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Abstract: The work studies the forced vibrations of anisotropic elastic circular plates caused by dynamic loads
uniformly distributed along concentric circumferences and over ring surfaces. The method of compensating
loads (MCL) is used to solve the formulated problems. A new technique is used to construct basic and compen-
sating solutions. The Nielsen’s equation is taken into consideration. The solutions are obtained in closed form in
terms of Bessel functions. Formulae of addition of cylindrical functions are used.

Key words: anisotropy, circular plates, forced vibrations, Bessel functions

BbIHY KJIEHHBIE KOJIEBAHUA AHU30OTPOIIHbBIX
YIIPYTI'UX TEJ IIPU CJIOXKHbBIX HAI'PY3KAX

E.F. Kopenesa ', B.P. I'pocman °
! MockoBckoe BricIee 061IeBOICKOBOE KOMAaHAHOE OpieHOB JKykosa, JIennuna n OKTa6phekoii Pesomoruu
Kpacno3namennoe yuwnuie, r. Mocksa, POCCH
? MOCKOBCKas TOCYIapCTBEHHAs aKaIeMHs BOIHOIO TpaHCIopTa — dumuan [ocy1apcTBEHHOrO yHHBEpCHTETA
MOpPCKOTo U pedHoro (ota nmenn aamupaina C.0. Makaposa, r. Mocksa, POCCU S

AnHoTanusi: B pabore n3y4arorcst BBIHYK/JICHHBIC KOJICOAHHSI aHU30TPOIHBIX YHPYTHX KPYTJIBIX TUIACTHH, BbI-
3BaHHBIC JIEWCTBUEM HArpy30K, pacIpeelICHHbIX BJIOJb KOHLIEHTPUYECKUX OKPYKHOCTEH M MO IIOIAASIM KO-
nen. J{is penieHus MoCTaBICHHBIX 3a/ad MCIIOIb3yeTcss METO/ KoMmreHcupyomux Harpyzok (MKH). st mo-
CTpOeHUs 0a30BBIX PEIICHUIl — OCHOBHOTO M KOMIICHCHPYIOIIETO, UCIONB3yeTCs HOBBIA MpHeM, OepeTcs B pac-
cMOTpeHHe ypaBHeHHE Hunbcena. Pemienns moiydeHsl B 3aMKHYTOM BHJE M BBIpakeHBI B pyHKIusAX beccens.
Hcnonp3yrorcs GOpMyINbI CIOKESHUS IIMIHHIPUICCKIX (DYHKITIH.
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1. INTRODUCTION

In literature, for example in [1], the questions
concerning analytical methods application to the
solution of problems of statics and oscillations of
elastic isotropic circular plates are covered.
However, if the mentioned constructions are
made from anisotropic material the application of
analytical methods in the same ways as for iso-
tropic ones causes considerable difficulties. For
the cases of isotropic plates the resolving differ-
ential equation of the fourth order with variable
coefficients is decomposed into two conjugate
differential equations of the second order. The
solutions are expressed in terms of Bessel func-

tions. When solving the problems of anisotropic
plates, the corresponding differential equation of
the fourth order with variable coefficients does
not decompose into two conjugate equations for
any parameter values. This work applies the new
approach for solving certain dynamic problems.
Nielsen’s equation is used. First the similar ap-
proach was proposed for consideration of static
problems of anisotropic circular plates resting
on Winkler’s foundation [2].

Let us assume that the plate material has cylindri-
cal anisotropy and is orthotropic. The construction
under study is subjected to an action of dynamic
loads uniformly distributed along the lengths of
concentric circles and over ring surfaces.
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2. THE RESOLVING EQUATION

We present a differential equation describing
the natural axisymmetric oscillation of a circular
orthotropic plate [3], [4]:

4 3 2
r46—\iv+2r3a—\2/—n2r28—\21+n2r@+
or or or or (1)
h ow_
gn,D t? ’
where D — cylindrical rigidity,
E o
E, =n—1, E,=En,, o, =n—2, Oy =0,
n? =nn,.

When considering axisymmetric vibrations the
solution of the equation (1) has the form:

W= Y (Ascos pst+ By sin pstiVs, ()
S=0

here pg - circular frequency of natural vibra-
tions, Wg - a function of only the coordinate r,

constants A; and Bg are determined from initial

conditions, S is the number of nodal diameters.
As it was mentioned above, the studies have
shown that for a plate made from orthotropic
material, the initial fourth-order differential
equation for any parameter values does not de-
cay into two mutually adjoint second order
equations as in the case for isotropic plates.
Therefore, here to obtain an accurate analytical
solution in terms of Bessel functions and for the
application of the method of compensating
loads (MCL) [2], [3], another technique was
used. Nielsen’s equation was introduced into
consideration. As a result the following solu-
tions were obtained.

