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NON-CONSERVATIVENESS OF FORMULAS
AS AN OBSTACLE TO THE MOTION SIMULATION
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Abstract: The paper considers the specifics of connection setting between deformations and stresses as applied to
the problem of large non-linear oscillations, when deformations are considered arbitrarily large. It is noted that the
introduction of some arbitrary physical relations in the computational model can lead to the establishment of a non-
conservative system. It is shown, for example, that distribution of the ordinary Hooke’s law formulas to the area of
large deformations leads to the establishment of material with the non-conservative properties. The examples are
given for the numerical solution of problems with the nonlinear oscillations, where an increase in the oscillation am-
plitudes or occurrence of unauthorized internal friction is shown. The simplest version of the material properties free
from the indicated deficiencies is given. One of the paper conclusions is that when specifying the elastic properties
of the material, it is necessary to ensure that the resulting system is conservative.
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OOPMYJIbBHAA HEKOHCEPBATUBHOCTD
KAK IIOMEXA MOJIEJINPOBAHUA IBUXKEHUSA

B.b. 3vines, A.B. Illmeiin, H.A. I puzopvee
Poccuiickuii yaueepcutet Tpancnopta (MHUKT), r. Mocksa, POCCHA

Aunnoranusi: B padote paccMaTpuBarOTCs 0COOCHHOCTH 3aJaHMS CBA3H MEXKAY AC(OPMALMAMH H HATPSIKCHHU S~
MU TPUMCHHUTEIBHO K 3a7a4c OONbIIMX HEMMHCHHBIX KoneOaHuil, koraa u ac)opMauuu paccMaTpUBAKOTCI HpPO-
H3BOJIBHO Oombmmmu. OTMEYaeTcst, 4TO BBEACHHE HEKOTOPBIX NMPOHM3BONBHBIX (DU3MUECKMX COOTHOILEHHH B
PAcUYETHYK) MOACIb MOKET NMPHBOIAHMTE K CO3NAHHI0 HEKOHCEPBATHBHOW cHCTeMbl. [loKa3bIBacTCA, HampuMmep,
YTQ pacnpocTpaHeHue o0bIyHBIX (popMyn 3axoHa ['yka B obmacte Oonbuux aedopMauuii BEACT K CO3JAHHIO
Marepuanga ¢ HEKOHCCPBATHBHBIMH CBOicTBaMH. [IpHBOIATCS MPUMEPH! MHCICHHOIO PELUICHHS 3aaad O HEIu-
HEHHBIX KONeOaHUsX, TAe ACMOHCTPHPYETCSA HAPACTAHHE AMIUTUTYA KONeOAHWIl WIH MOABNCHHE HECAHKLIHOHH-
POBAaHHOTO BHYTPEHHEro TpeHus. [IpuBOIMTCH NMpOCTEHIIMI BAPHAHT CBOICTB MaTepHana, CBOOOJHOTO OT yKa-
3aHHBIX HeAOCTATKOB. OUH U3 BLIBOJOB PA0OTHI 3aKIOMACTCA B TOM, YTO [PH 3aJaHHH YNPYTHX CBOHCTB MaTe-
pHana HyKHO CIEIHTH 3a TEM, YTOObI MOTYYEHHAS CHCTEMA ObIIIA KOHCEPBATHBHOM.

KioueBsie cjioBa; MBMﬁpﬂHHbIe CHCTEMBI, IIATOBBIH YHCIICHHBII METO, YPABHCHHA OBHMKCHHA,
oomnbIIne netlaopmauuu, HEKOHCEPBATHBHOCTH

The paper relates to the field of structural me-
chanics that considers the dynamics of deform-
able systems without any restrictions on the
magnitude of displacements and deformations.
In order to reduce the scope of work, it shall be
limited to non-linear elasticity, isotropic materi-
al, and the plane stress condition. From the ge-
ometrical point of view, it shall be assumed that
the system can be considered using a triangular

finite element, the displacement field in which
is given by a linear function. The object of prac-
tical application here may be the dynamics of
inflatable capsules when they are filled with air
[1]. The dynamic solution method in the exam-
ples given below is based on an explicit compu-
tational scheme with extrapolation according to
Adams [2,3,4]. The article, however, is devoted
not to the integration method of the motion
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equations, but to the influence on the resulting
motion of the selected physical relation system,
that allow one to determine stresses and then the
nodal reactions in the element using the well-
known deformations. Figure 1 shows a triangu-
lar finite element before deformations (solid
line) and the same element after deformations
(dashed line) at some current moment of the dy-
namic solution. The deformed element can be
combined with the initial one to calculate reac-
tions in the local axes (Figure 1).

Figure 1. Trianglular finite element before
and after deformations.

In the original triangular element, it is possible
to select a square with ordinary sides that corre-
spond to the main directions. After the defor-
mations, this square will turn into a rectangle.
The problem of determining the main directions
with the well-known position of the element
points is a fundamentally non-complicated pure-
ly geometrical problem and its solution will not
be highlighted. It only shall be noted that the
main directions in the original and deformed
elements do not coincide, since the elementary
square undergoes not only a deformation, but
also a hard rotation. The current values of the
main deformations & and &, shall be deter-
mined since the displacement field inside the
element is given. The values & and &, can be
determined in different ways; here the relative
elongations shall mean the ratio of the segment
elongation to its original length. Figure 2 shows
the unit cube before and after deformations.
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Figure 2. The unit cube before and after
deformations.

