg =
x (i) 0

Y Y aa, [ g M= @)

We can define the parameters ¢, through the

corresponding nodal unknowns on the element
Y, =y, ()= y(x,,1):

»=w0)= Zak(”(k)

dyl 1 17 1 & !
o Ww0)=—Y a0k
e (0) th; @' (k)

N
v, =w(0.25) =" a,p(k +0.25)
k=0

v, =w(0.5) = ﬁ:ak(p(k +0.5)

k=0

(2.8)

N
v, =w(0.75) =" a,p(k +0.75)
k=0

ye =)= gk +1)

dys, 1 Y
s Zwly=— ' (k+1).
o heW() & @' (k+1)

Thus, we have

2.9)
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C0(0) o) e 0B e e(B) 6 |
P'0) o1 Q) 9B @@ 9B @)
?(0.25) @(1.25) ¢(2.25) ¢(325) @(4.25) @(5.25) @(6.25)
T=D| 90.5) o015 @25 o35 @45 o055 @6.5) |; (2.10)
0(0.75) o(1.75) @(2.75) 9(3.75) @(4.75) o(5.75) ¢(6.75)
o) »(2) »(3) @(4) @(5) @(6) o(7)
LoD 92 9B @ 9 9O () |
dy, dys.r. _(t)=cos(\/2t)} +
— Vo V3 V4 )s —1"; (2.11) Y 0
dx dx A7 sin(JA )T, + (2.19)

a=la, o, a, ay a, a5 o] ; (2.12)
D=diag(l 1/h, 1 1 1 1 1/h,).(2.13)

Then we have

+\/Fj.sin \/Z(l‘—T)F(T)dT.

In accordance with formulation of the consider-
ing problem we have

a=T"y-. (2.14)
F(x,t)=P-0(x—1/2)6(¢t) (2.20)
Substituting (2.14) into (2.9), we get
and consequently
(KeT™'9",T7'9" )= (K" 3", 5"*), (2.15) _ _

Ft)=0(t)-F,; (2.21)

where Ke={T"'K:T™ 2.16 _ . 1, i=(N, +1)/2
“ =1 Fo(’)zp'{o, i¢(Ngg+1)/2. (2.22)

is local stiffness matrix.

We can use the simplest quadrature formulas of
numerical integration for computing of coeffi-
cients of the local stiffness matrix.

Let us denote

YO=[r@® 2,0 .. yy,OT. @217

We can obtain the resultant system of finite el-
ement equations in the matrix form

Substituting (2.22) into (2.19) and taking into
account the initial conditions, we obtain the fi-
nal form of the solution of the problem:

5(6) = A" sin(VAD)E,.

(2.23)
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MATHEMATICAL MODELING OF NON-STATIONARY
ELASTIC WAVES STRESSES UNDER A CONCENTRATED
VERTICAL EXPOSURE IN THE FORM OF DELTA FUNCTIONS
ON THE SURFACE OF THE HALF-PLANE (LAMB PROBLEM)

Vyacheslav K. Musayev
Russian University of Transport (MIIT), Moscow, RUSSIA
Moscow Polytechnic University, Moscow, RUSSIA
Mingachevir state University, Mingachevir, AZERBAIJAN

Abstract: The problem of numerical simulation of longitudinal, transverse and surface waves on the free surface
of an elastic half-plane is considered. The change of the elastic contour stress on the free surface of the half-
plane is given. To solve the two-dimensional unsteady dynamic problem of the mathematical theory of elasticity
with initial and boundary conditions, we use the finite element method in displacements. Using the finite element
method in displacements, a linear problem with initial and boundary conditions resulted in a linear Cauchy prob-
lem. Some information on the numerical simulation of elastic stress waves in an elastic half-plane under concen-
trated wave action in the form of a Delta function is given. The amplitude of the surface Rayleigh waves is sig-
nificantly greater than the amplitudes of longitudinal, transverse and other waves with concentrated vertical ac-
tion in the form of a triangular pulse on the surface of the elastic half-plane. After the surface Rayleigh waves
there is a dynamic process in the form of standing waves.

Keywords: waves of stress, non-stationary process, computational mechanics, focused effects, a Delta function,
leading edge of a disturbance, the falling edge of the perturbation, the direction of wave action, longitudinal
wave, transverse wave, free surface, Rayleigh wave, surface wave, lamb problem, elastic half-plane,
stress on the free surface

MATEMATHYECKOE MOJEJNPOBAHUE
HECTAIIMOHAPHBIX YIIPYTUX BOJH HATNIPSKEHW TPU
COCPEJJOTOYEHHOM BEPTUKAJILHOM BO3JEIICTBUN
B BUJIE JEJbTA ®YHKIIUN HA TOBEPXHOCTH
MOJYIJIOCKOCTH (3AJIAYA JIDMEBA)

B.K. Mycaes

Poccuiickuit yausepcuret tparcmopta (MUNT), Mocksa, POCCHUSA
MockoBckuii monmuTexHudeckuit yuusepenrer, Mocksa, POCCHA
MUHTT9eBUPCKHH TOCYapCTBEHHBIN yHUBepcuTeT, Munrauesnp, ASEPBAVJDKAH

AnHoTanusi: PaccmaTpuBaercs 3ajjaya O YHCIEHHOM MOJEIHMPOBAHUM IIPOJOJBHBIX, IONEPEUHBIX U IOBEPX-
HOCTHBIX BOJIH Ha CBOOOJHOM MOBEPXHOCTH YIPYTOil MOTYMIOCKOCTH. [IpuBOAUTCA M3MEHEHNE YIPYroro KOH-
TYpHOTO HampsKeHUS Ha CBOOOAHOM NMOBEPXHOCTH MOIYIUIOCKOCTH. I pelieHus ABYMEPHOM HECTallMOHap-
HOM JMHaMUYECKOM 3aJaud MaTeMaTUYECKON TEOpUU YIPYIOCTH C HAYAJIbHBIMM U IPAHUYHBIMM YCIOBUSIMHU
HCTONb3yeM METOJ] KOHEUHBIX JJIEMEHTOB B mepemenieHuax. C moMoLbio METoAa KOHEUHBIX 3JIEMEHTOB B IIe-
pEMELICHHUSAX, JIMHEIHYIO 3a/1auy ¢ HadaJlbHBIMU U PAHUYHBIMH YCIOBUSIMH TIPUBENU K IMHENHHOH 3anade Ko-
m. IlpuBoanTes HexoTopas MHGOpPMALUs O YHCIEHHOM MOJICIIMPOBAHUN YIIPYTUX BOJH HANPSDKEHUH B yIIPY-
TOil MOJIYIJIOCKOCTH TPH COCPEAOTOUYCHHOM BOJIHOBOM BO3JICHCTBHHM B BHAE JeJbTa (GYHKIMU. AMIUTUTYa MO-
BEPXHOCTHBIX BOJIH Peniest cymecTBeHHO OOJblIe aMIUTUTY L IPOJIOIBHBIX, TOTIEPEYHBIX M JIPYTUX BOJH IPH CO-
CpPEeIOTOUEHHOM BEPTUKAIbHOM BO3JEHCTBUH B BUJE TPEYTOJBHOIO UMITYJIbCA HA MOBEPXHOCTH YNPYrod MOIy-
wtockocTH. [Toce moBepxXHOCTHBIX BONIH Pernest HabmoqaeTess AMHAMHYECKHH MPOIIECC B BHJIE CTOSIYUX BOJH.
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KnroueBble c10Ba: BONHBI HANPSDKEHUH, HECTAIIMOHAPHBIHN MPOIIECC, BEIYHCINTEIbHAS MEXaHHKA,
COCPEIOTOUEHHOE BO3EHCTBHE, NenbTa (PyHKINMS, HepeIHUH (HPOHT BO3MYILEHHMS, 3aJHAH (PPOHT BOSMYIICHUS,
HarpaBjeHHE BOJHOBOI'O BO3/ICHCTBYS, IPOIOIbHAS BOJIHA, ITOTIEpEYHast BOJIHA, CBOOO/IHASI TIOBEPXHOCTD,
BoJiHa Penes, moBepxHOCTHas BoJHa, 3a1a4a JIsm0a, yrnpyras moyriocKocTh,

HarpsHKeHUs] Ha CBOOOIHOM TOBEPXHOCTH

1. STATEMENT OF THE PROBLEM (Figure 1), which at the initial time ¢ =0 report-

ABOUT NON-STATIONARY WAVE
INFLUENCES

Waves of stresses of different nature, spreading,
in the deformable body interact with each other,
this leads to the formation of new perturbation
regions, redistribution of stresses and strains.
After three or four times the passage and reflec-
tion of stress waves in the body the process of
propagation of disturbances becomes estab-
lished, stresses and strains are averaged, the
body is in oscillatory motion.

The formulation of dynamic problems of solid
mechanics is given in the following works [1-5].
Application of the considered numerical meth-
od, algorithm and complex of programs in ex-
treme problems of mechanics of deformable
bodies is given in the works [6-30].

The estimation of reliability and accuracy of the
considered numerical method, algorithm and
complex of programs is given in the following
works [6-12, 16-29].

S,

s=8, Us,

S,

o X
Figure 1. Some body I in a rectangular
cartesian coordinate system XOY .

To solve the problem the modeling of transient
elastic stress waves in deformable areas of the
complex form consider some body / in a rec-
tangular Cartesian coordinate system XOY

112

ed mechanical non-stationary impulsive effects.
Suggest, the body I made of homogeneous
isotropic material, obeying Hooke's elastic law
at small elastic deformations.

Exact two-dimensional equations (flat stress
state) the dynamic theory of elasticity have the
form

do, Oty d%u

+
ox or P2
or oo 8%y
rx Yy
+—> = er
ox oy Por (RWEL

2 2 2
oy =pCrey T p(C,-2C5 )y,
0, =pCrey, +p(Cs-2C3 Je, »

_ 2
Txy = pCs Vxy>

_ou o _Ov
Tax oy
_M L e(rUs). (1)
o Toy Tax (PWE( ’
where: 0,, o), and 7,, — components of elas-

tic stress tensor; &y, &), U yy, — components of

elastic strain tensor; u and v — the compo-
nents of the vector of elastic displacements
along the axes OX and OY respectively; p —

material density;

o o [E
PV p1-v?)

— the speed of longitudinal elastic waves;

c - E
S\ 2p(1+v)
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Mathematical Modelling of Non-Stationary Elastic Waves Stresses Under a Concentrated Vertical Explorure
in the Form of a Delta Functions on the Surface of the Half-Plane (Lamb Problem)

— the speed of the transverse elastic waves; v —
Poisson ratio, E — elastic modulus;
S (S;US, ) - body boundary contour I .

System (1) in the area occupied by the body 7 ,
it should be integrated under initial and bounda-
ry conditions.

2. DEVELOPMENT
OF METHODOLOGY
AND ALGORITHM

To solve the two-dimensional plane dynamic
problem of elasticity theory with initial and
boundary conditions (1) we use the finite ele-
ment method in displacements.

The problem is solved by a method of through
computation, without allocation of breaks.

The main relations of the finite element method
are obtained using the principle of possible dis-
placements.

Taking into account the definition of the stiff-
ness matrix, the inertia vector and the external
force vector for the body /7, we write the ap-
proximate value of the equation of motion in the
theory of elasticity

ﬁcfi+1?q3=ﬁ,

B|1—g =Dy, D=0 =Dy, ()

roe: H - diagonal inertia matrix; K - stiffness

matrix; @ - vector of nodal elastic displace-

ments; @ - vector of nodal elastic velocities of

displacements; @ - the vector of elastic nodal

accelerations; R - vector of external nodal elas-
tic forces.

Relation (2) a system of linear ordinary differ-
ential equations of the second order in dis-
placements with initial conditions.

Thus, using the finite element method in dis-
placements, linear problem with initial and
boundary conditions (1) led to the linear Cauchy

problem (2).
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N
2 1

| X

| a a |

Figure 2. Contour finite element with two nodal
points.

We determine the elastic contour stress at the
boundary of the area free from loads.

