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ON HAMILTONIAN FORMULATIONS AND CONSERVATION
LAWS FOR PLATE THEORIES OF VEKUA-AMOSOV TYPE
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Abstract: Some variants of the generalized Hamiltonian formulation of the plate theory of I. N. Vekua — A. A.
Amosov type are presented. The infinite dimensional formulation with one evolution variable, or an
“instantaneous” formalism, as well as the de Donder — Weyl one are considered, and their application to the
numerical simulation of shell and plate dynamics is briefly discussed. The main conservation laws are
formulated for the general plate theory of N™ order, and the possible motion integrals are introduced.
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O TAMUWJIBTOHOBBIX ®OPMYJINPOBKAX U 3AKOHAX
COXPAHEHHSA B TEOPUSAX TIVIACTUH
THUITA U.H. BEKYA - A.A. AMOCOBA

C.U. ’Kasoponox
WucTuTyT npukiiagHoi Mmexanuku Poccuiickoil akanemMun Hayk, Mocksa, Poccus
MockoBckuit aBHantMoHHbIH HHCTUTYT (HannoHa bpHEIA HCCIIef0BaTeIbCKUI YHIBEepcuTeT), MockBa, Poccust

Pe3tome: IlpemnokeHsl pa3nuyHble BapHaHThl O0OOIIEHHBIX TaMHIIBTOHOBBIX (POPMYIMPOBOK OOIIEH TEOpHH
obomouek tuma M.H. Bekya — A.A. AmocoBa. PaccmoTpeHsl (GopMynupoBkH Ha 0aze OSCKOHEYHOMEPHOTO
(ha30BOTO IMPOCTPAHCTBA C OJJHOM BOJIIOIIMOHHON IIEpEeMEHHOM, a Takke Ha OcHOBe GopmManusma e Jornepa —
Beiins, 06cyxaaroTcss BO3MOKHOCTH MX HMPUIIOKEHUS K YUCICHHBIM PEIICHUSM 33/1a4 MEXaHUKH TOHKOCTEHHBIX
cucteM. IlomydeHBI OCHOBHBIE 3aKOHBI COXPAaHEHHS IS TEOpHH 00osiouek N-TO TMOpsSAKa M OINpeaesIeHBI
OCHOBHBIE NTEPBBIE HHTETPAJIBI CHCTEMBI.

KutioueBble cjioBa: Teopus 000JI04YEK BBICHIETO MOPSIIKA, aHATUTHYECKAS MEXaHUKA KOHTUHYaITbHBIX
cucreM, popmanusm ['amunbroHa, hopmynuposka jae Jloxnepa — Beiis, 3ak0HBI COXpaHSHHUS

1. INTRODUCTION

The modern theory of shells and plates deals
with many different problems in thin-walled
structures’ mechanics [1]. One can note that
“...new, more reliable 2D multi-field models
are needed... for high-frequency vibrations of
shells” [2] (see also [3-7]), in particular for
functionally graded structures [8-10], as well as
for wave propagation problems [11-13] and in
the transient plate and shell dynamics [14]. A lot
of different refined models for plates and shells
exist, for instance the ones based on power
series extension [4, 5, 8], or using the
asymptotic integration [11-13, 15, 16]. An
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efficient approach that allows one to construct
the hierarchy of various order shell and plate
models was constructed by LLN. Vekua [17] on
the basis of orthogonal series and further
improved in [18-20]; this type of shell theories
has shown its efficiency in dynamics, especially
for transient problems [21].

The new variant of the shell theory of 1. N.
Vekua type obtained by A.A. Amosov [22, 23]
is based on the use of the tensor algebra; it
offers the improved formalization level close to
the one of the finite element method [23, 24].
The further improvement of the Vekua —
Amosov higher order theory of shells and plates
consists in the use of Lagrangian formalism of
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analytical mechanics extended to continuum
systems [24-27].

The Lagrangian formulation of refined plate
models is quite efficient in steady dynamics
problems such as [28, 29]. At the same time it is
known that the Hamiltonian approach [30]
provides some advantages (e. g. see [31]). Some
attempts to use the features of symplecticity of
Hamiltonian structures in statics were made in
[32-35] where the so-called “instantaneous”
formalism was applied and the Hamiltonian
systems with operator coefficients were studied
(an approach similar to [36-38]). This way leads
to first-order “evolution” differential equations
in time domain with second-order spatial
derivatives. An alternative approach proposed
by N.A. Kilchevskiy [39] deals with the
Legendre transform considering both time and
space derivatives; it leads to the finite
dimensional phase space formalism well known
in the general field theory as a “polymomentum
formalism” [40, 41]. Various types of Lepagean
equivalents may be used to obtain different
Hamiltonian systems while the simplest one
corresponds to the de Donder — Weyl formalism
[40]. Both “instantanclus” and de Donder
formulations for the plate theory of Nth order
are constructed below, and main conservation
laws are considered.

