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Abstract: The special properties of optimal systems have been already identified. Besides, criteria has been for-
mulated to assess the proximity of optimal solutions to the minimal material consumption. In particular, the cri-
teria were created for rods with rectangular and I-beam cross-section with stability constraints or constraints for
the value of the first natural frequency. These criteria can be used for optimization when the cross sections of a
bar change continuously along its length. The resulting optimal solutions can be considered as an idealized ob-
ject in the sense of the limit. This function of optimal design allows researcher to assess the actual design solu-
tion by the criterion of its proximity to the corresponding limit (for example, regarding material consumption).
Such optimal project can also be used as a reference point in real design, for example, implementing a step-by-
step process of moving away from the ideal object to the real one. At each stage, it is possible to assess the
changes in the optimality index of the object in comparison with both the initial and the idealized solution. One
of the variants of such a process is replacing the continuous change in the size of the cross sections of the rod
along its length with piecewise constant sections. Boundaries of corresponding intervals can be selected based on
an ideal feature, and cross-section dimensions can be determined by one of the optimization methods. The dis-
tinctive paper is devoted to criteria that allow researcher providing reliable assessment of the endpoint of the op-
timization process.

Keywords: criterion, optimization, special properties, stability, frequency, critical force, buckling,
eigenmode, reduced stresses

KPUTEPUU OLIEHKHU ONITUMAJIBHBIX PELIEHUN
IMPU ®OPMUPOBAHNHU CTEP)KHEHN C KYCOYHO-
MOCTOSSHHBIM UBMEHEHUEM MOMNEPEYHBIX CEYEHUUA
IPU OTPAHUYEHUSAX 10 YCTOUMYUBOCTHU NN
HA BEJIJMUHUHY NEPBOW COBCTBEHHOM YACTOTHI
YACTD 1: TEOPETUYECKHUE OCHOBBI
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AHHoTanusi: Panee ObUTH BBISBIEHBI 0COOBIE CBOMCTBA ONTHMAIBHBIX CHCTEM M C(OPMYIHPOBAHBI KPUTEPHH,
OLIEHMBAIOIINE ONN30CTh ONTUMAIbHBIX PEIICHWH K MHUHHUMAIBHO MaTepuaroeMKkoMy. B wacTHOCTH, OBLIH CO-
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3[1aHBI KPUTEPHUH, IS CTEPIKHEN C IIPAMOYTOIBHBIM U JBYTaBPOBBIM IOTIEPEIHBIM CEUCHUEM MIPH OTPAHMUCHUAX
10 YCTOIYMBOCTH WJIM Ha BEINYMHY IIEPBOH 9aCTOTHI COOCTBEHHBIX KOJICOaHMH. DTH KPUTEPHU IPUMEHUMBI TIPH
ONTUMU3AIMHU B CIy4asX, KOT/1a MONEepeyHbIe CEUeHHs CTEPHKHSI HEIIPEPBIBHO U3MEHSIOTCS 1o ero aiuHe. Ilomy-
YEeHHbIE IIPU 3TOM ONTUMAJIbHBIE PEIICHUS MOTYT pacCMaTPHUBAThCs KaK HUAEAaIU3HPOBAHHBIN OOBEKT B CMBICIE
npeaensHoro. JlaHHas (GyHKIHMS ONTHMAaJIbHOTO ITPOEKTa MO3BOJISIET OLIEHUBATH PEAIbHOE KOHCTPYKTOPCKOE pe-
LIEHUE 110 KPUTEPHIO €ro OJIM30CTH K NMpeleIbHOMY (HalpuMep, M0 MaTepuanoeMKocTH). Takol onTHUManbHbIH
MIPOEKT TaKXKe MOXKET UCIHOJIb30BATHCSA U KaK OPUCHTHUD IPU PearlbHOM MPOCKTHUPOBAHUU, HAIPUMED, pealu3ys
TIOATAIHBIA MPOIIECC OTXO0Ja OT HJEaJbHOT0 00BbEeKTa K peanbHoMYy. IIpy 3TOM Ha KakKIOM 3Tare IMOSBISETCS
BO3MOXKHOCTH OLICHKHM U3MEHEHHMS TOKa3aTeNs ONTHMAIBHOCTH 0OBEKTa MO CPABHEHHIO, KaK ¢ HAYaJIbHBIM, TaK
C WACaNN3UpPOBaHHBIM pemeHneM. OIHE U3 BapHaHTOB TAKOTO MPOILECCa COCTOUT B 3aMEHE HEINPEPHIBHOTO M3-
MEHEHHS pa3MepOB MONEPEYHBIX CEUCHUI CTEPKHS IO €ro JIMHE COOTBETCTBYIOIINMH KYCOYHO-TIOCTOSTHHBIMHU
ydacTKaMH. ['paHHUIBI y9acTKOB MOTYT BBIOMPAThCS Ha OCHOBE HJCATBbHOTO OOBEKTA, a pa3Mephbl MONEPEUHBIX
CCUCHMH OINPEAETATHCS OJHUM U3 METOJIOB ONTUMH3ALMH. B HacTofImIel cTaThe MpepIaraloTcs KpUTEpuH, 1Mo3-
BOJISIIOIIME HAJEKHO OIICHMBATh MOMEHT OKOHYAHUS ITPOIIECCa TAKOH ONTHMHU3AIINH.