By degenerating a rectangular finite element
with four nodal points, we obtain a contour fi-
nite element with two nodal points (Figure 2).
When axis is rotated x by an angle o counter-
clockwise, we obtain an elastic contour stress
oy at the center of gravity of a contour finite

element with two nodal points

or =(E/(2a(1-v? )))((uy -1 )cosa+
+(v)-vy )sina). (3)

To integrate the equation (2) with the finite el-
ement version of the Galerkin method, we give
it to the following form

—_d - —_. - =
Ho d+Kd=R, —&=0. ()

&l&

Integrating the time coordinate ratio (4) using
the finite element version of the Galerkin meth-
od, we obtain a two-dimensional explicit two-
layer finite element linear scheme in displace-
ments for internal and boundary nodal points

-

b,y =D, + MH ' (-KB; + R, ),

gzjerl QD +At¢z+l (5)

The main relations of the finite element method
in displacements are obtained using the princi-
ple of possible displacements and the finite ele-
ment version of the Galerkin method.

The General theory of numerical equations of
mathematical physics requires the imposition of
certain conditions on the ratio of steps in the
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time coordinate A¢f and on spatial coordinates,
namely

min Al;

Cp

At=k

(i=1,2 3,..), (6)

where: 4] — the length of the end element side.
The results of the numerical experiment showed
that at k = 0,5 the stability of a two-dimensional
explicit two-layer finite element linear scheme
in displacements for internal and boundary nod-
al points on quasi-regular grids is ensured.

For the study area consisting of materials with
different physical properties, the minimum step
in the time coordinate (6) is selected.

On the basis of the finite element method in dis-
placements the technique is developed, the algo-
rithm is developed and compiled a set of pro-
grams to solve two-dimensional wave problems
of dynamic elasticity theory.

DETERMINATION OF UNSTEADY
WAVE STRESSES IN AN ELASTIC HALF-
PLANE

Consider the problem of the action of a concen-
trated wave in the form of Delta functions (fig.
4) perpendicular to the free surface of the elastic
half-plane (Figure 3).

Calculations were carried out in the following
units: kilogram-force (kgf); centimeter (cm);
second (s). The following assumptions were
made for conversion to other units: 1 kgf/cm? =
0,1 MPa.

At the point B perpendicular to the free surface
ABC elastic normal stress is applied o), (fig.

3), which, when 0 <n <11 (n=t/4t) changes
linearly against 0 wuntil P, and when
11 =n =21 against P until 0 (P=0y, 0¢ =
-0,1 MPa (-1 kgf/cm?)).

Boundary conditions for the contour CDEA by
t>0 u=v=u=v=0. Reflected waves from
the circuit CDEA do not reach to the point
when 0 =n <500 .
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Figure 3. Formulation of the problem
of the effect of a concentrated wave in the form
of Delta functions on the free surface
of the elastic half-plane.

0 4 8 12 16 20 24
t/At
Figure 4. Impact in the form of Delta function.

Circuit ABC free from loads, besides the point
B, where concentrated elastic normal stress is
applied oy

The calculations are carried out with the follow-
ing initial data: H=Ax=A4y; At = 1,393-10¢ s;
E=3,15-10 *MPa (3,15-10 3 kgf/em?); v=10,2;
p= 025510 kg/m® (0,255-10° kgf:s*/cm*);
Cp=3587 m/s; Cy=2269 m/s.

International Journal for Computational Civil and Structural Engineering



Mathematical Modelling of Non-Stationary Elastic Waves Stresses Under a Concentrated Vertical Explorure
in the Form of a Delta Functions on the Surface of the Half-Plane (Lamb Problem)

EN
0,1
; %Mmmwm
-0,1
-0,2
-0.3
0 100 200 300 400 500
t/At

Figure 5. Change of elastic contour stress o,
in time t/ At at the point Al.
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Figure 6. Change of elastic contour stress o,
in time t/ At at the point A2.
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Figure 7. Change of elastic contour stress o,
in time t/ At at the point A3.
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Figure 8. Change of elastic contour stress o,
in timet/ At at the point A4.
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Figure 9. Change of elastic contour stress o,
in time t/ At at the point AS.
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Figure 10. Change of elastic contour stress oy,
in time t/ At at the point A6 .
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Figure 11. Change of elastic contour stress oy,
in time t/ At at the point A7 .
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Figure 12. Change of elastic contour stress oy,
in time t/ At at the point AS.
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Figure 13. Change of elastic contour stress oy,
in time t/ At at the point A9 .
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Figure 14. Change of elastic contour stress oy,
in time t/ At at the point A10 .

The studied computational domain has
12008001 nodal point. The system of equations
is solved from 48032004 unknown.

Upon fig. 5-14 the change of elastic contour

stress is shown oy (o =0y /‘00‘) in time n in

points Al- A10 (fig. 3), on the free surface of
the elastic half-plane (distance between points:
Al and A2 equally H; A2 and A3 equally
H; A3 and A4 equally H; 44 and A5 equal-
ly H; A5 and A6 equally H; A6 and A7
equally H; A7 and A48 equally H; A8 and
A9 equally H ; A9 and A10 equally H ).

SUMMARY

1. On the basis of the finite element method
the technique is developed, algorithm and
software for solving linear two-dimensional
plane problems, which allow you to solve
complex problems in case of unsteady wave
effects on complex objects. The main rela-
tions of the finite element method are ob-
tained using the principle of possible dis-
placements. The elasticity matrix is ex-
pressed in terms of longitudinal wave veloc-
ity, transverse wave velocity, and density.

2. Linear dynamic problem with initial and
boundary conditions in the form of partial
differential equations, to solve problems
under wave influences, with the help of the
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finite element method in displacements is
reduced to a system of linear ordinary dif-
ferential equations with initial conditions,
which is solved by an explicit two-layer
scheme.

The problem of mathematical modeling of
unsteady elastic stress waves with concen-
trated vertical action in the form of a Delta
function on the half-plane surface is solved.
The studied computational domain has
12008001 nodal points. Solve the system of
equations of 48032004 unknown. Tensile

elastic contour stress o has the following
maximum value o =0,18. Compressive
elastic contour stress o; has the following
maximum value ¢, =-0,24.

Amplitude of surface Rayleigh waves sig-
nificantly larger than the amplitudes of the
longitudinal, transverse and other waves
with concentrated vertical action in the
form of a triangular pulse on the surface of
an elastic half-plane.

After Rayleigh surface waves dynamic pro-
cess observed in the form of standing
waves.
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PASSIVE VIBRATION SUPPRESSION OF STRUCTURES
IN THE VICINITY OF NATURAL FREQUENCIES
USING PIEZOEFFECT

Nelly N. Rogacheva

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA

Abstract: The proposed method of passive vibration suppression of structures is based on the use of the piezoe-
lectric effect, which consists in the ability of the piezoelectric material to convert electrical energy into mechani-
cal energy, and conversely. As it is known if the frequency of forced vibrations tends to the resonant frequency,
all the desired quantities (forcers, moments, displacements and deformations) grow indefinitely. A new idea is
that as we approach the resonant frequency, we change the electrical conditions on the electrodes of piezoelectric
layers, thereby obtaining a different boundary value problem and a different spectrum of natural frequencies.
Thus, we manage to get away from the resonant vibrations of the structure. Using the example of a laminated
beam with elastic and piezoelectric layers the possibility of damping vibrations caused by mechanical load is
studied. In this paper, a mathematically based model is used to solve the problem in question. The calculations
are performed and the results are presented in the form of graphs. It is shown that forcers, moments, displace-
ments and deformations of beam in the vicinity of the natural frequency can be significantly reduced by as a re-
sult of changes in the electrical conditions on the electrodes of the piezoelectric layers.

Keywords: passive vibration suppression, natural frequencies, piezoeffect, laminated electroelastic beam

IMACCUBHOE I'AIIEHUE BUBPAIIUHA KOHCTPYKIIUN
B OKPECTHOCTHU PE3OHAHCHBIX YACTOT
C UCITOJIB3OBAHHUEM IIBE30O2®®EKTA

H.H. Pozauesa

HanumonaneHelil uccnenoBaTesbckuii MOCKOBCKUI TOCYIaPCTBEHHBIN CTPOUTEIIbHBIA YHUBEPCUTET,
r. Mocksa, POCCHUSL

AnHoTauus: IIpermaraeMelif METOA MMACCHBHOTO TallieHUs BUOPAIMi KOHCTPYKIIMH OCHOBBIBAETCS HA HCIONb30-
BaHMU Nhe303((eKTa, KOTOPBIH 3aKI0YaeTcs B CIIOCOOHOCTH NMbE303JIEKTPUUECKOr0 MaTepualia IpeoOpa3oBbl-
BaTh NEKTPUUECKYIO SHEPTHIO B MEXaHWYECKYIO 1 HA000pOT. MI3BECTHO, YTO €ciM 4acTOTa BBIHYKICHHBIX KOJIe-
0aHMH CTpEeMHUTCS K PE30HAHCHOM YacTOTe, TO BCE HCKOMBIE BEIMUMHBI (YCHIIHS, MOMEHTBI, IEPEMEIICHUS U Je-
(opManuu) HEOrpaHNIEHHO pacTyT. Miest ramenus 3aKir04aeTcsi B TOM, YTO IPH NPHOJIKCHUHN K PE30HAHCHON
4acTOTE Mbl U3MEHAEM DJIEKTPUUECKUE YCIOBHS Ha 3IEKTPOAAX MbE30IEKTPHUECKHX CIIOEB B PE3YNbTaTe YETO
TIOJTyJaeM JIpyTyIo KpaeBylo 3a/1ady C APYI'MMH PE30HaHCHBIMU JacToTaMu. Takum oOpa3oMm, ynaercs u30exarsh
pe30HaHCa KOHCTPYKIUH. BO3MOXXHOCTH TarieHusi BUOpaLiy, BEI3BAHHON MEXaHMUYECKOH Harpy3koH, Hcciemyer-
cs Ha IpUMepe CIIOUCTO Gasiké ¢ yIPYTUMH U IIE30UIEKTPUIECKUMH CIOAMHE. J{JIs1 peneHns mpoOieMbl HCTIONb-
3yeTcs MaTeMaTH4ecKl 000CHOBAaHHAsS MOJIeNb. BEITIONHEHBI pacueTsl, pe3ynbTaThl KOTOPBIX MPEICTABICHHI B BU-
ne rpaguxoB. [loka3aHo, 4TO yCWIIUsS, MOMEHTBI, HepeMelIeHUst 1 JaedopManni OaJKM MOTYT CYIIECTBEHHO
YMEHBIIATBCS B PE3YJIbTATE U3MEHEHUS JJIEKTPUYECKUX YCIOBUI Ha 3JIEKTPOJAX NbE303JIEKTPUUECKUX CIIOEB.

KaioueBble c10Ba: naccMBHOE ramieHue BUOpaIyii, COOCTBEHHBIE YaCTOTHI, ITbe303(PeKT,
CJIONCTAsl 3JIEKTPOYNpyTas Oajka

1. INTRODUCTION tion isolation and vibration suppression. For vi-

bration isolation and vibration suppression pas-
Operation of structures and equipment in dy- sive, active systems and their combinations are
namic conditions led to the problems of vibra- used. Active vibration isolation and vibration
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damping systems use external energy sources.
These are pneumatic, hydropneumatic and hy-
dromechanical devices and so on. Recently,
electro-elastic and magneto-elastic systems [1] -
[4] began to be used for vibration isolation and
active vibration suppression. As a rule, the anal-
ysis of the work of such systems consists in the
development of an experimental layout and a
schematic diagram. Passive vibration isolation
usually consists in the fact that the protected ob-
ject relies on extremely dimensional springs and
vibration isolators. Vibration isolation systems
containing only passive elastic and damping el-
ements are called passive. Passive vibration iso-
lation and vibration damping systems do not use
external energy sources. So, for effective pas-
sive vibration damping and vibration isolation,
complex and massive equipment is required.
Here, another quench route is proposed using
the piezoelectric effect. The method is based on
the fact that with changing electrical conditions
on the surfaces of the piezoelectric elements, the
natural frequencies of the structure are changed.
We encounter a similar situation in the dynam-
ics of elastic structures: it is known that if we
change the mechanical boundary conditions, for
example, if we replace the free from fixation
edge on the rigidly fixed edge, then the natural
frequencies of the structure will change. Of
course, in a working structure, nobody changes
the mechanical boundary conditions. Another
thing is the electrical boundary conditions: it is
easy to short or break the electrodes. Structures
with different electrical conditions are described
by different boundary value problems, which
correspond to different spectrum of natural fre-
quencies. Our goal is to find the optimal way to
change the natural vibration frequencies and, by
changing the boundary value problem, escape
from resonance. On this way, many questions
arise: what piezoelements to choose from which
material (properties, characteristics, electrome-
chanical coupling coefficient, and so on), what
form, what direction of pre-polarization, where
and how to place them on the structure, how
many electrodes to use, where to place them on
the piezoelectric elements, and so on. The paper
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is the first step of our research of the problem
under discussion.

