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Abstract: The Aim of this work was the construction of a concrete deformation diagrams under shear on the
basis of two approaches: the theory of anisotropic materials force resistance in compression and deformation
theory of plasticity with the use of state diagrams of concrete under tension and compression, obtained by the
authors jointly with Acad. N.I. Karpenko earlier. For this purpose, in the framework of the first approach, the
main computational expression of the author's model was written in the current deformations, which ultimately
allowed to establish a relationship between the diagrams op-eb, on-€nt and -yp and reveal the mechanics of
destruction of concrete elements under compression. The second approach additionally takes into account the
change in the coefficient of transverse deformations, pp, and shear modulus of deformations, Gy, as the load
increases, but does not take into account the presence of normal stresses affecting the stress-strain state. This
approach recreates the conditions of pure shear, which is possible only theoretically, and in real designs is
applicable with a certain degree of error. Nevertheless, both approaches provide almost identical data in the
construction of diagrams «ty-yp», Which differ from the experiment by no more than 13-15%. In this regard, they
are recommended for implementation: the first-to perform engineering calculations «manually», the second —to
develop computer programs that allow you to automate the calculation.

Keywords: theory of anisotropic materials force resistance in compression, deformation theory of plasticity,
diagram of concrete deformation at shear, shear strength

K IOCTPOEHHUIO TUATPAMM JE®OPMHUPOBAHUA BETOHA
IPU CABUTE HA OCHOBE ABTOPCKOWM TEOPUMU
CHUJIOBOT'O COITPOTUBJIEHUA AHU3OTPOIITHBIX
MATEPUAJIOB C)KATHIO U JE®OPMALIMOHHOW TEOPUN
INNIACTUYHOCTHU
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2 KasaHCKHH TOCYyIapCTBEHHBII apXMTEKTYPHO-CTPOUTENLHBIH yHUBEPCHUTET, T. Kaszans, POCCHSI

AnnoTtanus: L{enbo qaHHO paboThI CTAaBUIIOCH TOCTPOSHHE JHarpaMMbl 1e(OpMUPOBaHHS OCTOHA MIPH CABHUTE
HAa OCHOBE JIBYX IIOJXOJOB: TEOPWUHU CHJIOBOTO COIPOTHBIICHHUS aHU30TPOMHBIX MATEPUANIOB CHKATHIO U
neGOpMaIMOHHON TEOPUH IIACTUYHOCTU C HCIIOJIB30BAHUEM JUATPAMM COCTOSHUS OCTOHA MPH PACTSDKCHUH U
CKaTUH, TOJYYCHHBIX aBTOpamMu CoBMecTHO ¢ akan. H.U. Kapmenko panee. st 3TOoro B paMkax IMEpBOro
I0/IX0/Ia OCHOBHOE PAaCUYETHOE BBHIPAKECHHE aBTOPCKON MOJEIN OBUIO 3aITMCAaHO B TEKYIIMX JepopManusx, 4To B
KOHEYHOM HTOre MO3BOJIMIO YCTAaHOBHUTH B3aUMOCBS3b MEXKY AMArpaMMAMU Gp-€pb, Obt-Ent U Th-Yb U PACKPBITH
MEXaHUKy pa3pyleHHss OCTOHHBIX JJIEMEHTOB, HAXOMIIMIMXCA B YCIOBHAX cCXaTWi. Bo BTOpoMm moaxoze
JIOTIOJTHUTENBHO YYUTHIBACT M3MEHEHHE K03((HUIIEeHTa MOMEPEeYHbIX IedopManuii, Up, ¥ CIBUTOBOTO MOIYJIS
nedopmanmii, Gp, MO Mepe YBEIUUYSHHs HArPy3KH, HO HE YYTEHO HAJIM4YME HOPMAJbHBIX HAIPSOKECHHH,
BIHSTFOIIINX HAa HATIPSHKEHHO-IE(OPMHUPOBAHHOE COCTOSHUE. DTOT MOJAXO0. BOCCO3AAET YCIOBHS YUCTOTO CIIBUTA,
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YTO BO3MOXKHO JIHIIb TEOPETHYECKH, @ B PEAIbHBIX KOHCTPYKIHMAX HMPUMEHHUMO C OIPENENEHHOH mosei
norpemHocTH. Tem He MeHee o0a IMOAXO/4a MAIOT MPAKTHYECKH COBMAJAIONINE JaHHBIC MPH IOCTPOCHUH
JIMarpaMM «Th-Yb», KOTOpPbIE OTIMYAIOTCSI OT HKCIIEpUMeHTa He Oojee, yeM Ha 13-15%. B cBsi3u ¢ aTuM OHH
PEKOMEHIOBaHBI JUIsl BHEPEHHS: IEPBBIN — JUIS1 BHIIIOJIHEHNSI MHIKCHEPHBIX PacYETOB «BPYYHYIO», BTOPOH —IJIst
pa3pabOTKN KOMITBIOTEPHBIX IIPOrPaMM, ITO3BOJIIOIINX aBTOMAaTH3UPOBATh PacUET.