KiroueBble cjIoBa: KpUTCPHiA, ONTUMH3AIINSA, OCOOBIC CBOMCTBA, YCTOHUHUBOCTD, YACTOTA, KPUTHUCCKAS CHJIA,
(hopMBI IOTEPH YCTOHYUBOCTH, POPMBI COOCTBCHHBIX KOJICOAHHI, MPUBEICHHBIC HAPSHKCHUS

As is known, there are numerous papers devoted
to problem of minimizing the weight of rods
under various restrictions. In this connection we
should mention pioneer papers of Clausen [1],
Lagrange [1], E.L. Nikolai [3], where special
properties of optimal constructions were formu-
lated. For example, in paper [4], special criteria
were formulated that made it possible to evalu-
ate the proximity of solutions for optimizing
rods of rectangular and I-beams to a minimally
material-intensive design with limitations on
stability or on the value of the first frequency of
natural vibrations. The criteria obtained in [4]
are applicable for the case when the parameters
of the cross sections vary continuously along the
length of the rod. Despite the fact that such an
optimal project in the overwhelming majority of
cases is not directly implemented, it, being the
limit, for example, by the minimum material
consumption, allows researcher to evaluate the
adopted design solution. In addition, the mar-
ginal project can be used as the initial stage of
the step-by-step process from an ideal object to
a technologically acceptable design solution (for
example, [4,6]). In particular, such a process
may consist of replacing a continuous change in
the size of the cross sections of the rod along its
length with a corresponding piecewise constant.
I order to provide this, sections along the length
of the rod are selected, in each of such section
the dimensions of the cross-sections do not
change. The choice of the boundaries of these
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sections is determined by technological re-
quirements and objective to approximate to
minimally material-intensive solution. After se-
lecting the boundaries of the sections, the di-
mensions of the cross-sections are determined at
each section using one of corresponding optimi-
zation methods.

In most optimization methods, the criterion for
corresponding the step-by-step process is the
state in which at the next search step, the change
in the objective function is less than the selected
small value in advance.

However, there are cases when, with a small
change in the objective function at neighboring
steps, the coordinates of the optimum point no-
ticeably change. Obviously, the presence of a
criterion that more objectively evaluates the
proximity of the solution to the optimum will
increase confidence in the result.

Such criteria were formulated in [4] in order to
optimize rods of a rectangular and I-shaped
cross section under stability restrictions or by
the value of the first frequency of natural vibra-
tions, when the parameters of the sections
change continuously along the length of the rod.
These criteria make it possible to evaluate the
proximity of the obtained solution to a minimal-
ly demanding project.