2. BASIC EQUATIONS

A three-layer beam with one elastic layer and
two piezoelectric layers located symmetrically
with respect to the elastic layer is considered.
The middle layer is elastic, the outer layers are
made of a piezoelectric material. The number of
the elastic layer is 1, the numbers of the upper
and lower layers arex2, respectively. The
thickness of the elastic layer is equal24,, the

thickness of each piezoelectric layer is equal #,,
the length of the rod is /, the width of the beam
is g (Fig. 1).

piezoelectric layer (+2)

|
N 1 1(42) |
P 1\ V elastic layer (1) i
h, X, |
+V? "
yal |

— V(_z) pié)eleclric layer (-2)

Figure 1. Schematic representation
of the structure of the layered beam.

The axis x, is directed along the length of the
beam, the axis x, is directed along the width of
the beam, the axis x, is orthogonal to them. It is
assumed that the piezoelectric layers are pre-
polarized in the direction x; [5] - [8].

In [8], we constructed the theory of the multi-
layer electroelastic beams. Here we briefly pre-
sent these results for a particular case - a three-
layer beam.

In the case of thin-walled beams in the equa-
tions of state, the stresses o,, and o,, can be
neglected compared to the stress o,,. In addi-
tion, it is assumed that the electroelastic state
does not depend on the coordinate x, .
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Taking into account the assumptions made, the
equations for the elastic and electroelastic layers
will be written as

Equilibrium equations

oc® oo’ o*u®
iy p e j=13 1
ox,  ox, ar= / M
Strain - displacement formulas
b (k)
e =2 p_ 212 )
ox,

Equation of state (Hooke's law) for the elastic layer

o = Eiel” G
Equations of state for piezoelectric layers
+ 1 + d +
o el -2 @
St St
Dy = g E{™ +dyy 0y, (5)
. oo™
where E{Y = % (6)
Ox,

In formulas (1)-(6) u, and e, are the displace-
ment and deformation in the direction x,, re-
spectively, E, and D, are the components of
the electric field vector and electric induction
vector in the direction x,, ¢ 1S the electric po-
tential, s is the elastic compliance at zero elec-
tric field, d,, is the piezoelectric constant, &, is

the dielectric constant at zero voltages. The no-

tation used is the same as that used in [8].

For our purposes, we will consider piezoelectric

layers, in which the faces x; = const are com-

pletely covered with electrodes. Here we will

consider only two kinds of conditions on the

electrodes:

e the electrodes are short-circuited (the electric
potential is zero on the electrodes) and

Volume 15, Issue 2, 2019

o the electrodes are open.
On short-circuited electrodes, the electric poten-
tial is zero

(£2)

x3=th

(+2) —0

X3=%h

® = (7

On open electrodes the electric potential is not
zero. It is equal to

(22) —1P D e
- ’

x3=th

— iV(ﬁ)

X3=%h

% (8)

where the values V*? are determined from fol-
lowing integral condition:

I :jaD3dQ=o
Joor

9)
Here the integral is evaluated over the surface Q
of one of the electrodes and ¢ denotes the time.
On the surfaces of the beam, the mechanical
surface load is usually specified as

+ (£2)
1

+
s O3 =1q,

(10)

x3=th

The superscript in parentheses indicates the lay-
er number. Hereinafter, each formula with dou-

ble signs %, ¥ contains two formulas. To get
one formula, one should take only the upper

signs, to get the second formula one need to
leave only the lower signs.

2. DERIVATION OF EQUATIONS FOR
ELECTROELASTIC BEAM THEORY

In order to construct the theory of electroelastic
beams, one should accept some assumptions
regarding electrical quantities. As in the con-
struction of the theory of piezoelectric plates
and shells [7], the content of accepted hypothe-
ses depends on the electrical conditions on the
surfaces of the piezoelectric layers. For piezoe-
lectric layers, we accept assumptions that were
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substantiated by the asymptotic method electro-
elastic plates and shells [7].
The mechanical quantities of any layer for
which the Kirchhoff hypotheses are valid can be
written as the following linear functions of the
coordinate x,

U =i+ XU,, € =E+XK

(k) _ (k) (k) _
o)1 =010t X;001, k=-212

(11

where ¢ and xare the components of the tan-
gential and bending deformations of the midline
of the beam, respectively, k is the number of the
layer

o
ox,

W=—1,

(12)

K 2o U= x3=0

It was shown in the work [7] that the electric
potential is a quadratic function of the thickness
coordinate x;

#2) _ 2 _(£2)

@ P +x,000 + x5 05 (13)

We write out the basic formulas for the beam
with open electrodes. On open electrodes, the
electric potential is non-zero. It is constant at
each electrode. This value is determined from
the condition (9).

If the electric potential is set on the electrodes
(8), then formula (13) can be converted to

V(il)
2) _ () - -
P =FVT + (x5, Fhy) Fhe
3 1 h2 272 (14)

(£2)

+(x;, Fhy )2(/’,2

Taking into account formulas (14) and (6), we get

2V(i2)
ES =2 & (h+h)p$®
3,0 h2 1 ,2 (1 5)
Ey) =-2057

where
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2) _ (2 (#2)
Ey™ =Eyy +x3E5,

(16)

As a result of the simple transformations the
equations of state for the piezoelectric layers
with open electrodes can be rewritten as

2
R | 2d,, (+2) _ (h+hy )k,
o = €7 Bk v E 2
St 2511 25, (1—ky ™)
(+2) _ 1 K
m = 2
SlEl(l_km )
(£2) _ __(%2) (£2)
Oy =030 TX304;
d ki’
) _ 731 (#2) _ 31
O, =0 =——— 5K (17)
’ 283T3 ! 2d31(1_k312)
pen W O hoky
30 - 2
hZ 2d31 (1_k31 )
2
=2 _ ks p
31 2
d31(1_k31 )
D = s (1—ky DESD + 0
S
J‘aDS’O dQ
ot
" 0 d (18)
= {leha-kyHEG? + S ydn=0
atQ S1

We write out the basic formulas for the beam
with short-circuited electrodes taking into ac-
count formulas (7) (¥ ** =0) in equations (17)

o _ L h)ky "
11,0 SE 2 E l—k 2
1 s ( i)
N 1
ol =

E 2 K
s(—ky)
Eyy =x(h+h)p5?

(19)

T
D = + 5B (b)), K2k, )
31

We apply the notations of beam theory to our
equations. Integrating the stresses in thickness
of the beam, we find the resulting tangential
force 7 and bending moment G
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+h +h
T= Ialldx3, G= —JO'ux3dx3 (20)
~h —h

Having integrated the equations of motion and
the equations of state for each layer, we obtain
one-dimensional equations for a three-layer elec-
troelastic beam. As an example, we consider the
damping of harmonic vibrations of a three-layer
beam (all values vary according to the variable ¢
by the law e™, where the variable 7 is the time,
w1is the circular frequency of vibrations). In the
future, we will write down all the equations and
boundary conditions with respect to the ampli-
tude values of the unknown quantities.

The equations of the theory of layered electroe-
lastic beams of a symmetric structure have ex-
actly the same form as in the case of elastic
beams. The problem in question, as in the theo-
ry of elasticity, is divided into two problems - a
plane problem and a bending problem.

Note that the electric potential is odd function in
plane problem

2) _ =2 _
v =y =y,

Plane problem for beam with shot-circuited
electrodes (V, =0,)

dr du
—+ X +2hp’u=0, T=Ae, e6=—
p” P o @D
(£2) _ 1 (£2) _ (£2) _ d31
o110 =& E5y =0, D5 ——SE & (22)
11 11

E
S

. _ 2h 1
X=q, +q,, A:2h1E+_2: p:Z(plhl +p,hy)

Plane problem for beam with open-electrodes

d—T+X+2hpa)2u:0
xl
du
T=Ae+PY, e¢=—
dx, (23)
2 h, ki
d) _ 2 31
P =—— ( xi=l _u)q:O)

lel / l—kgl
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1 2511 2

(#2) _ T 2 (£2) d31
D3,0 _833(1_k31 )Es,o + SE 2
11

_ux,zo)

We determine the value ¥, by equation (18).

(24)

— hz k321 (
" 2d, 1-k;,

xy =l

The electric potential is an even function of the
variable x3 in bending problem

| ZAS g G Vb

Bending problem for beam with shot-circuited
electrodes (7, =0)

d—N+Z+2hpa)2w:0, N:d—G
dx, dx,
. (25)
G=Mx, k=—7f
x]
Z=~(q5 +45)

M:

C20E 2R k) 1_3h2(h2—hf)k;
3 3sEa-kd) 4(h* —n})
N h+h)k,,*
TR Sl LI
2Sl](1_k31 )

TR
, 2
lel(l—k31 )
2
pe g BEROR
‘ 2d31(1_k312)
_k312 — K
d31(1_k31 )

(*2) _ . T 2 (£2)
D3,0 =&y (1 - k31 )Es,o

(26)

(£2) _
31

Here N is the shear force

N = —Tdmabc3

—h

Bending problem for beam with open-electrodes
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N+Z+2hpa)2w=0, N=dG,
xl dx]
d*w
G=Mrx+Q, k=
Q dx;}
27
o= Tt k) ky’ @7
2/ SIEI(I_k312)
.(d_w _dw ]
dx x=I dx x=0
d. h* —h?
Q:_% ! ZVh
S1 hy
) 2d (h+h)k,,*
0'1(1_,20) T 3; e : 3lz K (28)
hysiy 25, (1—Fky )
2
g _p Yoy Otk

h2 - 2d31(1 - kslz)

The quantities Z, M, o\,7, D}y, Ey are de-

termined by formulas (26).

3. DYNAMIC PLANE PROBLEM

We will consider the forced harmonic vibrations
of the beam under the action of a constant dis-
tributed load with the following boundary con-
ditions:

u_,=0,T7 =0 (29)

Xx;= x={

For numerical examples, we introduce dimen-
sionless coordinates and dimensionless sought
quantities

T
é:f’ u*zz, & =&, T:k:_
) [ A (30)
E
X. :§>E3* =dyE;, D :%Dz

31

Let the beam electrodes be short-circuited.
Submitting the formulas (30) in the equations
(21), we obtain the following system of equa-
tions
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@+X*+ﬂfu*=0, T. =&, s*=%
dé s
2hpp 1

A==

1)

where A; is the dimensionless frequency pa-

rameter.
The resolving equation is

2
d u,

—+ u. + X, =0
dg

(32)
Its solution is

1
u, =c,sin,&+c,cos & —— X,
1 15 2 lé /1% (33)
T.=A,(c, cos4,& —c, sin 4,&)

Arbitrary integration constants ¢, and ¢, are

determined from the conditions at the ends of
the beam

U

=0, T,

0 =0 T/, =0 (34)

Satisfying conditions (34), we get

sin A,

1= X,
A" cosd,

c

(35)

The natural frequencies are determined from the
equation cosA, =0 and they are equal to

nr+72, n=0,123,... (36)

Consider the plane problem for beam with open-
electrodes. The system of equations according
to the sought quantities has the form

dn+x+ﬁm=an:&+a,&=?§
2 2 (37)
poral oY K

- AsE1-k2’

International Journal for Computational Civil and Structural Engineering



Passive Vibration Suppression of Structures in the Vicinity of Natural Frequencies Using Piezoeffect

After solving the problem (37), (34), the follow-
ing desired quantities can be calculated by the
formulas:

1 2d d
(¥2) 31 31
= — e+ Ly P=4-3y
TR R su "
h k2 2V
f — 2 312 s 50 - _ )4 (38)
2d, 1-k2, h,
+: + d
Déﬁ) = 5373 a —k312)E§’02) +%‘9
’ S

The solution resolving equation has the form
(33). The force T. is determined by formula

T, = 1y (¢, cosé—c, sin &) + P (39)
Arbitrary integration constants ¢, and ¢, are

determined from the conditions at the ends of
the beam (34)

_ X, A4sind; —r(cosd, —1) o X
A0 A cosA, +rsin A Y

1

¢

(40)

The natural frequencies are determined from the
equation

A, cosA, +rsind, =0 (41)

The first natural frequency for different values r
is 1.602 (r=0.05), 1.630 (r=0.1), and 1.689
(r=0.2).