2. FUNDAMENTALSOF THE PLATE
THEORY OF NTH ORDER

Let the plate be a three-dimensional body
bounded by face planes S, and a lateral surface

S; [23-27, 47], with the mid-plane € and the
plate thickness denoted as 2h [25].

Vcl’,V=VuoV,V=S,8S;
VM, eV,MeS R(M,)=r(M)+hin.

The two-dimensional model of a plate consists
in the two-dimensional manifold £,
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S=Su(65=5SnS,)

2

with the curvilinear chart &% eD, <l ’,
a=12, so that YM eS R(M)=r(&"). Two

base vectors

r,=0,r,0,=0/0e"

a

corresponding to £ induce the metrics
A =loTps
the normal unit is defined as
n=a"?(r,xr,), a=deta,.
Let
u=u,r*+un

be the spatial displacement vector field. Thus,
the three-dimensional problem statement of
elasticity theory is based on the Hamilton
principle [25, 26]:

5[ ([, cav+ [ Loas)ar=o0. @

Let us consider the Lagrangian continuum
system defined within the configuration
manifold Q with the field variables of the 1%
kind ul, u® being the expansion factors of
the spatial displacement field u with respect to
the biorthogonal function system p,,(C),

p® (©) [26, 27], so that we have

u(t.e".¢)~ (ug‘)r“ + ugk)n) P (§), k=0,N.

Here the components u (t,£%,C), U, (t,£",8)
are assumed to be square integrable over
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[-1,1]3 [25-27]. In general, the convergence

is supposed folloving [15].
The Lagrangian densitiy can be now defined on
S and 0S as follows [33, 35]:

k.
ﬁs(g ) 0
(M ) 0 4 g g
zp()(()ua +”‘<>3 )+F<)

(C“BY‘SV uy
(¢

§ (”VU())

[5(1’

aB3
* Clnmth

3BV3V u +C3BV ))V u( )

C333 )D(Lk)wgn) _

)V u()

1
2

(2.2)

1

2

—in 1(c”*fﬁv ul

Lh (oo U™+ Coonul™ ) D e
(

(nC
Lo (”((f)a ) qB +qB uak)~

Here V denotes the covariant derivative and
D(k”) are linear operators (see [23-29]):

(Lm

o) = (o, /dc, pY) ;

(tm) ~3333, apd _ g1 (D) ~0p33,
(k) Sy C( =1 D0 Clny s
3By (Er) ~3p3y. ap3 _ (0n) ~et3B3
Ciery =MDy Gy Ciomy =1 DGy

(m) _ (m) .
Pk —(pp ) (k))l’
333 _
C(km) =h"'D

Thus, the plate is defined as a two-dimensional

continuum system within the field variables
k k

U, s U Ly Ly

Finally, the generalized Lagrange equations of
the second kind [25]

and the Lagrangian densities

Ly o 0L _OL _

% o) Ve v, S o -
oL, oL ot _, 3)
8u3k) Pavul  aul

can be formulated in the particular case of the
Nth order plate theory as (2.4) (e. g. see [25])
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(Mo T _ap I~(m) _a3 a

Pl iy =V 590 ~ N Diiey () + Fg 24
(m:3 & _3p 1~ (M) 33 =3 . )
Py =V 590k ~ N Diiey O(m) + Fig3

while the corresponding initial conditions can
be written as (2.6) (see [24-26]):

u((lk) _ Uik); W =y
t=t, t=t,
. (2.6)
’/'t((f) _ Vofk); ugk) _ V3(7<)
t=t, t=t,

Let us note that the generalized tangential and
shear forces can be defined by the partial

derivatives of the Lagrangian density L, :

uB aﬁ? ~ L
( ) 6VBU(k) > (k) 6§Bu§k) )

2.7)

Finally, the total Lagrangian for the plate can be
determined as follows:

L=[Lds [Lydr.
S S

3. ENERGY AND MOMENTUM
CONSERVATION LAWSIN THE
PLATE THEORY OF NTH ORDER

Let us define the total time derivative of the
Lagrangian densities given by (2.2):
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d (k) 5 (k) (k) (k) (k)
aﬁs(ua TN ,u3 ,Vﬁua ,V uy )

ua u3

ol " au g“ "

a‘f’S v (k) (k)
+—6§Bu“‘) Vﬁuu +aV (R)V t
d [0 (0 (4) 0
a‘co( ) = Gl +

Accounting for the  Gauss-Ostrogradsky
theorem, we can represent the corresponding
time derivative for the total Lagrangian as

jd’cs s+ = Ahas g -
dt Lt
_ (0 4 OLs 00| 4g 4
J‘dt(au”< 6u§” b
oL, - oL oL, |
—j X _(‘Z) +V, S(k) -5 ug)dS—
o, oVeu,’ ou
- . (3.1)
_I oLy g L oLy Was +
tA.(k = K K 3
o ‘o) Tavul aul
+f Ohs 4y sy |, ar—
s VUl 6VBu§k) PP
n J‘ aﬁas d(k) aﬁas dr.
slau® ol Ol

Taking into account the generalized Lagrange
equations of the second kind (2.3) for the plate
theory of N order [25-27] coinciding with the
square-bracketed terms in (3.1) as well as their
natural boundary conditions (2.5), we can write
the total time derivative using the following
representation:

dH° o o \eo(k)

@ = (c(kﬁ)vﬁ—qB(k))ugd ]
= (3.2)
+[ (v — Ty i
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where the Hamiltonian is defined as follows:
0 _ 0
= LH ds.

The surface density of the Hamiltonian H° is
constructed by means of the Legendre transform
of the Lagrangian surface density L

considering only time derivatives of the field
W 4" in terms of the so-called

variables ',
“infinite ~ dimensional phase space”, or

“instantaneous” formulation [30, 42]:

(k)3

H = p tigy + Ps iy — L, (3.3)

where the generalized momenta of the k-ke
order are determined by the formulae

o aﬁs _ (m).a .
Pig = 550~ oy’
* (3.4)
pgk) _ oL =-"ff‘)df’ )
ik I w)*
ot )

The formula (3.3) yields that H° is the total
energy; it follows from (2.2) and (3.4). It can be
seen that the bracketed terms in (3.2) coincide
with (2.5), therefore the total energy H°
becomes the integral of motion for the plate if
the boundary conditions on 0S are exactly
satisfied. Thus, the formula (3.2) defines the
energy conservation. Moreover we can obtain
the differential formulation of the conservation

law for the energy density H°:
H' = -V,8; (3.5)

here S= Sﬁl‘B
energy flux [43]:

is the tangent vector field of the

S( ﬁu(k B (7«)_

il (3.6)

This quantity can be useful, in particular, for
waveguide problems such as [28, 29].
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Now let us consider the total derivatives of the
Lagrangian densities with respect to the surface

coordinates &':

(k) ok (k) T 00 T (0 _
déyﬁ( a9 ut Vg ',V U )—

_ s g, O G

oul T g)
aﬁ (k) £S V Ll )
6u((1) ou ( )
aﬁ’s (k) 8£’s VA VASIGR
+a§ﬁuék) Y ﬁ "+ a§ﬁu§k> Vvvﬁu3 4
dﬁas _

de’ (‘;) voa

Keeping in mind that the Riemann-Christoffel
tensor of the plane S vanishes,

F{iﬁﬂ =0,

and for the Gauss-Ostrogradsky theorem, we
have

J-dﬁ5 dS 4+ J'dﬁc5 dl =

s dg’ 5 dg’
=J.a[6ll(i)v/uu + (f)v/u} ds
S o 3
oL, o oL, oL |o
_I o Ve 0 A | Ve 4S8
s| o, oVeu,’  ou,
o oL, oLy |o
—I ata.(i) P o S(k) (i) V4, dS+
s| Ot Veus ' Ouy™ |

| .
s\ oV U oV,

+I _&Cas V. & 8%“) Vv, u(k) drT.
ous’

Y u3 Jv dr +

Accounting hence for the Lagrange equations
(2.3) for plates [25-27], we have finally

Sergey 1. Zhavoronok

Yoo
dt 3.7)
+[ (ol vs ~ g )V U,
S
G jsg,ds (3.8)

where the covariant components of the wave
momentum vector [30] are defined by (3.9):

“v“).a‘c o)
a7

g, =

=50 (3.9)

Thus, the covariant components G, of the total

wave momentum vector (3.8) become the
integrals of motion if the boundary conditions
on O0S coinciding with the bracketed terms in
the formula (3.7) are satisfied exactly.