The distinctive paper proposes similar criteria
for some cases of designing the least weight
rods with rectangular or I-shaped piecewise
cross-sections continuously varying along the
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length of the rod, with limitations on stability or
on the value of the first frequency of natural vi-
brations.

Let us consider the derivation of such a criterion
for a rod with a rectangular cross-section. In this
case, it is sufficient to formulate a criterion with
a limitation of the magnitude of the first fre-
quency of natural oscillations, but taking into
account the influence of the longitudinal force.
Such a criterion can also be used when only a
stability constraint is introduced. In this case, in
the expression of the criterion, the value of the
natural frequency is assumed to be zero.

The designations of the dimensions of the cross
section are shown in Figure 1.
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Figure 1. The designations of the dimensions
of the cross section.

Rectilinear rods (including multi-span) are con-
sidered, bearing mass and loaded with longitu-
dinal force. The rod is divided into sections,
within each of which the dimensions of the sec-
tions do not change. The designations of the
lengths of the sections and the coordinates of
their boundaries are shown in Figure 2.

It is required to determine the dimensions of the
cross sections of the rod b, [i] and b,,[i]
(i=1,2,..,n), but provided that the first fre-
quencies in the main planes of inertia (@l[1] and
?2[1]) are not less than the specified value (@, )
and that, with the selected boundaries of the rod
sections and the constraints, its volume would
be minimal.

Thus, the objective function (the volume of the
material of the rod) is defined by formula

Vy =3 buli]* byeli]*1,[i]. (1)

Restrictions on the magnitude of the lowest fre-
quency of natural vibrations,

o, <oll], o,<wo2[1]
with allowance for vibrations in the two main
planes of inertia of the cross section of the rod,
can be written as

o, = ol[l]= 02[1]. )

It is known that if @1[1] and @w2[1] are the first
frequencies of natural vibrations in the principal
planes of inertia, then the energy functionals
must continuously take zero values when the

cross sections are continuously changed. Thus,
we have

L ®(,")2 _ *(y' )2 =
S0 =7 j (EL(x)* (V) = P(x)*(V),) 5

- *[m(x)+ p* F(x)]*v. }dx =0,

11 * AV * r\2
S0 =7 j {EL (0 () = POO*O0) =
— o *[m(x)+ p* F(x)]*w. }dx = 0.

With a piecewise constant change in cross sec-
tions, requirements (3) and (4) with allowance
for restrictions (2), take the form

1 n % "2 B3 12
3@1_5;[!_1{]&1[1] i) = Pli]*(v,)” - )
—(@I[1])* *[m(x) + p* F[i]* v} }dx = 0,

1 n ] 1 % "2 1% 12
3@2_5;)[[;.:1{?12[1] (w,)” —Pli]*(w),) _(6)

—(@2[1])* *[m(x) + p * F[i]* w’ }dx = 0.

Here E is the elastic modulus of the material of
the rod; 7,(x), 1,[i], 1,(x), 1,[i] are respectively,
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Figure 2. The designations of the lengths of the sections and the coordinates of their boundaries.

the moments of inertia of the cross sections of
the rod in the main planes of inertia; v, w, are

the coordinates of the modes of natural vibra-
tions in the main planes of inertia; p is the spe-
cific gravity of the material of the rod;

F(x)=b,(x)*b,(x), FI[i]="b[i]*b,[i]

1s the cross-sectional area of the rod.
Thus, it is required to find the values b,,[i] and

b,,[i] that give the function (1) the minimum

value when conditions (5), (6) are satisfied.

So, we have to consider corresponding paramet-
ric problem.