When the parameter x =0, the general solution

of the differential equation (2) has the form:

Elena B. Koreneva, Valery R. Grosman

Wy =C,Jo (br) +C,Y, (br) + Cyl 4 (br) +

+C,K,(br); @)

for the parameter values x =+2 the general so-
lution of (2) is determined from the expression:

+B,0,,(br),

_ e
b=4 gnszS'

3. THE METHOD OF COMPENSATING
LOADS

(4)

where

In [3], forced oscillations of a circular ortho-
tropic plate subjected to an action of a concen-
trated force in the center were studied. MCL
was used for this purpose.

Below we will consider the forced vibrations of
such plates under the action of much more com-
plicated loads distributed along circumferences
that do not coincide with the contour and loads
distributed over areas of rings. MCL will also be
used to build the solution. We introduce a di-
mensionless coordinate x=br. Let us assume
that the plate under study is clamped along the
contour.

First we will examine an action on the plate of
the concentrated force Psin pt applied in the

center.

Then the basic solution, which should contain a
feature of the type of concentrated force, should
be written in the form:

W, = CoYo (X) + DoKq (X). ()

The compensating solution is determined by the
formula:

W, = AyJ o (X) + Byl o (). (6)
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In the expression (5) the functions Y,(x) and

Ky (x) are tend to infinity as In x. On the basis
of the theory of Bessel functions we put

The coefficient C, is determined from equilib-

rium conditions. Let us draw a circle of small
radius x/b with the center in the point x=0.
We calculate the sum of the transverse forces
acting on the circle of the mentioned radius and
passage to the limit when x —0.

Performing all calculations [3], we get:

P
Co=-——. 7
°" 8Dn,b? ()

As aresult, (5) will take the form:

P 2
W=z o+ K| @

Summing up the basic and the compensating
solutions, we define:

P
8Dn,b?

X

W = AyJo(x) + Bylo(X) -
) ©))
X [Yo(x) + - Ko(x)}

The constants A, and B, are determined from
boundary conditions. We set in our case that
when x =/ the outer boundary is clamped.
When

dw
x=p4, w=0, &—O.

As a result of a number of transformations and
using certain dependencies from Bessel’s func-
tions theory, we obtain the following expres-

sions for A, and Bj:
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P
fo= 8D,N,h? g
L(BYs(B) + 1o(BIV:(B) +7fﬂ
TIALB) T LBLB)
e (10)
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X

In the case of another boundary conditions on
the contour, the basic solutions will remain un-
changed and the general form of the compensat-
ing solution will also remain. Due to the change
of boundary conditions only the formulae for
determining of the constants A, and B, will be

different.

4. THE CALCULATION OF THE EFFECT
OF LOAD DISTRIBUTED ALONG
CIRCLES

We proceed to the study of the problem of
forced oscillation of an anisotropic circular plate
clamped along the contour caused by a load uni-
formly distributed around the circumference
concentric with the contour and having a radius
a,. Denote the amplitude of the load gsin pt as q.

As it was shown above, we present the form of
oscillation as the sum of the basic solution W,

and the compensating solution W, .

First we will define the basic solution. For this
aim, mentally divide the loads acting along the
circumference on the number of elementary
loads. Next we sum-up the result of these loads.
Take on the circle, on which the load is applied,
a point with the coordinates (a,, x) . Elementary

load acting on the section of arc with the length
a,d6 is determined by the expression

qa,dd

b (11)
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Find the deflection in the point with the reduced
coordinates X, . To do this we use the formula
(8). Substituting instead P the expression (11)
and instead x the distance from the point of the
elementary force application to the considered
point of the plate, which is as follows:

z=+a2 +x2 - 2a,xcos(d — ).

We make integration. Calculation of integrals
should use the formulae of cylindrical functions
addition, which in the studied case are of the
form:

when x<a,

YO(\/af +x% —2a,xcos(6 — go)):

® (12)
=223, ()Y, (ay)cosn(6 - @),
0
Ko(\/af +x? —2a,xcos(0 — q;)):
. (13)
=221, (XK, (ay) cosn(6 — ),
0
when x>g
YO(\/af +x% - 2a,xc0s(6 — @) ):
® (14)
=223, (ay)Y,(x)cosn(0 - ),
0
KO(\/af +x? —2a,xcos(0 — ¢))):
(15)

=231, (a)K, () cosn(0 - ).
0

In this formulae the sign ' means that for n=0
an additional factor 1/2 is introduced.
Write down:

Elena B. Koreneva, Valery R. Grosman

gy 2 _
- I8D2 Y@+ 2@)]d0-
__ 0 «
- 8Dnp®

(16)

2z
x[ [ Y()(\/al2 +x2 - 2a1xcos(¢9—go))d€+
0

2 2
= g KO(\/af +x2- 2a1xcos(<9—go))d¢9}

Substituting (12), (13), (14) and (15) in (16) and
performing the integration; we note that all the
series members when n>0 at integration give
zero. Therefore the solution will include only
the result of integration of the zero term.