KaroueBble c10Ba: TeopHst CHIOBOTO CONPOTUBIICHHS aHU30TPOITHBIX MAaTEPHAIOB CXKATHIO,
nedopmannoHHas TEOPUH TNIACTUYHOCTH, JUarpaMMa 1eopMHpOBaHNs OETOHA IIPU CABHUTE, TPOYHOCTH HA CPE3

The problem of reliable construction of
diagrams of concrete deformation under shear
arises when solving a number of practical and
theoretical problems. For example, this concerns
the calculations of reinforced concrete elements
under bending in the zone of couple action of
bending moments and shear forces, the adhesion
of reinforcement to concrete, and the application
of the theory of power resistance of anisotropic
materials under compression to estimate the
stress-strain state of structural elements at all
stages of loading. This theory has been known
for over 30 years, and in practice, it has shown
its viability. Its main provisions at the present
stage are set forth in the monograph [1].
However, the development potential of the
theory is far from exhausted. Therefore, if the
ultimate states of compressed concrete and
reinforced concrete elements were examined at
the stage of destruction in previous publications
mainly, then this article attempts to study the
intermediate stages of operation of these
elements under load using diagrammatic
calculation methods.

Below two approaches for constructing concrete
shear deformation diagrams are given: 1 — The
author's theory of the power resistance of
anisotropic materials to compression [1]; 2 —
Deformation theory of plasticity and design
expressions for diagrams of concrete deforming
under tension and compression, proposed in [2-
4].

Figure 1 shows the design scheme for assessing
the strength of a compressed element (prism and
cylinder), reflecting the hypothesis of the
author's theory [1] on the fracture mechanics
that occurs after overcoming the material’s
resistance to separation, shear and crushing.

The strength condition according to the theory is
written as the inequality:
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th cosa + 2N,
sina

N < N Nef (l)
where N, N, N, are ultimate internal forces

characterizing power resistance in the zones of
stretching, shear and crushing; o — wedge angle:

a=arctg(0,25R,, /R, —1,56) (2)

These efforts are determined as the product of
the corresponding design resistance and area:

Ny =Ry A Ny =Ry Ay Nog =Ry A 3
where R,,R,,R are respectively design
resistance of concrete to tension, shear and
compression, and A, A,, A, are areas of

tension, shear and crushing(compression).
Substituting (2) in (1) and accepting

=RA,

where A is area of external effort transmitting,
we obtain:

sh A%h

R,A= RbtAnctga+ +RA, . 4

At the same time formula (3) is the same for
prismatic and cylindrical elements (fig. 1), but
there is difference in determination of areas
A, A, A, and substituting prismatic strength

by cylindrical one f, (according to Eurocode-
2), at the same time

Rb
7ck}/R ,

1:ck ~
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Figure 1. Calculation schemes of concrete prism (a) and cylinder (b) under compression.
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R,(A-A)=

where y, =08, »,=075 are respectively
coefficients of transition from cylindrical
strength to cubic and from cubic to prismatic.
Let us transform expression (4) by following
way:

Boris S. Sokolov, Oleg V. Radaikin

From equality (9), it follows: if we know the
relative deformations of concrete under
compression and tension, and their diagrams are
given in the regulatory documents (Fig. 3, a-b),
we can determine the relative deformations
under shear:

sh&h _ kZRsh

R (A=A )= RuAwctlga +—= === R, =kRyclga+ o~ (&, —0,5k,&,Ctger)sina

AS kR "= 0,4k ' (10)

bIA\nctga+ Rl R, =kR,ctga + 2=, (5) v
sin sma
where k, = Aﬁ/(A— A )k =27, [(A-A,). Substituting  shear  deformations in the
expression