The expression extremum of which will ensure
the minimum of function (1) and the fulfillment
of conditions (5), (6), can be written as

Voo = zblk[l 1%b,, [i1*1,[i]-

_Z J‘ {im*[E* 1k[]

— Pi]* (vw) -

—(@I[1])* * (m(x) + p* by [11* b, [i]) * v, ] -

, buli1% 3, 1]
12

—P(i)*(w,,)" —

—(@2[1])* *(m(x) + p* b, [i]* by, [iDw] ] }dx,

2k[]*( ,,)

()

~ A *LE *(wy,)’ -

where A, and A, are arbitrary factors. In the

parametric problem, the factors 4, and A,

are constant values.
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Obviously, variations of expression (7) with re-
spect to A, and A, lead to the fulfillment of

conditions (5) and (6), and therefore to con-
straint (2).

In order to find the minimum of expression (7)
under conditions (5), (6) it is necessary to write
the system of equations

ov,

0w

ob,lil

ov,

o _—0,.. (i=1,

abZk [l]

2,.,n). (7)
Let us write i-th couple of equations

ab]k[] =by, [i]*1,[i] -
il*

_ xj'l 2, *[E* lk 2k[]
4

x[i-1]

—{(ol[1])* *

*(v)’ -

p*bzk[i]*Vi]—

3 .
“[E* —b21"2[’] (W)’ -

—(@2[1])* * p* by, [i1* w;, T}dx = 0;

@b2k[ i — =0, [[]*,[i]-

x[i] 3r,
_ J‘ {ll*[E*blk[l]
[i-1]

12
—(@I[1])* * p* by, [11*v; ]~

% b, [i1* b [l]
f *(wh)’ -

*b,, [i1*w) tdx = 0.

*(v,") -

- Aaﬂ *[E

®)
—(@2[1])" *p
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Dividing all the terms of the first equation by
b,,[i], and the second by b,,[i] and performing

simple transformations, we get
] b [i
J (, *[E*L[]*(v;'))z _
x[i-1] 4
2 2 bzzk [Z] 2
—(ol[l)" *p*v, 1+ 4,, *[E*T*(WZ)) -

—(@21])* * p*w) 1hdx =1,[i];
[ y) *E*@* "2 _
X,IH{ o ME* = 0)

X
[

—(@I[1])* * p*v, 1+ 4,, *[E *(w),)" -

L balil
4

—(@2[1D)* * p*wy 1ydx = 1,[i].

©)

Multiplying all terms of the obtained equations
by E and taking into account that

0\ =2 B () (0] o
o-z(x)=§*b2(x>*<w;;)

we can rewrite corresponding equations:

x[i]
[ * [0, (0) = (@I *E* p*v] ]+

x[i-1]
A, *[%*a;,(x) -
(@1 *E* p*wl 1y = L,[i]* E;
x[i
]

]
[ a5 o - (@l £ prv]]+
x[i-1]

+ ﬂ”aﬂ *[622@) (.X) -
—(@2[1)’ *E* p*w’tdx =1 [i]*E,
(11)

where o,,(x) and o,,(x) are normal stresses
in the extreme fibers of the rod from bending

moments arising from natural vibrations in the
main planes of inertia. These stresses, as well as
displacements, are determined up to a constant
factor.

Taking the difference of equations (9), we ob-
tain

2 x[]
S * [, ()dx—
x[i-1]
N (12)
——*1 * |ogs (x)dx=0.
3 w?2 J; Zw( )

x[i-1]

Therefor the following formulas can be ob-
tained:

x[i] x[i]
[or,ydx=2,,* [o3,(0)dx; (13)

x[i-1] x[i-1]

*
j“wl
x[i]
2
jO'M dx
_ % x[i-1] .
= Aoz xli] ’
J. ol dx
x[i-1]
x[7]
2
J‘O-lw dx
_ 1 2li-1]
Ay = A * g —- (15)
jafw dx
x[i-1]

(14)

wl

Based on (13)-(15), equations (11) can be writ-
ten in the following form

x[i]
[ * [0, (1) dx = (@I[1]) * E* p*v] ]+

x[i-1]

+ 1(02 *%*O_Zzw(x) -

— Ao (@2[1]) * E* p*w ydx =1,[i]* E;
x[i]

