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Abstract: The distinctive paper is detoded to special version of wavelet-based discrete-continual finite element
method of plate analysis. Daubechies scaling functions are used within this version. Its field of application
comprises plates with constant (generally piecewise constant) physical and geometrical parameters along one
direction (so-called “basic” direction). Modified continual operational formulation of the problem with the use of
the method of extended domain (proposed by A.B. Zolotov) is presented. Corresponding discrete-continual
formulation is given as well. Brief information about computer implementation of the method with the use of
MATLAB software is provided. Besides numerical sample of analysis of thin plate is considered.
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AnHoTauumsa: Hacrosimas cratbsi MOCBsIEHA OJHOW CHEIUajbHOM BepcHuM BEWBIIET-peain3alii JUCKPETHO-
KOHTHHYaJIbHOT'O METOJ/Ia KOHEYHBIX 3JIEMEHTOB Ui pacueTa IUIMTHBIX KOHCTPYKIM. B pamkax yka3zaHHOU
BEPCHH HCIONB3YIOTCA Maciuradbupyromme QyHknuu [obemm. OOmacTb TPUMEHEHUS TaHHOTO METO/a
COCTABIIIIOT TUIACTHHBI C TIOCTOSHHBIMU (B OOIIEM cllydae KYCOYHO-TIOCTOSSHHBIMHU) (DU3UKO-TEOMETPUICCKIMHU
mapaMeTpamMy II0 OJHOMY W3 HaIlpaBICHHW (ITO TaKk Ha3blBaeMOE «OCHOBHOE» HampaBieHue). B crarbe
MpHUBEJICHa TpeoOpa3oBaHHAs KOHTHHYAIbHAas IIOCTAHOBKA 3aJadd C WCIIOJNIB30BAaHHEM arlapara MeToja
pacmupeHHoit  oOmactu, mpemtokeHHoro A.b.  3omotoBeiM.  Kpome TOro, 3mech mpeACTaBICHEI
COOTBETCTBYIOIAsA AUCKPETHO-KOHTUYHAJIbHAsI TIOCTAHOBKA, KPAaTKUE CBEJCHUS O KOMIIBIOTEPHOU peantn3aluu
MeToja ¢ ucronb3oBanueM cuctembl MATLAB, a Takke mpumep pacdera.
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KuroueBble cjioBa: kpaeBas 3a/1a4a, pacueThl CTPOUTEIbHBIX KOHCTPYKIUH, pacueT MIACTUH, TOHKAs IIACTHHA,
YHUCIEHHOE PELIEHNE, BEUBIIET-Peann3alnsl JUCKPETHO-KOHTHHYAIIbHOTO METO/1a KOHEYHBIX DJIEMEHTOB,
BeiiBneT-aHann3, Macmradbupyomas Gpyukuus lobewn, Beiisner JJobemu

As is known wavelet analysis has the desirable
advantages of multi-resolution properties and
various basis functions, which fulfill an enor-
mous potential fo rsolving partial differential
equations. The distinctive paper is devoted to
further development of wavelet-based discrete-
continual finite element method of structural
analysis. Particularly problems of plate analysis
with the use of Daubechies scaling functions [1-
29] are under consideration.

1. CONTINUAL FORMULATION
OF PROBLEM

Let x,, X, are cartesian coordinates. Besides,
let X, be coordimate corresponding to “basic”
direction of plate (i.e. direction along which
physical and geometrical parameters of plate are
constant). It is is necessary to note that physical
and geometrical parameters of plate can be

changed arbitrarily along X, . Let us consider the
following domain occupied by plate:

Q={(x,%): 0<x </, 0<x,</,}.(1.1)

Operational formulation of coorresponding
boundary problem of plate analysis (Kirghoff
model) at extended domain [30], embordering
considering structure has the form:

Ly=F, 0<x </, 0<x,</,, (1.2

where y is plate deflection in domain Q; L is

the operator of the considering problem; F is
the corresponding right-side function;

L=-L,0; +L,0%+L,; (1.3)

L, =D; (1.4)

L, = [ +28,D(1—1)3, + D1é2] : (L5)
L, =-0:6D0; ; (1.6)
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F=6F+5.f; (1.7)
0,=0aldx;, 8, =-0lox;, j=12; (18)