The differential form of the field momentum
conservation law can be written as follows:

G =V,H", (3.10)

where the components of the Hamilton tensor
are introduced by (3.11) accordingly to [40]:

=25 T 0y
v a?ﬁu(k) Y

oL,
= "3
ov,ul

o

(3.11)

Finally, the conservation law for the moments
of wave momentum [30] can be formulated. Let
us introduce the momentum moment field
normal to the mid-plane £ of the plate:

MFLM_@S, M =e, 'G°.  (3.12)

Similarly to the previously derived integral
conservation laws, we obtain for the wave
momentum moment (3.12) the following one:
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dM
dt

+I byé al (

+J- €5, a’g(

R j e, H"dS
a3, )vgugk)dm (3.13)

— T3, ) uldr.

The stress symmetry,

of Bo

c” =0",
and the first term in (3.13) imply that the
Hamilton tensor (3.11) is symmetric; the total
moment of momentum (3.12) becomes integral
of motion if the boundary conditions on the
plate contour 0S are satisfied exactly.

4. HAMILTON EQUATIONS
OF THE NTH ORDER PLATE THEORY
INTERMSOF THE INSTANTANEOUS”
HAMILTON FORMALISM

These equations can be obtained following J.B.
Leech [30]. Let us consider the total differential

of the Hamiltonian H":

0 .
dH° = 87@) dul + aH T du +
ou, 3
0 0
+ T g +_8H( —d (V) +
ap(k) av
0 0 )
+idp(3k) + %d(%&é” )
P VU,

On the other hand, from the definition for the
H" (3.3) we have accordingly to J. Leech [30]

Volume 13, Issue 4, 2017

oL,

dH’ = a‘(:i) d) —%dul”
ou, out®
0Ly (5 ) L (5
_a%u&k)az(vB “)- 8§Bu§k)d(vﬁu3 B

o (K 3 .k (k) _w (k)3
+ it + p(‘k)ug Vil 'l i bl

and the following relations can be derived:

oH' 8L, OH" _ BL @
au e AU AU’
oH' L
ovul vl
4.2)
oH' oL
ovul vl
as well as two Hamiltonian equations:
aHO 8H()
W= Y= (4.3)
Pl Py

Now let us consider the generalized momenta
(3.4). Accounting for the Lagrange equations
[25] results in the following relationships:

(4.4)

They are the dynamics equations [30, 40]:
. o afyde af3 (m -
0 = N Vau™ + Cihu™)
—h D ’( *336V u +C°‘3Y )+ %
(

kD)
um))+

(4.5)
~3p
+ Com)

B(C3B35v u (
—h D‘”( 33y6Vu +C333um)+

(4.6)
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similar to the Lagrange equations [25-27]; their
right hand sides contain second-order covariant

derivatives of the field variables U, u{ . The

natural boundary conditions can be rewritten in
the following notation:

TH' My s | o
Vv " oul be) =0
- Tl s 4.7)
— 0 — .
Vg ?’H =+ s s =0
ov.ul ey |
L p™a a s
where formally
Has = Lo -

Finally, we have the initial conditions

W9 —u®; g
t=t, t=t,
3 3 4.8)
Piol,_, = > Pl = Flor

The obtained formulation (4.3), (4.5), (4.6),
(4.7), and (4.8) corresponds to the so-called
“instantaneous” Hamiltonian formulation for
continuum systems that is based on the infinite-
dimensional phase spaces [42].

5.HAMILTON - DE DONDER - WEYL
EQUATIONSOF THE N-TH ORDER
PLATE THEORY

The Hamilton — de Donder — Weyl approach
deals with finite dimensional phase spaces [41,
42] and is based on the set of polymomenta
induced by spatial derivatives of field variables
of the 1* kind (2.7).