We have when x<a,

798y
4Dn b (17)
X [JO(X)YO(al) + P lo(X) Ko(a1)}
when X >a,
798y
WO = _—3X
4Dn,b (18)

[d%ﬂ&@+ owo&uﬂ

We receive the solution of the problem adding
to the basic solution the compensating one:

W =Wo + Ayd g (X) + Byl (X). (19)
The coefficients A, and B, are determined

from the boundary conditions. Here it was as-
sumed that the outer contour of the plate when
x=/f is clamped. Determining the mentioned

coefficients A, and B, and using the expres-
sion for Wronskian, we get:
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2

A= ey Jo(a)[ 1L (B)Yo(B) + IO('B)Yl(ﬂ)]-i_?,B lo(ay) 20

4Dn,b? 1o(8)31(8) + 1.(8)Io(B) ’

. 570@) @ILAK(A) - (AK, ()
= > (21)

" 4Dn,b° 1o (8)31(8) +11(8)Io(B)
For the cases of other boundary conditions only Wy =— a1

the equations for determining the constants A, 4Db* 22)

and By in the corresponding compensating so-
lution will change.

5. THE LOADS DISTRIBUTED OVER
RING SURFACES

We proceed to the study of forced oscillations
caused by the load q,sin pt, uniformly distrib-
uted over the area of the ring with the inner ra-
dius a, and the outer one a; (a, < <ay).

Let’s define the basic solution. To do this the
specified ring is divided into elementary con-
centric rings. The reduced inner radius of the
elementary ring is denote by a,, the outer one as

a, +da,. The load acting on the unit length of
the ring is equal to

da1
q ql b

The solution corresponding to the action of the
elementary load is determined by the expres-
sions (17) and (18) in which q should be re-

placed by

da
%

Integrating these expressions in the range a,
from a, to a;, we obtain a solution of the prob-

lem under study. If the cross-section is in the
inner circle when x <a, which is free from ex-

ternal load, the expression (17) is to be integrat-
ed, that is
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[ 300(@) 2 To(0Ko(a) pudas

From the theory of Bessel functions, for exam-
ple from [1], the following relations are known:

IV 00]= X1, 4(x). (23)

%[XnKn(X)]z —X"K,,_1(X). (24)
Assuming n=1 we get:

| XYo(X)dx = XY;(X), (25)

| XK (x)dx = —xKq (X). (26)

Taking into account (25) and (26) the expres-
sion for w, when x <a, will take the following

form:

Wo =— 4D b4 {[asY1(a3) —a,Y1(a2) 9o (X) -

2 oKy (a) ~ Ky (@) o ()}

(27)

When considering a part x>a; the expression

(18) must be integrated. To do this we should
take into account the ratio [1]:

d [x"3,(0)]=x"

d_ ‘]n—l(x)l
& peny0l=x

X" (%);

(28)

(29)
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hence for n=1 we get:

(30)
(31)

| xJo(x)dx = xJ;(X),
| x1p(x)dx = x1;(x).

Thus when X 2 a; we get:

70,
4Dn,b*

+2 [agly (@) - 2,1 () Ko (0}

{[agdi(ag) —ayJdq(ay)IYo (X) +
(32)

W0:

When considering the area under the load when
a, < X<a, to determine the solution of the prob-

lem we should integrate (18) when a, <a, <x
and when a; <X<a; we should integrate (17),
replacing g on

da
%

as elsewhere. At the same time, using the for-
mulae (25), (26), (30) and (31), we get the fol-
lowing result when a, <x<a,:

__ T _ _
Wy = 4Dn,b° {[xJ1(x) —azd;(ay)]

V() + 2 [X13(0) a5l (3) Ko () +
+[agY1(ag) = XYy (X)[Jo (X) -

- %[33K1(33) = XKy ()]l (X))}

(33)

By regrouping we obtain:

W, = - 4[;2:;4 (X3, (0o (X) =Y, (X) 36 ()] +

+ 201, (0K () + 10K, (9] - (34)

~,01(2,)Y(0) ~ = 2,1 (@) Ko () +

a3y (a85) 3o () = 35K (@) o ()}
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Using the expression for Wronskian we get:
7, [4
W, =— ——a,J.(a,)Yy(Xx) -
0= 2ot 7221 E)Yo)

2

——ay1(a,)Ko(X) +85Y3 () I (X) - (35)

- %aSKl(aS) | o(X)}

Summing the basic and compensating solutions
we obtain the expression which is similar to
(19) where the constants A, and B, are deter-

mined from the boundary conditions.

6. CONCLUSION

The present work for the first time receives the
exact analytical solutions of the problems of
forced vibrations of circular plates which are
made from material having cylindrical anisotro-
py. The constructions under study are subjected
to an action of dynamic loads uniformly distrib-
uted along the lengths of concentric circumfer-
ences and over areas of ring surfaces. Method of
compensating loads for determination of the so-
lutions is used. The solutions are obtained in
terms of Bessel functions.
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