F is the force in domain Q; f, is the bounda-

ry force at I'=0Q; D, v are plate modulus
and Poison’'s ratio in domain Q;

D =Eh®/[12(1—v?)]; (1.9)
h is plate thickness in domain Q;
1, (x,%,)eQ
0 =06(x,X%,) = 1.10
(=15 yees 410

is the characteristic function of domain Q [30];

00
O~ =0-(X,,X,)=—: 1.11
P = (%) = o (L11)

is the delta-function of border I'=0Q, ;
n=[n, n,]" is unit normal vector of domain

boundary I" = 0Q [30];
Let us introduce the following notation [4,7-15]:

Y=Y, ¥,=0,Y=Yi,
Yo =05y =Yy, Y,=03y=VY;. (112)

Therefor we can rewrite (1.2) in the form
— Ly, + Ly, +Ly, =F. (1.13)

Taking into account (1.12) and (1.13), we get

A 0 1 0 0|y 0

Y, 0 0 1 0|y, 0

yvil ]l o o o 1y, || o

.| W' 0 'L ofy,| [-L'F
(1.14)
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Figure 1. Approximation on the element.
X=X, =Ly, y=Y; (2.1)

We can also rewrite (1.14) in matrix form

'=LU +F,

U (1.15)
where
0 1 0 0
~ 0 0 1 0
L= : (1.16)
0 0 0 1
L', 0 L'L, O
0 Y1
- 0 _
F - L g=| 2. (1.17)
0 _ Ys
_thlF Y,

Besides, the system of equations (1.15) is sup-
plemented by the boundary conditions that are
specified in sections with coordinates (coordi-
nates of boundary points)

b

X2, =1, (1.18)

2. DISCRETE-CONTINUAL
FORMULATION OF PROBLEM

The discrete component of the numerical solu-
tion is represented by the direction along the

axis x, . Fulfillment on an element (interval) for

all components of the vector-function U is the
same. Therefore, for simplicity let us denote lo-
cally in this paragraph
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for all j=1,2,3,4. We can divide the interval
[0,7] into N, parts (elements) and h, =¢/N,

is the length of each element. Besides, we can
divide each element into N, parts (for instance,

sample with N, =4 is presented in Fig. 1. Let
us use the following notation: i, is the number
of the element; Xx,(i,) is the coordinate of the
starting point; x.(i,) is the coordinate of the end
point of the ith element. Let y, and y/ =0,y(X;)
be unknowns at  boundary  points
(i=15). Let y, be unknown internal points
(i=2,3,4). Thus, the total number of unknowns
on an element with such discretization is equal
to N=N, -1+2-2=N, +3=7.

Let us introduce the local coordinate within the
element:

{— X=X,

= X,y SX<Xsy-  (2.2)
Thus, we have the following formulas:
X=X, =>t=0
X=X, =>t=0.25
X=X, =>t=0.5 (2.3)
X=X, =>t=0.75
X=Xg) =>t=1
p p
d_dd_1d, d 1d_(2.4)

dx dt dx hdt’ dx® hPdt"’
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dx=h, -dt. (2.5)
In order to construct local stiffness matrices cor-
responding to continual operators (1.6), (1.5)
and (1.4) let us consider bilinear forms taking
into account relations (2.3)-(2.5):

Bo(y,2) =< Ly, z2>=

= B, (w,V);
B,(Y,2) =<L,y,z>=
Xs5ie )
J.y -zdx =

Xi(ig)

=9,D, (2.7)

1
=h,0, D, [wvdt=B,(w,v);
0

B,(y,2) =<L,y,z>=
=<L,y,z>+<L,y,z>+ (2.8)
+<L,Y,Z>,

where

X5(ie) 42

<L,y,z2>=-6 D, v;

=——6.D . vdt=(2.9)
e ’ 0 t
=B,,(w,V);
X5 (ig) 2
<Lyy,z>=-6,D,v; j y-%dx =
Xi(ie)
1 2
- Yoy Iw-d—;/dt: (2.10)
he ’ C 0
=B, (w,V);
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X5 (ie )
<L,y,z>=-2 J'

Xa(ie)

i63D(1—v)y'zdx:
dx dx

"t dy dz
=20,D, (t-v,) [ 3 7 @)

X1('e)
dw dv
:—20 D, (1- =
h, ( )J dt dt

- Bzz (W V)
y(x) = w(t) = Zakco(t +k),

Xy S X< X 0<t<1; (2.12)

) !
200 =v(t) = Y At +K).