.[ o *[% * Glzw (x)— (601[1])2 *E*p *V(i] n
x[i-1]

+ ﬂ’wz * 0-22a)('x) -

Ay H@2ID? FE* p¥ iy =1, [i]* E:

(16)
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x[i]
A [[07,(x)dx—(@I[1])* *E* p*v2dx+
x[i-1]
x[7]

2
1 I Oy dX ali]
* x Xil] * 2
3 o M [o3, (o) dx -
02260 dx x[i-1]
ali-1]
x[i]
2
] I Oy X
li-1] * 2% Lk %02 Jy —
- A, S 2[1))"*E*p*w dx =
ali-1] 2
J-O-Zw dx
ali-1]
x[i]
> d
] sz X x[i]
* 5 x[i-1] 2
3 A ¥ —— J.le(x)dx_
o, dx
x[i—1]

x[i]
— [ Au * (@I * E* p*v2]dx+
x[i-1]
x[i]
* {03, (x) = (@21])* * E* p*w dx =

x[i-1]
=1,[11* E;
(17)
*X[l] 4*2 —(DINNE*E* p*y? —
[ §ro@- (o) £ p*v;
x[i-1]
x[7]
J.wa dx
— S (@21 *E* p*wy ddx =
J.Ufw dx
x[i-1]
x[7]
. _[0'220) dx
| ol -t
i) o2, dx

x[i-1]
*(@I[1])* *E* p*v)]-
—(@21])* *E* p*w’tdx =1 [i]*E.

Volume 15, Issue 4, 2019

Since 4,,4,,,E are constant values, we re-

wl >

write (18) in the form

x[i]
x| Bl (- (0l *E* p* ] -
L[] x[i-1] 3

x[i]

2
Ialw dx
— S M (@21 *E* p* g by =
J.O-Zz(u dx
x[i—1]
= FE = Const;
x[i]
2
W g IGM dx
1 2 x[i-1]
. * {_*O-Za)(x)_ x[i] *
[ [i] 3
u x[i-1] J‘ 02 dx
lo
x[i-1]

*(oI[l])* *E* p*v,]-
—(@2[1])* *E* p*w’}dx = E = Const.

(19)

Substituting @, = wl[1]=w2[1] and dividing by

4/3, we obtain

A T 2ear e prons
L
ol dx
x,[cl;]l] *w?)]dx = Const,
I o*zzm dx
1 w ali] (20)
11i] x[;[ 62”(x)__*(“)0)2 *EXp*
x[i]
I ol dx
(XECI[II] *v2 +w.)]dx = Const.
J o, dx

x[i—1]

If the boundary conditions in the principal
planes of inertia are the same, then
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vw = Ww ’ o-la) O-Zw
and (20) take the form

x[i]
i [[o2,(0)=1.5%(@,)* *E* p*v] ]dx =
u x[i-1]

= Const,

x[i]
ZLH [[02,(0-1.5%(@,)" * E* p* 2 Jdx =
u x[i-1]

= Const.

21

Let us introduce the notation

S ‘ 1 *x[i]
l[l]_l_[l] J:]

x[i] x[i] -1
*(v: + jal dx* [ Iafw dx] * w2 )]dx

x[i-1] [i-1]

[afwu)—%*(wof*is*p*

S[z—li (03, (0= 3 (@) *E* p*

x[i]
A
*(xjalwdx {J.szdx] *v +w? - )ldx.
(22)

Thus, we can rewrite (20) and (21) in the fol-
lowing form

1 x[i]

3
* oL, (X)-=*(w,)’ *E*p*
lu[l] x[lJ‘l][ lw( ) 4 ( 0)

il il -
* (12 2 * 2 % 1,2 —
(v, + Ialwa’x ( J.Uzwde w, )]dx =
x[i-1] x[i-1]
=const

S1[i]:

Sz[i]—l_ 2m(x)__*(a)o)2*E*p
x[i-

x[i]
1
x[i] x[i]
*( Iamdx ( J-O'mdxj *y2 4w’ )]dx =

x[i-1
= const,

(23)

1
S[i]=——*
i[7] 1
x[7]
* [al(u<x)——*(w ) *E* p*v) Jdx =
x[i-1]
= Cconst,

Sz[i]:

k
J1]
i1

* [GZw(x)——*(wo>2*E*p W, Jdx =
—éo)ast.
(24)

Both equations (21) become identical. Never-
theless, the conservation of two equations is ad-
visable in order to construct algorithms for the
implementation of criterion (16).