Let us note that according to expression (5), it is
possible to obtain the calculated value of 7, =Gy, = 0,4E, 7,

concrete shear resistance depending on its class
after the following transformation:

R _ R,sina —k,R, cosa _

sh kz (6)

In addition, the same expression can be written
through stresses, which will allow us to consider
not only the stage of destruction of the concrete
element, but also the intermediate stages of its
loading:

(")

K,7,
o, =ko,ctga + -2 .
sina

The resulting expression can now be written
through the corresponding deformations:

k.7, ]
sina

(8)

E, =k, ECtyga +

According to Building standard of Russian
Federation SP 63.13330.2012, it is: E,=E,,

G, =0,4E,, and at calculation by deformations, it
Is E, ~0,5E, , then equality (8) can be written in
the form:

0, 4k2}/b
sina

(9)

=0,5k ¢, Ctgar + ———
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we obtain diagram “z,—p,”. In this case, a

significant difference in the values of ultimate
deformation of concrete under compression and
tension should be taken into account. The
consequence of this is that when testing real
samples (prisms or cylinders) for compression,
vertical cracks appear, indicating the exhaustion
of the tensile strength of concrete. In this case,
in condition (10), from a certain level of
loading, tensile deformations ¢, should be
excluded. Then the transverse expansion of the
sample occurs due to the opening of vertical
cracks, and at the moment immediately before
the formation of these cracks, condition (10)
will look like:

(&, —0,5k,&,,Ctga )sina

Vor = 0,4k, v T =04E 7y, (11)

where ¢, is ultimate deformation of concrete at
tension (¢,, =0,00015);

is the boundary of elastic stage of compressed
concrete work.
Value y,,, according to (11), is the abscissa of

the first point from the parametric points in the
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diagram “z, —y,”, which corresponds reaching
value

7, ~0,2R,

by tangential stresses.
The second parametric point is determined for
conditions

R
£ =&y =E—b and g, =0
b

that means concrete in tension excluded from work,
and transverse expansion of a sample occurs due to
opening of vertical cracks. At the same time,
tangential stresses reaches maximum values:

&y SIN
Vb0 =
0,4k,

v Too =Ry (12)

The third parametric point corresponds to the
ultimate strain of compressed concrete

& =&, =0,002

and, by analogy with the previous one, we
obtain:

_&pSina
o= 70 4k,

(13)

» Ty =Tpp = Ry -

With a further increase in load, we assume that
the concrete shear resistance is overcome and

Volume 15, Issue 3, 2019

the compressed core continues to work.
However, the friction and engagement forces
arising between concrete surfaces along inclined
platforms should also provide some resistance
up to the complete destruction of the
compressed element.

The verification of the calculated expressions
was carried out according to the results of
concrete samples of a cylindrical shape [1]. The
nature of the formation and development of
cracks for specimens of the 5.1 series (d x h =
0.1 x 0.2 m, concrete B30) is shown in Fig. 2,
from which one can see their compliance with
the design scheme and the hypothesis of the
fracture mechanism.

For the specimens of the considering series, the
results of calculating the parameters included in
formula (6), as well as their breaking load, are
given in the table below, which also shows a
comparison of theoretical and experimental data.
From table, it is seen:

R /Ry =2,944

that proves known relationship
R /Rt =yRy /Ry 3,0

[5]. Besides, difference between theoretical and
experimental values of ultimate force N, is
13.5 % that can be accepted as satisfactory
result for such a material with high variability of
properties as concrete.

33 ,33 ,34

100

& : S hd=2.0
Figure 2. The nature of the destruction of cylindrical specimens under compression [1].
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Table 1. Comparison of theoretical and experimental data for specimens series of 5.1 [1].

Parameter | R, MPa | R,, MPa a,’ k, K, R,,MPa | N,,ton
Theory - - 549 10,14 3,43 5,01 21,0
Experiment 20,1 1,7 57° - - - 18,5
w0, Mlla ¥ a,. Mla
R, | R i -
4

i

44
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Figure 3. Concrete deformation diagrams for a cylindrical specimen of the 5.1 series [1] made of
class B30 concrete under compression (a), tension (b) and shear (c).