Let a beam with short-circuited electrodes vi-
brates with a frequency close to the first reso-
nant frequency A, =1.56. In order to reduce the
amplitudes of vibrations of the desired quanti-
ties, we will open the electrodes of the piezoe-
lectric layers. Perform a numerical calculation
using formulas (33), (35), (39), (40). Figs. 2, 3
show the displacement u, and the force T, as

function of the longitudinal coordinate &. The

dashed line represents the same values for a
beam with short-circuited electrodes. Thick

Volume 15, Issue 2, 2019

(thin) line represents the same values for a beam
with open electrodes at r = 0.05 (r =0.1).

40
30

20 -
P

]

10 +——
0 1 T

0 0,2 0,4 0,6 0,8 1

Figure 2. Distribution of dimensionless

displacement u. along the length of a beam.

60

—
T. =~
~
40 NS
N

20 \\

e — N

0 \
0 0,5 ¢ 1

Figure 3. Distribution of dimensionless force T,
along the length of a beam.

From the graphs it can be seen that the vibration
amplitudes for a beam with open electrodes are
substantially less than for a beam with short-
circuited electrodes.

4. DYNAMIC BENDING PROBLEM

Consider the case when only constant distribut-
ed load Z, acts on the beam. We assume that the
edge x; =0 rigidly fixed, and the edge x; =/ is
free from fixings

x=0 o

We introduce the dimensionless sought values
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2
5:—,W*:E’K‘*:1K‘:dmz}*
I 1 dé
I? [
N.=—-N, G.=—G, (42)
z.-Lzq.-qL
* M 9 * M

Let the beam electrodes be short-circuited. Tak-
ing into account the formulas (42), the system of

equations  (25) will be rewritten as
(Vb =0, 0= 0)
dn. +Z,— 4w, =0, N, = dG.
dg dg
(43)
d*w
G. =K., Ki=—017%
dg

The resolving equation for the bending problem
is written as

4 274
DWe v+ 2,20, 2= 2P0
dé M
The solution of equation (44) is
w, =c¢,chA,& +c,shA, &+ c;cosA,E
(45)

+c,sin /12§+%Z*
2

Arbitrary integration constants ¢, and ¢, are

determined from the conditions at the ends of
the beam

_0, dw,

. =0
&=0 dé o

&=l

=0, G.

\A o =0, N.

Find arbitrary integration constants ¢, , c,, ¢;, ¢,

1 Z,
c,=——Cy——2L,=— cc+ss+1
S 21;5( )
(46)
¢, =—Cy, =—— (¢S + sC
2 4 2),;6( )
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o=cc+1 (47)

The new notations are introduced in formulas (46)

cc =chA,cosi,, ss =shi,sini,
(48)

sc = shi, cosl,, ¢s =chl,sin A,

We calculate the natural frequencies of the
beam using the equation (47). The first three
natural frequencies are 1.875, 4.694, 7.855.
Consider the bending problem for beam with
open-electrodes V' =y =y, .The system of
equations according to the dimensionless sought
quantities has the form

N 7= diw =0, N. =25
dg dg
2
G, =x.+Q., k.= d MZ}*
dg
0. = t:_hz(h:hlf k3122
d¢ £ei 2s M 1k,

Satisfying the boundary conditions, we obtain
arbitrary integration constants and the equation
for determining the resonant frequencies

Z. Z.
¢, =—c,——=———(A(cc+ss+1)+2¢t-cs
, (49)
¢, =-c, :—ﬁ(lz(cs+sc+l)+2t-ss)
2
6=, (cc+1)+t(cs+sc) (50)

In formulas (49), (50), the notation (48) is used.
We calculate the natural frequencies of the
beam using the equation (50). The first three
natural frequencies are 1.8891; 4.705; 7.8611
for +=0.05 and 1.9022; 4.7563; 7.8673 for
t=01.

The results of the calculations are presented in
the form of graphs. Figures 4-6 show the de-
pendence of the deflection, the shear force and
the bending moment on the longitudinal coordi-
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nate of the beam in the vicinity of the second
resonant frequency of the beam with short-
circuited electrodes.

-2
Figure 4. The deflection w. as a function of the
coordinate ¢ near the second resonance of the

beam at 1, =4.693.

In all figures, the dashed line represents the
quantities of a beam with short-circuited elec-
trodes and the solid line represents the quantities
for a beam with disconnected electrodes.

200 Sy
N. \
100 \
0 —
042 04 \6 0,8 F/
-100 \

Figure 5. The shear force N, as a function
of the coordinate & near the second resonance

of the beam at A, =4.693.

~
G* / \\

O ] y

/

-30 /

Figure 6. The moment G, as function
of the coordinate & near the second resonance
at A, =4.693 .

The performed -calculations confirm that a
change in the electrical conditions on the elec-
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trodes of the piezoelectric layers makes it possi-
ble to avoid resonance and, as a consequence,
an increase in the amplitude values of the de-
sired values.

CONCLUSION

A study was carried out on the new method of
vibration damping of a structure at resonance
using the example of a multi-layer beam. Ana-
lytical solutions of the problem of beam passive
vibration suppression are obtained. Numerical
calculations were performed confirming the ef-
fectiveness of using the piezoelectric effect for
passive vibration control. It is shown that forc-
ers, moments, displacements and deformations
of beam in the vicinity of the natural frequency
can be significantly reduced by as a result of
changes in the electrical conditions on the sur-
faces of the piezoelectric layers.
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Abstract: The substantiation of the computational rheological model of the material for use in computer calcula-
tions of concrete and reinforced concrete structures of arbitrary complexity, taking into account the creep of con-
crete, with possible changes in the intensity of the current load over time, is presented. The computational model
is based on the Maxwell-Weichert generalized model of the viscoelastic material. The model was verified on the
basis of experimental data and requirements of regulatory documents for the calculations of concrete and rein-
forced concrete structures, taking into account the creep of the material. Verification of the computational model
and numerical calculations using the selected computational model were performed in the SIMULIA Abaqus
software environment.

Keywords: creep, viscoelasticity, computational model, generalized Maxwell-Weichert model,
calculation on deformed scheme

BbIYUCJ/IUTEJIBHASA PEOJOI'MYECKASA MOJAEJIb BETOHA

B.H. Cuoopos

Poccuiickuit yausepcureT Tpancmnopta, . Mocksa, POCCUA
Poccwuiicknit yauBepcuteT npyx0bl HapoaoB, T. Mocksa, POCCUS
IlepMmckuil HalIMOHANBHBIN UCCIEA0BATENbCKUN OIUTEXHUUECKUH yHUBEpCUTET, T. [lepmb, POCCUSA
MoCKOBCKUIT apXUTEKTYPHBIH HHCTUTYT (TOCYIapCTBeHHAs akaaeMus), T. Mocksa, POCCUA
LeHTpanbHBIi HAYYHO-UCCIIEI0BATENBCKUI U TPOEKTHBIN HHCTUTYT
MuHucTEpCTBa CTPOUTENHLCTBA U SKUITUIIHO-KOMMYHAJIBHOIO X03s1iicTBa, . MockBa, POCCUA
Caenroxokbickas [lommrexnuka, r. Kempne, IIOJIBIITA

AnHoTanus: [IpencraBieHo 000CHOBaHNE BEIYHCIUTEIBHON PEOJIOTHIECKON MOIENN MaTepraia JUIsl HCIOJIb30BaHUS B
KOMITBIOTEPHBIX pacuéTax OETOHHBIX U JKEIe300€TOHHBIX KOHCTPYKITUI MPOU3BOJIHHON CIIOKHOCTH C YUETOM TOJI3Y4e-
CTH 6GTOHa, C BO3MOXXHBIM U3MECHCHUEM HHTCHCHUBHOCTHU HeﬁCTBy}Omeﬁ HarpyskKu BO BPpEMCHHU. BrruncnurenpHas Mo-
JIeJTb TIOCTPOCHA Ha OCHOBE 00OOIIEHHON MOIeNN BA3KOYNPYyroro Marepuana Makcsenna-Baiixepra. Mogens Bepudu-
UPOBAJIaCh HA OCHOBE JAHHBIX HKCIEPHUMEHTAIBHBIX UCCIICAOBAHUN M TpeOOBaHMH HOPMATHBHBIX TOKYMEHTOB K pac-
y&TaM OCTOHHBIX W JKEJIE300€TOHHBIX KOHCTPYKIMA ¢ YYETOM HOI3Y4eCTH MaTepruaia. Bepudukanus BEIYUCIUTEITIEHON
MOJICJIA ¥ YHCJICHHBIC PACYETHI C MCIOJIh30BAHUEM BHIOPAHHOW BBIYMCIUTEIBHON MOJIEIH BBITOJIHIIUCH B IPOTPAMM-
Ho#t cpene SIMULIA Abaqus.

KuroueBble ¢j10Ba: 013y4eCTh, BI3KOYIPYTrOCTh, BBIYUCIUTENbHAS MOJENb,
00o6menHas Mmojenbs MakcBemna-Baiixepra, pacyér no neopMupoBaHHOM cxeme

1. INTRODUCTION building material are sufficiently fully investi-

gated and formulated by thorough theories [1—
The most visible manifestations of concrete 5], etc., and their accounting in the calculations
over time are creep, relaxation and shrinkage. of building structures is quite clearly regulated
These rheological properties of concrete as a 1in national and international normative docu-
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ments [6-9]. However, the availability of proven
theories and sound regulatory procedures, un-
fortunately, does not mean the existence of ap-
propriate computational models that are conven-
iently calibrated based on the results of experi-
mental studies and regulatory approaches, while
of quite versatile, stable and flexible in calculat-
ing of complex building structures. The present-
ed computational rheological model of concrete
was verified on the basis of data from experi-
mental studies of concrete creep, and it was also
substantiated and calibrated in accordance with
the requirements of regulatory documents for
calculations of concrete and reinforced concrete
structures, taking into account the material
creep. When calculating structures that noticea-
bly change their configuration in time due to
material creep, such as flat arches and shells,
attention is paid to the effect of calculating them
by deformed scheme, which significantly speci-
fies the change in the stress-strain state in time.

2. THEORETICAL FOUNDATIONS
OF THE COMPUTATIONAL
CREEP MODEL

The complete deformation of concrete ¢ is usu-
ally represented by its three components:

£=¢&o0 t &t Eshry (1)

where ¢o is the so-called “instantaneous” de-
formation which manifests itself at the moment
of loading the structure, &. is the creep defor-
mation that develops over time, e&x 1s the
shrinkage deformation. The key parameter char-
acterizing the creep of concrete in EC2 [6] and
PN [7] is the creep coefficient (creep factor)

go(t, to)established between the moment of ap-

plication of the load # and the age of concrete :

plt.ty) ==L, )
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At the same time, the concept of creep measure
C(t,t,) is also used in these regulatory docu-
ments:

olt,t)=Ey (1 )-C(11y), 3)

where Eb(t0 ) 1is the elasticity modulus of con-

crete at the time of loading fo.
In turn, the creep measure is the initial key pa-
rameter in the NIIZhB Recommendations [8]:

C(t,1,)= ! !