If the natural vibrations are considered only in
one of the main planes of inertia, then, based on
(11), the criteria are presented in the form

1
S [i]l=—*
S
x[i]
* J.[O'fw(x)—(a)o)z*E*p*vi]dxzconst;
*[i-1]
1
S, [i]=——*
=0

x[7]
2 2 2
* J.[O'M (x) —(@,)” *E* p*w, dx = const.
*[i-1]

(25)

It 1s advisable to normalize values of S,[i] and
S,[i]. One of the normalization options, for in-

stance for S,[i] (i=1,2,...,n) includes choosing
the highest value in this series and dividing all
members of the series into it. Thus, in a row
there will be no values of larger than unity. The
proximity of the solution to the optimum will be
evaluated by the proximity of the values to uni-
ty. The series is also normalized.

Let us compare the criteria (23), (24), (25) ob-
tained with a piecewise constant change in rec-
tangular cross sections with similar criteria with
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a continuous change. These criteria were ob-
tained in [6] and have the form

0%, ()~ HE* (0, k)’
2
o
*(v) +%*wi) = const,
wa(x)—Z*E*P*(wo *k,)*
2

o
*(—2L*y2 4wy = const

2 0]
lo

or

le =

2

O
=\/oixx)—%*E*p*(wo*kw)z*<v3,+%*wz>=
20

=const
O-Za) =

2
=\/o§w<x>—§*E*p*(wo*kw)2*(“—?*viwi)=
lo

=const,

27)
wa(x)—i*(a)o *k ) *E*p*v: =const
3 (28)
3 2 2
afw(x)—a*(a)o *k,)"*E*p*w, =const
or
Elw = \/O-lzw(x)_%*(a)o *kw)2 *E*p*VZ, =
= const,
7o = G020, ) B p s =
= const,
(29)
ol (x)— (@, *k,)’ *E* p*v. = const
(30)

o, (x)— (@, *k,)’ *E* p*w’ = const,
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Ela) = \/Ulza)(x)_(a)o *kw)2 *E*p*vaz) =
= const,
Gy =02 (X)— (0, *k,) ¥ E* p*w? =

= const,

€2))

Each of the criteria is presented in two versions.
The second versions of presenting the criteria
are optional. They were presented only in order
to emphasize their connection with the previ-
ously formulated criteria (for example, in [3]),
where the constant stresses served as a sign of
optimality under stability limitations, in the ex-
treme fibers of the rod from bending moments
arising from loss of stability.

The use of the second versions of the criteria
with restrictions on the value of the lowest fre-
quency of natural oscillations to evaluate the
optimization process at the initial stages of the
search can lead to negative values of the radical
expressions. Therefore, the first criteria presen-
tation options should be used in order to avoid
malfunctions in the computing process.

As noted above, the formulated criteria can be
used when only a stability constraint is intro-
duced. In this case, in the criteria expressions,
the value of the natural frequency is assumed to
be zero.

A comparison of the criteria (23), (24), (25) ob-
tained with a piecewise constant change in rec-
tangular cross sections with similar criteria for a
corresponding continuous change (26), (28) and
(30) shows that under the integrals in (24) and
(25) are expressions (28) and (30), respectively,
and in (23) the modified expression (26). Crite-
ria S|[/] and S,[i] contain a multiplier 1// [i].