In addition, fig. 3, a-b show the so-called
working (three-line) diagrams of concrete
deforming under compression and tension,
which are constructed according to the formulas
of SP 63.13330.2012. Figure 3,c shows the

(13 2

diagram “7, —y,” obtained from dependencies
(11)-(13).
To identify the relationship between the

diagrams of deformation of concrete under
compression, tension and shear with each other,

154

we superimposed all three graphs in Figure 3 to
one coordinate plane. In order to do this, for
each diagram we took our scale of the stress
axis, and we expressed the tensile and shear
strains through compression strains:

& Sina
&y = HE, 20,28, 7, = .

0,4k,

Then we obtain diagram presented in Figure 4.
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Figure 4. Diagrams of deformation of a cylindrical specimen of a series 5.1 [1] of concrete of class
B30 under tension - 1, shear - 2 and compression - 3; 4 - section of the disclosure of vertical
cracks; 5 - plot of resistance due to friction and engagement of concrete surfaces; I, 11, Il - areas of
the characteristic operation of the element at different stages of loading.

In this figure, for diagrams 1 and 2, parametric
points are indicated by deformations, which are
determined using the above dependencies:

0,4k,

Ep = -
SINx

) 77b: Vo -

At the same time, three characteristic areas can
be distinguished in compression diagram 3: | —
the area of joint resistance to compression of the
separation, shear and crushing zones; Il — the
area of switching off the separation zone from
work and further joint resistance to compression
of the shear and crushing zones; Il - the area of
switching off the shear zone from work and
further resistance to compression of only the
crushing zone.

Figure 4 also shows that the abscissas of the
majority of the parametric points of the three
strain diagrams practically coincide (excluding
)

— &, =7, IS the condition of the beginning of
inelastic deformations in the separation zone;

— &, =&, IS condition of nucleation of vertical

cracks of transverse  separation, their

Volume 15, Issue 3, 2019

development, continuing up to deformations
z,,, after that stretched zone removing from

work (boundary between areas | and I1);
— 7., =&, — after the shear zones are completely

turned off, crushing of the concrete core begins
(the boundary between regions Il and 111).

Moreover, after the magnitude reached in the
stretched zone of deformations ¢, =¢,,, the
tensile diagram 1 continues in the form of a
dashed section 4, which characterizes the
opening of vertical cracks. In addition, for the
shear diagram 2 after reaching the deformations
7, =7y, the dashed section 5 characterizes the
work of the friction forces and the engagement
of concrete surfaces on inclined platforms.

Thus, using the author’s theory, we obtained
analytical expressions for determining concrete
deformations under shear and tangential stresses
during fracture of the material, which allowed
us to finally represent the dependence “z, -y, ”
(Figure 3, c). In addition, the mechanics of
concrete deformation under compression up to
its destruction were explained on the basis of
this theory, which became possible due to the
establishment of the relationship of concrete
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deformation diagrams for tension, compression  This theory is based on the results of testing
and shear. concrete prisms for compression with the
The second approach to constructing the determination of longitudinal and transverse

t,—7,” dependence is using the provisions of strains (ep and ¢€%). Using well-known
the deformation theory of plasticity [6] and the ~eXpressions [6], the desired parameters for
diagrams proposed by Acad. Karpenko N.I. describing the diagrams can be obtained by the
together with the authors of this article [2-4]. following algorithm:

. . &
Initial experimental data: o, = f(s,), 4, =—;
&y
E (14)
. . o
Solution algorithm: y, =(1+ 4, )e, > E; =—>—G, =————17,=G, 7,
& 2(1+ )
0.
c;. MlIa r,.Mlla
80 15
64 12
48 ol
3 ¢
1§
arctgE;™
0 L & arcigG;™ ”
0 6107 126107 181077 24107 307 ¢ e -t -4 -3 o
' 0 3x10 610 9x10 1.2x10 1.5x10

Figure 4. Deformation diagrams for high-strength concrete of class B100:
a — experimental “ov-en” [8]; b — “m-pp ”, constructed on the basis of algorithm (14).

where 4 is coefficient of transverse is the lateral strain coefficient at the top of the
deformations, which increases from initial value ~compression diagram;

) =0,15...0,2 up to 0.5.