Eb(lo)_Eb(l‘)-{_C(Oo’tO)’ (4)

where C(c0,7, =28) is the limit creep measure.
In this case the concept of creep characteristic
(creep coefficient) qo(t, tO) is also used:

Cle.t :M. 3a
() =005 (3a)
The rheological model based on the generalized
model of a viscoelastic material — the general-
ized Maxwell model (Wiechert model) [10],
[11] was chosen to study and apply to the mod-
eling of concrete creep. Elements of the me-
chanical interpretation of this model is a parallel
combination of n springs (i = 1 + n) with “tem-
porary” elastic moduli E; and n dampers with
viscosity coefficients #; connected in series with
each other in pairs, as well as of an elastic ele-

ment with “long-term” stiffness .
The basis of the generalized Maxwell model is
the elementary model of the viscoelastic Max-
well material. Its mechanical representation is a
spring with stiffness (modulus of elasticity) E,
consistently coaxed with a damper having a vis-
cosity coefficient #. According to this model,
the material resistance is proportional to the

speed of its strain
E=¢ , &,

(10)
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folding from the rate of elastic strain &, and

the rate of viscous strain &, . In turn, the elastic

strain of the material is interpreted by the strain
of the elastic spring with the stiffness £:

o o
&, =—

yf’

: y
from where €, =—.
E

(11)

And the rate of viscous strain in this elementary
model is represented by the properties of a
damper with the coefficient of viscosity #:

£y =—. (12)
n

The serial connection of the spring and damper
in the Maxwell model means that the stresses o
in both its elements are the same, i.e. ¢ = 0, =
0%, but the strains in the elastic and viscous ele-
ments are different, 1.e.

&y * &g (8 =& + 83).

Thus, according to (10)-(12), the strain rate of
the material, represented by the Maxwell ele-
mentary model, will vary in proportion to time ¢:

o) , o)

&)= . E

(10a)

herewith at a constant stress oo the strain ¢ will
increase linearly.
In turn, the solution (10a) with respect to o(?):

—t —t
a(t)zao-e(rj:E-go-e[’j (13)
shows that according to the elementary Maxwell
model, when the strain ¢y is fixed, the stress o(¢)
decreases in time ¢ according to the exponential
law. It in general corresponds to the nature of
the manifestation of relaxation in a deformable
material, such as for example concrete. In (13)

Volume 15, Issue 2, 2019

is the so-called relaxation time.

If you move from the elementary Maxwell
model (one pair of series-connected spring and a
damper) to the Maxwell generalized model (n
parallel-connected the pairs with an additional
spring of “long-term” stiffness E«), dependence
(13) takes the form:

=
o(t)=E, -¢, +2Ei - &, -e[T’J,
i=1

or
e
olt)=e, | E,+D E;e ™ | (14
i=1
Where
g, =1
E

1s the relaxation time of the i -th damper (i = 1 +
n) in the generalized Maxwell model. Thus, in
the generalized Maxwell model, the viscoelas-
ticity of a material is characterized by the gener-
alized relaxation modulus depending on time
(the so-called relaxation function):

t

T

It can be seen that the relaxation function Eg(¢)
of a material is actually represented in (14), (15)
in the form of an exponential series (Prony se-
ries).

EW):?:EﬂiEi e (15)
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3. COMPUTATIONAL
IMPLEMENTATION
OF THE RHEOLOGICAL MODEL

The generalized Maxwell model of viscoelastic
properties of a material is implemented in the
SIMULIA Abaqus software environment with
the “viscoelastic” option [12]. It is represented
here by two functions, having the form of an
exponential Proni series. This is the s so-called
shear relaxation function:

_L]
G(r)=Gw+anGi-e[ "L ae)
i=1

where

G- EF
2-(1+v,)

is the modulus of elasticity in shear, vy is the
Poisson coefficient, and also the function of
bulk relaxation:

where

T3.(1-2-v)

is the coefficient of volume stiffness.

In the SIMULIA Abaqus program, the parame-
ters of the “viscoelastic” material model are set
by the dimensionless shear relaxation modulus:
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where
Go = Eo/(2-(1 + w))
is the instantaneous modulus of elasticity in

shear, as well as the dimensionless modulus of
bulk relaxation:

where
Ko = Eo/ '(l - Z'Vo)

is the coefficient of instantaneous volume stift-
ness.

Obvious complexity here can have the assign-
ment of values of the parameters of the material
G, K, 7, which can be obtained by static and
dynamic tests of the material for creep and re-
laxation. However, under the condition of rela-
tively small changes in stresses over time in the
simulated structure, you can use the simple case
of specifying the modules g¢) (16a) and k«(¢)
(17a) with the introduction of the concept of
effective modulus of elasticity [6], [8]:

Ey

Eegp =77

l+o(tt,) (18)

Then the expression of the dimensionless shear
relaxation modulus is considerably simplified:

EO
_Gelt) _ 2-(14v)-(+ (1.4))
gr(t)_ GO - EO »
2(1+v,)
or
gr(f):m, (16b)
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Figure 1. Comparison of the dependences of creep strain in samples of the 1-st group (tp = 28
days), obtained in the experiment and in numerical simulation.

where ¢(z,1) is the creep coefficient of the mate-
rial (2). In this case, the values of the time-
varying coefficient ¢(¢t) in the computational
model of creep can be set both on the basis of
the material test results, and in accordance with
the regulatory recommendations [6] - [8] and
others. Similarly, the view of the dimensionless
bulk relaxation modulus is simplified:

kr(t):KR(t)_

K, _1+(0(t:t0) (176)

4. VERIFICATION OF THE
COMPUTATIONAL CREEP MODEL

To test the “viscoelastic” model, we used the
results of experimental studies of two groups of
concrete samples [11]. Each sample had the
shape of a cylinder with a height of 0.3m and a
diameter of 0.15m. Cylindrical samples subject-
ed to prolonged axial compression. Samples of
the 1-st group were loaded (o1 = 10.67[MPa]) at
the age of # = 28 days, having on this day the
modulus of elasticity Exg) = 36200[MPa]. Sam-
ples of the 2-nd group were loaded (ou
2.47[MPa]) 1 day after their manufacture (# =
1), having the elastic modulus Eq)

Volume 15, Issue 2, 2019

22201[MPa]. When specifying the dimension-
less relaxation moduli of the material using for-
mulas (16b) and (17b) in the “viscoelastic” mod-
el, the concrete creep factor ¢(z, #) was calcu-
lated based on the experimental results. The fig-
ures 1 and 2 show the results of a comparison of
the dependences of the creep strain in the sam-
ples obtained in the experiment and in numerical
simulation using the “viscoelastic” model.

Testing the performance of the “viscoelastic”
model with setting the values of the dimension-
less moduli of material relaxation using formu-
las (16b) and (17b) with an abrupt change in
load value in time gave quite satisfactory results

(figure 3).

5. CONCLUSION

Accounting for material creep in the calculation
of reinforced concrete structures of some types,
such as flat arches and shells, can reveal a sig-
nificant change in their stress-strain state over a
long time. Below the difference in the results of
the calculation in the traditional way and by de-
formed scheme of the flat reinforced concrete
arch with a span of 20 m and a height of 2 m
under a permanent load is shown.
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Figure 2. Comparison of the dependences of creep strain in samples of the 2-st group (to = 1 day),
obtained in the experiment and in numerical simulation.
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Figure 4. The increase in the deflection of a gentle arch in the castle section u in time t
— at traditional time calculation (bottom line),
— when calculating by the deformed scheme (upper lines).

The arch was simulated in a time period of 16
months, taking into account the creep of the ma-
terial. When calculating this construction, the
"viscoelastic" concrete creep model calibrated
in accordance with the requirements of [6] was
implemented. When calculating by deformed
scheme, the arch configuration was recalculated
on the 4-th and 8-th month of loading. The dif-
ference in the deflections of the castle arch sec-
tion obtained on the 516th day in two ways was
58 percent (figure 4).
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Abstract: The paper presents the methodic for analytical determining of stress-strain state of a beam partially
supported on elastic foundation at sudden damage of foundation structure (partial failure). Bending equation for
a beam is written using dimensional parameter and solved with the initial parameters method. Such approach al-
lows to obtain dimensional analytical solution to static and dynamic problems for universal boundary conditions
of a beam since it always leads to equations’ system of second order. Using numerical analysis for various values
of generalized stiffness parameter of a system “beam — foundation”, we established affecting of the length of
failure foundation part to stress-strain state of the beam for two supporting variants: partial supporting and sup-
porting by two ends with foundation failure in the middle part of the beam.

Keywords: system “beam — foundation”, accidental impact, sudden foundation failure, forces, deflections

MATEMATHUYECKASA MOJEJIb BAJIKH,
YACTUYHO OIMEPTOM HA YIIPYTOE OCHOBAHUE

B.U. Tpaeyw ', B.A. I'opoon ?, B.U. Konuynoe >, E.B. /leonmbes *

! Poccuiickas akageMHs apXUTEKTyphI K CTPOMTENBHBIX HAyK, T. Mocksa, POCCUSI
2 OpnoBckuii rocynapcTsennsii yausepcureT umenn W.C. Typrenesa, r. Open, POCCUS
3 FOro-3amaausrii ocymapcTeennslii yausepenret, . Kypek, POCCHSI
4 I'maBrocakcneptusa Poccun, . Mocksa, POCCUS

AnHoTanus: [IpuBeneHa MeTOAMKA aHATUTHYECKOTO ONPEIESNICHUS] YCHIMNA HAMPsDKEHHO Ne(OpMHUPOBAHHOTO
COCTOSIHUS OAJIKM YaCTHYHO OTEPTOil Ha ypyroe OCHOBAaHUE MPH BHE3AIMHOM Je(eKTe OCHOBaHHUSA — YACTUYHOTO
ee paspylleHHsa. YpaBHEHHEe u3ruba Oajku 3amucaHbl B 0e3pa3MepHBIX KOOPAMHATaX M pEIIeHBl METOJOB
HaYaJIbHBIX MTAPaMETPOB 3TO MO3BOJIIET IMOIyYaTh Oe3pa3MepHbIe aHAINTHYECKUE PEIICHNS! CTATHYECKUX W JIU-
HAMHYECKHUX 337a4 YHUBEPCAIHHBIMH 110 OTHOIICHHIO K YCIIOBUAM 3aKpeIieHHus OaJIKH, ITOCKOJIBKY BCerja npu-
BOJUT K CHCTEME YpaBHEHHI BTOPOTrO mopsjka. UNCIECHHBIM aHalu3aM Uil Pa3iIMYHbIX 3HAUYCHHWH HapaMeTpa
0000IIIEHHOHN JKECTKOCTH CUCTEMBI «0ajKa-OCHOBAHME» YCTAHOBJICHO BIMSHHE JJIMHHBI YTPAu€HHOW 4acTH OcC-
HOBaHMS Ha HANPSHKEHHO 1e(OPMUPOBAHHOE COCTOSIHME OalIKH MpH JBYX BapHaHTaX ONUPAHMS Ha YIPYroe oc-
HOBAHHUE: YaCTHUYHOE ONUPAHUE U ONHPaHME MO JBYXOMOPHOM CXeMe ¢ pa3pyLIeHUeM OCHOBAHUS B CpeAHEH Ya-
CTH TIpOJIeTa.