Therefore, the criteria (24) and (25) can be con-
sidered on each piecewise constant section as
the average value of the criteria (27) and (28),
respectively, per unit length of the section; crite-
rion (23) based on the modified criterion (26) is
similarly considered. If we use the noted inter-
connection of criteria for determining the values
of §[i] and S§,[7], then it is also advisable to
normalize these values to assess their proximity
to unity.
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Figure 3. The cross-section of considering rod.

Let us consider criteria similar to those given
above for an I-section rod (Figures 3a, 3b) with
stability constraints or constraints for the value
of the first natural frequency when the section
height (b,), shelf thickness (5,), and wall
thickness (J,,) do not vary. Only the dimen-
sions of the width of the shelf (b, (x)) vary with
continuous change of dimensions or b,,[i]
(i=12,...,n) with piecewise constant change
(Figure 2). Natural oscillations occur in one
main plane of inertia x—o—y (Figure 2).

A criterion that allows researcher to evaluate the
results of solutions of optimization of the width
of a shelf under stability constraints or con-
straints for the value of the first frequency of
natural vibrations, for the case when the width
of the shelf varies continuously along the length
of the rod, was formulated in [6].

This criterion can be presented in the form of
three versions:

ol (x)*b, —ol (x)*(b, —2%6,)-

> > (32)
=3*E*(w, *k,)" *p*2*5,*v, =const,
o (1)~ — 07, (x) * (o 1) -
2%6, 2%0, (33)
—-3*E*(w,*k,)’ *v * p = const;
Elwt(x):
= Jor s 2ot (D) - (34)
w 2*§p wt 2*6[)

-3*E*(w,*k,)’> *v. * p = const,

where o, (x) and o,,, are respectively, normal

stresses in the extreme fibers of the I-section
and in the fibers at the boundary of the wall and
the shelf.

Version (34) was introduced only to emphasize
its relationship with the previously formulated
criteria. The use of this version of the criteria
with constraints for the value of the lowest fre-
quency of natural oscillations for assessments of
the process at the initial stages of optimization
can lead to negative values of the radical ex-
pressions. Therefore, version (34) should not be
used in order to avoid malfunctions of the com-
putational process.

Let us formulate a criterion similar to (32) for
piecewise-constant changes in the dimensions of
the width of the shelf.

The objective function has the form

V, :iF[i]*lu[i] , (35)

where
Fli]= 2*b2k[i]*5p +b *0, —2*5,, *0,,.(36)

But since only the values b,,[i] vary we have

v, = Zn:Z*bZk[i]*dp *] [i]. (37)
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Constraints for the value of the lowest frequen-
cy of natural oscillations have the form
@, < ol[1]. (38)
Method of searching for a conditional extremum
is used in order to identify the criterion of min-
imum of the objective function with allowance
for constraints for the value of the lowest fre-
quency of natural oscillations.
Let us form an integral, the extremum condi-
tions of which should provide minimum of the
objective function (37) and the fulfillment of the
conditions that the given frequency will be the
lowest frequency of natural oscillation in the
principal plane of inertia, i.e.
@, =ol[1]. (39)
If (39) is satisfied in the form of equality, we
have the following condition

n Xl

9 =52 JUELI* 0, PO, -
Afi-1]
—(@I[1])* *[m(x)+ p* F[i]*v2 }dx = 0.
(40)

The moment of inertia of the section is defined
by formula
1[i]= Zk[]*[zf (b, —2%5,)’1+
12 (41)

5&'t
+E*(bl—2*5p)3.

An expression whose extremum provides a min-
imum of function (37) and the fulfillment of
conditions (5) can be written as

Volume 15, Issue 4, 2019

VOw = Zz*bZk[l]*é‘p *Zu[l]_
i=1

n_ xli]
_Z J‘ 2k[]

i=l x[i-1]

*(bﬁ—(bl—z*épml—;*
#(b,-2%6,)'1*(v))* — PII*(v,")* -
—(®,)’ *[m(x)+p* (2% Dy, [(1*6, +
+b *8,=2%8, 8 )1*v, T}

(42)

Obviously, the variation of expression (42) by
A, will lead to the fulfillment of condition (5).