Let us construct the new Hamiltonian density
depending on momenta and polymomenta using
the Legendre transform considering both time

and space derivatives of t'*, "

Sergey 1. Zhavoronok

(k) afl By _
HDW( U3 ’ p p3 (k)’G?k))_

= Pt + p(?k)l"t3 + (5.1)
+Gf‘f)§ﬁuak) + 6(35)§Bu§k) - L

B aH DW o aH DW s

+— dc

T 8u§k)

o

On the other hand, from the definition given by
Legendre transform (5.1) we obtain

dH"" = dp + ugk)dp(”
+V u(k)dc( ¥ +V u dc53B
+ Pk du((xk + p(‘k)du3 Y4
+0“Bd(V ulk )+c3‘3d(§ ugk))— (5.2)
oL g ) OLs
e (k) du az,lgk) du;” —
_aﬁs(k)d_ﬁ (gk)_ —ﬁﬁs(k) dﬁﬁu‘gﬂ_
oV,U, VU
B aﬁi) du((f) oLy ),
8qu 8u§ )

therefore we have the following relations for the
partial derivatives of the Lagrangian and
Hamiltonian surface densities:

M e, oM™ oL,
ou el au® T aul

(5.3)

as well as the first pair of the canonical
Hamilton — de Donder — Weyl equations:
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8HDW u(k) B aHDW

(k) _
Uy, =———, Uy =—5— (5.4)
B B
and the second quasi-canonical pair:
DwW DW
Gl = G-I (ss)
ac(k) 8(5(k)

The equations (5.4) define the generalized
velocities, or field variables of the 2™ kind,
whereas the equations (5.5) are constitutive
relations  represented in  their  inverse
formulation and solved for the distortions.
Considering hence the Lagrange equations of
(2.3) together with the definitions of momenta
(3.4) and polymomenta (2.7), we obtain the last
pair of quasi-canonical equations (5.6):

DW
. 0 6 ch[} - _ aH ,

aHDW
bl

(5.6)

The equations (5.6) coincide with the equations
(2.4) except the terms with o, oy, that are
0yl

o

expressed through u

Finally, the natural boundary conditions (4.7)
can be represented similarly to (2.5):

67{1{)“/
ay, _ —0
[%"B ou® 0

® (5.7)

oS

HY = -L the
kinematic boundary conditions pair corresponds
to the equations (5.5) in accordance with the
approach shown in [39]. The initial conditions
correspond to (4.8).

where formally while
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CONCLUSIONS

Starting from the Lagrangian formalism of the
Vekua-Amosov general theory of thick plates,
the conservation conditions are formulated, and
the main motion integrals are constructed. It has
to be noted that the presented plate model
corresponds to the ‘“elementary” theory that
does not accounts for the boundary conditions
on the faces of thin-walled structures. These
boundary conditions are approximately satisfied
as a result of the convergence of the two-
dimensional solutions sequence to the solution
of the three-dimensional initial-boundary value
problem. Thus, the nonzero energy flux vector
field and the normal component of the second-
rank Hamilton tensor due to the boundary
conditions discrepancy appear on the mid-plane;

the total Hamiltonian H° as well as the integral
field momentum vector components G, are

therefore motion integrals under assumption of
vanishing boundary conditions discrepancy as
N —>o. In general, this drawback of
“elementary” theories can be eliminated on the
background of “extended” plate and shell
theories (e. g. see [44-47]).

The Hamiltonian field equations for the Nth
order plate theory are constructed. This
formulation is variationally consistent and
allows one the use of methods of lines in time
domain for numerical solutions in transient plate
dynamics’ problems. On the other hand, the
instantaneous Hamiltonian formulation can be
considered as an “evolutionary” system of
ordinary differential equations in time domain,
or, with coefficients containing differential
operators. This formalism maybe useful in
various semi-analytical approaches such as [31-
34], [35] as well as [36-38].

The obtained de Donder — Weyl Hamiltonian
H’ does not represent the total energy density
[40] but allows one to construct the equations
system that contains only first-order covariant
derivatives. The obtained equations of Hamilton
— de Donder — Weyl type (5.5) cannot be
interpreted as canonical equations because of
presence in their left hand sides the covariant

89



derivatives; they can be rewritten nevertheless
in the canonical representation by translating the
terms with Christoffel symbols to their right
hand sides. At the same time the dynamic
equations (5.6) remain quasi-canonical due to
the divergence operators and minus marks with
the corresponding terms. The last drawback can
be eliminated by means of different
Hamiltonian construction (e. g. see [39]); the
polymomenta definition also allows a certain
degree of arbitrariness in the model formulation,
so that the following general notation can be
obtained:

oH

vou- L yp M
oP

ou’
P={p o}, v'={o V}

V.P=

The proposed Hamiltionian formulation can be

considered only as a simplest one; its
improvement become possible on the
background of the powerful symplectic

geometry formalism developed in the field
theory [40, 41, 43]. Let us also note that the
more complex Hamilton — Caratheodory
formalism [41] offers nevertheless some
features, at least in the numerical simulation,
providing the use of Hamilton—Jacobi theory.
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