KuroueBble cjioBa: cuctema «0ajka-OCHOBaHHEY, aBApUHHOE BO3/ICHCTBHIE, BHE3AMHBIN 1e(DEKT OCHOBAHMS,
YCHIIHSA, TIEpEMETICHHSI

1. INTRODUCTION geometric and (or) mechanical characteristics of

this beam and (or) foundation along it length is
Traditional approach for solving the problem of  representation of a system “beam — foundation”
static and dynamic flexure of a beam supported as series of rod sections supported on elastic
on elastic foundation with discrete changes of foundation in the boundaries of which proper-
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ties of the beam and foundation change it values
continuously or constant [1-6]. At the same
time, it leads to solving of Cauchy problem for
system of ordinary differential equations with
variables parameters. Besides boundary condi-
tions, solving of these equations requires accept-
ing continuity conditions for coefficients in the
discontinuity points of the first order (conjunc-
tion of sections). For many sections, such ap-
proach is laborious since it leads to a large
number N of equations for determining of inte-
gration constants (N =4n, where n is sections’

number). In this case, the initial parameters’
method (IPM) becomes effective [7-10]. The
method allows to obtain dimension less analyti-
cal solutions to static and dynamic problems.
These solutions are universal for different types
of boundary conditions and number of sections
since it always leads to equations’ system of
second order. It is conveniently to apply the
IPM procedure in addition with state vectors for
an arbitrary cross section of a beam and matrix-
es of initial cross section affecting to arbitrary
cross section [6, 8, 9, 11-14].

This paper presents the first part of investigation
of dynamic interaction of a continuous footing
with foundation under it. The continuous foot-
ing is simulated as an elastic flexible Bernoulli-
Euler beam of finite length and elastic founda-
tion under it. Despite a large number of litera-
ture to problems linked with rod systems sup-
ported on different types of foundation, there is
not advanced analysis of the case, when statical-
ly loaded system during operation loss it foun-
dation or its part. In according to Structural Me-
chanics, constructively nonlinear system ap-
pears un this case. This process causes appear-
ing of additional dynamic forces in the system.
While not all accidental impacts are classified
and reactions of structural elements are not in-
vestigated enough. Since, the present study is
actual, theoretically interesting and practically
significant.

The first part of the problem for constructing
and investigating of the mathematic models of
dynamic transmitting processes into loaded
beam at sudden foundation damage (partial fail-
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ure) is analysis of stress-strain state of loaded
beam at quasi-static failure of the supporting
foundation part. The case of entire foundation
failure is not considered because it deletes the
subject of investigation.

Solutions to static problems are used further to
formulate initial conditions for dynamic prob-
lems and for comparison of stress-strain state
before and after appearing of a damage.

2. MATHEMATIC MODEL

2.1. Cantilever beam partially supported on
Winkler foundation.

Beam of | length, of cross section area 4 and
axial inertia moment I, made of material of
pdensity and with elasticity modulus E supports
partially on elastic Winkler foundation of k
stiffness (Figure 1.1).

VIV VY VY VYV V¥V
———————————————————— —
/lf!a ~u 5
Z :L T ,I )
y\(

Figure 2.1. Calculational model for a beam
partially supported on elastic foundation.

The length of the first section is 1. Let us as-
sume that beam’s ends with coordinates X =0

and X = | are free. The beam is loaded along the
span with evenly distributed load g. It is formu-
lated the problem for determining of deflections
and bending moments in dependence to length
of the supported section. Beam is considered as
a composite one after foundation failure and
consists of two homogeneous sections supported
on a step foundation of partially constant stiff-

ness: k; =k and k, =0. We construct solution
to this problem separately for each section using
local coordinates X, yi, z; (1=1,2): xiis longi-
tudinal axis, yi and zj is main central inertia axis

of the cross section. When we chose the origin
point at initial cross section of each section, the
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continuity condition for solution to this problem
means that state of the end cross section of pre-
vious section is the initial for the next one. Let
us introduce dimensionless coordinates and pa-
rameters

ai :%’ w; :%: (121’2)

— deflection of the beam,;

~

1

I

Vv =

— relative length of the supported part of the
beam;

— external load;

K
4EI

— generalized stiffness parameter of a system
“beam — foundation”.

Consider the successive bending of each sec-
tion.

2.2. Bending of the first section 0 <&, <v.
Solution to bending equation

4
a;,g:l +4ow, =q,
1

2.1)

expressed through the initial parameters of this
section

Wip =W, (0)’W1,0 = W;(O)»Wlﬂo = Wl( ) Wiy = WI(O)
takes the form [6, 12, 13]

Wl(gl):
K, (0@ )+ wiK

46];4(1 -K, (a‘&l ))+ Wi K, (aél )+
o
(0, )+ wiiK (0, ),

+ W,

where K, (ag,) is Krylov function [7, 14]:

o sin a&,chag, —cosa&,shag, K, =K
40’

1
K,=K.,K, =K/ ,K,=—K|/
3 2 4 3 1 4(14 4

State of an arbitrary cross section of the first

segment of the beam can be expressed by matrix
equation

7, (&), (2.2)

where w, ((tbl ) = {Wl (‘tol) wy (‘:1 ) Wl"((tvl ) Wlﬂ(al )}T

is state vector for an arbitrary cross section & of

V&, +q

the first section; W, = {w,, ], wl, w}' — vec-
tor of initial parameters of the first section;
K4(0£§1) K3(05§1) Kz(aégl) K, (a‘fl)
nE) | -4a'K(ag) K, (af) Kyag)  K(ag) — matrix of initial parameters of
v —40£4K2(6¥§1) _40‘4K1(a‘§1) K4(aégl) K3(a§1) P
- 40[4K3 (agl) - 40(4K2 (agl) - 4a4K1 (agl) (agl)

the first section affecting to state of section & of this section;

7
I7lq (&)= {1—K4—((x<§1) K,(ag) K,(ag) K (ag, )} — vector of forces for the first section.

40,
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2.3. Bending of the second section
0<g,<1-v.

Flexure of this section can be expressed by
equation

4
d*w,

dg,

=q, (2.3)

general solution to which in the form of the ini-
tial parameters’ method should be written as [6]

" az " éz

&5
Wz(a ) 242 + Wy + W&, + Wl == ) T Wy — 6

or in the matrix form
w, (‘22): Vz(gz )V720 +qu’ (2.4)
where

w, (éz): {Wz (&2) w) (&2) Wg(&z) Wé"(iz)}T

— state vector of an arbitrary cross section &, of
the second section;

e 74 m T
W {Wzo why W Wzo}

— vector of initial parameters for the second sec-
tion;

g8

) 2 6
V(& 2
24><42:0 1 ¢ 72
0 0 1 ¢

0O 0 O 1

— matrix of initial parameters for second section
affecting to state of a cross section &,of this

.

segment;

SANLE -
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— force vector for the second segment.

2.4. Conjunction condition for segments.
Conjunction condition of segments can be ex-
pressed in matrix form as equality of vectors

W (V) =W, (0)’ (2.5)
From equation (2.2) for &, = v it follows
w (V) =V, 00, +7,, () (2:6)

and from equation (2.4) for & =0 we obtain

2.7)

since the matrix ¥,(0) is singular, and vector
7,,(0)=0. Substituting (2.6) and (2.7) into

(2.5), we obtain expression of initial parameters
for the second segment through initial parame-
ters of the first segment

1720 :Vl(")l?lo +ql7 ( )
Then from equation (2.4), it follows

21(§2a )1710 +

w,(&,)=
+g (7, (60)+ 7, (5)) 29
where

v, (52 ) )

4x4

— affecting matrix of initial parameters for the
first segment to state of an arbitrary cross sec-
tion &, of the second segment;

21q = (‘t:z)qu( )

— vector of additional loads for the second seg-
ment.
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Thus, state of both segments of the beam is ex-
pressed through initial parameters of the first
segment. Two parameters are known in advance
from condition for the left end of the beam
(& =0). The next two unknown parameters can

be determined from conditions at the right end
of the beam for

& =1-v.

2.5. Determination of unknown initial
parameters.

Let us write matrix equation (2.8) in the extend-
ed form

Wz(fz) L g 72 62 K4(0(§1) K3(a6gl) Kz(aé:l) Kl(aé:l) Wio
W;(é:z) o 1 22 _40‘4]{1(0‘51) K4(0(§1) K3(a§1) Kz(aé:l) W
= & +
Wg(é:z) 2 _4a4K2(0“§1) _4a4K1(a§1) K4(0‘égl) KS(aé:l) Wi
W;"(fz) g g (1) élz _40‘4[{3(0551) _4054[(2(0551) 40!4K1(0{§1) K4(a§1) Wio
Le £ S)1-K()) |2 2.9)

2 62 46!4 23

+g7ll0 1 ¢ 72 K(v) |4 6

00 1 & Kz(m’) >

00 o 1)\ K@) 2

In order to further construction, it is need to take
in account restraints at the ends of the beam.
Then boundary conditions take the form In or-
der to further construction, it is need to take in
account restraints at the ends of the beam. Then
boundary conditions take the form

(2.10)

From the first two conditions (2.10), it follows
Wiy =wp=0.

From the second group of conditions (2.10) us-
ing equation (2.9), we obtain parameters wj,

and w|,, as solutions to the system of algebraic
equations

148

K, (O‘V)Wlo + Kz(av)wllo =
T (k)1

From where we obtain

|| K e) KK )
g 1ok T )
" T K)o @)
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In accordance with matrix equation (2.2), de-
flections w; (&) and bending moments w/(&,) in
an arbitrary section & of the first segment are
determined by functions

Wl(fl) = K4(0(§1 )Wlo + K3(0‘§1 )W1’o +

g 2.11)

LK fat)

W (51): —40(4(K2 (agl )Wlo +

2.12
+K1(a§1)w{0)+c_]K2(a§1). ( )

Deflections w,(&,) and bending moments
wi(&,) in an arbitrary cross section &, w,(&,) of

the second segment are determined by functions
from matrix equation (2.8)

Wz(fz) = Co + C1§2 + C2§22 +
+C,E +CE),
wi(&,)=2C, + 6C,&, +12C,E2,

(2.13)

(2.14)

where

G = K4(0W)W10 +K; (OW)W{O + 4%“4(1 - K4(av));
C = _4a4K1 (av)wlo + K4(aV)W1,0 +9K, (av)9
C, = 2a*K, (av)w,, —2a* K, (o)W, +

+ %Kz(av);

/

G = __a4K3(aV)W10 - §a4K2 (OW)Wm +

q
C, =21,
Y4

2.6. Numerical results.
Using Maple we carried out calculation of di-
mension less deflections w(£) and bending

moments w"(£) for a beam, partially supported
on elastic foundation and loaded with evenly

Volume 15, Issue 2, 2019

distributed load g =1. Calculations are per-

formed for different values of generalized stift-
ness parameter & of a system “beam — founda-
tion” in order to determine influence of damage
value (length of failure part of foundation) to
stress-strain state of the beam at increasing such
damage from one of end cross sections of this
beam. Figures 2.2-2.6 and Table 2.1 present
such calculation results.

4 L N\
o=1.247
d —
e 9 X ] Y— N r
: v\ -—'d_i.-‘_EH_
1
(§
C
t
i rod cross section \
()
n ==v=0.4 == v=0.6 v=0.8
. J
4 N\
0=2.236
d
e 9 T _Y— r
¢ e ey
1
(S
C
t
i rod cross section
o
n =@=v=0.4 == v=0.6 v=0.8
- J
d 0=3.976
e 0,05
f
1 0 ﬂ:,".“‘:" "w«ﬂ-ﬂ—u_—-m
[+
c 1 2 3 4 8
¢ 0,05 -
i
: 0l rod cross section
—p\=(0.4 =ff=— v=0.6 v=0.8

Figure 2.2. Diagrams for comparison
deflections of the beam at length decreasing
of supported part of the beam.
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Figure 2.3. Diagrams for comparison
of deflections at constant damage sizes.

Figure 2.2 shows diagrams for comparison de-
flections of the beam when supported part of the
beam decreases for values v=0,8;0,6; 0,4 (or,
respectively, damage length increases for values
1-v=0,2;0,4; 0,6) for three values of a pa-
rameter of generalized stiffness of a system
“beam - foundation”: o =1,275;2,236; 3,976.
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Figure 2.4. Diagrams of bending moments
for different combinations
of stiffness variants o .