<X<X

Xy S

sy, 0<t<l; (213)

o(s) is Daubechies scaling function,
[0, N]csuppe.

Thus, we can substitute (2.12), (2.13) sequen-
tially in (2.6)-(2.11):

rdw d?v
B, (w,v ~ _“dt=
o(W,V) = h3 j I
| N-1N-1 1
S 2 [ol e+ Jdt =
i=0 j=0 0
ei Di 0 —
== ehg - (Kaﬂa’ﬁ)’
(2.14)
where

2

1
H M n H n 1 " d
KS, G J) = [o(t+ip"(t+ Ddt, o"="2;
0

dt® -’
(2.15)
1
B,(w,v) =h,6,D, j wvdt=
N-1N-1
=6,D,h,> Y a.p, jco(tﬂ)co(tﬂ)dt—
i=0 j=0
=h,6,D, (K., ﬂ),
(2.16)
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N-1N-

D, h, > Y B [olt+i)p(t+ j)dt =

i=0 j=0

LN
LN

[u—

= heeie Die (Ksﬂa’ﬂ_)’

where
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(2.17)

Kap (i 1) = Kiy (i, J) = [t + Dot + j)dt;

(2.18)
l
B,,(w,v) =— 0 Devej
Vi ?\1 —-1N-1 o ) )
DO S o, [t =
e i=0 j=0 0
6. D. v
- _ lg Ievle (KZl_ ﬂ)
he
(2.19)
where
1
KSG D) =[o"t+Dot+j)dt;  (220)
0
1 ¢ d¥v
B,s(W,v)=——86, D, v, |W-—-dt =
” h, l dt®
i N-1N-1 1 . .
A W) [o(t+ip"(t+ j)dt=
e i=0 j=0 0
0.D v, . -
z—%(Kaﬁa’ﬂ)’
(2.21)
where
1
K2, ) = [t +ie"(t+ j)dt = KZ(j.i);
0
(2.22)

100

1 WV
Wv_—ZHDl . dt=
B, (W,V) ( !d .
0D, (1-v
2_; >

e
N-1IN-1

XD o fp

2 .1[¢(t+|)go(t+ jdt=

6,0,
A )

(2.23)

1
- , . , . , d
K D)= [ t+g'tr at, o'="2.
0

(2.24)

We define the parameters ¢, and g, through
the node unknowns on the element:

—w(0) =Y oK)

k=0
dy, 1
—4=—w(0)= k
7O ezkolakco()

=w(0.25) = Zakgo(k +0.25)

k=0

=w(0.5) = Nfakgo(k +0.5)

k=0

N-1
y, =w(0.75) = > ot o(k +0.75)

k=0

=w(l) = Zakqo(k +1)

%= L )= Zakco(m)
dx h, =

(2.25)

Therefor we have

(2.26)

where

dyl y5 ]T .

=[v Y2 Y3 Ya Y5 (2.27)

a=[a, ay a, a; a, as 056]7; (2.28)
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»(0)
¢'(0)

o(1)
@'

?(2)
¢'(2)

9(0.25) @(1.25) @(2.25) @(3.25) @(4.25) @(5.25) @(6.25)

?(3)
¢'(3)

o(4)
»'(4)

@(5)
¢'(5)

¢(6)
¢'(6)

T=D| ¢(05) ¢@15 @25 @B5 @45 @B65 @65 |; (2.29)
2(0.75) o(L.75) ¢2.75) o(3.75) ¢(4.75) o(5.75) (6.75)
) o2 B (4 o5  e6) @7
Lo () B 9@ ¢ ¢6) 7)) |
D-diagl 1/h, 1 1 1 1 1/h). (2.30)
Similarly, we get L, =L, +L,,+L,;, (2.39)
2" =Tp. (2.31) e have the following local stiffness matrix

Taking into account (2.26) and (2.31) we get

— 11—

ye: B=T7'z". (2.32)

In the general case, the following chain of
equalities holds:

(Kaﬂa ﬁ) (Kaﬂ 7 y ')l' - )= (2.33)

=((TH'K,,T™

Therefore, substituting (2.32) sequentially into
(2.14), (2.16), (2.19), (2.21), (2.23), we obtain
local stiffness matrices K@, K, Kk, Kk,