Now we will discuss the issue of calculating the
reactions R; and R, in the system with two dis-
placements z; = & and z, = &. We will first
consider the possibility of using the usual
Hooke’s law formulas, in the form in which it is
applied for small deformations. For the main
stresses and for the main deformation in the di-
rection of the plate thickness the formula shall
be as follows:

E
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where E is a modulus of elasticity, u is a Pois-
son’s ratio.

Further, it can be assumed that the obtained
stresses refer to the deformed dimensions of the
element, then the required reactions shall be as
follows:
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Having determined the partial derivatives of the
reactions by displacements, we shall obtain the
elements of the tangent stiffness matrix for the
system shown in Figure 2.
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The formulas (3) show that the tangent stiffness
matrix in this case is not symmetrical to
ri2 #F 11 that means that the system is not con-
servative [4]. The special particular case is pos-

sible when y = % but this is exactly the excep-

tion. Non-conservativeness in this case means
that the use of this material model shall lead to
an increase in oscillations or to occurrence of an
unauthorized internal friction, that is there shall
be not just an inaccurate reflection of the mate-
rial properties, but a qualitatively incorrect
model behavior.

We shall consider a test case. Figure 3 shows a
plane computational scheme. The triangular fi-
nite element with two fixed vertices is connect-
ed to a much more massive and rigid rod ele-
ment A B.
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Figure 3. Computing solution of the problem
of the rod rotation connected by a triangular
element, the diagrams show the time
dependence of the horizontal velocity
component at point A: a) the computational
scheme, b) an incorrect model behavior
with non-conservative properties;
¢) the conservative model.

Point A is given with an initial velocity corre-
sponding to its counterclockwise rotation. The
rod material has a moderate Voigt-type internal
friction that provides a quick transition to the
motion that can be approximately described as
rotation around point B.

The diagram Figure 3b shows a case where the
triangle material has the non-conservative prop-
erties described above. The specified initial
counter-clockwise rotation of the rod 4 B ini-
tially slows down rapidly; the non-
conservativeness is evident as an unauthorized
internal friction. When the rod stops, it begins to
unwind in a clockwise direction. Its angular ve-
locity and rotation frequency are increased. The
system works like a perpetual motion machine
that means, of course, a qualitative error in the
physical relations of the model. This article is
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devoted to this negative specification. The well-
formed material properties are certainly known
[5]. However, the process of forming new mate-
rial properties cannot be fully completed. Some-
times, the quite complex computational algo-
rithms can be used to obtain stress values, and
during their development 1t is possible to obtain
negative results similar to those just considered.
Having returned to our formulas, it shall be not-
ed that they can be greatly simplified and the
non-conservativeness defect can be removed by
assuming that the strain energy of a single ele-
ment (Figure 2) is expressed through displace-
ments as follows:

E 2 2
U= 2(1—_”2)(Z1 + 2uz1z, + z5)
and then the reactions shall be determined by
formulas

— BU.

621’

U

R, B
In this case, the matrix symmetry shall be guar-
anteed. If these simplifications are introduced
into the computer program, then instead of the
incorrect diagram in Figure 3, b we will receive
the diagram with stable rotation in Figure 3, c.
We will demonstrate the considered specifica-
tions with a more complicated example. The
thin membrane in a stress-free state has a square
form with the sides of 2 X 2 meters, thickness
of 10™* meters, the density of the sheath material
of 10’ kg/m’, modulus of elasticity E=120 MPa,
the Poisson's ratio of 4 = 0,2. The membrane is
affected by its own weights and nine equal, sud-
denly exerted and single forces of 1444 N di-
rected upwards. The forces are applied to the
central points of the sheath model. The system
nodes are influenced by the external resistance
forces proportional to the node velocities and
their weight with a friction coefficient of 5 s,
The expected motion scenario is that the mem-
brane is elevated from a horizontal position, the
damped oscillations are available for some time,
after which the equilibrium position shall be es-
tablished.
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If we take the material properties as non-
conservative, then the expected scenario shall
not be implemented (see Figure 4). At first, the
sheath takes a position close to the equilibrium
position that can also be judged by the vertical
displacement diagram in Fig. 4. Next, there are
increasing fluctuations, like a flutter that lead to
the time moment ¢t = 0,5¢ and to the computa-
tional chaos (see Figure 4).

Figure 4. Attempt to calculate the membrane
using the non-conservative material
that leads to the computational chaos.
The diagram shows the change of the center
point vertical coordinate in time.

If we take the material that corresponds to the
conservativeness properties, then the solution
shall be relevant to the scenario described
above, its result is shown in Figure 5, the system
is almost in the equilibrium position by the time
moment t = 1c .

It shall be noted that with a decrease in load,
when the deformations are actually small, both
the material models considered behave practi-
cally consistently, and the non-conservative
properties are weakened so that they can be 1g-
nored. An increase in the external resistance
forces also leads to the fact that the system is
out of the equilibrium position, but this transi-
tion shall be surely simulated incorrectly.
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Figure 5. The equilibrium position
of the system, obtained by using a material
with conservative properties. The diagram
shows the change of the central point
vertical coordinate in time.

CONCLUSIONS

When the material is simulated, it is neces-
sary to ensure that the material has con-
servative properties.

The extention of the traditional Hooke's law
formulas for small deformations to the large
deformations leads not only to the inaccu-
rate physical relations, but to the qualita-
tively incorrect material description that
leads to the energy release during non-
linear motion of the system.

The symmetry of tangent stiffness matrix
can be wused to control the non-
conservativeness properties of the computa-
tional models.
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