Let us write the following system of equations
in order to find the minimum of expression (42)
under the given conditions (39), (5):

v,
oby[i]

=0, i=12,..,n (43)

We can write the i -th equation

ov,,
ablk[l]

=2%5 *1 [i]-

- j P * (2318 - (6, -2%5,)']% (44)
i-1]

R (@) * p*2%5, *¥2 k=0

or

x[7]

j {—*[lf—(b —2%5,)1*(v])’ -

0 p*2%5, *v2 s =
=2%5, *1[i]/ A,

(45)

Taking into account that 6, and A, are con-

stant values, we can write

j{— [b) = (b =2%3,) 1*(v))" —

x[i-1

—(a)o)2 *p*2*0, *y2 W dx = const.

l

(46)
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As is known, normal stresses in a rod during
bending in a fiber that is separated from the neu-
tral layer by a distance y_ are determined by the

dependence o =(M *y_)/1.
Since M

After simple transformations (46) can be rewrit-
ten in the form

=—E[*V",we have o=—E*y_ *V".

I S T L) N AT
l[i] I {3*E (=5
U 2*5“'%5* VIR —2%6)]- (47)

—(a)o)2 *p*2*o, *y2 Y dx = const.
Let us note that

E*b* "
(F ey =
b —2* 5

(] P*E*VHZ
[0

2

o, (x);
=0, (%)

are the square of the normal stress in the ex-
treme fibers of the I-section and in the fibers at
the boundary of the wall and the shelf.

Thus, (37) can be written as

1 x[i]
zm* j[alw(x)*b o, (X)* (b, “2%6)= 48,
—3*E*(a)0)2*p*2*§p*vi]dx:const
or
x[i]
—* | (o2, (1) ¥~ 2~
k[l] x[i—1] 2*5
o2, (0)* (2* - (49)

—3*E*(w,)’ *v. (x)* pldx = const.

We can rewrite dependencies (48) and (49) in
the form

x[7]

Sili]= ] *x[;':l[]o_lw(x)*bl -

=0y, (0)*(b, =2%5,) -
-3*E*(w,)’ *p*2*o, *v2 1dx = const.

(50)

x[i] , b

. * [O- ® (X) L
k [l] x[;".l] : 2 * 5,;
Gla}t(x) (2*5 _1)_

—-3*E*(w,)’ *v_(x)* pldx = const.

Sl[i]:

(51

As noted above, the formulated criteria can be
used when only a stability constraint is intro-
duced. In this case, in the criteria expressions,
the value of the natural frequency is assumed to
be zero.

A comparison of the criteria (50), (51) obtained
with a piecewise constant change in the width of
the shelf with similar criteria for its continuous
change (32), (33) and (34) shows that under the
integrals in (50) and (51) are respectively the
expressions (32) and (33). Criteria S[i] and
S,[i] contain a multiplier 1// [i]. Therefore,

criteria (50) and (51) can be considered on each
piecewise constant section as the average value
of criteria (32) and (33), respectively, per unit
length of the section.

When optimizing rods with a rectangular and
two-T-shaped cross-section under stability con-
straints or constraints for the value of the first
frequency of natural vibrations, if the cross-
sections continuously vary along its length, cri-
teria were formulated to evaluate the proximity
of the obtained solutions to the minimum mate-
rial-intensive [6]. However, in most cases such
projects are not directly implemented. At the
same time, they allow researcher to evaluate a
real design solution by the criterion of its prox-
imity to the limit (for example, by material con-
sumption), and also be used as a guideline in
practical (real) design. One of the options for
moving from a limiting project to a really ac-
ceptable one is to replace continuous change in
cross-sectional dimensions with piecewise con-
stant sections. The boundaries of the plots can
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be selected on the basis of an ideal object, and
the dimensions of the cross sections are deter-
mined by one of the optimization methods.
Generally this paper proposes criteria that allow
researcher to evaluate (reliably) the end of the
process of such optimization.
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