Figure 4b shows a curve constructed according

to the proposed algorithm (14) based on ) ) )
experimental data [8] for high-strength concrete 1S the relative compressive strains at the same

£,y ~0,002

of class B100. point;
When there are not experimental data, this .
coefficient can be obtained analytically by the Hy =0,2

formula proposed Acad. N.I. Karpenko [7]:
is Poison coefficient;
2

ty = Fo (18— L=, (15)
where n=—

_ R
Hy = 1y +1_43’_b|n£ ]
Eho B is current level of stresses.
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Figure 5. Change in the coefficient of transverse deformations "ub™ during loading a compressed
prism of concrete class B100: 1 — experimental data [8]; 2 — curve constructed by the formula (15).

For concrete of class B100, the experimental J. Berg [9,10], which have already become
and theoretical dependences for 4, are shown in classics and confirms the validity of the
Figure 5. proposed expressions.

The curves obtained in this figure qualitatively In the case of applying the analytical
and to some extent quantitatively coincide with ~dependence for 4, the algorithm (14) is
the previously obtained data in the works of O. slightly modified:

Initial analytical data: o, = f(&,) [2-4], & =¢(n);

. . f(e) o
Solution algorithm: p, =] —22 |= =(1 E' =Zb
9 Hy w{ R, J v(e)— 7 =1+ m)me,— E gb_’ (16)
E!
G’ — b :G!
2(1+ﬂb)—) =% 7
1
r,. MIla

)/
|/
|/
Vi

0 3107 6107 o107 12x107° 15x1073
Figure 6. The diagram “to-yp” for heavy concrete of class B100, constructed according to formulas
(8)-(11) — curve 1 - and on the basis of the algorithm (16) — curve 2.

7y PAO
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As a result of the implementation of this
algorithm for concrete of class B100, we obtain
the dependence “tp-yb”, presented in Figure 6
(curve 2). At the same time, for comparison,
curve 1 is shown in the same figure, constructed
according to formulas (8)-(11) of the previously
considered approach.

Unlike Figure 4b, the curves in Figure 6 were
built according to the normative strength
characteristics of concrete. Nevertheless, the
difference between the experimental and
theoretical shear strength turned out to be

RY/RY =14/11=1,27,

which approximately corresponds to the
material safety factor y =13. And despite the

fact that, in contrast to the experimental curve,
the diagrams in Figure 6 have a horizontal
section (theoretically possible), however, in
general, the values of the parametric points of
the compared curves practically coincide.

Thus, the second approach to the construction of
shear strain diagrams is considered. This
approach is based on the provisions of the
deformation theory of plasticity and the
dependences of [2-4, 7]. It takes into account
the change in the transverse strain coefficient,
4,, and the shear strain modulus, G; , as the

load increases. However, the presence of normal
stresses affecting the stress-strain state is not
taken into account.

CONCLUSIONS

1. Two approaches to determining the diagrams
of concrete deformation under shear are
considered:

e the author's theory of the power resistance
of anisotropic materials to compression;

e the deformation theory of plasticity and the
provisions of [2-4, 7] developed by
academician N.I. Karpenko together with
the authors of this article.

2. The peculiarity of the first approach is that it

takes into account the specifics of concrete work
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under compression, reveals the mechanics of its
destruction from overcoming the peel, shear and
crush resistance and is based on piecewise-
linear diagrams of material deformation under
compression and tension.

3. The second approach is based on the
provisions of the deformation theory of
plasticity and dependences for diagrams [2-4,
7], in addition, it takes into account the change
in the coefficient of transverse deformations,
u,, and the shear modulus of deformations, G, ,

as the load increases. However, the presence of
normal stresses affecting the stress-strain state is
not taken into account, since the pure shear
conditions are recreated in the calculation model
of this approach, which is possible only
theoretically, and in real designs it is applicable
with a certain degree of error.

4. Comparing the mathematical apparatus of
both approaches, we can conclude that the first
one is more applicable for performing
engineering calculations “manually”, while the
second one can be recommended for the
development of computer programs that
automate the calculation (including programs
based on the Finite Element Method).
Nevertheless, both approaches give practically
the same data when constructing the “to-yn”
diagrams, which differ from the experiment by
no more than 13-15%. Therefore, the proposed
approaches are recommended for
implementation in the regulatory literature on
the design of concrete and reinforced concrete
elements and structures.
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