Figure 2.3 shows comparison of diagrams of
deflections at constant values of damage length
1-v=0,2;0,4; 0,6 for different generalized
stiffness of a system “beam — foundation™:
a =1,275;2,236; 3,976. Let us note that in ac-
cordance with Winkler model, a free beam en-
tirely supported on foundation (v =1) and load-
ed with evenly distributed load g, moves in

parallel itself without flexure for value %a4 .
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Figure 2.5. Diagrams of bending moments
for different combinations

of damage sizes (1-V) .

Diagrams’ character for all variants of system
stiffness ¢ and damage sizes Vv is similar: max-
imum deflections increase with increasing
length of cantilever part for constant system
stiffness, and it decreases for large values of
stiffness for constant length of cantilever.
Figures 2.4 and 2.5 presents diagrams of bend-
ing moments for different combinations of stiff-
ness a and damage values 1—v.

Volume 15, Issue 2, 2019

The maximum moment for all cases arises in the
supported part of the beam and moves to the left
end of the beam at damage increasing. Value of
maximum moment for all stiffness variants o
significantly depends on the damage value

@a-v)yw , =w_, >w

1-v=0,6 1-v=0,4 1-v=0,2

(Figure 2.4) and does not depend on system
stiffness « for constant length of damaged part
(1-v) (Figure 2.5).

Table 2.1 presents values of maximum deflections
and bending moments for considered stiffness var-
iants of a system “beam — foundation” and sizes of
supported part of the beam V.

Let us present an example of a system “beam —
foundation”, the generalized stiffness of which
takes the value « =3,976. It is reinforced con-

crete beam of 1 =6.7 m length with rectangular
cross section and sizes b=0.25 m (width),
h=0.18 m (height), 4=0.045 m? is area of
cross section. Inertia moment of cross section is
I =1,215-10* m* Elasticity modulus for beam
material is E = 3.05-10%° N/m?. Foundation ma-
terial is gravel with modulus ki =75 MPa/m.
Module of subgrade reaction
k=kib=1,875-10Pa. Then parameter is
a =3976. Increasing (decreasing) of th is pa-

rameter can be linked with increasing (decreas-
ing) of foundation stiffness ki (for constant
flexural stiffness of a beam), whether decreasing
(increasing) of flexural stiffness EI of a beam
(for constant foundation stiffness).

3. Partially supported beam
with two supporting segments.

3.1. Formulation and solution to the

problem.

Here we formulate similar problem for the
beam, foundation and load as it was above. The
difference is that the internal part of the beam
does not support on foundation (Figure 3.1). We
consider the beam as a composite structure.
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Table 2.1. Maximum deflections and bending moments.

Parameter Deflections Bending moments
v 1 0,8 0,6 0,4 1 0,8 0,6 0,4
o
1,257 0,1 0,197 0,961 4,79 0 0,039 0,102 0,19
2,236 0,01 0,031 0,11 0,512 0 0,038 0,101 0,19
3,976 0,001 | 0,0057 | 0,0236 0,084 0 0,032 0,095 0,19

This one consists of three homogenous seg-
ments supported on step foundation with partial-
ly constant stiffness: k, =k, =k, k, =0.

YVVVVVYVYVYVYVYVYV¥VA
———————————————————— :»X

/_)51 l1
y\

Figure 3.1. Calculation scheme of partially
supported beam with two supporting
segments.

Let us introduce dimensionless variables and
parameters

>I<i;wi :%(i:1,2,3),v1:|_1,\,2 :ITz

Deflection for the first segment (0<& <v,)
and the third segment (0< &, <v, ) are described

by solution (2.2) to equation (2.1), and state of
cross sections & and &, is described by matrix

equation respectively:

W (51) = Vl(gl )/Vlo + C_1\/1q (gl )1 (3.1)

W, (53) = V1(§3 )ﬁso + qvlq (653 )’

and for the second segment (0< &, <1-v, —V,)
it is described by solution (2.4) to equation
(2.3). State of a cross section &, of the second

segment

V_Vz(égz) =

(3.2)

V(& Woo + V3 (&),

(3.3)
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Using conjunction conditions for segments: first
and second

And second with third
V_V2(1_V1 _Vz) = Ws(o)-
We express initial parameters of the second and

third segments through the initial parameters of
the first segment

W, :V1(V1 Wo + q\qu (Vl)’ (3.4)
and
W = (_ 2)‘/1( 1)N10
T TR VA A RV ) B

Substituting (3.4) and (3.5) to formulas (3.2)
and (3.3) respectively, we obtain expression for
state vector of all segments through the initial
parameters of the first segment (two parameters

are known: wj, =w;; =0).

V_Vz(‘fz)zvz (52 Nl(vlwo +

R AES A RS I
W3(‘:83) =V1(§3)\/2 (1_V1 -V, )\/l(vl)/\_llo +
+qb/1(§3)‘/2(1_\/1_v2)‘71q(v1)+ (3-7)

+V1(§3)\72q (1_\/1 _V2)+\71q (53)]

Further, using matrix representation of state
vectors for three segments (3.1), (3.6), (3.7),
boundary conditions

International Journal for Computational Civil and Structural Engineering
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wl"(O) = wl”(O) =0 the second condition pair (3.8), system of equa-
) } (3.8) . e
w!(v,)=wi(v,)=0 tions for determining initial parameters w,, and

And extended form of the equation (3.7) (simi- Wo:
lar to equation (2.9)), we obtain, satisfying to

_4054(K2(0W2)(Z| +7 +U1)+K1(W2)<Zz +7, +U2))+K4(0W2)(Za +1 +U3)+
+K3(W2)(Z4 +7, +U4)+K2(0W2): 0

—40!4(K3(0!v2)(21 +Y +U1)+K2(av2)(22 +7, +U2))+K1(av2)(Z3 +1 +U3)+
+K4(0W2)(Z4 +7Y, +U4)+K3(av2): 0

(3.9)

Further, we determine deflection for segments

W|(§1)2K4(a§1)wo +K3(a§] )W(l) +‘11_1j;(fa§1) (3.10)

Wz(gz) = [K4(avl)_ 4“{52[(1 (avl)+ %ZZK2 (avl)+ %;KS((ZVI )jJWo +
+[K3(0W1)+ §2K4(avl)—4a4(§2—22K1(av1)+ g_;Kz(avl)DW(') + (3.11)

6

ol A ) o) )
Ws(é): K4(a§3)Zl +K3(0(§3)Zz +K2(0(§3)Z3 +K1(a§3)Z4 +

K, (&)Y, + K (a&)Y, + K, (a&)Y, + K, (a&, )Y, + (3.12)

" + K, (@& U, + K, (a&, U, + K, (a&, U, + K, (a&)U, + L(aé})

where U :(l_vl_v2)4;U2 :(l—vl—v2)3;
24 6

Z = Wlo(K4(aV1)_40‘4(U4K1(0W1)+U3Kz(a"1)+U2K3(0W1 )))+ U. = (l—v1 —v2)2 U —1—v —v
+Wllo(Ks(avl)+U4K4(a"1)_40‘4(U3K1(‘W1)+U2K2(a"1 ))} P 2 T b
Z,= _40‘4W10(K1(0W1)+U4K2(W1)+U3K3(0W1 ))+ 32N ical It
, . 4 4. Numerical resulits.
+W10(K4(0W1) 4a* (UK, (o )+ UK, (v )))5 Using Maple, we provide calculations of dimen-

Z, = —4a* (w,y(K, (e, )+ U, K, (o0,)) + sion less deflections w(£) and bending moments
+w, (K, (e, )+ U,K, (ov))) w'(£) for beam supported on elastic foundation
and loaded with evenly distributed static load
g =1 for different combinations of mechanical
and geometric characteristic of a system “beam

Y, = L(fwl) +U,K (av, )+ U,K, (o, )+ U,K,(on,);  — foundation”. At the same time, the middle part
4o does not support on foundation in contrast with

Y, = K, (av )+ UK, (av, )+ UK (o ) mentioned above case. For all cases end soft he

—4a (WIO (a"l )+ WK, (avl ))’

Y, = K, (o )+ UK, (av, ) beam are free and value of evenly distributed
: 1 1 dimensionless load is g =1. Figures 3.2 — 3.8
Y, =K () present calculation results as relative diagrams.
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Figure 3.2. Beam deflection for system stiffness value o =17,07.
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Figure 3.3. Deflections of the beam for system stiffness value a=3,976.
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Figure 3.4. Comparison of deflections by attribute of damage length A.

Figures 3.2-3.4 show diagrams of beam deflec-
tions for symmetric location of supported sec-
tion of equal length (v, =v,) and different values
of free segment length simulating damage

A=1-v,—v, for two values of generalized stiff-
ness
a=17,07,; 3976. Figure 3.2 shows diagrams of
deflection for system stiffhess value o = 7,07.

of a system “beam - foundation:
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4 N\
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Figure 3.5. Comparison of deflections by attribute of generalized stiffness.

Let us note that relatively to parameter o of
generalized stiffness of a system “beam — foun-
dation” its value a =7,07 corresponds, for ex-

ample, to reinforced concrete beam with length
of /=6,7m, rectangular cross section with
sides: width & = 0.25 m, height # = 0.18 m, iner-
tia moment of a cross section is /=1,215-10
*m* Yung modulus is £ = 3.05-10'"N/m?. The
beam supports on ballast layer of crushed stones
with modulus k1 = 7.5 MPa/m. Module of sub-
grade reaction is k= kb =1,875-10° Pa. At the

same time
4
a :4,/ kil =7,07.
4FE]

Increasing (decreasing) of parameter « value
for given length of the beam may be reached,
for example, at increasing (decreasing) of foun-
dation stiffness k (for constant beam stiffness
EIl), whether with decreasing (increasing) of
flexural stiffness of a beam EI (for constant
foundation stiffness k). Figure 3.3 presents de-
flections of the beam for system stiffness value
a=3976.

In order to compare, Figure 3.4 presents dia-
grams of deflections in relation with damage

length A for different values of system stiffness
a

In order to compare, Figure 3.5 presents dia-
grams of deflection for attribute of generalized
system stiffness for different values of damage
length A.

Volume 15, Issue 2, 2019

Figure 3.6 shows diagram of beam deflections
for system with high generalized stiffness
a =9,236 for damages section length A=0,4.

Figure 3.7 presents comparison of diagrams of
bending moments by attribute of damaged section
length for generalized stifthess o = 2,236.

Figure 3.8 shows diagrams of deflections and
bending moments for the case of non-symmetric
sections’ location and non-equal length of it.

e N
d a=9,236
5]
f
1 \
€
: \
(1) Bd cross section
n a 1
\_ C Y

Figure 3.6. Diagram of beam deflection
for high generalized stiffness a=9,236.

rod ¢ross section

\_ ==v=0.4 =li=v=0.3 Y,
Figure 3.7. Diagrams of bending moments
for o =2,236.
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rod cross section
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~
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J

Figure 3.8. Diagrams of deflections and bending moments for a =3,976,v, =0,2
and v, =0,6 (A=0,2).

Numerical analysis shows that character and
values of deflections and bending moments for
symmetrically supported beams significantly
depend on damage value A=1-v,—v, and gen-
eralized stiffness of system “beam foundation”.
For all values of stiffness from considered range
2,236<a<7,07 and damage sizes 0,2<A<0,6,
deflection functions are convex (diagrams of
deflections are plotted in tension zones). For
high values of generalized stiffness « >7,07 and
large damages A>0,6, inflections appear and
deflection changes it direction. Values of maxi-
mum deflections increase for all stiffness values
(Figures 3.3, 3.4). For supported segments of
different length (Figure 3.8), moments change it
sign (diagram in Figure 3.8,b is plotted in ten-
sion zones).