Kk, Kk, corresponding to the operators L,
L4’ L21’ L23' L22’ LZ’

. 6D
Kb =——

h? S UDS KaﬁT_l (2.34)

Kl =h6,D, (T )TKS,T

. 0D
Kzelz_

(2.35)

ie | (Tfl) KZlel

e

(2.36)

. 6 D. v .
Kl =~ (T KT = (K’
6?ie D, (1—vie)

h

e

; (2.37)
Kk =2 (THTKET ™. (2.38)

Due to the fact that
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KE =Kl + Kk, + Kk, (2.40)

3. NUMERICAL IMPLEMENTATION

The presented algorithm can be implemented
using the tools of MATLAB. In particular, the
reference to the standard function

wavefun ('dbl4',0)

allows researcher to get the values of the scaling
Daubeshi  function ¢ on the interval

[0, 27] = supp(¢p) with steps h, =1/256 = 2°°.
Let us denote N, =256 =2°. For the consider-
ing value N=7 we can use the first
N, =N,-N+1 values of ¢, defined on the
segment [0,N]=[0,7]. With such a small step,

it will be natural to compute the derivatives in
the form of finite differences:

Pt)~dp =P Pr  _12 N,
2h,
(3.2
(D”(t ) d2(0k ¢k+1 2h¢;k +¢k—1 ,
t
k=12,...,N,, (3.2)
where o =0t,); t =k-h. (3.3)
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L,

Figure 2. About formulation of the problem.

If t, [0,27] then ¢, = p(t,)=0.

When computing the coefficients of the local
stiffness matrix (formulas (2.14), (2.16), (2.19),
(2.21), (2.23)), one can use the simplest quadra-
ture formulas for numerical integration, in par-
ticular, midpoint quadrature rule with step 2h,.
As an example, we consider the problem of
bending a thin plate rigidly fixed along the lat-
eral faces under the influence of a load concen-
trated in the center (Figure 2).

Geometric parameters: L =0.9m, L,=1.0m,
h=0.05m (thickness). The calculated parame-
ters of the plate material: coefficient of elasticity
E =3000 -10°kN / m? v =0.16 is Poisson's ra-
tio. External load parameter: P =1KkN.

Let N, =3 be the number of elements.

The length of the element
h,=L/N,=0.9/3=0.3.

Distance between coordinates of nodes
h,=h,/4=0.3/4=0.075.

The number of nodal unknowns for each com-
ponent of the vector function y;, j=1,2,3,4:

102

N, =N, +2N, =3-3+2-(3+1) =17,

where N, =N_(N, —1) is the total number of

internal nodes for all elements; N, =N, +1 is

the total number of boundary nodes for all ele-
ments. Total number of unknowns is equal to

Ny, =4N, =4-17 =68.

For comparison, we use the traditional finite
element method, where unknown functions on
an element are represented as a cubic parabola
and in the node each unknown function is repre-
sented by two unknown nodal quantities: the
nodal value of the unknown function itself and
its first derivative in the discrete direction.

The total number of nodal points in a discrete
direction x, is equal to

N, =L, /h +1=0.9/0.075+1=13.

The number of nodal unknowns for each com-
ponent of the vector function y;, j=1,2,3,4:

N, = 2N, = 26.

g

Total number of unknowns is equal to

International Journal for Computational Civil and Structural Engineering
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X10_5 x2=L2/2
S E
X db14 i
= cub
1.5 WL\ /
=)
=
2
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
x1(i1)
a)
x 10 x1=L1/2
-0.5 T r
db14
% cub
O.
0.5 /
g \
=
1.5
2
2.5 : : : : i/ : :
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X2
b)

Figure 3. Comparison of results in mid sections in each direction.
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Ny =4N, =4-26=104 .

Graphical comparison of the results of analysis
is presented at Figure 3 (db14 is deflection val-
ues obtained using the Daubechies scaling func-
tion; cub is deflection values obtained, obtained
on the basis of the traditional finite element
method; h = 0.075, h, =0.1 are steps of issu-
ing results in the directions x, and x,, respec-
tively.

As can be seen, the results obtained practically
coincide. Moreover, the finite element method
algorithm based on the Daubechies scaling
function leads to a significant decrease in the
number of unknowns. The difference is equal to
4N,
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