CONCLUSIONS

Suggested mathematic deformation model for
beam partially supported on elastic foundation
is constructed using the initial parameters’
method and allows to obtain dimensionless ana-
lytical solution to quasi-static universal prob-
lems for different variant of boundary condi-
tions at sudden appearing of foundation damage
(partial foundation failure).
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NON-CONSERVATIVENESS OF FORMULAS
AS AN OBSTACLE TO THE MOTION SIMULATION

Vladimir B. Zylev, Alexey V. Steyn, Nikita A. Grigoryey
Russian University of Transport (MIIT), Moscow, RUSSIA

Abstract: The paper considers the specifics of connection setting between deformations and stresses as applied to
the problem of large non-linear oscillations, when deformations are considered arbitrarily large. It is noted that the
introduction of some arbitrary physical relations in the computational model can lead to the establishment of a non-
conservative system. It is shown, for example, that distribution of the ordinary Hooke’s law formulas to the area of
large deformations leads to the establishment of material with the non-conservative properties. The examples are
given for the numerical solution of problems with the nonlinear oscillations, where an increase in the oscillation am-
plitudes or occurrence of unauthorized internal friction is shown. The simplest version of the material properties free
from the indicated deficiencies is given. One of the paper conclusions is that when specifying the elastic properties
of the material, it is necessary to ensure that the resulting system is conservative.

Keywords: membranous systems, n-step numerical method, equations of motion,
large deformations, non-conservativeness

OOPMYJIBHASI HEKOHCEPBATUBHOCTD
KAK IOMEXA MOAEJIMPOBAHUA ABUXEHUSA

B.b. 3vines, A.B. Illlmeiin, H.A. I puzopves
Poccuiickuit yausepcuret Tpancnopra (MUMT), r. Mocksa, POCCHUA

AHHoTanus: B pabore paccMaTpuBaroTcs 0COOCHHOCTH 3aaHUS CBA3M MEXAY AeopMaIisIMy U HAIPSKESHHU -
MU IPUMEHHUTENBHO K 337aue OOJbIINX HEIMHEHHBIX KOjIeOaHu, Koraa u aehopMaiuid pacCMaTPUBAIOTCS TP O-
HM3BOJIGHO OOJIBIITUMHM. OTMG‘IaeTCSI, YTO BBCACHHUC HEKOTOPBIX IMPOU3BOJIBHBIX (bmnqecxnx COOTHOIICHUH B
pacyeTHyI0 MOJENb MOXET IMPUBOJUTH K CO3JaHUIO HEKOHCEPBATHBHOW cucTeMbl. IlokaspiBaeTcsi, Hampumep,
YTO PacIpoCTpaHeHHEe OOBIYHBIX (GOpMY’ 3akoHa ['yka B obmacTh Gonpmmx nedopmanuii BeeT K CO3AaHHIO
Marepralia ¢ HEeKOHCEpPBAaTUBHBIMH CBOWCTBaMH. [IpHUBOZISTCS NpUMEpHI YHCIEHHOTO PELICHUs 3a1ad O HellH-
HEWHBIX KOJIeOaHMSX, I/Ie IEMOHCTPHUPYETCS] HapacTaHWe aMIUTUTY] KOJIeOaHUH WM MOSIBIEHNE HECaHKIIMOHH-
POBAaHHOTO BHYTPEHHEro TpeHus. lIpuBoANTCS MpOCTEHINIA BapuaHT CBOMCTB MaTepHaia, CBOOOJIHOTO OT yKa-
3aHHBIX HeJocTaTKOB. OJIMH M3 BBIBOJIOB PA0OTHI 3aKIIIOYAETCSl B TOM, YTO IIPHU 3a/laHUN YIPYTHX CBOMCTB MaTe-
pHana Hy’>KHO CIEJUTH 3a TeM, YTOOBI OJTy4EeHHas CHCTeMa OblIa KOHCEPBATHBHOM.

KuioueBblie ciioBa: MeMOpaHHbBIE CHCTEMBI, IIATOBBIA YUCISHHBIH METOI, YpaBHEHUS ABHKCHUS,
Oonpime nedopMalui, HEKOHCEPBATHBHOCTh

The paper relates to the field of structural me-
chanics that considers the dynamics of deform-
able systems without any restrictions on the
magnitude of displacements and deformations.
In order to reduce the scope of work, it shall be
limited to non-linear elasticity, isotropic materi-
al, and the plane stress condition. From the ge-
ometrical point of view, it shall be assumed that
the system can be considered using a triangular

finite element, the displacement field in which
is given by a linear function. The object of prac-
tical application here may be the dynamics of
inflatable capsules when they are filled with air
[1]. The dynamic solution method in the exam-
ples given below is based on an explicit compu-
tational scheme with extrapolation according to
Adams [2,3,4]. The article, however, is devoted
not to the integration method of the motion
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equations, but to the influence on the resulting
motion of the selected physical relation system,
that allow one to determine stresses and then the
nodal reactions in the element using the well-
known deformations. Figure 1 shows a triangu-
lar finite element before deformations (solid
line) and the same element after deformations
(dashed line) at some current moment of the dy-
namic solution. The deformed element can be
combined with the initial one to calculate reac-
tions in the local axes (Figure 1).

Figure 1. Trianglular finite element before
and after deformations.

In the original triangular element, it is possible
to select a square with ordinary sides that corre-
spond to the main directions. After the defor-
mations, this square will turn into a rectangle.
The problem of determining the main directions
with the well-known position of the element
points is a fundamentally non-complicated pure-
ly geometrical problem and its solution will not
be highlighted. It only shall be noted that the
main directions in the original and deformed
elements do not coincide, since the elementary
square undergoes not only a deformation, but
also a hard rotation. The current values of the
main deformations &; and &, shall be deter-
mined since the displacement field inside the
element is given. The values &; and &, can be
determined in different ways; here the relative
elongations shall mean the ratio of the segment
elongation to its original length. Figure 2 shows
the unit cube before and after deformations.
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Figure 2. The unit cube before and after
deformations.

Now we will discuss the issue of calculating the
reactions R; and R, in the system with two dis-
placements z; = & and z, = &,. We will first
consider the possibility of using the usual
Hooke’s law formulas, in the form in which it is
applied for small deformations. For the main
stresses and for the main deformation in the di-
rection of the plate thickness the formula shall
be as follows:

E
0, = —— (&, + uey)
CERE AR 2

E
ST (z1 + uzy)

0, = (&5 + pey)
2512\ 1

(1)

E
"1z (22 + pzy)

U
&3 = —E(Q + 03)

m
=_1_#(21+Zz)

where E is a modulus of elasticity, u is a Pois-
son’s ratio.

Further, it can be assumed that the obtained
stresses refer to the deformed dimensions of the
element, then the required reactions shall be as
follows:
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R1 = 0'1(1 + 32) - (1 + 83)

= 1_H2(Z1+/122)
(14 z,)
-[1— (2 +2)
1—p
R,=0,(1+¢&)(1+¢&3) (2)

E
= 1 — ,U.Z (ZZ + :uZl)(l
U

1—
+Zl)[ =

+ 22)]

(z1

Having determined the partial derivatives of the
reactions by displacements, we shall obtain the
elements of the tangent stiffness matrix for the
system shown in Figure 2.

dR E
T2 = 6—221 =1 {u + 2z + 2uz, —
DA+ Wz + 227 + 200+ Wziz; + 2uz; +
3#Z§]}
R E
21 = a—zf =1 {# + 7y + 2uzq —
ﬁ [((1+wzy + 2,° + 2(1 + p)zy2, + 2pzy +

3uzf]} (3)

The formulas (3) show that the tangent stiffness
matrix in this case is not symmetrical to
T12 # Tyq that means that the system is not con-
servative [4]. The special particular case is pos-

sible when u = é but this is exactly the excep-

tion. Non-conservativeness in this case means
that the use of this material model shall lead to
an increase in oscillations or to occurrence of an
unauthorized internal friction, that is there shall
be not just an inaccurate reflection of the mate-
rial properties, but a qualitatively incorrect
model behavior.

We shall consider a test case. Figure 3 shows a
plane computational scheme. The triangular fi-
nite element with two fixed vertices is connect-
ed to a much more massive and rigid rod ele-
ment 4 B.

Volume 15, Issue 2, 2019

Figure 3. Computing solution of the problem
of the rod rotation connected by a triangular
element, the diagrams show the time
dependence of the horizontal velocity
component at point A: a) the computational
scheme, b) an incorrect model behavior
with non-conservative properties,
¢) the conservative model.

Point A is given with an initial velocity corre-
sponding to its counterclockwise rotation. The
rod material has a moderate Voigt-type internal
friction that provides a quick transition to the
motion that can be approximately described as
rotation around point B.

The diagram Figure 3b shows a case where the
triangle material has the non-conservative prop-
erties described above. The specified initial
counter-clockwise rotation of the rod 4 B ini-
tially slows down rapidly; the non-
conservativeness is evident as an unauthorized
internal friction. When the rod stops, it begins to
unwind in a clockwise direction. Its angular ve-
locity and rotation frequency are increased. The
system works like a perpetual motion machine
that means, of course, a qualitative error in the
physical relations of the model. This article is
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devoted to this negative specification. The well-
formed material properties are certainly known
[5]. However, the process of forming new mate-
rial properties cannot be fully completed. Some-
times, the quite complex computational algo-
rithms can be used to obtain stress values, and
during their development it is possible to obtain
negative results similar to those just considered.
Having returned to our formulas, it shall be not-
ed that they can be greatly simplified and the
non-conservativeness defect can be removed by
assuming that the strain energy of a single ele-
ment (Figure 2) is expressed through displace-
ments as follows:

E 2 2
U= m(zl + Z,UZlZZ + ZZ)

and then the reactions shall be determined by
formulas

au au
Rl = - RZ = —

- 621’ 622.

In this case, the matrix symmetry shall be guar-
anteed. If these simplifications are introduced
into the computer program, then instead of the
incorrect diagram in Figure 3, b we will receive
the diagram with stable rotation in Figure 3, c.
We will demonstrate the considered specifica-
tions with a more complicated example. The
thin membrane in a stress-free state has a square
form with the sides of 2 X 2 meters, thickness
of 10™* meters, the density of the sheath material
of 10° kg/m’, modulus of elasticity E=120 MPa,
the Poisson's ratio of u = 0,2. The membrane is
affected by its own weights and nine equal, sud-
denly exerted and single forces of 1444 N di-
rected upwards. The forces are applied to the
central points of the sheath model. The system
nodes are influenced by the external resistance
forces proportional to the node velocities and
their weight with a friction coefficient of 5 s™.
The expected motion scenario is that the mem-
brane is elevated from a horizontal position, the
damped oscillations are available for some time,
after which the equilibrium position shall be es-
tablished.
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If we take the material properties as non-
conservative, then the expected scenario shall
not be implemented (see Figure 4). At first, the
sheath takes a position close to the equilibrium
position that can also be judged by the vertical
displacement diagram in Fig. 4. Next, there are
increasing fluctuations, like a flutter that lead to
the time moment ¢t = 0,5c¢ and to the computa-
tional chaos (see Figure 4).

0.154E+03
E+02

x 663

Figure 4. Attempt to calculate the membrane
using the non-conservative material
that leads to the computational chaos.
The diagram shows the change of the center
point vertical coordinate in time.

If we take the material that corresponds to the
conservativeness properties, then the solution
shall be relevant to the scenario described
above, its result is shown in Figure 5, the system
is almost in the equilibrium position by the time
moment t = 1c .

It shall be noted that with a decrease in load,
when the deformations are actually small, both
the material models considered behave practi-
cally consistently, and the non-conservative
properties are weakened so that they can be ig-
nored. An increase in the external resistance
forces also leads to the fact that the system is
out of the equilibrium position, but this transi-
tion shall be surely simulated incorrectly.
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m max = 0.151E+03
! WUy 0.115E+03
i min = 0.000E+00

F igure 5 T he equlllbrlum position
of the system, obtained by using a material
with conservative properties. The diagram
shows the change of the central point
vertical coordinate in time.

CONCLUSIONS

1.

When the material is simulated, it is neces-
sary to ensure that the material has con-
servative properties.

The extention of the traditional Hooke's law
formulas for small deformations to the large
deformations leads not only to the inaccu-
rate physical relations, but to the qualita-
tively incorrect material description that
leads to the energy release during non-
linear motion of the system.

The symmetry of tangent stiffness matrix
can be wused to control the non-
conservativeness properties of the computa-
tional models.
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